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SKEW BRACES OF SIZE p2q II: NON-ABELIAN TYPE

E. ACRI AND M. BONATTO

Abstract. In this paper we enumerate the skew braces of non-abelian type of size p2q for p, q primes with
q > 2 by the classification of regular subgroups of the holomorph of the non-abelian groups of the same
order. Since Crespo dealt with the case q = 2, this paper completes the enumeration of skew braces of size
p2q started in a previous work by the authors. In some cases, we provide also a structural description of
the skew braces. As an application, we prove a conjecture posed by V. Bardakov, M. Neshchadim and M.
Yadav.

1. Introduction

The set-theoretical Yang–Baxter equation (YBE) was introduced in [13] as a discrete version of the braid
equation. A pair (X, r) where X is a set and r : X ×X → X ×X is a map, is a set-theoretical solution to
the Yang–Baxter equation if

(1) (idX × r)(r × idX)(idX × r) = (r × idX)(idX × r)(r × idX)

holds. A solution (X, r) is non-degenerate if the map r is defined as

(2) r : X ×X −→ X ×X, (x, y) 7→ (σx(y), τy(x)),

where σx, τx are permutations of X for every x ∈ X . Non-degenerate solutions have been studied intensively
over the past years [14, 15, 18, 25].

In order to describe non-degenerate involutive solutions, that is solutions satisfying r2 = idX×X , Rump
introduced the ring-like binary algebraic structures called (left) braces in [21]. Later skew (left) braces have
been defined by Guarnieri and Vendramin in [16], to capture also non-involutive solutions.

A skew (left) brace is a triple (B,+, ◦) where (B,+) and (B, ◦) are groups (not necessarily abelian) such
that

a ◦ (b+ c) = a ◦ b− a+ a ◦ c

holds for every a, b, c ∈ B. Braces are skew braces with abelian additive group.
The problem of finding non-degenerate solutions to (1) is closely related to the classification problem

for skew braces. Indeed in [5], a canonical structure of skew brace over a permutation group related to a
non-degenerate solution has been described and it has been shown how to recover all the non-degenerate
solutions with a given associated skew brace. So, in a sense, the study of non-degenerate solutions to (1)
can be reduced to the classification of skew braces.

Some recent results on the classification problem for (skew) braces are, for instance: the classification of
braces with cyclic additive group [22, 23], skew braces of size pq for p, q different primes [2], braces of size
p2q for p, q primes with q > p+ 1 [12], skew braces of size p2q with cyclic p-Sylow subgroup and p > 2 [8],
skew braces of size 2p2 [11], braces of order p2, p3 where p is a prime [4], skew braces of order p3 [19] and
skew braces of squarefree size [3].

This paper is the second part of the enumeration and classification of skew braces of size p2q where p, q are
different primes. In [1], we dealt with the left braces. In this paper, we complete the classification focusing
on the skew braces with non-abelian additive group.

In [8] the authors partially obtained the same results, through the connection between skew braces and
Hopf–Galois extensions explained in [24] (and they also claim that the missing cases are the subject of a
second paper in preparation). The common results of [8] and [12] agree with ours. In fact, our methods are
different but we are covering and extending their results related to the enumeration of skew braces of order
p2q.

Key words and phrases. Yang-Baxter equation, set-theoretical solution, skew brace, Hopf–Galois extensions.
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The main tool in this paper is the algorithm for the construction of skew braces with a given additive group
developed in [16] (we used the same approach in [2]). We obtain all the skew braces with additive group B
from regular subgroups of its holomorph Hol(B) = B⋊Aut(B). The isomorphism classes of skew braces are
parametrized by the orbits of such subgroups under the action by conjugation of the automorphism group
of B in Hol(B) [16, Section 4].

We enumerate the skew braces according to their additive group, and the structure of the paper is displayed
in the following table. The classification of the groups of size p2q can be found in [7] and the description of
their automorphism groups in [9].

Groups Sections

p = 1 (mod q) Zp2 ⋊t Zq 3.1
Gk 3.2, 3.3, 3.4, 3.5

p = −1 (mod q) GF 4

q = 1 (mod p), Zq ⋊r Zp2 5.1
q 6= 1 (mod p2) Zp × (Zq ⋊r Zp) 5.2

q = 1 (mod p2) Zq ⋊hp Zp2 6.1
Zp × (Zq ⋊hp Zp) 6.2

Zq ⋊h Zp2 6.3

The enumeration results are collected in suitable tables in each section. The skew braces of non-abelian
type of size 2p2 have been enumerated by Crespo, so we do not include tables for this case and we refer the
reader to [11, Section 5]. If q = 1 (mod p) and q 6= 1 (mod p2) there are 2 non-abelian groups if p2q 6= 12. If
p2q = 12, there are 3 groups. Since the skew braces of size 12 are included in the GAP library YangBaxter,
[27], we omit them.

In [16, Table 5.3] we have the number of skew braces of order n ≤ 120 with some exceptions. Due to a
computational improvement of the algorithm calculating skew braces, in [6] we have many tables collecting the
number of skew braces of order n ≤ 868 with some exceptions. We highlight that none of these exceptions are
of the form p2q for different primes p, q. All this data is available in [27]. This information was of invaluable
help when working on the present paper and all of our results agree with those tables.

In [6, Conjecture 4.1], the authors conjecture the number of skew braces of size p2q based on their tables.
In Section 7, as an application of the results obtained in [1] and in the present work, we can give a positive
answer to that conjecture.

2. Preliminaries

A skew (left) brace is a triple (B,+, ◦) where (B,+) and (B, ◦) are groups and

a ◦ (b+ c) = a ◦ b− a+ a ◦ c

holds for every a, b, c ∈ B. We say that a skew brace (B,+, ◦) is of χ-type if (B,+) has the group theoretical
property χ.

A bi-skew brace is a skew brace (B,+, ◦) such that (B, ◦,+) is also a skew brace (see [10]). Equivalently

x+ (y ◦ z) = (x+ y) ◦ x′ ◦ (x+ z)

holds for every x, y, z ∈ B, where x′ denotes the inverse of x in (B, ◦).
Given a skew brace (B,+, ◦), the mapping

λ : (B, ◦) → Aut(B,+), λa(b) = −a+ a ◦ b

is a homomorphism of groups.
A subgroup I of (B,+) is a left ideal of B if λa(I) ≤ I for every a ∈ B. Every left ideal is a subgroup of

(I, ◦). In particular,

Fix(B) = {a ∈ B : λb(a) = a, for every b ∈ B}

is a left ideal. If I is also a normal subgroup of both (B,+) and (B, ◦) then I is called an ideal.
2



2.1. Skew braces and regular subgroups. Given a group A we denote by π1 and π2 the canonical
mappings

π1 : Hol(A) −→ A, (x, f) 7→ x,

π2 : Hol(A) −→ A, (x, f) 7→ f.

In order to classify all skew braces of non-abelian type of size p2q where p, q are primes, we are going to
apply the same ideas as in [1], where we obtained a classification of skew braces of abelian type (also called
braces).

A subgroup G of Hol(A) is said to be regular if the corresponding set of permutations is a regular subgroup
of SA, the symmetric group over A (i.e. the natural action is transitive and it has trivial stabilizers). We
are going to exploit the connection between skew braces with given additive group A and regular subgroups
of the holomorph of A, as explained in [16]. This connection is summarized in the following theorem.

Theorem 2.1. [16, Theorem 4.2, Proposition 4.3] Let (A,+) be a group. If ◦ is an operation such that
(A,+, ◦) is a skew brace, then {(a, λa) : a ∈ A} is a regular subgroup of Hol(A,+). Conversely, if G is a
regular subgroup of Hol(A,+), then A is a skew brace with

a ◦ b = a+ f(b)

where (π1|G)−1(a) = (a, f) ∈ G and (A, ◦) ∼= G.
Moreover, isomorphism classes of skew braces over A are in bijective correspondence with the orbits of

regular subgroups of Hol(A) under the action of Aut(A) by conjugation.

We can take advantage of the classification of groups of size p2q for odd primes provided in [7, Proposition
21.17] and of size 4q in [17] and of the description of their automorphism groups given in [9] to compute the
orbits of regular subgroups under the action by conjugation of Aut(A) on Hol(A). The enumeration of such
regular subgroups will provide the enumeration of skew braces of the same size, according to Theorem 2.1.

Remark 2.2. Let (A,+) be a group and G a regular subgroup of Hol(A). According to Theorem 2.1,
(A,+, ◦) where

(3) a ◦ b = a+ π2((π1|G)
−1(a))(b)

for every a, b ∈ A is a skew brace. In other words, λa = π2((π1|G)
−1(a)) and so | kerλ| = |G|

|π2(G)| .

As in [1], in some cases, we will use (3) to explicitly compute the operations of the skew braces.

We identify an element of the holomorph (a, f) ∈ Hol(A,+) with a permutation over the underlying set
A acting as (a, f) · x = a+ f(x) for every x ∈ A.

Notice that if (a, f), (b, g) ∈ G then

π1(a, f) = π1(b, g) if and only if (a, f)−1(b, g) ∈ H = G ∩ ({1} ×Aut(A)).

Therefore the mapping π1 restricted to G factors through the canonical projection onto the set of cosets with
respect to the subgroup H . If G is finite, we have that |G| = |H ||π1(G)| and |π1(G)| divides the size of G.

Lemma 2.3. [1, Lemma 2.5] Let A be a finite group and G ≤ Hol(A). The following are equivalent:

(i) G is regular.
(ii) |A| = |G| and π1(G) = A.
(iii) |A| = |G| and G ∩ ({1} ×Aut(A)) = 1.

Lemma 2.4. Let A be a group and G = 〈uiαi, i ∈ I〉 ≤ Hol(A) where ui ∈ A, αi ∈ Aut(A) for i ∈ I. Then:

(1) π1(G) ⊆ 〈h(g) | g ∈ U, h ∈ π2(G)〉, where U = 〈ui, i ∈ I〉.
(2) If αi(ui) = ui then 〈ui〉 ⊆ π1(G).

Proof. (1) We have that

(4) uiαixf = uiαi(x)αif and (uiαi)
−1 = α−1

i (ui)
−1α−1

i ,

for every i ∈ I, x ∈ A and f ∈ Aut(A), thus the claim follows by induction.
(2) According to (4) we have that

(uiαi)
n = uni α

n
i

and so π1((uiαi)
n) = uni for every n ∈ Z. �
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In order to show that a subgroup of the holomorph is regular or not we will make use of Lemma 2.3 and
Lemma 2.4. In most of the cases we will omit the explicit computations.

In [1] we described a technique, inspired by [20, Section 2.2], to obtain the conjugacy classes we are looking
for. Let us briefly recall it.

As a general strategy, we show a list of representatives of regular subgroups and then we prove that any
regular subgroup is conjugate to one of the groups in the list. Given such list, the isomorphism class of the
representatives of conjugacy classes can be easily obtained using the list of groups of size p2q and so we omit
a proof of such isomorphisms.

To compute the list of representatives, first we need to identify some properties of regular subgroups that
are invariant under conjugation by elements of the subgroup {1} ×Aut(A).

• The map π2 is a group homomorphism and, if G is a regular subgroup of Hol(A), the size of π2(G)
divides both |(A,+)| and |Aut(A,+)| and it is invariant under conjugation. So we can compute the
regular subgroups according to the size of their image under π2. The unique trivial skew brace over
A is clearly associated to the unique regular subgroup with trivial image under π2 (i.e. A×{1}), so
we assume that |π2(G)| > 1.

• Let us assume that the image under π2 has size k > 1. The conjugacy class of the image under π2
in Aut(A) is invariant under conjugation. So we can provide a list of representatives of conjugacy
classes of subgroups of Aut(A) of size k and we assume that π2(G) is one of the subgroups in the
list.

• LetG andG′ be two regular subgroups such that π2(G) = π2(G
′). If hGh−1 = G′ then h is an element

of the normalizer of their image under π2 and moreover h kerπ2|Gh
−1 = h(kerπ2|G) = kerπ2|G′ .

Sometimes the invariants in the list above do not identify a conjugacy class of regular subgroups in the sense
of Theorem 2.1, and so we need also to employ some further invariant to provide a list of non-conjugate
regular subgroups. Assume that G and G′ are regular subgroups of Hol(A) conjugate by h ∈ Aut(A), then:

• the p-Sylow subgroups of G are conjugate by h to the p-Sylow subgroups of G′.
• Let H be a normal subgroup of Hol(A). The following diagram is commutative:

(5) Hol(A)

��
��

ĥ
// Hol(A)

��
��

Hol(A)/H
ĥH

// Hol(A)/H

where ĥ, ĥH are the inner automorphisms and the unlabeled arrows are the canonical homomor-
phisms. Then their images in the quotient Hol(A)/H are conjugate by hH. So the conjugacy class
of the image in the factor Hol(A)/H is invariant up to conjugation.

Using Lemma 2.3 and the invariants above we can provide a list of regular subgroups for each admissible
value of k and claim that they are not conjugate. Usually we start by computing the values of the main
invariants we already mentioned, namely:

• Find a set of representatives of the conjugacy classes of subgroups of size k of Aut(A,+).
• The kernel of π2 is a subgroup of (A,+). So we need to find a set of representatives of the orbits of

subgroups of size |A|
k

of A, under the action of the normalizer of the image of π2 on A.

The next step is to prove that such list is actually a set of representatives, namely that any other regular
subgroup is conjugate to one of them. First we need to construct the regular subgroups.

Let G be a regular subgroup. If the set {αi : 1 ≤ i ≤ n} generates π2(G) and {kj : 1 ≤ j ≤ m} generates
the kernel of π2|G then G has the following standard presentation:

G = 〈k1, . . . , km, u1α1, . . . , unαn〉,

for some ui ∈ A. In particular, ui 6= 1, otherwise αi ∈ G ∩ ({1} ×Aut(A)) and so G is not regular. We can
replace any generator g of G by the product of g with any other generator of G, in order to obtain a nicer
presentation of the same group G. In particular, we can choose any representative of the coset of ui with
respect to the kernel, without changing the group G.

4



The group G has to satisfy the following necessary conditions, that together provide constraints over the
choice of the elements ui:

(K) The kernel of π2|G is normal in G.
(R) The generators {uiαi : 1 ≤ i ≤ n} satisfy the same relations as {αi : 1 ≤ i ≤ n} modulo kerπ2|G

(e.g. if αn
i = 1 then (uiαi)

n ∈ kerπ2|G).

Given one such group, we can conjugate by the normalizer of π2(G) in Aut(A) that stabilizes the kernel
of π2|G in order to show that G is conjugate to one of the groups in the list of the chosen representatives.

2.2. Notation. If C is a cyclic group acting on a group G by ρ : C −→ Aut(G) and ρ(1) = f , then G⋊f C
denotes the semidirect product determined by the action ρ. In this case the group operation on G⋊f C is

(
x1
y1

)(
x2
y2

)
=

(
x1f

y1(x2)
y1y2

)
,

for every x1, x2 ∈ G and y1, y2 ∈ C.

Remark 2.5. [1, Remark 3.5] Let p, q be primes such that p = 1 (mod q) and let g be an element of order
q of Z×

p . As in [1] we denote by B the subset of Zq that contains 0, 1,−1 and one out of k and k−1 for

k 6= 0, 1,−1 and by Da,b the diagonal matrix with diagonal entries ga and gb. We are using that, up to
conjugation, the subgroups of order q of GL2(p) are generated by one of the matrices

D1,s =

[
g 0
0 gs

]
, D0,1 =

[
1 0
0 g

]
,

for 0 ≤ s ≤ q − 1 and a set of representatives of conjugacy classes of such groups in GL2(p) is given by the
groups generated by D1,s for s ∈ B.

Up to conjugation, the unique subgroup of order p of GL2(p) is generated by

C =

[
1 1
0 1

]
.

A set of representatives of conjugacy classes of subgroups of order pq of GL2(p) is given by Hs = 〈C,D1,s〉

and H̃ = 〈C,D0,1〉, where 0 ≤ s ≤ q − 1.

3. Skew braces of size p2q with p = 1 (mod q)

Let p, q be primes such that p = 1 (mod q) and p, q > 2. Recall that we omit the case q = 2 since it was
covered by Crespo in [11]. Following the same notation as in [1] we denote by g a fixed element of order q
in Z×

p and by t a fixed element of order q in Z
×
p2 . The non-abelian groups of size p2q are the following:

(i) Zp2 ⋊t Zq = 〈σ, τ | σp2

= τq = 1, τστ−1 = σt〉.

(ii) Gk = 〈σ, τ, ǫ |σp = τp = ǫq = 1, ǫσǫ−1 = σg, ǫτǫ−1 = τg
k

〉 ∼= Z
2
p ⋊D1,k

Zq, for k ∈ B.

Tables 1 and 2 collect the enumeration of skew braces according to their additive and multiplicative
groups, taking into account that the groups Gk and Gk−1 are isomorphic for k 6= 0.

