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1. Introduction

Since 1J. Schoenberg introduced the spline functions [1], they have became an important notion in several branches of
mathematics such us approximation theory, statistics, numerical analysis and partial differential equations, among others.
Moreover, they have been useful to solve some practical issues in signal and image processing [2-5], computer graphics
[6-8], learning theory [9,10] and other applications.

In the sixties, a Hilbert space formulation of spline functions, known as abstract splines, was introduced by M. Atteia [11]
and developed by several authors, see for instance [12-15]. Given Hilbert spaces H, XC and &, consider (bounded) surjective
operators T : ' H — K and V : H — &£. The abstract interpolation problem in Hilbert spaces can be stated as follows: for a
fixed zg € &, find x¢ € H such that Vxg =2z¢ and

ITxolI% = min{ || Tx||3-: Vx=zo}. (1)

Observe that xg € V~1({zg}) is an abstract interpolating spline (i.e. xo satisfies Eq. (1)) if and only if Txo realizes the
distance between TV Tz and the subspace T(N(V)), where VT stands for the Moore-Penrose inverse of V. So, the existence
of xo depends on the existence of a suitable (contractive) projection of TVTz onto T(N(V)). Then, if T(N(V)) is a closed
subspace of K, the existence of xg is guaranteed because the selfadjoint projection onto T(N(V)) is always contractive.

On the other hand, the abstract smoothing problem introduces a new parameter p > 0 in order to balance the amounts
||Tx||fC and |Vx — zo||2£. Formally, given p > 0 and a fixed zo € £, it consists in minimizing the function F, : H — R*
defined by

Fp®) = ITxII% + pllVx —z0l12. (2)
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This problem can be reduced to a least squares problem. In fact,
2
Fp(®) = | Lx = (0. 20) [},

where || ||, is the norm associated to the inner product on K x £ defined by ((y,2), (¥',2))p = (¥, ¥ )x + piz,Z)¢ if
(¥,2),(y',Z)e K x &, and L is an auxiliary operator from 7 into I x £. Therefore, the abstract smoothing problem is also
related to the existence of a selfadjoint (contractive) projection onto R(L).

There is also a variational problem which mixes both abstract interpolation and smoothing problems. In the abstract
mixed problem (as it is known) the “measurement operator” V : H — £ splits up into two surjective operators. The tech-
nique used by A. Rozhenko [16] to solve this problem is similar to the one mentioned above to solve the abstract smoothing
problem. So, the existence of “abstract mixed splines” also depends on the existence of a suitable contractive projection.

For a complete exposition on these subjects see the books by Atteia [17], A. Bezhaev and V. Vasilenko [18], and the
survey by R. Champion et al. [19].

In this work, mainly motivated by the ideas exposed above, we present generalizations of the abstract interpolation,
smoothing and mixed problems to Krein spaces. As we have mentioned before, the techniques used to solve these prob-
lems in the Hilbert space setting, involved contractive projections onto some subspaces. So, they (or their complementary
subspaces) are asked to be closed. In order to reproduce this geometrical approach for Krein spaces, the hypothesis on the
subspaces has to be modified. Recall that to guarantee the existence of a selfadjoint projection onto a subspace of a Krein
space, it has to be regular. Moreover, if the projection has to be contractive then its nullspace has to be uniformly J-positive,
where ] stands for the fundamental symmetry of the Krein space (see [20]).

First, we study the indefinite abstract interpolation problem. Specifically, if C is a Krein space and £ and H are Hilbert
spaces, given (bounded) surjective operators T : H — K and V : ' H — £ and a fixed zg € £, we are interested in character-
izing (if there is any) those xg € H such that Vxg = zp and

[TXo0. Txolic = min{[Tx, Tx]ic: Vx=2z0}.

Using a similar argument as in the definite interpolation problem, it can be shown that the existence of xo depends on
the existence of a suitable (contractive) projection of TV'zy onto the J-orthogonal companion of T(N(V)) in K. Then, if
T(N(V)) is a closed uniformly J-positive subspace of /C, the existence of xg is guaranteed.

On the other hand, in the indefinite abstract smoothing problem, we look for the minimizers of the function F, : H — R
defined by

Fo(X) =[Tx, Txlc + pllVx — 20|32, x€H. (3)

This problem can be no longer restated as a least squares problem, but as an indefinite least squares problem. The technique
used to describe its solutions is similar to the one used in the definite smoothing problem, but a particular orthogonal
decomposition of the range of a given operator is needed.

The last problem we consider is the indefinite abstract mixed problem. If C is a Krein space and &, & and H are
Hilbert spaces, consider (bounded) surjective operators T : H — IC, V1 : H — & and V, : ' H — &;. Given p > 0 and a fixed
(z1,22) € &1 x &, we look for those xg € H such that V1xp = z; which are minimizers of the function

Gp() =[Tx, Txlxc + plVox — 2213, x€ Vi ({z1}). (4)

Spline functions in indefinite metric spaces have already been studied in [9] to solve numerical aspects related to learning
theory problems. Although the problems presented there are different from those studied in this work, they are closely
related. In [10] another version of the abstract indefinite smoothing problem is studied: given zg € £, instead of finding the
minimum of the function F, given in Eq. (3), the authors are interested in stabilizing it.

The paper is organized as follows: Section 2 contains the preliminaries. In Section 3 we study the indefinite abstract
interpolation problem, we give necessary and sufficient conditions for the existence (and uniqueness) of solutions of this
problem, and characterize them. Also, given a frame {f;}sen for the Hilbert space £, we give conditions to obtain different
frames for subspaces of H composed by interpolating splines corresponding to the family {f;}nen.

Section 4 is devoted to the study of the indefinite abstract smoothing problem: after characterizing its set of solutions
(for a fixed p), we show that it is related to the set of solutions of an indefinite interpolation problem for a certain z, € £.
Then, as it was studied by Atteia in Hilbert spaces, we analyze the convergence of the solutions of the indefinite smoothing
problem to the solutions of the indefinite interpolation problem as p goes to infinity.

In Section 5 the abstract mixed problem studied by A. Rozhenko and V. Vasilenko [16,21,22], is extended to Krein spaces.

2. Preliminaries

Along this work £ denotes a complex (separable) Hilbert space. If F is another Hilbert space then L(E, F) is the algebra
of bounded linear operators from £ into F, L(£) = L(&E,£) and denote by O the set of (oblique) projections, i.e. QO =
(Q eL(€): Q2=Q}). If TeL(&, F) then T* € L(F, ) denotes the adjoint operator of T, R(T) stands for its range and
N(T) for its nullspace. Also, if T € L(E, F) has closed range, T' denotes the Moore-Penrose inverse of T.
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If S and 7 are two (closed) subspaces of £, denote by S + 7 the direct sum of S and 7, S ® 7 the (direct) orthogonal
sum of them and S©7 :=SN(SNT)L. If £=S+ 7T, the oblique projection onto S along 7, Ps,/7, is the unique Q € Q
with R(Ps;/7) =S and N(Ps;/7) =7. In particular, Ps := Ps//s1 is the orthogonal projection onto S.

2.1. Krein spaces

In what follows we present the standard notation and some basic results on Krein spaces. For a complete exposition on
the subject (and the proofs of the results below) see the books by ]. Bognar [23] and T.Ya. Azizov and LS. lokhvidov [24],
the monographs by T. Ando [25] and by M. Dritschel and ]. Rovnyak [26] and the paper by ]. Rovnyak [27].