Note that for q = 3 we have B = {0, 1,−1} and 2−1 = 2 = −1 in Z
×
3 . The enumeration of skew braces

according to the isomorphism class of their multiplicative group is slightly effected by these facts and so we
have a separate table for this case.
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+\◦ Zp2q Zp2 ⋊t Zq Z
2
p × Zq Gs, s 6= 0,±1, 2 G0 G−1 G1 G2

Zp2 ⋊t Zq 4 2(q − 1) - - - - - -
Gk, k 6= 0,±1 - - 4 8(q + 1) 8(q + 1) 4(q + 1) 4(q − 1) 8(q + 1)

G0 - - 2 4q 4q 2q 2(q − 1) 4q
G−1 - - 3 4q + p+ 2 4q + p+ 2 3q + p− 1 2(q − 1) 4q + p+ 2
G1 - - 5 3(q + 2) 4(q + 1) 2(q + 1) 3q − 1 6q

Table 1. Enumeration of skew braces of size p2q according to the additive and multiplica-
tive isomorphism class of groups where p = 1 (mod q) and q > 3.

+\◦ Z3p2 Zp2 ⋊t Z3 Z
2
p × Z3 G0 G−1 G1

Zp2 ⋊t Z3 4 4 - - - -
G0 - - 2 12 6 4
G−1 - - 3 p+ 14 p+ 8 4
G1 - - 5 16 10 8

Table 2. Enumeration of skew braces of size 3p2 according to the additive and multiplica-
tive isomorphism class of groups where p = 1 (mod 3).

3.1. Skew braces of Zp2 ⋊t Zq-type. In this section we denote by A the group Zp2 ⋊t Zq. According to
the description of the automorphism group of groups of order p2q given in [9, Theorem 3.4], we have that

φ : Hol(Zp2 ) = Zp2 ⋊ Z
×
p2 −→ Aut(A), (i, j) 7→ ϕi,j =

{
τ 7→ σiτ,

σ 7→ σj

is an isomorphism of groups. In particular |Aut(A)| = p3(p− 1). Thus if G is a regular subgroup of Hol(A)
then |π2(G)| ∈ {p, q, p2, pq, p2q}. Let us show that |π2(G)| can not equal p.

Lemma 3.1. Let G be a regular subgroup of Hol(A). Then |π2(G)| 6= p.

Proof. Assume that G is a subgroup of size p2q of Hol(A) and |π2(G)| = p. Up to conjugation, we can choose
the generators of kerπ2|G to be τ and σp. Hence the standard presentation of G is

G = 〈τ, σp, σaα〉

where α ∈ Aut(A) is an automorphism of order p that satisfies α(τ) = σpbτ for some 0 ≤ b ≤ p − 1. By
condition (K) we have that

σaατα−1σ−a = σa(1−t)+pbτ ∈ 〈σp, τ〉.

Then a = 0 (mod p), i.e. a = a′p. Hence (σp)−a′

σa′pα = α ∈ G ∩ ({1} ×Aut(A)) and then G is not regular
by Lemma 2.3. �

Lemma 3.2. There exists a unique conjugacy class of regular subgroups G of Hol(A) with |π2(G)| = pq. A
representative is

H = 〈σp, σϕ0,p+1, τ
−1ϕ0,t〉 ∼= Zp2q.

Proof. According to Lemma 2.4(2), 〈σp, τ〉 ⊆ π1(H) and clearly σ ∈ π1(H). So |π1(H)| > pq and so
|π1(H)| = |H | = p2q. According to Lemma 2.3, H is regular.

Let G be a regular subgroup of Hol(A) with |π2(G)| = pq. Then K = kerπ2|G = 〈σp〉. Up to conjugation,
the subgroups of size pq of Aut(A) are 〈ϕp,1, ϕ0,t〉 and 〈ϕ0,t, ϕ0,p+1〉.

In the first case, we have
G = 〈σp, σaτbϕp,1, σ

cτdϕ0,t〉.

We need to check the conditions (R). The generators of π2(G) satisfy the relations (ϕp,1)
p = 1 and

ϕ0,tϕp,1ϕ
−1
0,t = ϕt

p,1. Thus we have

(σaτbϕp,1)
pK = σa

∑p−1
j=0 tbjτbpK

(R)
= K

and so b = 0. Accordingly, d 6= 0, otherwise by Lemma 2.4(1) we have that π1(G) ⊆ 〈σ〉. Moreover

(σcτdϕ0,t)σ
aϕp,1

(
σcτdϕ0,t

)−1
K = σtd+1aϕt

p,1K
(R)
= (σaϕp,1)

tK = σtaϕt
p,1K

6



and then a = pa′. Therefore, σ−a′pσa′pϕp,1 = ϕp,1 ∈ G and so G is not regular, contradiction.
Let π2(G) = 〈ϕ0,t, ϕ0,p+1〉. Then,

G = 〈σp, σaτbϕ0,p+1, σ
cτdϕ0,t〉.

The relations satisfied by the generators of π2(G) are ϕ
q
0,t = ϕp

0,p+1 = [ϕ0,t, ϕ0,p+1] = 1. By the conditions

(R) we have that σaτbϕ0,p+1 and σcτdϕ0,t satisfy the same relations modulo K. Accordingly, since

(σaτbϕ0,p+1)
pK = σa

∑p−1
j=0 tbj τbpK

(R)
= K,

(σaϕ0,p+1)σ
cτdϕ0,tK = σa+cτdϕ0,p+1ϕ0,tK

(R)
= (σcτdϕ0,t)σ

aϕ0,p+1K = σtd+1a+cτdϕ0,p+1ϕ0,tK,

then b = 0 and d = −1. Finally,

(σcτ−1ϕ0,t)
qK = σqcK

(R)
= K

and so c = 0 (mod p). If a = 0 (mod p), then according to Lemma 2.4(2), π1(G) ⊆ 〈σp, τ〉 and so a 6= 0
(mod p). Then G is conjugate to H by ϕ0,a−1 . �

Lemma 3.3. A set of representatives of regular subgroups G of Hol(A) with |π2(G)| = p2 is

Gs = 〈τ, σ
1

t−1ϕ1,(p+1)s〉 ∼= Zp2q

for s = 0, 1.

Proof. The groupsG0 andG1 are not conjugate since their images under π2 are not. Applying Lemma 2.3 and

Lemma 2.4 as we did in Lemma 3.2, we can show that the groups Gs are regular. Indeed, (σ
1

t−1ϕ1,(p+1)s)
p =

σ
p

t−1ϕp,1 and ϕp,1(σ
p

t−1 ) = σ
p

t−1 . So we have that 〈τ, σp〉 ⊆ π1(Gs) and σ
1

t−1 ∈ π1(Gs). Thus |π1(H)| = p2q
and so H is regular.

Let G be a regular subgroup of Hol(A) with |π2(G)| = p2. According to [1, Lemma 2.1], the p-Sylow
subgroup of the multiplicative group of the skew brace associated to G is cyclic and then so is π2(G). The
unique cyclic subgroups of order p2 of Aut(A) up to conjugation are 〈ϕ1,(p+1)s〉 for s = 0, 1. The size of the
kernel of π2 is q and so, in both cases, we can assume that kerπ2|G is generated by τ up to conjugation by
an automorphism in the normalizer of π2(G). Therefore

G = 〈τ, σbϕ1,(p+1)s〉

for some b 6= 0. The group G has a normal q-Sylow subgroup and then it is abelian, and thus b = 1
t−1 . �

The group

(6) H1 = 〈σ, ϕ1,1〉

is normal in Hol(A). Let u be a generator of Z×
p2 , then Hol(A)/H1 = 〈τ, ϕ0,u〉 ∼= Zq × Z

×
p2 and in particular

it is abelian.

Lemma 3.4. The skew braces of A-type with | kerλ| = p2 are Bs = (A,+, ◦) where (Bs,+) = Zp2 ⋊t Zq and
(Bs, ◦) = Zp2 ⋊

t
s+1
s

Zq for 1 ≤ s ≤ q − 1. In particular, Bs is a bi-skew brace and

(Bs, ◦) ∼=

{
Zp2q, if s = q − 1,

A, otherwise.

Proof. Let us consider the groups

Gs = 〈σ, τsϕ0,t〉 ∼=

{
Zp2q, if s = q − 1,

A, otherwise

for 1 ≤ s ≤ q − 1. The subset π1(Gs) contains 〈σ〉 and τs and then |π1(G)| > p2 and it divides p2q. So
π1(G) = A and according to Lemma 2.3 we have that Gs is regular. Let H1 be the group defined in (6). If Gs

and Gs′ are conjugate, then so are their images in Hol(A)/H1 which is abelian. Therefore 〈τsϕ0,t〉 = 〈τs
′

ϕ0,t〉,
and so it follows that s = s′.

7



Let G be a regular subgroup of Hol(A) with |π2(G)| = q. The unique subgroup of order p2 of A is the
unique p-Sylow subgroup generated by σ and, up to conjugation, the unique subgroup of order q in Aut(A)
is generated by ϕ0,t. Then

G = 〈σ, τsϕ0,t〉 = Gs

for some s 6= 0.
For the skew brace Bs associated to Gs we have that 〈σ〉 ≤ kerλ and τ ∈ Fix(Bs). So, using [1, Lemma

2.2] we have that λσnτm = λ
σnτ

sm
s

= λmτs and then the multiplicative group structure of Bs is given by the
formula

(
x1
x2

)
◦

(
y1
y2

)
=

(
x1 + t

s+1
s

x2y1
x2 + y2

)

for every 0 ≤ x1, y1 ≤ p2 − 1, 0 ≤ x2, y2 ≤ q − 1. So (Bs,+) = Zp2 ⋊t Zq and (Bs, ◦) = Zp2 ⋊
t
s+1
s

Zq and

according to [2, Corollary 1.2] Bs is a bi-skew brace. To compute the isomorphism class of (Bs, ◦) note that
the group is abelian if and only if s = q − 1. �

Lemma 3.5. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with |π2(G)| =
p2q is

Gd = 〈σ
1

t−1ϕ1,1, τ
dϕ0,t〉 ∼= A

where 1 ≤ d ≤ q − 1.

Proof. According to Lemma 2.4(2), 〈σ, τ〉 ⊆ π1(Gd) and so π1(Gd) = A. The same argument used in Lemma
3.4 shows that they are not pairwise conjugate.

Let G be a regular subgroup with |π2(G)| = p2q. According to [1, Lemma 2.1], the p-Sylow subgroup of
the multiplicative group of the skew brace associated to G is cyclic, and then so is the p-Sylow subgroup of
π2(G). Up to conjugation we can assume that π2(G) is 〈ϕ1,1, ϕ0,t〉 ∼= A, i.e.

G = 〈σaτbϕ1,1, σ
cτdϕ0,t〉.

From the conditions (R) we have

(σaτbϕ1,1)
p2

= 1,(7)

(σcτdϕ0,t)
q = 1,(8)

(σcτdϕ0,t)σ
aτbϕ1,1(σ

cτdϕ0,t)
−1 = (σaτbϕ1,1)

t.(9)

The equality in (7) implies that the same relation is true modulo H1 and so b = 0. If d = 0, then G is not
regular by Lemma 2.4(1). Accordingly d 6= 0 and from (9) we have a = 1

t−1 and so the standard presentation
of G is

G = 〈σ
1

t−1ϕ1,1, σ
cτdϕ0,t〉.

If d = −1 then from (8) it follows that c = 0. Otherwise, G is conjugate to Gd by ϕn
1,1 where n =

c(t−1)
1−td+1 . �

We summarize the content of this subsection in the following table:

| kerλ| Zp2q Zp2 ⋊t Zq

1 - q − 1
p 1 -
q 2 -
p2 1 q − 2
p2q - 1

Table 3. Enumeration of skew braces of Zp2 ⋊t Zq-type for p = 1 (mod q).
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3.2. Skew braces of Gk-type for k 6= 0,±1. In this section we assume that k ∈ B \ {0, 1,−1} and
accordingly q > 3. Recall that a presentation of the group Gk is the following

(10) Gk = 〈σ, τ, ǫ
∣∣ σp = τp = ǫq = [σ, τ ] = 1, ǫσǫ−1 = σg, ǫτǫ−1 = τg

k

〉

where g is a fixed element of order q in Z×
p as before. An automorphism of Gk is determined by its image

on the generators, i.e. by its restriction to 〈σ, τ〉 given by a matrix and by the image on ǫ. According to [9,
Subsections 4.1, 4.3], the mapping

φ : Z2
p ⋊ρ

(
Z
×
p × Z

×
p

)
−→ Aut(Gk),

[(n,m), (a, b)] 7→ h =




h|〈σ,τ〉 =

[
a 0

0 b

]
,

ǫ 7→ σnτmǫ,

is a group isomorphism (the action ρ is defined by setting ρ(a, b)(n,m) = (an, bm)). In particular, |Aut(Gk)| =
p2(p − 1)2 and the unique p-Sylow subgroup of Aut(Gk) is generated by α1 = [(1, 0), (1, 1)] and α2 =
[(0, 1), (1, 1)].

Let G be a regular subgroup of Hol(Gk). Since p
2q divides |Aut(Gk)| we need to discuss all possible cases

for the size of π2(G).
In the group Hol(Gk) we have that

(σaτbα1)ǫ(σ
aτbα1)

−1 = σ1+(1−g)aτ (1−gk)bǫ,(11)

(σcτdα2)ǫ(σ
cτdǫα2)

−1 = σ(1−g)cτ1+(1−gk)dǫ,(12)

hold for every 0 ≤ a, b, c, d ≤ p− 1.

Lemma 3.6. A set of representative regular subgroups G of Hol(Gk) with |π2(G)| = p is

Hi = 〈ǫ, τ, σ
1

g−1α1α
i
2〉

∼= G0, Ki = 〈ǫ, σ, τ
1

gk−1αi
1α2〉 ∼= G0,

for i = 0, 1.

Proof. Up to conjugation, the subgroups of order p of Aut(Gk) are 〈α1〉, 〈α2〉 and 〈α1α2〉. The groups in the
statement are not conjugate since either their images or their kernels with respect to π2 are not. Each of
them has the form

G = 〈ǫ, u, vθ〉

with θ(v) = v and Gk = 〈ǫ, u, v〉. According to Lemma 2.4(2), π1(G) = Gk, i.e. G is regular.
Let G be a regular subgroup of Hol(Gk) with |π2(G)| = p. The kernel of π2 has size pq and therefore it

has an element of order q of the form uǫ where u ∈ 〈σ, τ〉. The subgroup L = 〈α1, α2〉 normalizes π2(G), so
we can conjugate G by a suitable element of L and according to (11) and (12) we can assume that u = 0.
Then the kernel has the form 〈ǫ, v〉 for v ∈ 〈σ, τ〉. The p-Sylow subgroup of kerπ2 is normal and therefore
v = σ or τ . Therefore the group G has the following form

G = 〈ǫ, v, wθ〉

where θ ∈ {α1, α2, α1α2} and, either v = σ and 1 6= w ∈ 〈τ〉 or v = τ and 1 6= w ∈ 〈σ〉. By condition (K) we
need to check that

wθǫθ−1w−1 = wθ(ǫ)w−1 ∈ kerπ2|G.

Using (11) and (12) it follows that G is either Hi or Ki for i = 0, 1. �

Lemma 3.7. The unique skew brace of Gk-type with | kerλ| = q is (B,+, ◦) where (B,+) = Z2
p⋊D1,k

Zq and


x1
x2
x3


 ◦



y1
y2
y3


 =




x1g
y3 + y1g

x3

x2g
ky3 + y2g

kx3

x3 + y3


 .

for every 0 ≤ x1, x2, y1, y2 ≤ p− 1 and 0 ≤ x3, y3 ≤ q − 1. In particular, (B, ◦) ∼= Z2
p × Zq.
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Proof. According to (11) and (12), the subgroup

H = 〈ǫ, σ
1

g−1α1, τ
1

gk−1α2〉

is isomorphic to Z2
p×Zq and |π2(G)| = p2. According to Lemma 2.4(2), π1(H) = 〈ǫ, σ, τ〉 and so H is regular.

Let G be a regular subgroup with |π2(G)| = p2. Then the image of π2 is the unique p-Sylow subgroup of
Aut(Gk). The kernel is a subgroup of order q of G, and, according to (11) and (12), we can assume that it
is generated by ǫ. The group G has a standard presentation as

G = 〈ǫ, σaτbα1, σ
cτdα2〉

and it is abelian, since it has a normal q-Sylow subgroup. Using (11) and (12) again, we have that b = c = 0,
a = 1

g−1 and d = 1
gk−1

, i.e. G = H .

Let B be the skew brace associated to H . Since ǫ ∈ kerλ and σ, τ ∈ Fix(B), by [1, Lemma 2.1] we can
compute the formula for the ◦ operation of B as in the statement. �

The subgroup

(13) H2 = 〈σ, τ, α1, α2〉 ∼= Z
4
p

is normal in Hol(Gk). Let µ be a generator of Z×
p , then Hol(Gk)/H2 = 〈ǫ, [(0, 0), (1, µ)], [(0, 0), (µ, 1)]〉 ∼=

Zq × Z×
p × Z×

p . In particular, it is abelian.
The formula

(Fk) αn
1α

m
2 uǫ

dθα−m
2 α−n

1 = uσxn
gd−1
g−1 α

(1−x)n
1 τ

ym
gkd

−1

gk−1 α
(1−y)m
2 ǫdθ,

where u ∈ 〈σ, τ〉 and θ = [(0, 0), (x, y)] holds in Hol(Gk).

Let us denote βs = [(0, 0), (g, gs)] and β̃ = [(0, 0), (1, g)] for 0 ≤ s ≤ q − 1.