Given a Krein space (I, [,]) with a fundamental decomposition K = K4 + K_, the direct (orthogonal) sum of the Hilbert
spaces (K4,[,]) and (K_, —[,]) is denoted by (X, (,)). Sometimes we use the notation [, Jx instead of [,] to emphasize
the Krein space considered.

Observe that the indefinite metric and the inner product of K are related by means of a fundamental symmetry, i.e. a
unitary selfadjoint operator J € L(K) which satisfies:

x, y1=(Jx,y), X, yek.
If H is another Krein space, given T € L(H, K) the J-adjoint operator of T is defined by T+ = J»T* Jxc, where J3 and
Jxc are the fundamental symmetries associated to 7 and K, respectively. An operator T € L(K) is said to be J-selfadjoint if
T=TT".
Given a subspace S of a Krein space /C, the J-orthogonal companion to S is defined by
St ={xeK: [x,51=0, foreverys e S}.

Notice that if H is a Hilbert space, T € L(H, K) and S is a closed subspace of C then
TSt =T177"(sHIx). (5)

A subspace S of K is non-degenerated if S NS = {0}. A vector x € K is J-positive if [x,x] > 0. A subspace S of K is
J-positive if every x € S, x #0, is a J-positive vector. Moreover, it is said to be uniformly J-positive if there exists o > 0
such that

[x,x] > a||x||?, foreveryxeS,

where ||| stands for the norm of the associated Hilbert space (IC,(,)). J-nonnegative, J-neutral, J-negative and J-
nonpositive vectors (and subspaces) are defined analogously. Notice that if S is a J-definite subspace of K then it is
non-degenerated.

Definition 2.1. Let (/C,[,]) be a Krein space with fundamental symmetry J. A subspace S of K is called regular if (S,[,])
is also a Krein space, or equivalently, S is the range of a J-selfadjoint projection.

Proposition 2.2. (See [24, Corollary 7.17].) Let IC be a Krein space with fundamental symmetry ] and S a J-nonnegative closed
subspace of K. Then, S is regular if and only if S is uniformly J-positive.

Corollary 2.3. (See [23, Theorem 8.4].) Let K be a Krein space with fundamental symmetry | and S a closed uniformly J-positive
subspace of IC. If Q is the J-selfadjoint projection onto S then, given x € IC,

[x—Qx,x— Qx]=min[x — y,x — y].
yes

2.2. Angles between subspaces and reduced minimum modulus

Definition 2.4. Let S and 7 be two closed subspaces of a Hilbert space £. The cosine of the Friedrichs angle between S and
T is defined by

¢S, T)=sup{|(x,y)|: xe SOT, |xl =1, yeT oS, lyll=1}.
It is well known that

¢S, 7T)<1 & S+Tisclosed & St+71isclosed < C(SJ‘,TJ‘)<1.

Furthermore, if Ps and Pz are the orthogonal projections onto & and 7, respectively, then ¢(S,7) < 1 if and only if
(I — Ps)P7 has closed range, or equivalently, (I — P7)Ps has closed range. See [28] for further details.
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Proposition 2.5. (See [29,30].) Given a Hilbert space &, let A, B € L(E) be closed range operators. Then, AB has closed range if and
only ifc(R(B), N(A)) < 1.

The next definition is due to T. Kato, see [31, Ch. IV, §5] for a complete exposition on this subject.

Definition 2.6. The reduced minimum modulus y (T) of an operator T € L(£) is defined by

y(T) =inf{|ITx|: lxll = 1; x e N(T)*}.

It is well known that y(T) = y(T*) = y(T*T)!/2. Also, it can be shown that an operator T # 0 has closed range if and
only if y(T) > 0. In this case, y(T) = 1T

3. Indefinite abstract splines: definitions and basic results

Recently, some interpolation methods in Reproducing Kernel Hilbert Spaces (RKHS) have shown to be useful to deal
with machine learning problems. Given a data set X = {xq,...,xn} € X and labels Y = {y1, ..., ym} CR, it is necessary to
estimate the minimal norm function f € H such that f(x;) = y;, where H is a RKHS with kernel

k: X xX—R.

If E:H — R™ is the evaluation map given by Ef = (f(x1),..., f(xm)), the above interpolation problem consists in finding
f € 'H such that

Ef =(y1,....,ym)=y and [[f|*= min [g|°.
geE~1(y)

Notice that the adjoint operator E* : R™ — H is given by E*a = :‘n=1 aik(xi,x) where o = (1, ...,an) € R™, Then, it
follows that K = EE* is the Gram matrix associated to the kernel k, i.e. Kjj = k(x;, x;).

Since H = R(E*) & N(E), it is easy to see that there is a solution to the above problem if and only if there exists
f € R(E*) such that Ef =y, or equivalently, there exist & € R™ such that Ke = y (in this case the minimizing function is
reconstructed as f(x) = E*a = Y 1, aik(x;,x)). So, the interpolation spline can be defined without using the norm of the
RKHS but only its kernel.

In order to admit indefinite kernels to study machine learning problems, S. Canu et al. provided a definition of interpo-
lating splines in a Reproducing Kernel Krein Space (RKKS):

Definition 3.1 (S. Canu et al.). Let KC be a RKKS with kernel k : X x X — R and suppose that N(E) is a regular subspace of K.
Given y € R™, the interpolation spline f is given by

F0 =) aik(xi, x),

i=1

where o satisfies Koo = EETa = y, see [10, Definition 3.3].

Notice that, if N(E) is a uniformly J-positive subspace of K, then the interpolation spline f defined by S. Canu et al.
satisfies

Ef=y and [f,fl= min [g gl (6)
geE~1(y)

because the projection onto R(E*) along N(E) is J-contractive and f = ET e is the unique vector in E~1(y) which coincides
with its projection.

The aim of this section is to consider a general indefinite version of the abstract interpolation problem considered by
M. Atteia (see Eq. (1)).

Throughout this work, C is a Krein space with fundamental symmetry J, { and £ are Hilbert spaces and the operators
TelL(H,K)and V € L(H, &) are surjective. Consider the following generalization of the abstract interpolation problem [11]:

Problem 3.2. Given zg € &, find xg € V~1({zo}) such that

[Txo, TXolxc = min{[Tx, Tx]xc: Vx=2z0}. (7)

Definition 3.3. Any element xo € V~!({zg}) satisfying Eq. (7) is called an indefinite abstract spline or, more specifically,
a (T, V)-interpolant to zg € £. The set of (T, V)-interpolants to zg is denoted by sp(T, V, zp).
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Considering the Moore-Penrose inverse of V, the above problem can be restated as: For a fixed zg € &, find ug € N(V)
such that

[T(V'z0 +uo), T(Vizo + uo)] . = min{[T (V2o +u), T(Vizo +u)] .t u e N(V)}. (8)

As it was mentioned in the introduction, the following lemma shows under which conditions indefinite abstract splines
do exists.

Lemma 3.4. Given zg € £, g € V" 1({zo}) is a (T, V)-interpolant to zq if and only if T(N(V)) is a J-nonnegative subspace of K and
Txo € T(N(V))H.

Proof. Suppose that xg € H is a (T, V)-interpolant to zg. Then, for every u € N(V) and « € R,
[Txo, Txo] < [T (X0 + cvu), T (X0 4+ o) | = [Txo, TXo] 4 2ct Re[Txp, Tu] +o?[Tu, Tul.

Therefore, 2o Re[Txg, Tu] + 2[Tu, Tu] > 0 for every o € R, and a standard argument shows that Re[Txg, Tu] = 0. Analo-
gously, if B =i, a € R, it follows that Im[Txg, Tu] =0. Then, [Txp, Tu] =0 and [Tu, Tu] > 0 for every u € N(V).
Conversely, suppose that T(N(V)) is a J-nonnegative subspace of /C and there exists xg € V~1({zg}) such that
Txo [LIT(N(V)). If ug=x0 — Vizg e N(V) then, for every u e N(V),
[T(Vizo+u), T(Vzo +u)] = [T (V20 + o), T(V'z0 + tig)] + [T (u — uo), T(u — uo)] = [Txo, Txol.
Therefore, xg is a (T, V)-interpolant to zg. O
Remark 3.5. Notice that the framework considered by S. Canu et al. to define interpolating splines in RKKS is a particular

case of ours. If /C is a RKKS consider the identity operator as T and the evaluation map E as V. Then, the hypothesis
mentioned before Eq. (6) to obtain the variational characterization of the interpolating spline is the same as in Lemma 3.4.

As a consequence of Eq. (5), sp(T, V,zp) can be characterized as the intersection of a subspace and an affine manifold
of H.

Corollary 3.6. Suppose that T(N(V)) is a J-nonnegative subspace of KC and let zg € £. Then,

sp(T, V, 20) = (Vizg + N(V)) N THT(N(V)) ™.

Proof. Given zy € £, suppose that xg € H is a (T, V)-interpolant to zg. Then, ug = xg — Vizg € N(V) and by the above
lemma, Txg € T(N(V))L], or equivalently by Eq. (5), xo € TTT(N(V))+. Therefore, xo € (Vizg + N(V)) N TTT(N(V))L.

On the other hand, if u € N(V) is such that x= Vizg+u e TTT(N(V))%, then Tx € T(N(V))!4! and Vx = zy. So, applying
Lemma 3.4, it follows that x € sp(T, V,zg). O

The following lemma shows how regularity conditions on T(N(V)) determine relationships between the subspaces N(T)
and TTT(N(V))*.

Lemma 3.7.

(i) If T(N(V)) is non-degenerated, then N(V) N TTT(N(V))L = N(V) N N(T).
(ii) If T(N(V)) is regular, then H = N(V) + TTT(N(V))=.

Proof. (i) By Eq. (5), the inclusion N(T) "N(V) C N(V)NTHT(N(V))* is straightforward. On the other hand, if xe N(V) N
THT(N(V))L then Tx e T(N(V)) N T(N(V))H = {0}. Thus, x € N(V) N N(T).
(i) If T(N(V)) is a regular subspace of K then IC = T(N(V)) + T(N(V))!L]. Therefore,

H=T Y (T(NWV)))+ T H(T(NV)) = NV) + THT(N(V))*
(see Eq. (5)). O

As mentioned above, if T(N(V)) is a regular subspace of K then H = N(V) + TTT(N(V))+. But this may not be a direct
sum. Therefore, there is a family of closed subspaces of TTT(N(V))® which are complementary to N(V). Along this work,
if T(N(V)) is a regular subspace of IC we will consider the following projection:

Qo = PN/ T+T(N(VY) LeNV)- 9)
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Proposition 3.8. Suppose that T(N(V)) is a closed subspace of K. Then, the set sp(T, V, z) # & forevery z € £ ifand only if T(N(V))
is uniformly J-positive. In this case, sp(T, V, z) is an affine manifold parallel to N(V) N N(T).

Proof. Suppose that T(N(V)) is a closed uniformly J-positive subspace of /C. Then, by Proposition 2.2, T(N(V)) is a regular
subspace of /C, and Qg € Q (see Lemma 3.7). For a fixed z€ &, let x= (I — Qo)Viz € H. Then, Vx=2z and Tx € T(N(V))l+.
So, by Lemma 3.4, x e sp(T, V, z), i.e. sp(T, V,z) # & for every ze £.

Conversely, suppose that sp(T,V,z) # @ for every z € £. Then, as a consequence of Lemma 3.4, T(N(V)) is a J-
nonnegative subspace of /C. Furthermore, for each z € £, there exists a vector x, € H such that Vx, =z and Tx, €
T(N(V)H, Since Viz= (Viz—x,) +x, and V(Viz —x,) =0 for every z € £, it is easy to see that N(V)- C N(V) +
THT(N(V))L. Therefore, H=N(V)+ TTT(N(V))L and I = T(N(V)) + T(N(V))I+. So, T(N(V)) is a regular [-nonnegative
subspace of I, i.e. T(N(V)) is a uniformly J-positive subspace of I (see Proposition 2.2).

Assuming that T(N(V)) is uniformly J-positive, if x1, xy € sp(T, V, z) then, by Lemma 3.7,

X1 —x eN(V)NTTT(N(V))" =N(V)NNT). O

Corollary 3.9. Suppose that T(N(V)) is a closed uniformly J-positive subspace of IC and N(T) N N(V) = {0}. Then, given z € £,
sp(T, V, z) is a singleton. More precisely,

(T, V. 2) = {Prerv wan V'2)-

Example 3.10. In signal processing applications it is frequently assumed that the mathematical model, describing the physi-
cal phenomena under study, satisfies the following equation:

y=Hx+n,

where x € C" is the quantity that needs to be estimated and H € C™*" is known.

Sometimes, due to physical restrictions, it is not possible to measure x, but the measurement y may be available. This
measurement is corrupted by some noise 1. According to the known information on the measurement noise, different
estimation techniques can be used to approximate x. For instance, when no statistical information about the measurement
noise is available, the H°-estimation technique has been proved to be a good solution for different engineering problems.
Given y > 0, the H*-estimation technique consists in finding an estimation X of the vector x, such that:

5112
X—X
?:lXu <y (10)
xeCn ||y — Hx||2

or equivalently,
. 1 N
min ||y — Hx||> = — |lx— %] > 0. (11)
xeCn Y

In what follows we show that the H°-estimation technique can be formulated as an indefinite abstract spline problem.
This connection has been previously considered, see for instance [32] and references therein.
If w=x— %, then Eq. (11) can be written in matrix form as

mn[ (") =G ) [ S J1070") - ()]0 w
Im O

So, if K& =C™*", define the symmetry J € L(K) as J = ('; _, ) and let [x,y] =x*]y, for every x,y € K. Then, the
‘H°-estimation technique can be rewritten as: for a fixed y > 0, find zo € C™™™" such that Vzo = y; and

[0, 20] = V‘?iry‘ [z,2] >0, (13)
=J1

where I — V is the orthogonal projection onto the range of the matrix ( yﬁln) and y; =V ("’ _OH’A‘).

Observe that Eq. (13) is more than an indefinite splines problem, because the solution zg also has to satisfy [zg, zg] > 0.
This last condition depends on the chosen parameter y > 0.

In what follows, for a fixed zg € &, it is shown that sp(T, V, zg) can be parametrized by means of a family of projections
onto N(V).

Proposition 3.11. Suppose that T(N(V)) is a closed uniformly J-positive subspace of KC. Given zg € £, x € sp(T, V, zo) if and only if
there exists Q € Q with R(Q) = N(V) and N(Q) € TTT(N(V))+ such that x= (I — Q)Vz,.
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To prove the above proposition, we need the following lemma.