Proposition 3.8. The skew braces of Gk-type with | kerλ| = p2 are (Ba,b,+, ◦) where (Ba,b,+) = Z2
p⋊D1,k

Zq

and

(Ba,b, ◦) = Z
2
p ⋊Da+1,b+k

Zq
∼=





Z2
p × Zq, if a = q − 1, b = −k (mod q),

G0, if a = q − 1, b 6= −k (mod q),

G b+k
a+1

, otherwise,

for 0 ≤ a, b ≤ q − 1 and (a, b) 6= (0, 0). In particular, there are q2 − 1 such skew braces and they are bi-skew
braces.

Proof. The subgroups

Ga,b = 〈σ, τ, ǫβa
0 β̃

b〉

are regular. If Ga,b and Gc,d are conjugate, then so are their images in the quotient Hol(Gk)/H2, which is

abelian. Then 〈ǫβa
0 β̃

b〉 = 〈ǫβc
0β̃

d〉 and so it follows that (a, b) = (c, d).
Let G be a regular subgroup of Hol(Gk) such that |π2(G)| = q. Then the kernel of π2 is the unique p-Sylow

subgroup of Gk. The elements of order q of Aut(Gk) are of the form αs
1α

t
2β

a
0 β̃

b where s = 0 (resp. t = 0)
whenever a = 0 (resp. b = 0). According to formula (Fk) for u = 1 and d = 0, up to conjugation by an

element in α1α2, we can assume that π2(G) is generated by βa
0 β̃

b where (a, b) 6= (0, 0). Therefore

G = 〈σ, τ, ǫnβa
0 β̃

b〉

and so n 6= 0 sinceG is regular. Using that (ǫnβa
0 β̃

b)n
−1

= ǫβan−1

0 β̃bn−1

we can conclude that G = Gan−1,bn−1 .
Let Ba,b be the skew brace associated to the regular subgroup Ga,b. Note that ǫ ∈ Fix(Ba,b) and σ, τ ∈

kerλ. Therefore we can apply [1, Lemma 2.2] and it follows that


x1
x2
x3


 ◦



y1
y2
y3


 =



x1 + g(a+1)x3y1
x2 + g(b+k)x3y2

x3 + y3


(14)

for every 0 ≤ x1, x2, y1, y2 ≤ p−1, 0 ≤ x3, y3 ≤ q−1. So (Ba,b,+) = Z2
p⋊D1,k

Zq, (Ba,b, ◦) = Z2
p⋊Da+1,b+k

Zq

and the images of the two actions commute. According to [2, Proposition 1.1], Ba,b is a bi-skew brace. �
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To compute the regular subgroups of Hol(Gk) with image under π2 of size pq and p2q we are computing
the conjugacy classes of subgroups of size pq and p2q of Aut(Gk).

Lemma 3.9. A set of representatives of conjugacy classes of subgroups of Aut(Gk) of order pq and order
p2q are

Size G Parameters Class

pq H1,s = 〈α1, βs〉 0 ≤ s ≤ q − 1 Zp ⋊t Zq

H2,s = 〈α2, βs〉 0 ≤ s ≤ q − 1 Zpq, if s = 0,

Zp ⋊t Zq, otherwise.

Ki = 〈αi, β̃〉 i = 1, 2 Zpq, if i = 1,

Zp ⋊t Zq, if i = 2.

W = 〈α1α2, β1〉 - Zp ⋊t Zq

p2q Ts = 〈α1, α2, βs〉 0 ≤ s ≤ q − 1 Gs

U = 〈α1, α2, β̃〉 - G0

Proof. Let G be a subgroup of size pq of Aut(Gk). Then G is generated by an element of order p and an
element of order q. The elements of order p belong to the subgroup generated by α1 and α2 and up to
conjugation there are three elements of order p, namely α1, α2, α1α2. The elements of order q can be chosen

of the form αn
1α

m
2 βs for s 6= 0, αn

1β0 or αm
2 β̃.

If the p-Sylow subgroup of G is generated by αi, i = 1, 2, using that

[(a, b), (x, y)]αn
1α

m
2 βs[(a, b), (x, y)]

−1 = α
xn+(1−g)a
1 α

ym+(1−gs)b
2 βs,(15)

[(a, b), (x, y)]αm
2 β̃[(a, b), (x, y)]

−1 = α
ym+(1−g)b
2 β̃,

we have that G is conjugate to Hi,s or to Ki. If the p-Sylow subgroup of G is generated by α1α2 then
necessarily the element of order q has form αn

1α
m
2 β1, since the p-Sylow subgroup has to be normal. In this

case, then G = 〈α1α2, α
n
1α

m
2 β1〉 = 〈α1α2, α

n−m
1 β1〉 and according to (15), G is conjugate to W by a suitable

power of α1.
If G is a subgroup of order p2q, then G is generated by α1, α2 and an element of order q, which can be

chosen to be βs for 0 ≤ s ≤ q − 1 or β̃. Such groups are not conjugate, since their restrictions to 〈σ, τ〉 are
not. �

In the following we are employing the same notation as in Lemma 3.9 and the following formula:

(Pk) (σaτbǫcθ)n = σa
∑n−1

i=0 gi(c+x)

τa
∑n−1

i=0 gi(ck+y)

ǫncθn

where θ = [(0, 0), (gx, gy)].

Lemma 3.10. A set of representatives of conjugacy classes of subgroups G of Hol(Gk) with |π2(G)| = pq is
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π2(G) Subgroups Parameters Isomorphism class #

H1,s H̃1,s,d = 〈τ, σ
1

g−1 α1, ǫ
dβs〉 0 ≤ s ≤ q − 1, Gdk+s q(q − 1)

1 ≤ d ≤ q − 1

Ĥ1,s = 〈σ, τα1, ǫ
1−s
k βs〉 2 ≤ s ≤ q G k−s+1

k

q − 1

H1,s = 〈στ, σ
1

g−1 α1, ǫ
s−1
1−k βs〉 2 ≤ s ≤ q G s−k

1−k
q − 1

H2,s H̃2,s,d = 〈σ, τ
1

gk−1α2, ǫ
dβs〉 0 ≤ s ≤ q − 1, Z

2
p × Zq, if s = 0, d = −1, q(q − 1)

1 ≤ d ≤ q − 1 G0, if s 6= 0, d = −1,

G s
d+1

, otherwise.

Ĥ2,s = 〈τ, σα2, ǫ
s−1βs〉 2 ≤ s ≤ q G0, if s = 0, q − 1

G s(k+1)−k

s

, otherwise.

H2,s = 〈στ, τ
1

gk−1 α2, ǫ
s−1
1−k βs〉 2 ≤ s ≤ q G0 if s = 0, q − 1

G s−k
s(1−k)

, otherwise.

K1 K̃1,d = 〈τ, σ
1

g−1 α1, ǫ
dβ̃〉 1 ≤ d ≤ q − 1 Z

2
p × Zq if d = −k−1, q − 1

G0, otherwise.

K̂1 = 〈σ, τα1, ǫ
−k−1

β̃〉 - G0 1

K1 = 〈στ, σ
1

g−1 α1, ǫ
1

1−k β̃〉 - G0 1

K2 K̃2,d = 〈σ, τ
1

gk−1 α2, ǫ
dβ̃〉 1 ≤ d ≤ q − 1 Gd q − 1

K̂2 = 〈τ, σα2, ǫβ̃〉 - Gk+1 1

K2 = 〈στ, τ
1

gk−1 α2, ǫ
1

1−k β̃〉 - G 1
1−k

1

W W̃d = 〈σ, τ
1

gk−1α1α2, ǫ
dβ1〉 1 ≤ d ≤ q − 1 Gd+1 q − 1

Ŵd = 〈τ, σ
1

g−1 α1α2, ǫ
dβ1〉 1 ≤ d ≤ q − 1 Gdk+1 q − 1

Proof. Any of the subgroups G in the table have the form

(16) G = 〈u,wδ, ǫch〉,

for 〈u,w〉 = 〈σ, τ〉, δ ∈ 〈α1, α2〉, c 6= 0, δ(u) = u, δ(w) = w, h(ǫ) = ǫ. According to Lemma 2.4(2), we have
〈σ, τ〉 ⊆ π1(G). Since ǫ

c ∈ π1(G), then |π1(G)| > p2 and so π1(G) = Gk.
A set of representatives of the orbits of the elements of 〈σ, τ〉 under the action of Aut(Gk) is {σ, τ, στ}.

Then the subgroups with the same image under π2 and belonging to different rows of the tables are not
conjugate, since their kernels with respect to π2 are not.

Assume that two groups in the same row are conjugate. Then their images in the abelian quotient
Hol(Gk)/H2 coincide. Then according to (16), their images are generated respectively by ǫch and ǫdh and so
it follows that c = d.

We focus on the case when the image under π2 is H1,s, for the other cases we can apply the same ideas,
so we omit the computation.

Let G be a regular subgroup of Hol(Gk) with π2(G) = H1,s. The kernel of π2 is a subgroup of order p
of Gk and we can choose it up to the action of the normalizer of H1,s on the subgroups of 〈σ, τ〉. Since
{[(0, 0), (a, b)] : 1 ≤ a, b ≤ p − 1} ≤ NAut(Gk)(H1,s), we can assume that the kernel is generated by σ, by τ
or by στ . The group G has the form

G = 〈u, vǫbα1, wǫ
dβs〉

where u ∈ {σ, τ, στ} and v, w ∈ 〈σ, τ〉. From the (R) condition (vǫbα1)
p ∈ kerπ2 = 〈u〉 we have that

(vǫbα1)
pH2 = ǫbpH2 = H2 and so b = 0. If d = 0 then according to Lemma 2.4(1), π1(G) ⊆ 〈σ, τ〉 and so G

is not regular. Thus d 6= 0. From the (R) condition βsα1β
−1
s = αg

1 we have that

(17) (wǫdβs)vα1(wǫ
dβs)

−1 = (vα1)
g = vgαg

1 (mod 〈u〉).

(i) Assume that kerπ2|G = 〈σ〉. Then G has a standard presentation as

G = 〈σ, τaα1, τ
cǫdβs〉
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for a, d 6= 0 and so up to conjugation by [(0, 0), (1, a−1)] we can assume that a = 1. Hence G has the form

G = 〈σ, τα1, τ
cǫdβs〉.

By (17) we have

(18) (τcǫdβs)τα1(τ
cǫdβs)

−1 = σg
gc−1
g−1 τg

dk+s

αg
1 = τgαg

1 (mod 〈σ〉)

and it follows that d = 1−s
k

and so s 6= 1. If there exists h ∈ Aut(Gk) that normalizes 〈σ, τα1〉 and that

hτcǫ
1−s
k βsh

−1 ∈ Ĥ1,s, the group G is conjugate to Ĥ1,s. Hence, according to (Fk) we can choose h to be a
suitable power of α1.

(ii) Assume that kerπ2|G = 〈τ〉. Then

G = 〈τ, σaα1, σ
cǫdβs〉

where a, d 6= 0. Similarly to the previous case, equation (17) implies that a = 1
g−1 . The relation (βs)

q = 1

holds and so (σcǫ−1βs)
q ∈ 〈τ〉. According to (Pk) if d = −1 then (σcǫdβs)

q = σqc, and so c = 0. Otherwise,

according to (Fk), the group G is conjugate to H̃1,s,d by a suitable power of α1.
(iii) Assume that kerπ2|G = 〈στ〉. Then

G = 〈στ, σaα1, σ
cǫdβs〉.

Arguing as in (ii) we have a = 1
g−1 , d = s−1

1−k
6= 0, s 6= 1 and if d = −1 then c = 0. If d 6= −1, according to

(Fk) we have that G is conjugate to H1,s by a suitable power of α1. �

Lemma 3.11. A set of representatives of conjugacy classes of regular subgroups G of Hol(Gk) with |π2(G)| =
p2q is

π2(G) Subgroups Parameters Isomorphism class #

Ts T̃c,s = 〈σ
1

g−1 α1, τ
1

gk−1α2, ǫ
cβs〉 0 ≤ s ≤ q − 1 Gs q(q − 1)

1 ≤ c ≤ q − 1

T̂s = 〈σ
1

g−1 α1, στ
1

gk−1α2, ǫ
s−1βs〉 2 ≤ s ≤ q Gs q − 1

T s = 〈τσ
1

g−1 α1, τ
1

gk−1 α2, ǫ
1−s
k βs〉 2 ≤ s ≤ q Gs q − 1

U Ũc = 〈σ
1

g−1 α1, τ
1

gk−1 α2, ǫ
cβ̃〉 1 ≤ c ≤ q − 1 G0 q − 1

Û = 〈τσ
1

g−1 α1, τ
1

gk−1α2, ǫ
−k−1

β̃〉 - G0 1

U = 〈σ
1

g−1 α1, τ
1

gk−1 σα2, ǫβ̃〉 - G0 1

Proof. The groups in different rows of the tables are not conjugate since their p-Sylow subgroups are not.
The same argument used in Lemma 3.10 shows that the groups in the table are regular and that the groups

in the same row and with the same image under π2 are not conjugate (e.g. if T̃c,s and T̃d,s are conjugate
then c = d).

Let G be a regular subgroup of Hol(Gk) with π2(G) = Ts. Then

G = 〈uǫaα1, vǫ
bα2, wǫ

cβs〉

for u, v, w ∈ 〈σ, τ〉 and 0 ≤ a, b, c ≤ q−1. We need to check the (R) conditions for the generators of G. Since

(uǫaα1)
p = (vǫbα2)

p (R)
= 1,

then we have that (uǫaα1)
pH2 = ǫaH2 = (vǫbα2)

pH2 = ǫbH2 and so a = b = 0. If c = 0, according to Lemma
2.4(1), π1(G) ⊆ 〈σ, τ〉 and so G is not regular. Hence c 6= 0 and

(wǫcβs)uα1(wǫ
cβs)

−1 (R)
= (uα1)

g = ugαg
1,(19)

(wǫcβs)vα2(wǫ
cβs)

−1 (R)
= (vα2)

gs

= vg
s

αgs

2 .(20)
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Equation (19) implies that u = σ
1

g−1 τn where either n = 0 or c = k−1(1 − s) and equation (20) that

v = σmτ
1

gk−1 where either m = 0 or c = s− 1. The equality c = k−1(1− s) = s− 1 implies that k = −1 or
s = 1 and so c = 0, contradiction. Thus, we have to discuss the following cases:

(i) n = m = 0.
(ii) m = 0, c = k−1(1− s), n 6= 0 and s 6= 1.
(iii) n = 0, c = 1− s, n 6= 0 and s 6= 1.

(i) If n = m = 0, then we have that

G = 〈σ
1

g−1α1, τ
1

gk−1α2, σ
aτbǫcβs〉

for some a, b. Let h = αr
1α

t
2. To see that hGh−1 = T̃c,s for some r, t, it is sufficient to show that

hσaτbǫcβsh
−1 ∈ T̃c,s. Using (Fk), this is equivalent to have that (r, t) is a solution of the following sys-

tem of linear equations: {
r(gc+1 − 1) = a(1− g)

t(1 − gck+s) = b(1− gk).

Using (Pk) and the (R) condition (σaτbǫcβs)
q = 1, if c+ 1 = 0 then a = 0 and if ck + s = 0 then b = 0. So

the system admits a solution for every a, b.
(ii) Let m = 0 and c = 1− s. Up to conjugation by the automorphism h = [(0, 0), (n−1, 1)] we can assume

that n = 1. Accordingly G has the following form

G = 〈τσ
1

g−1α1, τ
1

gk−1α2, σ
aτbǫ

1−s
k βs〉

for some a, b. Let (r, t) be a solution of the following system of linear equations:
{
r(g

1−s+k
k − 1) = a(1− g)

t(1− g) = b(1− gk) + r(1 − gk)(1− g).

We have (σaτbǫ
1−s
k βs)

q = 1. According to (Pk), if
1−s
k

+ 1 = 1−s+k
k

= 0 then a = 0. Hence the system

admits a solution for every a, b and αr
1α

t
2G(α

r
1α

t
2)

−1 = T̂s.
(iii) Let n = 0 and c = s− 1. Up to conjugation by [(0, 0), (1,m−1)] we can assume that m = 1, i.e.

G = 〈σ
1

g−1α1, στ
1

gk−1α2, σ
aτbǫs−1βs〉

for some a, b. Let (r, t) be a solution of the following system of linear equations:
{
r(gs − 1) = (1 − gs)t+ (1− g)a

t(gsk−k+s − 1) = (1− gk)b.

From the condition (σaτbǫs−1βs)
q = 1 and (Pk) we have that if sk − k + s = 0 then b = 0 and if s = 0 then

a = 0. Accordingly the system has solution and αr
1α

t
2G(α

r
1α

t
2)

−1 = T s.

We can use the same ideas when π2(G) = U . In such case, G is conjugate to Ũc, Û or U . �

We summarize the content of this subsection in the following table:

| kerλ| Z
2
p × Zq Gk Gs, s 6= 0,±1, k G0 G−1 G1

1 - 2(q + 1) 2(q + 1) 2(q + 1) q + 1 q − 1
p 2 4(q + 2) 4(q + 2) 4(q + 1) 2(q + 2) 2(q − 1)
q 1 - - - - -
pq - - - 4 - -
p2 1 2q − 3 2(q − 1) 2(q − 1) q − 1 q − 1
p2q - 1 - - - -

Table 4. Enumeration of skew braces of Gk-type for p = 1 (mod q).
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3.3. Skew braces of G0-type. Let us consider the group G0 with presentation

G0 = 〈σ, τ, ǫ | σp = τp = ǫq = [σ, τ ] = [τ, ǫ] = 1, ǫσǫ−1 = σg〉.

According to the description of the automorphisms of G0 provided in [9, Theorem 3.1, 3.4], the map

φ : Zp ⋊ρ

(
Z
×
p × Z

×
p

)
−→ Aut(G0), [n, (a, b)] 7→ h =

{
h|〈σ,τ〉 =

[
a 0

0 b

]
, ǫ 7→ σnǫ

where ρ(a, b)(n) = an, is a group isomorphism. In particular, |Aut(G0)| = p(p−1)2 and its p-Sylow subgroup
is generated by α = [1, (1, 1)].

If G is a regular subgroup of Hol(G0), then |π2(G)| divides p2q and |Aut(G0)|, so it divides pq.
In this section we can employ the same computations we did in Section 3.2, taking into account that in

this case the p-Sylow subgroup of Aut(G0) is cyclic and generated by α.

Lemma 3.12. A set of representative of regular subgroups G of Hol(G0) with |π2(G)| = p is

H = 〈ǫ, τ, σ
1

g−1α〉 ∼= Z
2
p × Zq, K = 〈ǫ, σ, τα〉 ∼= G0.

Proof. We can argue as in Lemma 3.6 taking into account that the subgroups of order q of G0 are generated
by elements of the form σnǫ. �

The subgroup

(21) H3 = 〈σ, τ, α〉

is a normal subgroup of Hol(G0) with Hol(G0)/H3
∼= Zq × Z×

p × Z×
p , formula (Pk) holds in Hol(G0) setting

k = 0 and the formula

(F0) αnuǫdθα−n = uσxn
gd−1
g−1 α(1−x)nǫdθ,

where u ∈ 〈σ, τ〉 and θ = [(0, 0), (x, y)] holds is G0. Then, using the same argument of Proposition 3.8, we
have the following.

Proposition 3.13. The skew braces of G0-type with | kerλ| = p2 are (Ba,b,+, ◦), where (Ba,b,+) = Z2
p⋊D1,0

Zq and

(Ba,b, ◦) = Z
2
p ⋊Da+1,b

Zq
∼=





Z2
p × Zq, if a = q − 1, b = 0,

G0, if a = q − 1, b 6= 0,

G b
a+1

, otherwise,

for 0 ≤ a, b ≤ q − 1 and (a, b) 6= (0, 0). In particular, there are q2 − 1 such skew braces and they are bi-skew
braces.

Similarly to Lemma 3.9 we obtain that a set of representative of conjugacy classes of subgroups of order
pq of Aut(G0) is

Hs = 〈α, βs〉, K = 〈α, β̃〉

where βs = [0, (g, gs)] and 0 ≤ s ≤ q − 1 and β̃ = [0, (1, g)].

Lemma 3.14. A set of representatives of regular subgroups G of Hol(G0) with |π2(G)| = pq is

π2(G) Subgroups Isomorphism class Parameters #

Hs H̃s,c = 〈τ, σ
1

g−1 α, ǫcβs〉 Gs 0 ≤ s ≤ q − 1, q(q − 1)

1 ≤ c ≤ q − 1

Ĥs = 〈στ, σ
1

g−1 α, ǫs−1βs〉 Gs 2 ≤ s ≤ q q − 1

H1 H1,c = 〈σ, τα, ǫcβ1〉 Gc+1 1 ≤ c ≤ q − 1 q − 1

K K̃c = 〈τ, σ
1

g−1α, ǫcβ̃〉 G0 1 ≤ c ≤ q − 1 q − 1

K̂ = 〈στ, σ
1

g−1 α, ǫβ̃〉 G0 - 1
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Proof. By the same argument used in Lemma 3.10 we can show that the groups in the table are regular and
they are not conjugate (in this case we are going to use the group H3 as in (21)). In order to prove that the
groups in the table form a set of representatives, we can employ the very same computations we performed

in Lemma 3.10 for the groups with image under π2 equal to 〈α1, βs〉 and 〈α1, β̃〉.
If we assume that π2(G) = Hs and kerπ2|G = 〈σ〉 the (R) condition (18) implies that s = 1. For the

other cases we can just set k = 0 and the same computations will do.
If we assume that π2(G) = K and kerπ2|G = 〈σ〉 then

G = 〈σ, τaα, τbǫcβ̃〉

and the same condition implies that a = 0, i.e. G is not regular. The other cases are basically unchanged.
Moreover we can use (F0) instead of (Fk) to prove that any regular subgroup G is conjugate to one in

the table by a suitable power of α. �

Remark 3.15. A skew brace B is a direct product if and only if there exists I, J ideals of B such that
I+J = B and I∩J = 0. The direct product of a skew brace of size p2 and a skew brace of size q is of abelian
type. The following are the skew braces of G0-type which are direct products of the trivial skew brace of size
p and a skew brace of size pq. Since G0 is the direct product of Zp and Zp⋊g Zq we need to consider just the
skew braces of size pq with non-abelian additive group. According to the classification provided in [2], there
are 2q − 1 non trivial such skew braces, then we need to find 2q − 1 skew braces that are a direct product:

(i) The skew braces Ba,0 for a 6= 0 as defined in Proposition 3.13 are direct product of the trivial skew
brace of size p and a skew brace of size pq with | kerλ| = p.

(ii) The skew brace associated to the group H of Lemma 3.12 is the direct product of the trivial skew
brace of size p and the unique skew brace of size pq with | kerλ| = q.

(iii) The skew brace associated to T̃0,c for c 6= 0 as defined in Lemma 3.14 is the direct product of the
trivial skew brace of size p and a skew brace of size pq with | kerλ| = 1.

We summarize the content of this subsection in the following table:

| kerλ| Z
2
p × Zq Gk, k ∈ B \ {0,±1} G0 G−1 G1

p - 2(q + 1) 2q + 1 q + 1 q − 1
pq 1 - 1 - -
p2 1 2(q − 1) 2q − 3 q − 1 q − 1
p2q - - 1 - -

Table 5. Enumeration of skew braces of G0-type for p = 1 (mod q).

3.4. Skew braces of G−1-type. Let us consider the group G−1 with presentation

G−1 = 〈σ, τ, ǫ | σp = τp = ǫq = [σ, τ ] = 1, ǫσǫ−1 = σg, ǫτǫ−1 = τg
−1

〉.

Let

G =
(
Z
2
p ⋊ρ (Z

×
p × Z

×
p )

)
⋊ρ′ Z2

where ρ(a, b)(n,m) = (an, bm), ρ′(1)[(n,m), (a, b)] = [(−gm,−g−1n), (b, a)] for every 0 ≤ n,m ≤ p − 1,
1 ≤ a, b ≤ p− 1. According to [9, Subsections 4.1, 4.3], the mapping

φ : G −→ Aut(G−1), [(n,m), (a, b), i] 7→ h =

{
h|〈σ,τ〉 = Hi(a, b),

ǫ 7→ σnτmǫ(−1)i ,

where

H0(a, b) =

[
a 0
0 b

]
, H1(a, b) =

[
0 a
b 0

]
,

is an isomorphism. The map

ν : Aut(G−1) −→ Z2, [(n,m), (a, b), i] 7→ i
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is a group homomorphism and the group Aut(G−1) is generated by Aut(G−1)
+ = ker ν and by the involution

ψ = [(0, 0), (1, 1), 1], defined by

(22) ψ =
{
σ 7→ τ, τ 7→ σ, ǫ 7→ ǫ−1.

Note that Aut(G−1)
+ ∼= Aut(Gk) for k 6= 0,±1 and it contains the p-Sylow subgroup of Aut(G−1),

generated by α1 = [(1, 0), (1, 1), 0] and α2 = [(0, 1), (1, 1), 0], and the elements of odd order of Aut(G−1).
Since p > 2, then π2(G) ≤ Aut(G−1)

+ and G ≤ G−1 ⋊ Aut(G−1)
+ ≤ Hol(G−1) for every regular subgroup

G ≤ Hol(G−1). Nevertheless the conjugacy classes of regular subgroups might be different, since we need to
take into account the conjugation by ψ.

In some cases, the computations of the conjugacy classes can be obtained from those in Subsection 3.2
just by setting k = −1, as for the following that follows directly from Lemma 3.7.

Lemma 3.16. The unique skew brace of G−1-type with | kerλ| = q is (B,+, ◦) where (B,+) = Z
2
p ⋊D1,−1 Zq

and 

x1
x2
x3


 ◦



y1
y2
y3


 =




x1g
y3 + y1g

x3

x2g
−y3 + y2g

−x3

x3 + y3




for every 0 ≤ x1, x2, y1, y2 ≤ p− 1 and 0 ≤ x3, y3 ≤ q − 1. In particular, (B, ◦) ∼= Z2
p × Zq.

We claim that the computations in Lemma 3.6, Proposition 3.8, Lemma 3.9 and Lemma 3.10 depend just
on the condition k 6= 0, 1 and so we can employ them in the proofs of the next results. Note also that the
subgroup

H4 = 〈σ, τ, α1, α2〉

is a normal subgroup of Hol(G−1) and setting k = −1 in (Fk) we get a formula that holds in Hol(G−1).

Lemma 3.17. A set of representatives of regular subgroups G of Hol(G−1) with |π2(G)| = p is

Hi = 〈ǫ, τ, σ
1

g−1α1α
i
2〉

∼= G0

for i = 0, 1.

Proof. The groups H0 and H1 are not conjugate since their images under π2 are not. Arguing as in Lemma
3.6 we can show that every regular subgroup of Hol(G−1) with |πs(G)| = p is conjugate to the groups Hi,Ki

for i = 0, 1 defined by setting k = −1 in the groups in Lemma 3.6. It is easy to see that H0 is conjugate to
K0 by the automorphism ψ and that H1 is conjugate to K1 by the automorphism [(0, 0), (g2, 1), 0]. �

Let us denote βs = [(0, 0), (g, gs), 0] and β̃ = [(0, 0), (1, g), 0] for 0 ≤ s ≤ q − 1.

Proposition 3.18. The skew braces of G−1-type with | kerλ| = p2 are (Ba,b,+, ◦) where (Ba,b,+) =
Z2
p ⋊D1,−1 Zq and

(Ba,b, ◦) = Z
2
p ⋊Da+1,b−1

Zq
∼=





Z2
p × Zq, if a = q − 1, b = 1,

G0, if a = q − 1, b 6= 1,

G b−1
a+1

, otherwise,

for 0 ≤ a, b ≤ q − 1 and (a, b) 6= (0, 0). In particular, they are bi-skew braces and Ba,b
∼= Bc,d if and only if

(c, d) = (−b,−a) and so there are (q−1)(q+2)
2 such skew braces.

Proof. Let G be a regular subgroup of Hol(G−1) such that |π2(G)| = q. Arguing as in Proposition 3.8 we
can show that every such group is conjugate to a subgroup

Ga,b = 〈σ, τ, ǫβa
0 β̃

b〉

by an element of Aut(G−1)
+. Since ψGa,bψ = G−b,−a, the groups of the form Ga,−a are normalized by ψ

and the other orbits have length 2. Therefore there are

q − 1 +
q(q − 1)

2
=

(q − 1)(q + 2)

2
orbits under the action of ψ. The statement about the structure of the associated skew braces follows by
the same argument of Proposition 3.8. �
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Lemma 3.19. A set of representatives of conjugacy classes of subgroups of Aut(G−1) of order pq and p2q is

Size G Parameters Isomorphism class

pq H1,s = 〈α1, βs〉 0 ≤ s ≤ q − 1 Zp ⋊g Zq

H2,0 = 〈α2, β0〉 - Zpq

W = 〈α1α2, β1〉 - Zp ⋊g Zq

p2q Ts = 〈α1, α2, βs〉 ∼= Gs s ∈ B Gs

where B is as in Remark 2.5.

Proof. The subgroups of size pq of Aut(G−1)
+ up to conjugation by elements of Aut(G−1)

+ are collected in
Lemma 3.9. We need to compute the orbits of such groups under the action by conjugation of ψ. It is easy
to see that

• ψH1,sψ = H2,s−1 and ψTsψ = Ts−1 for s 6= 0;
• ψH1,0ψ = K2, ψH2,0ψ = K1 and ψUψ = T0;

• ψWψ = 〈α−g
1 α−g−1

2 , β1〉 is not conjugate to any other group in the table, since their p-Sylow sub-
groups are not. �

Lemma 3.20. A set of representatives of conjugacy classes of regular subgroups G of Hol(G−1) with |π2(G)| =
pq is the following:

π2(G) Subgroups Parameters Isomorphism class #

H1,s H̃1,s,d = 〈τ, σ
1

g−1 α1, ǫ
dβs〉 0 ≤ s ≤ q − 1, Gs−d q(q − 1)

1 ≤ d ≤ q − 1

Ĥs = 〈σ, τα1, ǫ
s−1βs〉 2 ≤ s ≤ q Gs q − 1

Hs = 〈στ, σ
1

g−1 α1, ǫ
s−1
2 βs〉 2 ≤ s ≤ q G s+1

2
q − 1

H2,0 H̃2,0,d = 〈σ, τ
1

g−1
−1 α2, ǫ

dβ0〉 1 ≤ d ≤ q − 1 Z
2
p × Zq, if d = −1 q − 1

G0, otherwise

Ĥ2,0 = 〈τ, σα2, ǫ
−1β0〉 - G0 1

H2,0 = 〈στ, τ
1

g−1
−1α2, ǫ

−
1
2 β0〉 - G0 1

W W̃d = 〈σ, τ
1

g−1
−1α1α2, ǫ

dβ1〉 1 ≤ d ≤ q − 1 Gd+1 q − 1

Proof. Let G be a regular subgroup of Hol(G−1) and assume that π2(G) = Hi,s for s and i as in Lemma
3.19. Using the same computations as in Lemma 3.10 we can show that G is conjugate to one of the groups
in the table with the same image under π2 by some element of Aut(G−1)

+. Such groups are not conjugate.
Indeed, if π2(G) 6= W , then its normalizer is contained in Aut(G−1)

+ ∼= Aut(Gk) for k 6= 0,±1 and so we can
prove that the corresponding groups in the table are not conjugate as we did in Lemma 3.10.

If π2(G) = W , the groups with π2(G) = W are conjugate to W̃d for some d 6= 0 by some element in

Aut(G−1)
+. If W̃c and Ŵd are conjugate in Aut(G−1) by hψ for h ∈ Aut(G−1)

+ so are their images modulo
the subgroup H4. Hence we have

hψǫcβ1ψh
−1H4 = ǫ−cβ1H4 ∈ 〈ǫdβ1H4〉,

and so c = −d. It is easy to see that the groups W̃d and Ŵ−d are conjugate by [(0, 0), (1, g2), 0].
Therefore the table collects a set of representatives of regular subgroups with the desired properties. �

Lemma 3.21. A set of representatives of conjugacy classes of regular subgroups G of Hol(G−1) with
|π2(G)| = p2q is
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π2(G) Subgroups Class Parameters #

Ts T̃d,s = 〈σ
1

g−1α1, τ
1

g−1
−1α2, ǫ

dβs〉 Gs s ∈ B \ {1}, q2−1
2

1 ≤ d ≤ q − 1

T̂m,s = 〈τσ
1

g−1 α1, σ
mτ

1
g−1

−1α2, ǫ
s−1βs〉 Gs s ∈ B \ {1,−1}, (p−1)(q−1)

2

0 ≤ m ≤ p− 1, m 6= − g

(g−1)2
(mod p)

T s = 〈σ
1

g−1 α1, στ
1

g−1
−1α2, ǫ

s−1βs〉 Gs s ∈ B \ {1,−1} q−1
2

T1 T̃d,1 = 〈σ
1

g−1 α1, τ
1

g−1
−1α2, ǫ

dβ1〉 G1 d ∈ A
q−1
2

T−1 T̂c,−1 = 〈τσ
1

g−1 α1, σ
nτ

1
g−1

−1 α2, ǫ
−2β−1〉 G−1 0 ≤ n ≤ p− 1, n 6= − g

(g−1)2
(mod p) p− 1

where A ⊆ Z
×
q containing one out of d and −d for each d ∈ Z

×
q .

Proof. Using the same argument as in Lemma 3.10 we can show that the groups in the list are regular. Let
us show that the groups with the same image under π2 in the table are not conjugate. Let δ = hψ for
h ∈ Aut(G−1)

+.

• if π2(G) = Ts and s 6= ±1 then NAut(G1)(Ts) = Aut(G−1)
+. So the groups in different rows and the

groups in the family T̂m,s are not pairwise conjugate, since their p-Sylow subgroups are not conjugate
by elements in Aut(G−1)

+.
• If s = 1, then T1 is normal in Aut(G−1) and

δǫcβ1δ
−1

H4 = ψǫcβ1ψH4 = ǫ−cβ1H4.

So, if T̃d,1 and T̃c,1 are conjugate by δ then c = −d.
• If s = −1, then T−1 is normal in Aut(G−1) and

δǫcβ−1δ
−1

H4 = ψǫ−cβ−1ψH4 = ǫ−cβ−1
−1H4.

If T̃c,−1 and T̃d,−1 are conjugate by δ, then c = d. The groups T̃c,−1 and T̂n,−1 are not conjugate
since their p-Sylow subgroups are not.