Lemma 3.12. Let Q € Q and suppose that T(N(V)) is a regular subspace of K. Then, R(Q) = N(V) and N(Q) C TTT(N(V))* if
and only if Q = Qo + Z, where Z € L(H) is such that N(V) C N(Z) and R(Z) C N(V) N N(T).

Proof. If Q € L(H) is a projection with R(Q) =N(V) and N(Q) C TTT(N(V))L, let Z= Q — Qp. Since R(Q) = R(Qp) =
N(V) it is trivial that N(V) C N(Z). On the other hand, consider y=Zx e R(Z): y=Qx— Qoxe N(V) and y = (I — Qg)x —
(I—Q)xe TTT(N(V))L. Then y e N(V)NTHT(N(V))L =N(V)NN(T).

Conversely, given Z € L(H) with N(V) € N(Z) and R(Z) € N(V) N N(T), consider Q = Qg + Z. Then, Q2 = Q be-
cause Z2 =0, QoZ =727 and ZQu =0. It is easy to see that R(Q) € N(V) and, if x € N(V) then Qx = Qox = x.
Therefore, R(Q) = N(V). Finally, observe that if x € N(Q) then x= (I — Q)x = (I — Qg)x — Zx € TTT(N(V))*+, because
N(Qo)+R(Z2) S TTT(N(V)*. O

Proof of Proposition 3.11. If x = (I — Q)VTZO, where Q € Q with R(Q)=N(V) and N(Q) C TTT(N(V))*, it is easy to see
that Vx=zp and Tx € T(N(V))[H). Then, by Lemma 3.4, x € sp(T, V, zp).

Conversely, as a consequence of Proposition 3.8, sp(T,V,zg) = (I — Qo)VTZO + N(V) N N(T) because (I — QQ)VTZO €
sp(T, V,zp). Then, if x € sp(T, V, zp) there exists u € N(V) N N(T) such that x = (I — Q0)VTzg + u. So, consider Z € L(H)
such that Z(VTzg) = —u and Zy =0 if y LV Tzy. Then,

x=(—-Qo)V'zg— ZVTzg = (I - (Qo + 2))V'zo,
N(V) C N(Z) and R(Z) C N(V) N N(T). Therefore, by the above lemma, Q = Q¢ + Z € @ with R(Q) =N(V) and N(Q) C
THT(N(V)L. O

3.1. Frames of indefinite abstract splines

Recall that a sequence {f;}nen in a Banach space X is called a Schauder basis of X if for every x € X there is a unique
sequence of scalars {cylnen such that x =) 2 cn fn, where the series converges in the norm topology. A vector sequence
{falnen in X is a Riesz basis if there exist constants 0 < A < B such that

m m 2 m
A el < | cnfal <BY leal, (14)
n=1 n=1 n=1

for all finite sequences cq, ..., Cny.
On the other hand, given a Hilbert space &, a sequence {f;}nen in &€ is a frame for £ if there exist constants 0 < A < B
such that

o0
AllzI? <Y iz f)|* < Bliz|?, foreveryze€. (15)

Observe that, if £ is a Hilbert space, {fn}nen i a Riesz basis of £ if and only if {f;}nren is a frame for € such that, if
Y meicnfn =0, then c, =0 for every n € N. See [33,34] for further details on this subject.

In what follows, recall that T € L(H, ) and V € L(H, £) are surjective operators and suppose that T(N(V)) is a closed
uniformly J-positive subspace of K.

Proposition 3.13. Given a sequence { fy}nen in £, suppose that there exists a frame {gn}nen for W = THT(N(V))L such that g, €
sp(T, V, fn) for every n € N. Then, { fy}nen is a frame for €.

Proof. If g, € sp(T,V, f,) then, by Proposition 3.11, there exists Q, € @ with R(Q,) = N(V) and N(Q,) € W, such that
gn=U- QH)VTfn. Since V(I — QVi= I¢ for every n € N, it is easy to see that

Z| z, f” Z{ V Z, (I_Qn)VTfn Z| PywV*z, gn

n=1

, foreveryzeé,

since Py (I — Qn) = (I — Qp). Therefore, if {gy}nen is a frame for W with frame bounds 0 < A < B,

o0

AlPwV*z|? <3Nz f)? < B|PwV*2|)* < BIVIP |2,

n=1

for every z € £. But ||PyyV*z|? > y (PyyV*)?|1z||? = y (V Pyy)?||z||%. Since c(W, N(V)) < 1 it follows by Proposition 2.5 that
V Pyy has closed range, so ¥ (V Pyy) > 0. Then, {fu}nen is a frame for &£, with frame bounds 0 < Ay (VPw)? <B||V|>. O
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The next result shows that, given a frame {f;}nen for &, it is possible to obtain frames of splines for any complement of
N(V) contained in TTT(N(V))+.

Proposition 3.14. Given a sequence { fy}nen in €, consider g, = (I — Q)VTf,1 esp(T,V, fn),neN, where Q € L(H) is any fixed
projection such that R(Q) = N(V) and N(Q) € TTT(N(V))= . Then,

(i) {fnlnen is a frame for £ if and only if {gn}nen is a frame for N(Q).
(ii) {fn}nen is a Riesz basis of € if and only if {gn}nen is a Riesz basis of N(Q).
(iii) {fn}nen is a (Schauder) basis of £ if and only if {gn}nen is a (Schauder) basis of N(Q ).

Proof. Observe that, if W = (I — Q)VT, then R(W)=R(I — Q) =N(Q) is closed. Then, y (W) > 0.
(i) Suppose that { f;}nen is a frame for £. Notice that

- 2w 2w 2
> | g [T =D | Wh =D |(WHx, fu)|” foreveryx e H.
n=1 n=1 n=1

So, if 0 < A < B are frame bounds for {f;},en then

oo

Ay WY (IxI = Ay (W) a1 < A w*x| 2 < 37| gn)|” < B W*x|* < BIW I 1xI1%,
n=1

for every x € N(W*)+ = N(Q). Therefore, {g;}nen is a frame for N(Q). The other implication is a consequence of Proposi-
tion 3.13.

(ii) Suppose that {f;}nen is a Riesz basis of £. Then it is also a frame for £ and, by item (i), the sequence {gn}nen is a
frame for N(Q). Furthermore, if there exists a sequence (cy)ken such that Y p2; axgy = 0, then applying V to both sides
of the equation we obtain that Y 2, i fx = 0. So, o = 0 for every k € N because {fun}nen is a Riesz basis of £. Therefore,
{gn}nen is a Riesz basis of N(Q). The other implication follows in the same way.

(iii) It is analogous to the proof of [17, Ch. III, Proposition 1.1]. O

Given a sequence {fplnen in &, if N(T) N N(V) = {0} it is easy to see that {fy}nen is a frame for £ if and only if {gn}nen
is a frame for TTT(N(V))1, where g, is the (unique) (T, V)-interpolant to f, (see Proposition 3.14). However, the following
example shows that, if N(T) N N(V) # {0}, given a frame {f}nen for £ it is easy to construct g, € sp(T, V, fn) (for every
n € N) such that {gn}nen is not a frame.

Example 3.15. Observe that if { f;}nen is a frame with frame bounds 0 < A < B then || f,||2 < B. Given u € N(T)NN(V) with
lu]l =1, define

nou ifx=aVif, aeC;
0 ifx L VTfy.