Let G be a regular subgroup of Hol(G−1). According to Lemma 3.19 we can assume that π2(G) = Ts for
s ∈ B. From the same computations as in the beginning of Lemma 3.11, in which we set k = −1, we have
that

G = 〈σ
1

g−1 τnα1, σ
mτ

1

g−1
−1α2, wǫ

cβs〉

for c 6= 0 and some w ∈ 〈σ, τ〉. So we need to discuss two cases:

• n = m = 0;
• (n,m) 6= (0, 0), c = s− 1 and so s 6= 1.

In the second case, if n = 0 we can set m = 1 up to conjugation by [(0, 0), (m−1,m−1), 0], otherwise we can
set n = 1 conjugating by [(0, 0), (n−1, n−1), 0]. Then we reduce the cases to (n,m) = (0, 1) or n = 1 and

0 ≤ m ≤ p− 1. If n = 1 the elements τσ
1

g−1 and σmτ
1

g−1
−1 need to be linearly independent, i.e.

det

[ 1
g−1 m

1 1
g−1−1

]
= −

g

(g − 1)2
−m 6= 0 (mod p).

In both cases, up to conjugation by an element in 〈α1, α2〉 (using (Fk) with k = −1) we can assume that
w = 1 and so the regular groups are identified by the parameters (s, c, n,m).

The groups identified by (1, c, 0, 0) and (1,−c, 0, 0) are conjugate by ψ. The groups identified by (−1,−2, 0, 1)
and (−1,−2, 1, 0) are conjugate by [(0, 0), (1,−g), 0]ψ. Accordingly, G is conjugate to one of the groups in
the table. �

We summarize the content of this subsection in the following table:
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| kerλ| Z
2
p × Zq Gk G0 G−1 G1

1 - p+ q − 1 p+ q − 1 p+ q − 2 q−1
2

p 1 2(q + 2) 2(q + 1) q + 2 q − 1
q 1 - - - -
pq - - 2 - -
p2 1 q − 1 q − 1 q − 2 q−1

2

p2q - - - 1 -

Table 6. Enumeration of skew braces of G−1-type for p = 1 (mod q).

3.5. Skew braces of G1-type. A presentation of the group G1 is the following

G1 = 〈σ, τ, ǫ | σp = τp = ǫq = [σ, τ ] = 1, ǫσǫ−1 = σg, ǫτǫ−1 = τg〉.

According to [9, Subsections 4.1, 4.2], the mapping

φ : Z2
p ⋊GL2(p) −→ Aut(G1), [(n,m), H ] 7→ h =

{
h|〈σ,τ〉 = H,

ǫ 7→ σnτmǫ

is a group isomorphism. In particular, |Aut(G1)| = p3(p − 1)2(p + 1), a p-Sylow subgroup of Aut(G1) is
generated by α1 = [(1, 0), Id], α2 = [(0, 1), Id], γ = [(0, 0), C], where C is defined as in Remark 2.5 and α1

and α2 generate a normal subgroup in Aut(G1).
Note that for k 6= 0,−1 the map

ι : Aut(Gk) −→ Aut(G1), [(n,m), (a, b)] 7→

[
(n,m),

[
a 0
0 b

]]

is an injective group homomorphism. Moreover, the formula (Fk) with k = 1 holds in Hol(G1).
The procedure to check the regularity of a subgroup has already been established in the previous subsec-

tions, so we are not showing that part of the classification strategy explicitly in this subsection.
In the following we are using the formulas

α2γα
−1α−1

2 = α−1
1 γ,(23)

(τaαb
2γ)

n = σ
an(n−1)

2 τanα
bn(n−1)

2
1 αbn

2 γ
n(24)

for a, b, n ∈ Z.

Lemma 3.22. A set of representatives of conjugacy classes of regular subgroups G of Hol(G1) with |π2(G)| =
p is

H = 〈ǫ, τ, σ
1

g−1α1〉 ∼= G0, W = 〈ǫ, σ, τ
1

g−1α2γ〉 ∼= G0.

Proof. Up to conjugation the subgroups of order p of Aut(G1) are 〈α1〉, 〈α
i
2γ〉 for i = 1, 2. So H and W are

not conjugate.
If π2(G) = 〈α1〉, arguing as in Lemma 3.6 we can show that G is conjugate to H .
Let G be a regular subgroup of Hol(G1) with π2(G) = 〈αi

2γ〉 for i = 0, 1. Then K = kerπ2|G contains an
element of order q and so, up to conjugation by a power of α1 we can assume that K is generated by an
element of the form τnǫ and by some v ∈ 〈σ, τ〉. So G has the following standard presentation

G = 〈τnǫ, v, uαi
2γ〉

where u, v ∈ 〈σ, τ〉. The p-Sylow subgroup of K is characteristic in K and K is normal in G then 〈v〉 is
normal in G. Thus

wαi
2γ(u)w

−1 = γ(u) ∈ 〈u〉.

Therefore we can assume that u = σ and so u = τc for c 6= 0. According to condition (K), we have

τcαi
2γτ

nǫγ−1α−i
2 τ−c = σnτ (1−g)c+i+nǫ ∈ K.

Hence, (1 − g)c+ i = 0. If i = 0 then c = 0 and so G is not regular. Therefore i = 1 and c = 1
g−1 . Finally,

using (23), we have that G is conjugate to W by α−n
2 γ−n. �
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Lemma 3.23. A set of representatives of conjugacy classes of regular subgroups G of Hol(G1) with |π2(G)| =
p2 is

Hi = 〈ǫ, σ
1

g−1α1, τ
1

g−1α2γ
i〉 ∼= Z

2
p × Zq

for i = 0, 1.

Proof. The subgroups of Aut(G1) of size p2 are 〈α1, α2〉, 〈α1, γ〉 and 〈α1, α2γ〉, up to conjugation. So, the
groups in the statement are not conjugate since their image under π2 are not.

Let G be a regular subgroup of Hol(G1) such that |π2(G)| = p2. The kernel of π2 is the normal q-Sylow
subgroup of G and so G is abelian. Moreover, up to conjugation by the normalizer of π2(G) we can assume
that it is generated by ǫ.

If π2(G) = 〈α1, α2〉 then G is conjugate to H0 by an element of ι(Aut(Gk)) ≤ Aut(G1) (see Lemma 3.7).
Otherwise we have that

G = 〈ǫ, uα1, vα
i
2γ〉

for some u, v ∈ 〈σ, τ〉. From abelianness of G it follows that u = σ
1

g−1 and v = τ
i

g−1 by (23). Since v 6= 1
then i = 1 and so G = H1. �

Employing the notation in Remark 2.5 let us define βs = [(0, 0),D1,s] and β̃ = [(0, 0),D0,1] for 1 ≤ s ≤ q−1.

Proposition 3.24. The skew braces of G1-type with | kerλ| = p2 are (Ba,b,+, ◦) where (Ba,b,+) = Z2
p⋊D1,1Zq

and

(Ba,b, ◦) = Z
2
p ⋊Da+1,b+1

Zq
∼=





Z2
p × Zq, if a = b = q − 1,

G0, if a = q − 1, b 6= q − 1,

G b+1
a+1

, otherwise,

for 0 ≤ a, b ≤ q − 1 and (a, b) 6= (0, 0). Moreover, they are bi-skew braces and Ba,b
∼= Bc,d if and only if

(c, d) = (b, a) and so there are (q−1)(q+2)
2 such skew braces.

Proof. Let G be a regular subgroup of Hol(G1) such that |π2(G)| = q. By Remark 2.5 we have that, up to
conjugation, an element of order q of GL2(p) is a diagonal matrix with entries a power of g. Arguing as in
Proposition 3.8, also in this case we can show that every such group is conjugate to a subgroup of the form

Ga,b = 〈σ, τ, ǫβa
0 β̃

b〉.

Hence Ga,b and Gc,d are conjugate by h ∈ Aut(G1) if and only if

h(ǫ)hβa
0 β̃

bh−1 = ǫhβa
0 β̃

bh−1 = ǫβc
0β̃

d (mod 〈σ, τ〉),

i.e. βa
0 β̃

b|〈σ,τ〉 = Da,b and βc
0β̃

d|〈σ,τ〉 = Dc,d are conjugate. And so either (a, b) = (c, d) or (a, b) = (d, c). In

particular there are (q−1)(q+2)
2 such classes. The other claims follow as in Proposition 3.8. �

The following lemma collects the conjugacy classes of subgroups of size pq and p2q of Aut(G1).

Lemma 3.25. A set of representatives of conjugacy classes of subgroups of size pq and p2q of Aut(G1) is

Size G Parameters Class

pq Hs = 〈α1, βs〉 0 ≤ s ≤ q − 1 Zp ⋊g Zq

U = 〈α2, β0〉 - Zpq

Ks = 〈γ, βs〉 0 ≤ s ≤ q − 1 Zpq, if s = 1,
Zp ⋊g Zq, otherwise

M = 〈α1α
2
2γ, β2−1 〉 - Zp ⋊g Zq

V = 〈γ, β̃〉 - Zp ⋊g Zq

p2q Ts = 〈α1, α2, βs〉 s ∈ B Gs

Rs = 〈α1, γ, βs〉 0 ≤ s ≤ q − 1 G1−s

N = 〈α1, γ, β̃〉 - G0

L = 〈α1, α2γ, β2−1 〉 - G2

where B is as in Remark 2.5.
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Proof. The groups in the table are not pairwise conjugate. Indeed if h = [(n,m),M ] conjugate a pair of
such groups then their p-Sylow subgroups are conjugate by h and their restrictions to 〈σ, τ〉 are conjugate
by M . A case-by-case discussion shows that these two conditions can not be satisfied by any pair of groups
in the table.

Let H be a subgroup of order pq or p2q of Aut(G1) and let H |〈σ,τ〉 denotes the restriction of the action of
H to 〈σ, τ〉. If H |〈σ,τ〉 has size q then, according to Remark 2.5 we have that H |〈σ,τ〉 is generated by D1,s for
s ∈ B. Hence, up to conjugation, H ≤ ι(Aut(Gk)). Using the same notation as in Lemma 3.9, we have that
H is conjugate to one of the groups {H1,s,H2,s,W , Ts : s ∈ B} by an element of ι(Aut(Gk)). Moreover:

• if s 6= 0,±1, ψH1,sψ = H2,s−1 , where ψ is the automorphism swapping σ and τ .
• The group W is conjugate to H1,1 by a suitable automorphism of the form [(0, 0),M ], since D1,1 is

central in GL2(p).

HenceH is conjugate to one of the groups {Hs, U : 0 ≤ s ≤ q−1} if |H | = pq or to one of {Ts : 0 ≤ s ≤ q−1}
if |H | = p2q as in the statement.

If H |〈σ,τ〉 has size pq then, according to Remark 2.5, up to conjugation we have that H |〈σ,τ〉 = 〈C,D1,s〉
or H |〈σ,τ〉 = 〈C,D0,1〉 for 0 ≤ s ≤ q − 1. Therefore

H = 〈αn
1α

m
2 γ, α

r
1α

t
2θ〉

for θ ∈ {βs, β̃ : 0 ≤ s ≤ q − 1}. If θ = β0 then t = 0 and if θ = β̃ then r = 0. Using (Fk) for k = 1,
up to conjugation we can assume that r = t = 0. The p-Sylow subgroup of H has to be normal, i.e. if
θ = [(0, 0),Dt,s], using (24) we have

θαn
1α

m
2 γθ

−1 = αngt

1 αmgs

2 γg
t−s

= (αn
1α

m
2 γ)

r = α
nr+mr r−1

2
1 αmr

2 γr

for some r ∈ Z. Thus, r = gs−t and accordingly n,m solve the following system of linear equations:
{
2(gt−s − gt)n+ gt−s(gt−s − 1)m = 0

(gt−s − gs)m = 0.

Hence:

• if θ = βs, β̃ with s 6= 0, 2−1 then n = m = 0, i.e. H = Ks or H = V .
• If θ = β2−1 then m = 2n and so, either n = m = 0 or up to conjugation by [(0, 0), n−1Id],
n = 1,m = 2, i.e. H = K2−1 or H is conjugate to M.

• If θ = β0 then either n = m = 0 or, up to conjugation by [(0, 0), n−1Id], m = 0 and n = 1. Since
α2〈α1γ, β0〉α

−1
2 = K0 then H is conjugate to K0.

Let H be a subgroup of Aut(G1) of size p
2q and let H |〈σ,τ〉 has size pq. Then, up to conjugation,

H = 〈αn
1α

m
2 , α

r
1α

t
2γ, θ〉

where θ is either βs or β̃. Using (23) to check the abelianness of the p-Sylow subgroup of H it follows that
m = 0 and therefore we can assume that n = 1 and r = 0. From the normality of the p-Sylow subgroup it
follows that:

• if θ = βs for s 6= 2−1 then t(gs − g1−s) = 0 and so t = 0, i.e. H = Rs.

• If θ = β̃ then (1− g)t = 0 and so t = 0, i.e. H = N .
• If θ = β2−1 then up to conjugation by an element of the form [(0, 0), xId] we have t ∈ {0, 1}, i.e. H

is conjugate either to R2−1 or to L. �

The group

(25) H5 = 〈σ, τ, α1, α2〉

is a normal subgroup of Hol(G1) and Hol(G1)/H5
∼= Zq ×GL2(p).

Lemma 3.26. A set of representatives of conjugacy classes of regular subgroups G of Hol(G1) with |π2(G)| =
pq is
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π2(G) Subgroups Parameters Class #

Hs H̃s,c = 〈τ, σ
1

g−1 α1, ǫ
cβs〉 0 ≤ s ≤ q − 1, Gc+s q(q − 1)

1 ≤ c ≤ q − 1

Ĥs = 〈σ, τα1, ǫ
1−sβs〉 2 ≤ s ≤ q G2−s q − 1

Ks K̃s = 〈σ, τγ, ǫ1−2sβs〉 0 ≤ s ≤ q − 1, Z
2
p × Zq, if s = 1, q − 1

s 6= 2−1 G2, otherwise.

U Ũc = 〈σ, τ
1

g−1 α2, ǫ
cβ0〉 1 ≤ c ≤ q − 1 Z

2
p × Zq, if c = −1, q − 1

G0, otherwise.

Ũ = 〈τ, σα2, ǫ
−1β0〉 - G0 1

M M̃c = 〈σ, τ
2

g−1 α1α
2
2γ, ǫ

cβ2−1 〉 1 ≤ c ≤ q − 1 G2(c+1) q − 1

V Ṽ = 〈σ, τγ, ǫ−2β̃〉 - G2 1

Proof. The groups with the same image under π2 but in different rows of the table are not pairwise conjugate
because their p-Sylow subgroups are not conjugate by the normalizer of their image under π2. The same
argument used in Lemma 3.10 shows that the groups in the same row are not pairwise conjugate (employing
the group H5).

Let G be a regular subgroup of Hol(G1) with π2(G) ∈ {Hs, U : 0 ≤ s ≤ q − 1}, i.e. with π2(G) ≤
ι(Aut(Gk)). Then G ≤ G1 ⋊ ι(Aut(Gk)) and we can assume that

G = 〈u, vαi, wǫ
cβs〉

for c 6= 0 and u, v, w ∈ 〈σ, τ〉. Up to conjugation by an element in the normalizer of π2(G) we can assume
that u ∈ {σ, τ, στ}.

If kerπ2 = 〈στ〉, the condition (K) forces s = 1 and i = 1. In such case, up to conjugation by h ∈
NAut(G1)(H1), we can assume that the kernel is generated by σ.

Therefore, setting k = 1 in the proof of Lemma 3.10, it follows that G is conjugate to one of the groups
in the table corresponding to the same image under π2 by an element of ι(Aut(Gk)) (we are using that (Fk)
and (Pk) holds for k = 1).

In all the other cases we can assume that G has the form

G = 〈u, vαn
1α

m
2 γ, wǫ

cθ〉

for c 6= 0 and u, v, w ∈ 〈σ, τ〉. From condition (K) we have that kerπ2|G = 〈σ〉 and so v, w ∈ 〈τ〉.
Let π2(G) = Ks. Then

G = 〈σ, τaγ, τbǫcβs〉

for a 6= 0 and so up to conjugation by h = [(0, 0), a−1Id] we can assume that a = 1. In Ks the relation

βsγβ
−1
s = γg

1−s

holds. Then the condition (R) and formula (24) imply that

(τbǫcβs)τγ(τ
bǫcβs)

−1 = τg
s+c

γg
1−s (R)

= (τγ)g
1−s

= τg
1−s

γg
1−s

(mod 〈σ〉)

and so c = 1− 2s and then s 6= 2−1. Since (τbǫ1−2sβs)
q ∈ kerπ2, if s = 1 then b = 0 (see (Pk)). Otherwise,

G is conjugate to K̃s by γn where n = b
1−g1−s .

The other cases are similar and so we omit the computations. �

Lemma 3.27. A set of representatives of conjugacy classes of regular subgroups G of Hol(G1) with |π2(G)| =
p2q is
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π2(G) Subgroups Parameters Class #

Ts T̃s,d = 〈σ
1

g−1 α1, τ
1

g−1 α2, ǫ
dβs〉 s ∈ B \ {−1}, Gs

(q−1)(q+1)
2

1 ≤ d ≤ q − 1

T̃−1,d = 〈σ
1

g−1 α1, τ
1

g−1 α2, ǫ
dβ−1〉 d ∈ A G−1

q−1
2

T̂s = 〈σ
1

g−1 α1, στ
1

g−1 α2, ǫ
s−1βs〉 s ∈ B \ {1} Gs

q+1
2

T s = 〈τσ
1

g−1 α1, τ
1

g−1 α2, ǫ
1−sβs〉 s ∈ B \ {1,−1} Gs

q−1
2

Rs R̃s = 〈σ
1

g−1 α1, τγ, τ
1−g1−s

2 ǫ1−2sβs〉 0 ≤ s ≤ q − 1, s 6= 2−1 G1−s q − 1

N Ñ = 〈σ
1

g−1 α1, τγ, τ
1−g−1

2 ǫ−2β̃〉 - G0 1

L L̃d = 〈σ
1

g−1 α1, τ
1

g−1 α2γ, ǫ
dβ2−1〉 1 ≤ d ≤ q − 1 G2 q − 1

where A is as in Lemma 3.21.

Proof. Let us show that the groups in the table are not pairwise conjugate:

• If s 6= −1, if T̂s,d (resp. L̃d) and T̂s,c (resp. L̃c) are conjugate by an element in the normalizer of
their image under π2 then, by looking at their images in Hol(G1)/H5 it follows that c = d (and the

same argument shows that the groups T̂s and T s for s 6= −1 and the groups L̃d are not pairwise
conjugate). If s = −1 the same argument shows that c = −d.

• If π2(G) = Ts for s 6= ±1 then the action of h ∈ NAut(G1)(π2(G)) restricted to 〈σ, τ〉 is a diagonal

matrix. Therefore the groups T̃s,d, T̂s and T s are not conjugate, since their p-Sylow subgroups are
not.

• If s 6= −1 and T̃s,d and T̃s,c are conjugate then, by looking at their images in Hol(G1)/H5 it follows

that c = d (and the same argument shows that the groups T̂s and T s for s 6= −1 and the groups L̃d

are not pairwise conjugate).
• If π2(G) = T−1 then the action of h ∈ NAut(G1)(π2(G)) restricted to 〈σ, τ〉 is either a diagonal matrix

or it has the form

h|〈σ,τ〉 =

[
0 b
a 0

]
.

The groups T̂−1 and T−1 and the groups T̃−1,c and T̃−1,−c are conjugate by the automorphism ψ
swapping σ and τ . The other groups are not conjugate, since their p-Sylow subgroups are not.

Let G be a regular subgroup and let π2(G) = Ts ≤ ι(Aut(Gk)) for s ∈ B. Then we can argue as in Lemma
3.11 to show that G is conjugate to one of the groups in the table (formulas (Fk) and (Pk) hold for k = 1).

Otherwise, as in Lemma 3.26 we have that G has the form

G = 〈σ
1

g−1α1, uα
i
2γ, wǫ

cθ〉

for c 6= 0, i = 0, 1 and θ ∈ {βs, β̃ : 0 ≤ s ≤ q − 1}.

• If π2(G) = Rs, up to conjugation by a power of α1 we can assume that w ∈ 〈τ〉 and that u ∈ 〈τ〉 up
to conjugation by a power of γ. Conjugating by an automorphism of the form [(0, 0), xId] we can
assume that u = τ . Since

βsγβ
−1
s = (γ)g

1−s

the condition (R) implies that the last two generators of G satisfy the same relation. Accordingly

c = 1−2s and w = τ
1−g1−s

2 . Therefore G is conjugate to R̃s. If π2(G) = N we can similarly conclude

that G is conjugate to Ñ .
• If π2(G) = L, up to conjugation by an element of the form

h =

[
(0, 0),

[
x2 y
0 x

]]

we can assume that u ∈ 〈τ〉. Using (24) we have that

β2−1α2γ(β2−1)−1 = α
−g2−1 g2

−1
−1

2
1 (α2γ)

g2−1

,
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so, as in the previous case, condition (R) implies that w ∈ 〈τ〉 and u = τ
1

g−1 . Finally G is conjugate

to L̃c by a suitable power of α1. �

The following tables summarize the content of this subsection.

kerλ Z
2
p × Zq Gk, k 6= 0,±1, 2 G2 G0 G−1 G1

1 - q + 3 2q + 1 q + 3 q+3
2

q

p 2 2(q + 1) 3q 2q q + 1 q

q 2 - - - - -
pq - - - 2 - -
p2 1 q − 1 q − 1 q − 1 q−1

2
q − 2

p2q - - - - - 1

kerλ Z
2
p × Z3 G0 G−1 G1

1 - 6 4 3
p 2 6 5 3
3 2 - - -
3p - 2 - -
p2 1 2 1 1
3p2 - - - 1

Table 7. Enumeration of skew braces of G1-type for p = 1 (mod q): the first table assumes
q > 3 and the second table assumes q = 3.

4. Skew braces of size p2q with p = −1 (mod q)

In this section we assume that p and q are odd primes such that p = −1 (mod q) (recall that we are
omitting the case q = 2 and p2q = 12) and that H(x) = x2 + ξx + 1 is an irreducible polynomial over Zp

such that its companion matrix

(26) F =

[
0 −1
1 −ξ

]

has order q.
According to [7, Proposition 21.17], the unique non-abelian group of size p2q is:

GF = 〈σ, τ, ǫ |σp = τp = ǫq = 1, ǫσǫ−1 = τ, ǫτǫ−1 = σ−1τ−ξ〉 ∼= Z
2
p ⋊F Zq.

An automorphism of GF is determined by its image on the generators, i.e. by its restriction to 〈σ, τ〉 given
by a matrix and by the image on ǫ. According to [9, subsections 4.1, 4.4], the map

φ : Z2
p ⋊ρ (NGL2(p)(F )) −→ Aut(GF ), [(n,m),M ] 7→ h± =

{
h|〈σ,τ〉 =M±

ǫ 7→ σnτmǫ±1

where φ([(n,m),M ]) = h+ if M ∈ CGL2(p)(F ) and h− otherwise, is a group isomorphism. The form of
M± = h±|〈σ,τ〉 is the following:

(27) M+ =

[
x −y
y x− ξy

]
, M− =

[
x y − ξx
y −x

]

where x, y ∈ Zp and x2 + y2 − ξxy 6= 0. The p-Sylow subgroup of GF is characteristic, so the map

ν : Aut(GF ) −→ Aut(GF /〈σ, τ〉), h± 7→ ±1

is a group homomorphism. The kernel of ν is Aut(GF )
+ = Z2

p ⋊ CGL2(p)(F ) and it contains the p-Sylow
subgroup of Aut(GF ), generated by α1 = [(1, 0), Id] and α2 = [(0, 1), Id], and the elements of odd order of
Aut(GF ).

Proposition 4.1. Let G be a regular subgroup of Hol(GF ). Then |π2(G)| 6= p, pq.

Proof. Let G be a regular subgroup of Hol(GF ). The group GF has no subgroups of order pq and then
|π2(G)| 6= p. The group GF is the unique non-abelian group of size p2q and has no normal subgroup of
order p. If π2(G) = pq then G has a normal subgroup of order p and so it has to be abelian. Accordingly,
π2(G) is an abelian subgroup of order pq of Aut(GF ). On the other hand, Aut(GF ) has no such subgroup,
contradiction. �

The subgroup

(28) HF = 〈σ, τ, α1, α2〉

is normal in Hol(GF ).
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Lemma 4.2. The skew braces of GF -type with | kerλ| = p2 are (Ba,+, ◦) where (Ba,+) = Z2
p ⋊F Zq and

(Ba, ◦) = Z
2
p ⋊

F
a+1
a

Zq
∼=

{
Z2
p × Zq, if a = q − 1

GF , otherwise

for 1 ≤ a ≤ q − 1. In particular they are bi-skew braces.

Proof. The groups

Ga = 〈σ, τ, ǫaf〉

where f = [(0, 0), F ] have size p2q and they are regular. Let HF be as in (28) and assume that Ga and Gb

are conjugate by h, then

h(ǫ)ahfh−1HF = ǫ±af±1HF = (ǫbf)nHF

for some n. So n = ±1 and a = b.
Let G be a regular subgroup of Hol(GF ) such that |π2(G)| = q. Up to conjugation, we can assume that

π2(G) is generated by f . The kernel of π2 is the p-Sylow subgroup of GF and then we can assume that

G = 〈σ, τ, ǫaf〉

where a 6= 0. Arguing as in Proposition 3.8 we can provide the structure of the skew braces associated to
the group Ga. �

Lemma 4.3. There exists a unique conjugacy class of regular subgroups G of Hol(GF ) with |π2(G)| = p2. A
representative is

H = 〈ǫ, uα1, wα2〉 ∼= Z
2
p × Zq

where u = (F − 1)−1(σ) and w = (F − 1)−1(τ).

Proof. The group H has the desired properties. Assume that G is a regular subgroup of Hol(GF ) with
|π2(G)| = p2. Then the image of π2 is the normal p-Sylow subgroup of Aut(GF )

+ generated by α1 and α2.
Up to conjugation, we can assume that the kernel is generated by ǫ and so we have G = 〈ǫ, uα1, wα2〉. The
kernel of π2 is a normal subgroup of size q of G, and so G is abelian. Thus, by abelianness, it follows that
u = (F − 1)−1(σ) and w = (F − 1)−1(τ). �

Remark 4.4. Let us collect some basic properties of the linear mapping defined by the matrix (26).

(i) Let W be a polynomial. Then

(29) ker (W (F )) 6= 0 if and only if W (F ) = 0.

Indeed ker(W (F )) is an F -invariant subgroup and therefore it is either 0 or Z
2
p. Therefore, the

polynomial algebra generated by F is a field and moreover, if W1 and W2 are polynomials, then
W1(F ) =W2(F ) if and only if W1(F )(x) =W2(F )(x) for some x 6= 0.

(ii) Let n ∈ N. Since

H(Fn)−H(F ) = F 2n − ξFn + 1− (F 2 + ξF + 1)

= (Fn − F )(Fn + F + ξ︸ ︷︷ ︸
=−F−1

) = (Fn − F )(Fn − F−1)

and the matrix F satisfies the equation H(F ) = F 2 + ξF + 1 = 0, we have that H(Fn) = 0 if and
only if n = ±1 (mod q).

(iii) The automorphism F acts irreducibly on Z2
p and so

(30) 〈x, F (x)〉 = Z
2
p

for every x 6= 0.

Let us define the map Ψ by setting

Ψ : Z2
p −→ Zp, (x, y) 7→ x2 + y2 − x+ y − ξxy.

It is easy to check that Ψ is surjective.
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Lemma 4.5. Let v ∈ 〈σ, τ〉, ṽ = F (v)− (1 + F )σ and Sv = 〈ṽα1, vα2〉 ≤ Hol(GF ). Then

|NHol(GF )(Sv) ∩ Aut(GF )| =

{
2p2(p2 − 1), if v = ( 1

ξ+2 ,−
1

ξ+2 ),

2p2(p− 1), otherwise.

Moreover, if Sv and Sw are conjugate by an element of Aut(GF ) then Ψ(v) = Ψ(w).

Proof. Let h = [(n,m),M+] ∈ Aut(GF ) as defined in (27), i.e. M+ ∈ CGL2(p)(F ). Then

hSvh
−1 = 〈M(ṽ)αx

1α
y
2 , M(v)α−y

1 αx−ξy
2 〉.

The equality hSvh
−1 = Sw is equivalent to a system of linear equations, namely:

(31)

{
M(ṽ) = xw̃ + yw

M(v) = −yw̃ + (x− ξy)w.

Given v = σnτm and w = σsτ t, we can translate (31) into a system of linear equations for x and y. The
initial system of 4 equations in x and y is equivalent to the following homogeneous system:

(32)

[
m− t −ξm+ s+ n− 1
n− s −m+ ξs− t− 1

] [
x
y

]
= L

[
x
y

]
= 0.

If the system admits non-trivial solutions, i.e. Sv and Sw are conjugate, then det(L) = ψ(n,m)−ψ(s, t) = 0.
Setting v = w, it is easy to deduce that if v = ( 1

ξ+2 ,−
1

ξ+2 ), every (x, y) ∈ Z2
p is a solution of (32), i.e.

Aut(G1) normalizes Sv. Otherwise, the solutions to (32) are given by y = 0.
A similar argument leads to the same condition if we consider M− as in (27), with the property M−F =

F−1M−. In such case we get that S( 1
ξ+2 ,−

1
ξ+2 )

is normalized by any h = [(n,m),M−], otherwise the coeffi-

cients of M− satisfy x = 0 and y 6= 0. �

Lemma 4.6. A set of representatives of regular subgroups G of Hol(GF ) such that |π2(G)| = p2q is

Groups Parameters Class #

Gc = 〈ucα1, f(uc)α2, ǫ
cf〉 1 ≤ c ≤ q − 1, c 6= −2 GF q − 2

Ha = 〈ṽaα1, vaα2, ǫ
−2f〉 1 ≤ a ≤ p− 1 GF p− 1

where f = [(0, 0), F ], uc = H(F c+1)−1(F − 1)−1(F c − 1)(F c+2 − 1)(σ), and {va ∈ Z2
p : a ∈ Zp} is a set of

representatives of the level sets of Ψ with Ψ(va) = a and ṽa = F (va)− (1+F )(σ) (as defined in Lemma 4.5).

Proof. The subgroups Gc in the statement are regular. Indeed ǫc ∈ π1(Gc) and according to Lemma 2.4(2)
we have 〈uc, f(uc)〉 ⊆ π1(Gc) and by Remark 4.4(iii), {uc, F (uc)} is a basis of Z2

p. So |π1(Gc)| > p2 and then
π1(Gc) = GF (and similarly for Ha).

If Gc is conjugate to Gd or to Ha, then arguing as in Lemma 4.2 it follows that c = d or c = −2.
If Ha and Hb are conjugate then their p-Sylow subgroups are conjugate. Thus, by Lemma 4.5 we have
a = Ψ(va) = Ψ(vb) = b.

The unique subgroup of order p2q of Aut(GF ) is generated by α1, α2 and f = [(0, 0), F ] and it is isomorphic
to GF . Therefore, the standard presentation of the regular subgroup G of Hol(GF ) with |π2(G)| = p2q is

G = 〈uǫaα1, vǫ
bα2, wǫ

cf〉

where u, v, w ∈ 〈σ, τ〉. The (R) conditions are:

(uǫaα1)
p = (vǫbα2)

p = (wǫcf)q = 1(33)

(wǫcf)uǫaα1(wǫ
cf)−1 = vǫbα2(34)

(wǫcf)vǫbα2(wǫ
cf)−1 = (uǫaα1)

−1(vǫbα2)
−ξ.(35)

From (33) we have a = b = 0. If c = 0, then by Lemma 2.4(1), π1(G) ⊆ 〈σ, τ〉 and then G is not regular.
Thus c 6= 0 and (34) and (35) are equivalent to

(36)

{
v = F c+1(u)− (F − 1)−1(F c − 1)F (σ)

h(F c+1)(u) = (F − 1)−1(F c − 1)(F c+2 − 1)(σ).
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According to Remark 4.4(ii) and (i), if c 6= −2 then H(F c+1) is an automorphism of Z2
p. If c 6= −2 then,

substituting the second equation in the first one in (36) and using that F 2 = −ξF − 1 we have that (36) is
equivalent to

(37)

{
v = F (u)

u = h(F c+1)−1(F − 1)−1(F c − 1)(F c+2 − 1)(σ).

Therefore u = uc is uniquely determined by c and

G = 〈ucα1, f(uc)α2, wǫ
cf〉

where c 6= −2. If c+ 1 = 0, the last condition in (33) implies that w = 0 and so G = G−1.
Otherwise, we will prove that G is conjugate to Gc by an element of the form h = αn

1α
m
2 for some n,m.

Indeed, h centralizes 〈uα1, f(u)α2〉 and so hGh−1 = Gc if and only if the conjugate of the last generator is
in Gc, i.e.

(38) hwǫcfh−1 = w′αn+m
1 α

−n+(1+ξ)m
2 ǫcf = (ucα1)

n+m(f(uc)α2)
−n+(1+ξ)mǫcf ∈ Gc.

Equation (38) is equivalent to have that w = nx+mF (x), where

x =
(F c − 1)(F c+1 − 1)(F c+2 − 1)

(F − 1)H(F c+1)
6= 0.

According to Remark (4.4)(iii), {x, F (x)} is a basis of Z2
p and therefore w ∈ 〈x, F (x)〉.

Let c = −2. In such case, the second condition in (36) is trivial according to (29) and the first one is
equivalent to

(39) u = F (v)− (F + 1)(σ) = ṽ.

If v = (x, y) then ṽ = (−y − 1, x− ξy − 1). Since G is regular, then u and v are linearly independent, i.e.

(40) det
[
v ṽ

]
= det

[
x −y − 1
y x− ξy − 1

]
= Ψ(x, y) 6= 0.