Then, Z; € L(H) and satisfies N(V) € N(Z;) and R(Z,) C N(T) N N(V). Furthermore, by Lemma 3.12, Q; = Qo + Z; is a
projection with R(Q,) = N(V) and N(Q,) C TTT(N(V))~. Therefore, g, = (I — Qn)VTfn esp(T,V, f,) for every n e N.
But observe that {g;}nen cannot be a frame because ||gq|| — +00 as n — oo. Indeed, it is easy to see that

Zn(x) = {

lgnll = | ZaVT fu]| = |0 = QOVT fa| =n— 11 = Qoll| VT|[B'? > +o0 asn— oo.
4. Indefinite abstract smoothing splines

Let IC be a Krein space with fundamental symmetry Jx, and consider two Hilbert spaces H and £. Given surjective
operators T € L(H, ) and V € L(H, &), consider the following generalization of the abstract smoothing problem [17]:

Problem 4.1. Given p > 0 and a fixed zg € &, find x¢ € H such that

[Txo, Txolic + plIVXo — zoll% = g;i;;([rx, TXlkc + plIVx — 2o|%). (16)

Definition 4.2. Any element xo € H satisfying Eq. (16) is called a (T, V, p)-smoothing spline to zg € £. The set of (T, V, p)-
smoothing splines to zg is denoted by sm(T, V, p, zo).

To study this problem consider the indefinite metric defined on K x £ by:

[(v.2), (y/,z/)]p =¥y +0z.7).. .2.(y.7)ekxE. (17)
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Notice that IC x £ is a Krein space with the indefinite metric defined above. In fact, considering the fundamental symmetry
Jxc of K and the inner product (,), in K x £ given by ((y,2), (¥'.2))p =(y,¥ )k + p(z.Z)¢ where (y,2),(y',Z) e K x E,
the operator J, € L(K x &) defined as

Joy,2)=Uxy. 2, (¥, 2€LxE,
is a fundamental symmetry associated to (KC x &, [, ],). Also, considering the operator L:’H — K x £ defined by
Lx=(Tx,VXx), xe™H,

observe that Problem 4.1 can be restated as the following indefinite least squares problem: given p > 0 and a fixed zp € &,
find xo € H such that

[Lxo — (0, z0), Lxo — (O, zo)]p = Xmeiﬂ[Lx —(0, z9), Lx — (0, zo)]p. (18)

Using the formulation given above, the next results characterize the solutions of the indefinite abstract smoothing prob-
lem.

Lemma 4.3. Given zg € £, Xg € H is a solution of Problem 4.1 if and only if R(L) is ] ,-nonnegative and Xg is a solution of the equation:
(TTT + pV*V)x=pV*z.

Proof. Following the same arguments as in Lemma 3.4, it is easy to see that xo € H satisfies Eq. (18) if and only if R(L) is
J p-nonnegative and

[Lxo — (0, 2p), Lx]/O =0, foreveryxe™H,

or equivalently, Lt (Lxp — (0, zg)) = 0. Since L™ € L(K x £,’H) is given by LT (y,2) =Tty + pV*z, (y,2) € K x &, it follows
that (THTT + pV*V)xg=pV*z9. O

In order to obtain some alternative characterizations for the solutions of Problem 4.1, it is necessary to consider the par-
ticular case of a closed range operator L. The next lemma gives a condition between the operators V and T that guarantees
that L has closed range. The proof is similar to the one given in [17, Ch. I, Lemma 2.1] for the Hilbert space case.

Lemma 4.4. If T(N(V)) is a closed subspace of K then R(L) is a closed subspace of K x .

Proof. Given (y,z) € K x &, suppose that {x,}n>1 € N(L)* is such that Lxy — (y,2). If vo = VIVx, € N(V)= € N(L)*, then
vp— VizeH and u, =x, — vy € N(V) N N(L)L. Therefore, Vv, = Vx, — z and Tu, —» y — TVz.

Since T(N(V)) is a closed subspace of K, the operator W = T|y(v) : N(V) — K has closed range and, for every n >
up = WTTu, because u, € N(V)NN(L)* = N(W)L. Thus, X, = vp + tp = vp + WiTu, > Viz+ Wiy —=TVT2). Furthermore
if x=VTz4+ WT(y — TVT2), it follows that Tx =y and Vx =z because y — TV'z € T(N(V)). Therefore, R(L) is a closed
subspace of L x £. O

As a consequence of Corollary 2.3, if there exists argminyew/[LXx — (y,2), Lx — (¥,2)], for every (y,z) € K x &, then
R(L) is a regular subspace of I x £. The following proposition shows that this assertion also holds considering the proper
subspace of IC x £ obtained by embedding £ into I x &.

Proposition 4.5. Problem 4.1 admits a solution for every z € £ if and only if R(L) is a closed uniformly | ,-positive subspace of K x £.

Proof. Suppose that, Problem 4.1 admits a solution for every z € £. Applying Lemma 4.3, it follows that R(L) is J,-
nonnegative. Given (y, z) € K x &, consider w =u + Ty, where u € H satisfies

[Lu—(0,z— VTTy), Lu—(0,z— VTTy)]p = r{rerig[Lx— (0,z— VTTy), Lx—(0,z— VTTy)]p.
Then, for every x € H,

[lw— (.2, Lw — (y.2)], =[Lu+(y,vTTy) - (y,z),Lu-l—(y,VTTy)—(y,z)]p
=[Lu—(0.z-VT'y), Lu—(0,2-VT'y)]

<[L(x—=TTy) = (0,z—VTTy),L(x—TTy) — (0,z— VTTy)]
=[

Lx— (y,2), Lx — (y,z)]p.

0
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Therefore, for every (y, z) € K x &, there exists w € H such that
Lw — 2), Lw — 2)| =min|Lx — 2),Lx — 2| .
[Lw = (.2, Lw = (y.2)] , =min[Lx = (v, 2), Lx= (y.2)] ,

Then, as in Lemma 3.4, it is easy to see that for every (y,z) € K x £ there exists w € H such that Lw — (y, z) € R(L)Lr.
So, I x £ =R(L) + R()Hr, ie. R(L) is a regular subspace of IC x £. Thus, by Proposition 2.2, R(L) is a closed uniformly
J p-positive subspace of I x &.

The converse implication follows from Corollary 2.3, considering the J,-selfadjoint projection Q € L(K x &) onto
R(L). O

4.1. Every indefinite smoothing spline is an indefinite interpolating spline

This subsection is devoted to show that sm(T, V, p, zo) =sp(T, V, z') for a suitable z’ € £. In order to do so, a particular
decomposition of R(L) is needed. If T(N(V)) is a regular subspace of IC and Qg is the projection considered in Eq. (9),
consider the (bounded) operator U : £ — K x £ given by

Uz=(TU-Qo)V'zz), ze&.
Observe that N(U) = {0} and R(U) is closed (because it is isometrically isomorphic to the graph of the bounded operator
T(I-Qo)V").
Lemma 4.6. If T(N(V)) is a regular subspace of IC then

R(L) = (T(N(V)) x {0}) + R(U),
and this decomposition of R(L) is orthogonal in the Krein space (IC x £, [, 1p).
Proof. Since R(Qg) = N(V), observe that R(L) = L(N(V)) + L(N(Qp)) and L(N(V)) =T(N(V)) x {0}. In order to compute

L(N(Qo)), observe that I — Qo = (I — Qo) Py = U — Qo)VTV because N(I — Qg) = N(Pyyyr) = N(V). Therefore, if
x € N(Qo),

Lx=(Tx, VX) = (T(I — Qo)x, VX) = (T — Qo)VTVx, Vx) = (T(I — Qo)V'z,2) = Uz,

where z = Vx. Since V(N(Qo)) = &, it follows that L(N(Qo)) = {(T(I— Qo)V'z,2): z€ £} = R(U). Finally, since T(N(Qg)) <
T(N(V)H, it follows that L(N(V)) [L], L(N(Qop)). O

The next theorem shows the existence of a vector z’ € £ such that sm(T, V, p, zg) =sp(T, V, Z'). Also, along the proof,
an expression of such 7' is given in terms of the J,-selfadjoint projection onto one of the subspaces of R(L) presented in
the above decomposition.