The number of solutions of the equation Ψ(x, y) = 0 is p+ 1, so there are p2 − p− 1 choices for v.
The p-Sylow subgroup of G is the group Sv = 〈ṽα1, vα2〉. According to Lemma 4.5, if v = ( 1

ξ+2 ,−
1

ξ+2 )

then Sv is normalized by Aut(GF ), otherwise its normalizer has index p+ 1 in Aut(G1). Accordingly, there
are

p2 − p− 2

p+ 1
+ 1 =

(p− 2)(p+ 1)

p+ 1
+ 1 = p− 1

choices for v up to conjugation and the representatives can be chosen to be {va : 0 6= a ∈ Zp}, since the
value Ψ(v) is an invariant. Thus, we can assume that G is conjugate to a group of the form

G = 〈ṽaα1, vaα2, wǫ
−2f〉

for 1 ≤ a ≤ p − 1. We show that G is conjugate to some Ha by h ∈ 〈α1, α2〉. Indeed, this is equivalent to
have that

hwǫ−2fh−1 = wσm F−2
−1

F−1 τ (ξm−n)F−2
−1

F−1 αn+m
1 α

m(1+ξ)−n
2 = (ṽaα1)

n+m(vaα2)
(1+ξ)m−n.

Working out this condition, it turns out to be equivalent that w ∈ 〈x, y〉, where

x = ṽ − v + z, y = ṽ + (1 + ξ)v + F (z)

with z = (F + ξ − 1)(σ). It is easy to check that

det
[
x y

]
= −(ξ + 2)Ψ(va) 6= 0,

i.e. x, y is a basis and so G is conjugate to Ha. �
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We summarize the content of this subsection in the following table:

| kerλ| Z
2
p × Zq GF

1 - p+ q − 3
q 1 -
p2 1 q − 2
p2q - 1

Table 8. Enumeration of skew braces of GF -type for p = −1 (mod q).

5. Skew braces of size p2q with q = 1 (mod p) and q 6= 1 (mod p2)

In this section we assume that p and q are primes such that q = 1 (mod p) and q 6= 1 (mod p2) (including
the case p = 2 unless stated otherwise). Let r be a fixed element of order p in Z

×
q . Since p2q 6= 12, the

relevant non-abelian groups for this section are the following:

(i) Zq ⋊r Zp2 = 〈σ, τ |σp2

= τq = 1, στσ−1 = τr〉,
(ii) Zp × (Zq ⋊r Zp) = 〈σ, τ, ǫ |σp = τp = ǫq = 1, [ǫ, τ ] = [τ, σ] = 1, σǫσ−1 = ǫr〉.

Tables 9 and 10 summarize the enumeration of skew braces according to the isomorphism class of their
additive and multiplicative groups.

+\◦ Zp2q Zq ⋊r Zp2 Z
2
p × Zq Zp × (Zq ⋊r Zp)

Zq ⋊r Zp2 2p 2p(p− 1) - -
Zp × (Zq ⋊r Zp) - - 4 6p− 4

Table 9. Enumeration of skew braces of size p2q with q = 1 (mod p), q 6= 1 (mod p2) and
p > 2.

+\◦ Z4q Zq ⋊−1 Z4 Z
2
2 × Zq Z2 × (Zq ⋊−1 Z2)

Zq ⋊−1 Z4 2 2 2 4
Z2 × (Zq ⋊−1 Z2) 2 2 2 4

Table 10. Enumeration of skew braces of order 4q with q = 1 (mod 2) and q 6= 1 (mod 4).
Notice that in this case we can assume r = −1.

5.1. Skew braces of Zq ⋊r Zp2 -type. In this section we denote by A the group Zq ⋊r Zp2 . Such group has
the following presentation:

A = 〈σ, τ | σp2

= τq = 1, στσ−1 = τr〉.

According to [9, Subsection 4.5], the map

Zp × (Zq ⋊ Z
×
q ) −→ Aut(A), (k, j, i) 7→ ϕk

i,j =

{
τ 7→ τ i

σ 7→ τ jσkp+1

is an isomorphism. In particular, p2q divides |Aut(A)| = pq(q − 1) and so we need to check all the possible
values for the size of the image of regular subgroups under π2. Note that Z(A) = 〈σp〉 and so 〈τ, σp〉 is an
abelian characteristic subgroup of A of order pq.

The conjugacy classes of subgroups of Aut(A) are given in Table 11.
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Size Group Parameters Class

p 〈ϕk
r,0〉 0 ≤ k ≤ p− 1 Zp

〈ϕ1
1,0〉 -

q 〈ϕ0
1,1〉 - Zq

p2 〈ϕ1
1,0, ϕ0

r,0〉 - Z
2
p

pq 〈ϕk
r,0, ϕ0

1,1〉 0 ≤ k ≤ p− 1 Zq ⋊r Zp

〈ϕ1
1,0, ϕ0

1,1〉 - Zpq

p2q 〈ϕ1
1,0, ϕ0

r,0, ϕ0
1,1〉 - Zp × (Zq ⋊r Zp)

Table 11. Conjugacy classes of subgroups of Aut(A).

Lemma 5.1. The unique skew brace of A-type with | kerλ| = p2 is (B,+, ◦) where
(
x1
y1

)
+

(
x2
y2

)
=

(
x1 + ry1x2
y1 + y2

)
,

(
x1
y1

)
◦

(
x2
y2

)
=

(
ry2x1 + ry1x2

y1 + y2

)

for every 0 ≤ x1, x2 ≤ q − 1 and every 0 ≤ y1, y2 ≤ p2 − 1. In particular, (B, ◦) ∼= Zp2q.

Proof. Let us consider the group

G = 〈σ, τ
1

r−1ϕ0
1,1〉

∼= Zp2q.

The subset π1(G) contains 〈σ〉 and τ
1

r−1 and then |π1(G)| > p2 and it divides p2q. So π1(G) = A and
according to Lemma 2.3 we have that G is regular.

Let G be a regular subgroup of Hol(A) with |π2(G)| = q. According to Table 11, we have that π2(G) =
〈ϕ0

1,1〉, that is a normal subgroup of Aut(A). The subgroups of size p2 of A are all conjugate to 〈σ〉, so we
have that G has the standard presentation:

G = 〈σ, τaσbϕ0
1,1〉 = 〈σ, τaϕ0

1,1〉.

By condition (K), we have that a = 1
r−1 . The formula follows by the same argument of Lemma 3.4. �

In the following we consider the group G1 = 〈σp, τ, ϕ0
1,1〉✂Hol(A) with Hol(A)/G1

∼= Zp × Zp × Z×
q .

Lemma 5.2. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with |π2(G)| = p
is

π2(G) Groups Parameters Class for p > 2 Class for p = 2 #

〈ϕ1
1,0〉 Ga = 〈τ, σp, σaϕ1

1,0〉 1 ≤ a ≤ p− 1, A Z2 × (Zq ⋊−1 Z2) p− 1

〈ϕk
r,0〉 Ha,k = 〈τ, σp, σaϕk

r,0〉 1 ≤ a ≤ p− 1, Zp2q, if a = p− 1, Z4p, if k = 0, p(p− 1)

0 ≤ k ≤ p− 1 A, otherwise Z
2
2 × Zp, if k = 1

Proof. The groups G of order p2q in the statement have the general form:

〈τ, σp, σaθ〉

for 1 ≤ a ≤ p− 1 and θ ∈ {ϕ1
1,0, ϕ

k
r,0}. So 〈τ, σp〉 ⊆ π1(G) and σ

a ∈ π1(G). Thus |π1(G)| > pq and it divides

p2q. So, π1(G) = A and according to Lemma 2.3 we have that G is regular.
If Ga and Gb are conjugate, then their images in Hol(A)/G1 coincide, i.e. 〈σaϕ1

1,0〉 = 〈σbϕ1
1,0〉 and so

a = b (the same idea applies to the groups Ha,k). Also, Ga and Hb,k are not conjugate since their images
under π2 are not.

The only subgroup of size pq in A is 〈τ, σp〉. If G is a regular subgroup of Hol(A), we have two cases to
consider according to Table 11. If π2(G) = 〈ϕ1

1,0〉, then G has the following standard presentation:

G = 〈τ, σp, τbσaϕ1
1,0〉 = 〈τ, σp, σaϕ1

1,0〉

where 1 ≤ a ≤ p− 1, i.e. G = Ga.
If π2(G) = 〈ϕk

r,0〉 for 0 ≤ k ≤ p− 1, a standard presentation for G is

G = 〈τ, σp, σaϕk
r,0〉

with 1 ≤ a ≤ p− 1, i.e. G = Ha,k. �
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Lemma 5.3. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with |π2(G)| = pq
is

π2(G) Groups Parameters Class for p > 2 Class for p = 2 #

〈ϕ1
1,0, ϕ0

1,1〉 Ga = 〈σp, σaϕ1
1,0, τ

1
r−1ϕ0

1,1〉 1 ≤ a ≤ p− 1 Zp2q Z2 × (Zq ⋊−1 Z2) p− 1

〈ϕk
r,0, ϕ0

1,1〉 Ha,k = 〈σp, σaϕk
r,0, τ

1
r−1ϕ0

1,1〉 1 ≤ a ≤ p− 1, A Z4q, if k = 0, p(p− 1)

0 ≤ k ≤ p− 1 Z
2
2 × Zq, if k = 1

Proof. The same argument of Lemma 5.2 shows that the groups in the statement are regular and that they
are not pairwise conjugate.

Let G be a regular subgroup of Hol(A) such that |π2(G)| = pq. According to Table 11 we have two cases,
and in both cases the image of π2 is normal. Up to conjugation, the unique subgroup of size p of A is 〈σp〉
and so kerπ2 = 〈σp〉. If π2(G) = 〈ϕ1

1,0, ϕ
0
1,1〉, then

G = 〈σp, τbσaϕ1
1,0, τ

cσdϕ0
1,1〉.

From (R) conditions we have:

• the third generator has order q modulo 〈σp〉 and so it follows that d = 0 (mod p).
• the last two generators commute modulo 〈σp〉 and so c = 1

r−1 .

If a = 0 (mod p) then by Lemma 2.4(1) we have π1(G) ⊆ 〈σp, τ〉, contradiction by regularity. Thus we can
assume that 1 ≤ a ≤ p− 1 and so

G = 〈σp, τbσaϕ1
1,0, τ

1
r−1ϕ0

1,1〉.

Now, the group G is conjugate to Ga by h = ϕ0
1,n where n = b 1−r

ra−1 .

If π2(G) = 〈ϕk
r,0, ϕ

0
1,1〉 then, by the same computations of the previous case the standard presentation of

G is
G = 〈σp, τbσaϕk

r,0, τ
1

r−1ϕ0
1,1〉.

By the same argument, we can also assume that 1 ≤ a ≤ p − 1. If a = p − 1, from (τbσp−1ϕk
r,0)

p =

τbp(σp−1ϕk
r,0)

p ∈ 〈σp〉 it follows that b = 0. Otherwise, G is conjugate to Ha,k by a power of ϕ0
1,1. To do

this, notice that ϕ0
1,n = (ϕ0

1,1)
n centralizes the first and the third generators of G and that

(ϕ0
1,n)(τ

bσaϕk
r,0)(ϕ

0
1,n)

−1 = τb+n ra−1
r−1 σa(ϕ0

1,1)
(1−r)nϕk

r,0 = τb+n ra+1
−1

r−1 (τ
1

r−1ϕ0
1,1)

(1−r)nσaϕk
r,0.

holds. Thus, n = b 1−r
ra+1−1 will do. �

Proposition 5.4. Let p > 2 and let G be a regular subgroup of Hol(A). Then |π2(G)| 6∈ {p2, p2q}.

Proof. If p > 2 then

(41) (σaϕ1
1,0)

n = σa(pn(n−1)
2 +n) (ϕ1

1,0

)n

for every n ∈ N.
Let G be a subgroup of Hol(A) of size p2q. If |π2(G)| = p2, then according to Table 11 and the fact that

the kernel of π2 is the normal q-Sylow subgroup of A, we have the following standard presentation for G:

G = 〈τ, τbσaϕ1
1,0, τ

dσcϕ0
r,0〉 = 〈τ, σaϕ1

1,0, σ
cϕ0

r,0〉.

By condition (R), (σaϕ1
1,0)

p = (σcϕ0
r,0)

p ∈ 〈τ〉. Using (41), we have a = c = 0 (mod p).

Assume that |π2(G)| = p2q. According to Table 11, G has the standard presentation:

G = 〈τaσbϕ1
1,0, τ

cσdϕ0
r,0, τ

eσfϕ0
1,1〉

where the first two generators have order p and the third one has order q. So, f = 0 and b = d = 0
(mod p) where we are using formula (41) again. The group 〈σp, τ〉 is characteristic in A. Hence in both
cases, according to Lemma 2.4(1) we have π1(G) ⊆ 〈σp, τ〉, and so G is not regular. �

The last result is quite different when we consider the case p = 2.

Lemma 5.5. Let p = 2. There exists a unique conjugacy class of regular subgroups of Hol(A) with |π2(G)| =
4. A representative is given by

H = 〈τ, σϕ1
1,0, σ

2ϕ0
−1,0〉

∼= Z2 × (Zq ⋊−1 Z2).
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Proof. For the group H , we have that {τn, τnσ : 0 ≤ n ≤ q − 1} ⊆ π1(H) and σ2 ∈ π1(H). So |π1(H)| > 2q
and it divides 4q. Thus, H is regular by Lemma 2.3.

Let G be a regular subgroup with |π2(G)| = 4. According to Table 11, we have that G has the following
standard presentation:

G = 〈τ, σaϕ1
1,0, σ

bϕ0
−1,0〉

where 1 ≤ a, b ≤ 3. By the condition (R), (σbϕ0
−1,0)

2 = σ2b ∈ 〈τ〉, thus we have b = 2. So a = 1 or a = 3. If

a = 1, we have G = H and if a = 3, the group G is conjugate to H by ϕ1
1,0. �

Lemma 5.6. Let p = 2. There exists a unique conjugacy class of regular subgroups with |π2(G)| = 4q. A
representative is given by

H = 〈σϕ1
1,0, σ

2ϕ0
−1,0, τ

− 1
2ϕ0

1,1〉 ∼= Z2 × (Zq ⋊−1 Z2).

Proof. Analogously to Lemma 5.5, it is straightforward to check that the group in the statement is a regular
subgroup of Hol(A). A regular subgroup with |π2(G)| = 4q has the following standard presentation:

G = 〈τaσbϕ1
1,0, τ

cσdϕ0
−1,0, τ

eσfϕ0
1,1〉.

By condition (R) we have (τaσbϕ1
1,0)

2 = (τcσdϕ0
−1,0)

2 = (τeσfϕ0
1,1)

q = 1, and so b ∈ {1, 3}, d ∈ {0, 2} and

f = 0. Since ϕ1
1,0 is a central element in π2(G), by condition (R) again, we have that τaσbϕ1

1,0 is central in

G, hence a = c and e = − 1
2 and so

G = 〈τaσbϕ1
1,0, τ

cσdϕ0
−1,0, τ

− 1
2ϕ0

1,1〉

for some 1 ≤ a ≤ q − 1 and the constraints on b and d from above. We can assume b = 1, otherwise we
conjugate by ϕ1

1,0. If we conjugate by ϕ0
1,−a, we get

G = 〈σϕ1
1,0, σ

dϕ0
−1,0, τ

− 1
2ϕ0

1,1〉.

Finally, from regularity, it follows that d 6= 0, so d = 2 and we have the group in the statement. �

We summarize the content of this subsection in the following tables:

| kerλ| Zp2q Zq ⋊r Zp2

p p− 1 p(p− 1)
pq p p2 − p− 1
p2 1 -
p2q - 1

| kerλ| Z4q Z
2
2 × Zq Z2 × (Zq ⋊−1 Z2) Zq ⋊−1 Z4

1 - - 1 -
2 - 1 1 1
4 1 - - -
q - - 1 -
2q 1 1 1 -
4q - - - 1

Table 12. Enumeration of skew braces of A-type for q = 1 (mod p), q 6= 1 (mod p2) and
p > 2 and p = 2 respectively.

5.2. Skew braces of Zp × (Zq ⋊r Zp)-type. In this section we denote by A the group Zp × (Zq ⋊r Zp). A
presentation of this group is

A = 〈σ, τ, ǫ |σp = τp = ǫq = 1, [ǫ, τ ] = [τ, σ] = 1, σǫσ−1 = ǫr〉.

According to [9, Subsection 4.6] the mapping

φ : (Zp ⋊ Z
×
p )× (Zq ⋊ Z

×
q ) −→ Aut(A), [(l, i), (s, j)] 7→ αl,iβs,j

where

αl,i =





ǫ 7→ ǫ

τ 7→ τ i

σ 7→ τ lσ

and βs,j =





ǫ 7→ ǫj

τ 7→ τ

σ 7→ ǫsσ

is an isomorphism of groups. In particular, note that αl,i and βs,j commute. In particular, p2q divides
|Aut(A)| = pq(p − 1)(q − 1) and so we need to discuss all the possible values for the size of the image of
regular subgroups under π2. The conjugacy classes of subgroups of Aut(A) are collected in Table 13.
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Size Group Class

p 〈α1,1〉 Zp

〈β0,r〉

〈α1,1β0,r〉

q 〈β1,1〉 Zq

pq 〈α1,1, β1,1〉 Zpq

〈β0,r, β1,1〉 Zq ⋊r Zp

〈α1,1β0,r , β1,1〉 Zq ⋊r Zp

p2 〈α1,1, β0,r〉 Z
2
p

p2q 〈α1,1, β1,1, β0,r〉 A

Table 13. Conjugacy classes of subgroups of Aut(A).