Theorem 4.7. Suppose that T(N(V)) is a closed subspace of K and R(L) is a uniformly ] ,-positive subspace of IC x £. Then, given
z0€&,sm(T,V, p,z0) =sp(T, V, 2'), where Z' is an adequate vectorin £.

Proof. If zo =0 then sm(T,V, p,0) = N(L) = N(T) N N(V) =sp(T, V,0). On the other hand, notice that R(L) is closed
(see Lemma 4.4). Then, by Proposition 2.2, R(L) and T(N(V)) are regular subspaces of /' x £ and K, respectively. So, the
projection considered in Eq. (9) is bounded. Given x € H, it can be decomposed as

x=Qox+ (I — Q0)x= Qox + (I — Qo) Py X =V + (I — Q) V2,
where v = Qox € N(V) and z= Vx € £. Observe that, by Lemma 4.6,
[Lx = (0.20), Lx — (0, 20)] , = [(Tv,0), (Tv. 0)] , + [Uz — (0. 20), Uz — (0, 20)] .

Then, xg € sm(T, V, p, zo) if and only if [T QoXo, T Qoxolx = n}\’i(le/)[Tu, Tulx and z; = Vxq satisfies
ue

[Uz1 = (0,20), Uz1 = (0. 20)] , = min[Uz — (0. 20), Uz = (0, 20) ] .

Notice that minyen(v)[Tu, Tulx is attained at every u € N(T) N N(V), because T(N(V)) is uniformly Jx-positive. Therefore,
Qoxp € N(T)NN(V).

On the other hand, since R(U) is a regular subspace of R(L) (see Lemma 4.6), R(U) is a (closed) uniformly J,-positive
subspace of K x £. Thus, by Corollary 2.3, z; satisfies the above equation if and only if Uz; = P(0, zg), where P is the
J p-selfadjoint projection onto R(U).
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If S: K x & — & is defined as S(y, z) =z then SU = I¢ and z; = SUz; = SP(0, zo). So, (I — Qo)V Tz = (I — Qo) VTSP(0, zo).
Therefore, xg € sm(T, V, p, zg) if and only if xg € (I — QO)VTSP(O, z0) + N(T)NN(V), i.e.

sm(T,V, p,z0) =sp(T, V,SP(0, zp)).
4.2. The smoothing splines converge to the interpolating spline

In the following paragraph we show that, given zg € £, if {x5},>1 is a net in H such that x, € sm(T, V, p, zp), then
it converges to an interpolating spline xg € sp(T, V,zg) as p — oo. The proof of this result is analogous to [17, Ch. III,
Proposition 2.2].

Proposition 4.8. Given a fixed vector zy € £, suppose that T(N(V)) is a closed subspace of KC, N(T) "N N(V) = {0} and R(L) is a
uniformly ] ,-positive subspace of KC x £. Let x, € sm(T, V, p, zo) for every p > 1. Then, there exists xo € sp(T, V, zo) such that

lim [lx, —xo|l = 0.
p—>00

Proof. First, observe that if x, € sm(T,V, p,z0) then {[Tx,,Tx,]},>1 is an increasing net in R with an upper bound,
and [|Vx, — zgll = 0 as p — oo. Indeed, given p1, p2 > 1, notice that [Tx,, Txy] + pillVXp — 20> < [TXp;, Txp;] +
PillVxp; — zol%, if i # j. Then, if p1 < py it follows that |V X, — zo|* — |VXp, — Zol|* > 0 and

[TX,O27 Txpz] - [Txpl ’ Txp1] = £1 (” pr] - ZO||2 - ” prz - 20”2) > 0.

Furthermore, if x € sp(T, V,zo) for every p > 1, [Tx,, Txp] + plIVX, — zol> < [Tx, TX] + pl|Vx — z0/|? = [T, Tx]. So,
[Tx, Tx] —[Txp, Txp] = p||Vxp — 20|12 > 0 for every p > 1, and this inequality implies that

lim [|[Vx, —zo]| =0.
p—>00

The next step is to prove that lim,_. [|Xp — Xgll = 0, where xo = VTZO + u for some u e N(V). Let y, = PyevyLXp and
observe that y, = ViVx, — Vizy as p — oo.

If up =xp —yp = Pnw)Xp € N(V), then {up},>1 converges to some u € N(V). To prove this assertion, consider the
closed range operator W = Ty : N(V) — K (see Lemma 4.4). If Q is the Ji-selfadjoint projection onto T(N(V)), let
W’ =WTQ. Then, W’ satisfies WW'W =W, W'WW’ =W’ and N(W') = T(N(V))[*1. By Theorem 4.7, x, € sp(T, V, z,)
for a suitable z, € £; then, it follows that Tx, € T(N(V)) (see Lemma 3.4). Therefore, W’Tx, =0 for every p > 1, and

W'Tu,=—W'Ty, > —-W'TVizg=u e R(W) S N(V) asp—>oo. O
5. The indefinite abstract mixed problem

Given Hilbert spaces H, £ and &, and a Krein space K with fundamental symmetry Ji, let T € L(H, K), V1 € L(H, &1)
and V;, € L(H, &) be surjective operators. Then, consider the following problem:

Problem 5.1. Let p > 0. For a fixed (z1, z2) € &1 x &, find xg € ‘H such that Vixg =z1 and

(ITX0. Txolic + p1IV2x0 — 22l1z,) = min (ITX, Txlc + plIV2x — 22113,)- (19)

in
1X=21

This is a generalization to Krein spaces of the mixed problem in Hilbert spaces proposed by A.l. Rozhenko in [16] (see
also [21,22]).

It is clear that the indefinite abstract and smoothing problems are the partial cases of the indefinite abstract mixed
problem corresponding to & = {0}, V, =0 and & = {0}, V1 = 0, respectively. Thus, it is expected that similar results to
those given in the previous sections, can be stated with some additional restrictions. We prefer to introduce the indefinite
abstract mixed problem after studying the other problems in order to motivate it.

As in the previous section, /C x &, is a Krein space with the indefinite metric defined in Eq. (17) and its fundamental sym-
metry J, € L(K x &) is given by J,(y,2) = (Jxy,2), where (y,z) € K x &. Also, consider the operators L € L(H, IC x &)
given by

Lx=(Tx,V2x), x€eH,

and L1 = LPnw,) € L(H, K x &). Then, Problem 5.1 can be restated as: given p > 0 and a fixed (z1,22) € &1 x &, find
Xo € ‘H such that
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[L1Xo — (W1, w2), Lixo — (W1, w2)] = Xmeig[hx — (w1, wa), Lix — (w1, w2)] . (20)
where w1 = —TVIzl and wy =z — VZVIzl.

Lemma 5.2. Given (21, z3) € &1 x &, Xg € 'H is a solution of Problem 5.1 if and only if R(L1) is ] ,-nonnegative and Xg is a solution
of the equation:

Pnony (TTT 4 pV3V2) PnwyXo = Py (TTwi 4+ pViws).

Proof. It is analogous to the proof of Lemma 4.3. Notice that, in this case, L{r e L(IK x &,H) is given by L;r(y,z) =
PN(V1)L+(ya Z)= PN(V])(T+y + ,OV;Z). (y,2) € Kx&. O

Proposition 5.3. Problem 5.1 admits a solution for every (z1,22) € &1 x & if and only if R(L1) is a closed uniformly | ,-positive
subspace of IC x &;.

Proof. Suppose that, Problem 5.1 admits a solution for every (z1, z3) € &1 x &. Given (y,2) € K x &, let z;1 = -V Tt y and
Z=27Z— VzTTy. Consider xg =u + TTy, where u € H satisfies

[L1u — (w1, wa), Liu — (w1, wo) ], = Xmei’g[hx — (w1, wa), Lix — (w1, w2)] .

for this particular pair (z1,z2) € &1 x &a.
Observe that Lixo — (¥, 2) = Liu+ (TPnvy Ty, VaPrnw TTy) — (v, 2) = Liu — (=TV1z1, 20 = VaViz)) = Liu — (wy, wy).
Then, for every x € H,

[Lixo — (. 2), LiXo — (V. Z)]p =[Liu — (w1, wp), Liu — (w1, Wz)]p
<[Li(x—TTy) — (w1, wa), L1 (x = TTy) — (w1, Wz)]p
= [L]X - (yvz)v le - (y,z)]p,

because Lix — (y,z) = L1(x — TTy) — (w1, wy). Therefore, for every (y, z) € K x &, there exists xo € H such that
[Lixo = (v.2), Lixo — (v.2)] , = Qiﬁ[hx —(y.2).Lix=(y,2)] .

Following the same arguments as in the proof of Proposition 4.5, it is easy to see that the above condition holds if and only
if R(L1) is a closed uniformly J,-positive subspace of KL x &. O

5.1. Parametrization of the set of solutions of the indefinite abstract mixed problem

The following paragraphs follow analogous ideas to those presented in the previous section to show that every smoothing
spline is an interpolating spline.

Consider the operator V € L(H, &1 x &) given by Vx = (V1x, V2x), x € H, and notice that N(V) = N(V{) N N(V3) but V
is not surjective. However, Lemma 3.7 also holds in this case. So, if T(N(V)) is a regular subspace of /C then, denoting WV =
THT(N(V))Lt & N(V), the projection Qg = Pn(vy/w is bounded. Before stating the main theorem, we need the following
key lemma.

Lemma 5.4. Suppose that T(N(V)) is a regular subspace of KC and N(V1) 4+ N(V3) is closed in ‘H. Then,

(i) M1 =U—-Qo)(N(Vy)) and My = V5(N(Vq)) are closed subspaces of H and &, respectively.
(ii) V2|am, : M1 — My is an isomorphism.
(iii) R(L1) = (T(N(V)) x {0}) 4 L(M). Furthermore, L(M,) is closed in KC x &€, and the decomposition is orthogonal in the Krein
space (KK x &, [, 1p).

Proof. (i) First of all, notice that M; = R(I — Qg) N N(V1). Therefore, it is closed and N(V7) = N(V) + M7 because
Qo(N(V1)) =N(V). On the other hand, by Proposition 2.5, M3 = R(V2Pn(v,)) is closed if and only if c(N(V32), N(V1)) <1,
or equivalently, N(V1) 4+ N(V3) is closed. Therefore, M3 is closed.

(ii) To show that V| aq, : M1 — My is an isomorphism observe that Vo (M1) = Vo (M1 +N(V)) = V2 (N(V1)) = My, so
it only remains to prove that V3|4, is injective. But, if x € M1 and Vox =0 then x € N(V2)N M1 =N(V)NR(UI —Qg) = {0}.

(iii) Observe that R(L1) = L(N(V1)) = L(N(V)) + L(M;) because N(V1) = N(V) 4+ M. Furthermore, if x € N(V1) then
Qox e N(V) and (I — Qg)x € Mj. So, Lx = (T Qox, 0) + L(I — Qg)x. Therefore, R(L1) = L(N(V)) +L(M7) = (T(N(V)) x {0}) +
L(My).
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If (y,0) € (T(N(V)) x {0}) N L(M}1), there exists m € My such that Tm =y and Vom = 0. Then, m = 0 because V3|4, is
an isomorphism. So, y=Tm =0 and R(L{) = L(N(V)) + L(M}). As in Lemma 4.6, it is easy to see that this decomposition
is orthogonal respect to the indefinite metric defined on K x &;.

It only remains to prove that L(M) is a closed subspace of K x &. Given (y, z) € L(M1) consider {my}x>1 S M such
that Tmy, — y and Vomy — z as k — oo. Notice that my = (V2|M1)_1 Vomy, because V3| aq, 1 My — M3 is an isomorphism.
Therefore, mi — (V2|aq,) " 'z€ My and (y,2) = L((V2am,) " '2). O

Corollary 5.5.If T(N(V)) is a regular subspace of K and N(V1) + N(V>) is closed in H then R(Lq) is closed in K x &;.
The next theorem shows that every mixed spline is an interpolating spline.

Theorem 5.6. Suppose that N(V1) + N(V3) is closed in IC, T(N(V)) is a closed subspace of KC and R(L1) is a (closed) uniformly
J p-positive subspace of IC x &;. Then, given (z1, z2) € &1 x &;, an element xg € 'H is a solution of Problem 5.1 if and only if

xo €sp(T, V. (e1.e2)),
where (e, e3) is a suitable vector in &1 x &.
Proof. Given (z1, zp) € &1 x &, recall that if xg € H is a solution of Problem 5.1 then V1xg = z1, or equivalently, PynwpLXo =
VIZL Assuming that T(N(V)) is a regular subspace of /C, VIzl can be decomposed as VIzl =1uq+ V1, where u; = Qg V;rz1 €
N(V)and vi =( — QO)VIzl € W. Then, the pair (w1, wy) considered in Eq. (20) satisfies

—wy =TVIz) = Tuy + Tvi e T(NOWV)) + T(N(V)™ and wy =2, — Vavs.

If N(V1)+N(V3) is a closed subspace of H, given x € H there exist (unique) u € N(V) and m € M such that Py )x =
u+m (see Lemma 5.4). Thus, x=u +m+ Py,.x and

Lix — (w1, wp) = (T(u +uy),0) + Lm — (=Tvq, wy).

Observe that Lm — (—Tvq, wp) = L(m + v1) — (0, z2) € (T(N(V)) x {O)IH because m + v1 € N(Qp). Then,

[Lix — (w1, w2), L1x — (wr, wz)]p =[T@+u1), T(u+up)]+[Lm— (=Tvy, wp), Lm — (=Tvy, wz)]p.

Therefore, xo is a solution to Problem 5.1 if and only if Pnv,)Xo = up + mo, with ug € N(V) and mg € M satisfying
[T (uo +uy), T(up +u)lx = mingenw) [T (u +u1), T(u+uq)]xc and

[Lmo — (=Tv1, w2), Lmo — (—=Tv1, w2)] , = _min [Lm — (=Tvi, w2),Lm — (=Tv1, wa)] .
1

Notice that, if R(Lq) is a closed uniformly J,-positive subspace of K x &, then T(N(V)) is a closed uniformly Jx-
positive subspace of K and minyenv)[T(u +uq), T(u 4+ uq)] is attained at every y € —ug + N(V) N N(T).
On the other hand, consider the bounded operator U : M, — IC x &, defined by
Uz=(T(Valm,) 'z, 2).

Observe that U has closed range, because it is isometrically isomorphic to the graph of the bounded operator T (V3] M])*l,
and

min (Lm — (=Tvq, w3),Lm — (=Tvq,w = min (Uz— (—Tvq,wy),Uz— (—Tvy,w .
meMl[ ( 1, W2) ( 1 2)]p ZeMz[ ( 1, W2) ( 1 2)]p

Thus, following the same argument as in Theorem 4.7 and observing that R(U) = L(M) is a closed uniformly J,-positive
subspace of K x &, this last problem admits a (unique) solution given by zg = Vomg = SP(—Tv1, w2), where P is the J,-
selfadjoint projection onto L(M) and S : K x & — &, is defined by S(y, z) = z. So, xg € H is a solution to Problem 5.1 if
and only if

Xo = VIZ1 + PywpXo=Uq1 + V1 +Ug+Mg € (V1 + (V2|M1)_]SP(—TV], W2)) + N(T)NN(V).
Therefore, xg € H is a solution to Problem 5.1 if and only if xg € sp(T, V, (e1, e2)), where

e1=21+ V1(V2|M])_15P(—TV1, W2) € 51 and ey = VzVIZ] —l—SP(—TV], Wz) € 52. O



436 ]I Giribet et al. /. Math. Anal. Appl. 369 (2010) 423-436

Acknowledgments

The authors would like to acknowledge Professor Gustavo Corach who brought into their attention the mixed problem for abstract splines in Hilbert
spaces. Also they would like to thank the referee for his useful comments.

Francisco Martinez Peria would like to thank Centre de Recerca Matematica staff for their hospitality while he held a Lluis Santalé visiting position in
Barcelona, Spain, and to Fundacién Carolina for supporting him during this visit with a Formacién Permanente fellowship.

References

[1] LJ. Schoenberg, Contributions to the problem of approximation of equidistant data by analytic functions. Parts A, B, Q. J. Math. 4 (1946) 45-99, 112-
141.
[2] H.S. Hou, H.C. Andrews, Cubic splines for image interpolation and digital filtering, IEEE Trans. ASSP 26 (1978) 508-517.
[3] K. Torachi, S. Yang, M. Kamada, R. Mori, Two dimensional spline interpolation for image reconstruction, Patt. Recognition 21 (1998) 275-284.
[4] M. Unser, A. Aldroubi, M. Eden, Fast B-spline transform for continuous image reconstruction and interpolation, IEEE Trans. Patt. Anal. Machine Intell. 13
(1991) 277-285.
[5] J.I. Giribet, M. Espafia, C. Miranda, Synthetic data for validation of navigation systems, Acta Astronaut. 60 (2) (2007) 88-95.
[6] R.H. Bartels, J.C. Beatty, B.A. Barsky, An Introduction to Splines for Use in Computer Graphics & Geometric Modeling, Morgan Kaufmann Publishers Inc.,
San Francisco, 1987.
[7] D.S. Meek, D.J. Walton, A note on planar minimax arc splines, Comput. & Graphics 16 (1992) 431-433.
[8] D.S. Meek, D.J. Walton, Approximating smooth planar curves by arc splines, J. Comput. Appl. Math. 59 (1995) 221-231.
[9] S. Canu, CS. Ong, X. Mary, A. Smola, Learning with non-positive kernels, in: Proceedings of the 21st International Conference on Machine Learning,
2004, pp. 639-646.
[10] S. Canu, C.S. Ong, X. Mary, Splines with non positive kernels, in: Proceedings of the 5th International ISAAC Congress, 2005, pp. 1-10.
[11] M. Atteia, Géneralization de la définition et des propietés des “splines fonctions”, C. R. Sci. Paris 260 (1965) 3550-3553.
[12] PM. Anselone, PJ. Laurent, A general method for the construction of interpolating or smoothing spline-functions, Numer. Math. 12 (1968) 66-82.
[13] C. de Boor, Convergence of abstract splines, J. Approx. Theory 31 (1981) 80-89.
[14] PJ. Laurent, Approximation et optimisation, Hermann, Paris, 1972.
[15] A. Sard, Optimal approximation, J. Funct. Anal. 1 (1967) 222-244; ]. Funct. Anal. 2 (1968) 368-369 (addendum).
[16] A.L Rozhenko, Mixed spline approximation, Bull. Novosibirsk Comput. Center Ser.: Numer. Anal. 5 (1994) 67-86.
[17] M. Atteia, Hilbertian Kernels and Spline Functions, North-Holland Publishing Co., Amsterdam, 1992.
[18] A.Yu. Bezhaev, V.A. Vasilenko, Variational Theory of Splines, Kluwer Academic/Plenum Publishers, New York, 2001.
[19] R. Champion, C.T. Lenard, T.M. Mills, An introduction to abstract splines, Math. Sci. 21 (1996) 8-26.
[20] S. Hassi, K. Nordstrém, On projections in a space with an indefinite metric, Linear Algebra Appl. 208/209 (1994) 401-417.
[21] AL Rozhenko, The conditions of unique solvability of mixed spline approximation problem, Preprint N1023, Comp. Center USSR Acad. Sci. Press,
Novosibirsk, 1994 (in Russian).
[22] AL Rozhenko, V.A. Vasilenko, Variational approach in abstract splines: achievements and open problems, East ]. Approx. 1 (1995) 277-308.
[23] J. Bognar, Indefinite Inner Product Spaces, Springer-Verlag, 1974.
[24] LS. Iokhvidov, T.Ya. Azizov, Linear Operators in Spaces with an Indefinite Metric, John Wiley & Sons, 1989.
[25] T. Ando, Linear Operators on Krein Spaces, Hokkaido University, Sapporo, Japan, 1979.
[26] M.A. Dritschel, J. Rovnyak, Operators on indefinite inner product spaces, in: Peter Lancaster (Ed.), Fields Inst. Monogr., vol. 3, Amer. Math. Soc., 1996,
pp. 141-232.
[27] ]J. Rovnyak, Methods on Krein space operator theory, in: Interpolation Theory, Systems Theory and Related Topics, Tel Aviv/Rehovot, 1999, in: Oper.
Theory Adv. Appl., vol. 134, 2002, pp. 31-66.
[28] F. Deutsch, The angle between subspaces of a Hilbert space, in: Approximation Theory, Wavelets and Applications, Maratea, 1994, in: NATO Adv. Sci.
Inst. Ser. C Math. Phys. Sci., vol. 454, Kluwer Acad. Publ., Dordrecht, 1995, pp. 107-130.
[29] R. Bouldin, The product of operators with closed range, Tohoku Math. J. 25 (1973) 359-363.
[30] S. Izumino, The product of operators with closed range and an extension of the reverse order law, Tohoku Math. J. 34 (1982) 43-52.
[31] T. Kato, Perturbation Theory for Linear Operators, Springer-Verlag, New York, 1966.
[32] H. Patel, Solving the indefinite least squares problem, PhD thesis, Univ. of Manchester, 2002.
[33] P. Casazza, O. Christensen, Frames containing a Riesz basis and preservation of this property under perturbations, SIAM J. Math. Anal. 29 (1) (1998)
266-278.
[34] D.E. Walnut, An Introduction to Wavelets Analysis, Springer-Verlag, 2004.