The procedure to check the regularity of a subgroup has already been established in the previous sections,
so we are not showing that part of the classification strategy explicitly in what remains of Section 5.

Proposition 5.7. The unique skew brace of A-type with | kerλ| = p2 is B = B1×B2, where B1 is the trivial
skew brace of size p and B2 is the unique skew brace of non-abelian type of size pq with | kerλB2 | = p. In
particular, (B, ◦) ∼= Z2

p × Zq.

Proof. The unique subgroup of size q of Aut(A) is generated by β1,1 and the kernel is a p-Sylow subgroup of
A which can be taken as 〈σ, τ〉 up to conjugation. Therefore I = 〈τ〉+ ≤ kerλ∩Fix(B)∩Z(B,+) and so I is
an ideal of B contained in Z(B, ◦). The subgroup J = 〈ǫ, σ〉+ ✂ (B,+) is a left ideal and since τ ∈ Z(B, ◦)
then J is an ideal of B. Therefore B = I + J and I ∩ J = 0 and so B is a direct product of the trivial skew
brace of size p and a skew brace B2 of size pq with | kerλB2 | = p. According to [2, Theorem 3.6], there exists
a unique such skew brace and (B2, ◦) ∼= Zpq. �

In the following we consider the subgroup G2 = 〈ǫ, τ, α1,1, β1,1〉 ✂ Hol(A). In particular, Hol(A)/G2
∼=

Zp × Z×
p × Z×

q .

Lemma 5.8. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with |π2(G)| = p
is

π2(G) Groups Parameters Class for p > 2 Class for p = 2 #

〈α1,1〉 K = 〈ǫ, τ, σα1,1〉 - A Zq ⋊−1 Z4 1

〈β0,r〉 L = 〈ǫ, σ, τβ0,r〉 - A A 1

Gc = 〈ǫ, τ, σcβ0,r〉 1 ≤ c ≤ p− 1 Z
2
p × Zq, if c = −1, Z

2
2 × Zq p− 1

A, otherwise

〈α1,1β0,r〉 Hc = 〈ǫ, τ, σcα1,1β0,r〉 1 ≤ c ≤ p− 1 Z
2
p × Zq, if c = −1, Z4q p− 1

A, otherwise

Proof. The groups K,L, Gc and Hc are not conjugate since their images under π2 or their kernels are not.
If Gc and Gd (resp. Hc and Hd) are conjugate, then their images in Hol(A)/G2 coincide, i.e. 〈σcβ0,rG2〉 =
〈σdβ0,rG2〉. Thus, c = d.

Let G be a regular subgroup of Hol(A) such that |π2(G)| = p. According to Table 13 we need to discuss
three cases. Assume that π2(G) = 〈α1,1〉. Then the kernel has order pq and so G has the form

G = 〈ǫ, σnτm, σaτbα1,1〉.

By condition (K) we have n = 0. So we can assume b = 0 and G = 〈ǫ, τ, σaα1,1〉. By regularity, a 6= 0 and
so G is conjugate to K by α0,a.

Assume that π2(G) = 〈β0,r〉. Then G has the following standard presentation:

G = 〈ǫ, σnτm, σaτbβ0,r〉.

If n = 0 then G = Ga. If n 6= 0, we can assume m = 0, otherwise, we conjugate by α
−m

n

1,1 . Thus we can
assume a = 0 and n = 1. By regularity, b 6= 0 and so G is conjugate to L by α0,b−1 .
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Finally, assume that π2(G) = 〈α1,1β0,r〉. Then

G = 〈ǫ, σnτm, σaτbα1,1β0,r〉.

The condition (K) implies that n = 0 and so G = 〈ǫ, τ, σaα1,1β0,r〉 = Ha.
Notice that for the case p = 2, the groups K and H1 (which is the only Hc) have elements of order 4

since (σα1,1)
2 = (σα1,1β0,r)

2 = τ . For p > 2, there are no elements of order p2 and then we have a different
isomorphism class for the corresponding groups in the table of the statement. �

Lemma 5.9. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with |π2(G)| = pq
is

π2(G) Groups Parameters Class for p > 2 Class for p = 2 #

〈α1,1, β1,1〉 K1 = 〈τ, σα1,1, ǫ
1

r−1 β1,1〉 - Z
2
p × Zq Z4q 1

〈β1,1, β0,r〉 K2 = 〈σ, τβ0,r, ǫ
1

r−1 β1,1〉 - A A 1

Ga = 〈τ, σaβ0,r, ǫ
1

r−1 β1,1〉 1 ≤ a ≤ p− 1 A A p− 1

〈β1,1, α1,1β0,r〉 Ha = 〈τ, σaα1,1β0,r , ǫ
1

r−1 β1,1〉 1 ≤ a ≤ p− 1 A Zq ⋊−1 Z4 p− 1

Proof. The same argument as in Lemma 5.8 shows that the groups in the statement are not conjugate. Let
G be a regular subgroup of Hol(A) with |π2(G)| = pq. According to Table 13 we have to check three cases.
In all such cases, up to the action of the normalizer of π2(G), we can assume that kerπ2|G is generated by
τ or σ.

Let π2(G) = 〈α1,1, β1,1〉. By the condition (K) we have that kerπ2|G = 〈τ〉. So,

G = 〈τ, ǫaσbα1,1, ǫ
cσdβ1,1〉.

The condition (R) implies that d = 0 and c = 1
r−1 . If b = 0 then, by Lemma 2.4(1), π1(G) ⊆ 〈ǫ, τ〉, a

contradiction since G is regular. So b 6= 0 and therefore G is conjugate to K1 by α0,bβ
n
1,1 where n = a 1−r

rb−1
.

Let π2(G) = 〈β0,r, β1,1〉. If kerπ2|G = 〈σ〉, then

G = 〈σ, ǫaτbβ0,r, ǫ
cτdβ1,1〉.

According to the (K) condition we have c = 1
r−1 and a = 0 (so, b 6= 0 by regularity) and by (R) we have

d = 0. Thus G is conjugate to K2 by α0,b−1 .
If kerπ2|G is generated by τ then

G = 〈τ, ǫaσbβ0,r, ǫ
cσdβ1,1〉.

From the (R) conditions we have that d = 0 and c = 1
r−1 . So, b 6= 0 otherwise π1(G) ⊆ 〈τ, ǫ〉. If b+ 1 = 0,

then ǫ commutes with σbβ0,r and since (ǫaσbβ0,r)
p ∈ 〈τ〉 we have a = 0, and so G = G−1. Otherwise G is

conjugate to Gb by βn
1,1 where n = a 1−r

rb+1−1
.

Let π2(G) = 〈α1,1β0,r, β1,1〉. The condition (K) implies that kerπ2|G = 〈τ〉. Then

G = 〈τ, ǫaσbα1,1β0,r, ǫ
cσdβ1,1〉.

The (R) conditions imply that d = 0, c = 1
r−1 . We also have b 6= 0 as above. In the same fashion, if b+1 = 0,

then a = 0 and thus G = H−1. Otherwise, G is conjugate to Hb by βn
1,1 where n = a 1−r

rb+1−1
.

Similar to Lemma 5.8, note that for the case p = 2, the groups K1 and H1 (which is the only Hc) have
elements of order 4 because (σα1,1)

2 = (σα1,1β0,r)
2 = τ . So, the isomorphism classes of these groups are

different to the case p > 2 in the table of the statement. �

As in the previous subsection, for the following results we have different consequences when considering
p = 2 and p > 2. Recall that if p = 2 then we can assume r = −1.

Proposition 5.10. Let p = 2. If G is a regular subgroup of Hol(A), then |π2(G)| 6∈ {4, 4q}.

Proof. Let us assume that G is a subgroup of size p2q of Hol(A) such that |π2(G)| = 4. By Table 13 and the
fact that A has a unique q-Sylow subgroup, we have that G has the following standard presentation:

G = 〈ǫ, σaτbα1,1, σ
cτdβ0,−1〉
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for some 0 ≤ a, b, c, d ≤ 1. By condition (R), since (σaτbα1,1)
2 ∈ 〈ǫ〉 we have a = 0. We also have that the

second and the third generators must commute modulo the kernel, so c = 0.
Now, assume that |π2(G)| = 4q, so G has the following standard presentation:

G = 〈ǫauα1,1, ǫ
bvβ0,−1, ǫ

cwβ1,1〉

where u, v, w ∈ 〈σ, τ〉. By condition (K), the first generator has order 2 and we have u ∈ 〈τ〉. Since
α1,1β0,−1 = β0,−1α1,1, condition (R) leads to v ∈ 〈τ〉. For the same reason, α1,1β1,1 = β1,1α1,1 implies
w ∈ 〈τ〉.

Then, in both cases π1(G) ⊆ 〈τ, ǫ〉 by Lemma 2.4(1) and so G is not regular. �

The following two lemmas hold just for odd primes. In the proofs we are using that if p > 2 then

(42) (σaα1,1)
n = τa

n(n−1)
2 σnaαn

1,1

for every n ∈ N.

Lemma 5.11. Let p > 2. A set of representatives of conjugacy classes of regular subgroups G of Hol(A)
with |π2(G)| = p2 is

Ga = 〈ǫ, σaα1,1, τβ0,r〉 ∼= A

for 1 ≤ a ≤ p− 1.

Proof. If Ga is conjugate to Gb by h ∈ Aut(A) then h ∈ N(π2(G)) and so h = αl,iβ0,j . Then

hτβ0,rh
−1 = τ iβ0,r ∈ Gb

hσaα1,1h
−1 = τ laσaαi

1,1 ∈ Gb.

Then i = 1 and l = 0 and so we have that a = b.
Let G be a regular subgroup with |π2(G)| = p2. Then up to conjugation π2(G) = 〈α1,1, β0,r〉 and the

kernel of π2|G is the subgroup generated by ǫ. Hence, we can assume that

G = 〈ǫ, σaτbα1,1, σ
cτdβ0,r〉.

From the (R) condition, the second and the third generators must commute modulo the kernel, so we have
c = 0 and then d 6= 0 by regularity. If a = 0 then according to Lemma 2.4(1) we have π1(G) ⊆ 〈τ, ǫ〉, a

contradiction. Therefore a 6= 0 and G is conjugate to Ga by the automorphism α0,d−1α
− b

a

1,1 . �

Lemma 5.12. Let p > 2. A set of representatives of conjugacy classes of regular subgroups G of Hol(A)
with |π2(G)| = p2q is

Ga = 〈σα1,1, τ
aβ0,r, ǫ

1
r−1 β1,1〉 ∼= A

for 1 ≤ a ≤ p− 1.

Proof. If Ga and Gb are conjugate by h, then h normalizes 〈σα1,1〉, the center of Ga and Gb, and so h = β0,j
for some j. Then hτaβ0,rh

−1 = τaβ0,r ∈ Gb. Therefore a = b.
Let G be a regular subgroup of Hol(A) with |π2(G)| = p2q. The unique subgroup of order p2q up to

conjugation is 〈α1,1, β0,g, β1,1〉 ∼= A. Hence a standard presentation of G is the following:

G = 〈ǫauα1,1, ǫ
bvβ0,r, ǫ

cwβ1,1〉

for some u, v, w ∈ 〈τ, σ〉. Let u = σxτy. Since α1,1 is central in π2(G), by condition (R), we have that
ǫauα1,1 ∈ Z(G) and so v, w ∈ 〈τ〉 and

a = b
rx − 1

r − 1
and c(rx − 1) =

rx − 1

r − 1
.

Now, lifting the relation β0,rβ1,1 = βr
1,1β0,r we have w = 1. If x = 0, by Lemma 2.4(1) we have π1(G) ⊆ 〈ǫ, τ〉,

a contradiction. So, we assume x 6= 0 and then c = 1
r−1 . Thus,

G = 〈ǫb
rx−1
r−1 σxτyα1,1, ǫ

bτ tβ0,r, ǫ
1

r−1β1,1〉

for some 0 ≤ t ≤ p − 1. Hence, using (42) we have that G is conjugate to Gxt by h = αn,xβ−b,1 where
n = x−1

2 − y. �
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The following remark is analogous to Remark 3.15.

Remark 5.13. The skew braces of A-type which decompose as direct products are the following:

(i) the skew brace in Proposition 5.7.
(ii) the skew brace associated to the group Gc for 1 ≤ c ≤ p− 1 as defined in Lemma 5.8 is the direct

product of the trivial skew brace of size p and a skew brace of size pq with | kerλ| = q, see [2,
Theorem 3.9].

(iii) The skew brace associated to Ga for 1 ≤ a ≤ p− 1 as defined in Lemma 5.9 is the direct product of
the trivial skew brace of size p and a skew brace of size pq with | kerλ| = 1, see [2, Theorem 3.12].

According to the enumeration of skew braces of size pq collected in [2, Theorems 3.6, 3.9 and 3.12], a complete
list of skew braces of non-abelian type of size p2q that decompose as a direct product is given by the skew
braces above together with those in Remark 3.15.

We summarize the content of this subsection in the following tables.

| kerλ| Z
2
p × Zq Zp × (Zq ⋊g Zp)

1 - p− 1
p 1 2p− 1
q - p− 1
pq 2 2(p− 1)
p2 1 -
p2q - 1

| kerλ| Z4q Z
2
2 × Zq Z2 × (Zq ⋊−1 Z2) Zq ⋊−1 Z4

2 1 - 2 1
2q 1 1 1 1
4 - 1 - -
4q - - 1 -

Table 14. Enumeration of skew braces of A-type for q = 1 (mod p), q 6= 1 (mod p2): the
left table assumes p > 2 and the right table assumes p = 2.

6. Skew braces of size p2q with q = 1 (mod p2)

In this section we assume that q = 1 (mod p2) and we will denote by h a fixed element of order p2 in Z
×
q .

Accordingly, we have the following non-abelian groups of size p2q:

(i) Zq ⋊hp Zp2 = 〈σ, τ | τq = σp2

= 1, στσ−1 = τh
p

〉,

(ii) Zp × (Zq ⋊hp Zp) = 〈σ, τ, ǫ |σp = τp = ǫq = 1, [ǫ, τ ] = [τ, σ] = 1, σǫσ−1 = ǫh
p

〉,

(iii) Zq ⋊h Zp2 = 〈σ, τ | τq = σp2

= 1, στσ−1 = τh〉.

In Tables 15 and 16 we have the enumeration of skew braces according to their additive and multiplicative
groups.

+\◦ Zp2q Zq ⋊hp Zp2 Zq ⋊h Zp2 Z
2
p × Zq Zp × (Zq ⋊hp Zp)

Zq ⋊hp Zp2 2p 2p(p− 1) 2p(p− 1) - -
Zq ⋊h Zp2 2 2(p− 1) 2p(p− 1) - -

Zp × (Zq ⋊hp Zp) - - - 4 6p− 4

Table 15. Enumeration of skew braces of size p2q with q = 1 (mod p2) for p > 2.
+\◦ Z4q Zq ⋊−1 Z4 Zq ⋊h Z4 Z

2
2 × Zq Z2 × (Zq ⋊−1 Z2)

Zq ⋊−1 Z4 2 2 2 2 4
Zq ⋊h Z4 2 2 4 - -

Z2 × (Zq ⋊−1 Z2) 2 2 2 2 4

Table 16. Enumeration of skew braces of order 4q with q = 1 (mod 4).

As the strategy to check regularity has been widely discussed in the previous sections, we are not referring
to it from now on.
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6.1. Skew braces of Zq ⋊hp Zp2-type. In this section we denote by A the group Zq ⋊hp Zp2 . The auto-
morphism group of A can be described as in Subsection 5.1 and we employ the same notation. In particular,
the subgroups of order p, q and pq of Aut(A) coincide with the subgroups in Table 11. Therefore, if G is a
regular subgroup with |π2(G)| ∈ {q, p, pq} we can apply Lemma 5.1, 5.2 and 5.3, respectively.

Up to conjugation, the elements of order dividing p2 are contained in the subgroup of Aut(A) given by
〈ϕ1

1,0, ϕ
0
h,0〉

∼= Zp × Z2
p. So, according to [26, Theorem 3.3], it has p+ 1 subgroups of order p2, namely

(43) 〈ϕk
h,0〉

∼= Zp2 and 〈ϕ1
1,0, ϕ

0
hp,0〉

∼= Zp × Zp

for 0 ≤ k ≤ p− 1.
On the other hand, since 〈ϕ0

1,1〉 is the unique q-Sylow subgroup of Aut(A), we have that the subgroups

of size p2q in Aut(A) up to conjugation are the following p+ 1 subgroups:

(44) 〈ϕk
h,0, ϕ

0
1,1〉 and 〈ϕ1

1,0, ϕ
0
hp,0, ϕ

0
1,1〉

for 0 ≤ k ≤ p− 1.
The following lemmas enumerate the regular subgroups of Hol(A) up to conjugation with |π2(G)| ∈

{p2, p2q}. In order to do this, we separate p = 2 and p > 2.

Lemma 6.1. Let p > 2. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with
|π2(G)| = p2 is

Gb,k = 〈τ, σbϕk
h,0〉

∼= Zq ⋊h Zp2

for 0 ≤ k ≤ p− 1 and 1 ≤ b ≤ p− 1.

Proof. Arguing as in Lemma 5.2 we can show that the groups in the statement are not conjugate. Let G be
a regular subgroup of Hol(A) with |π2(G)| = p2. The unique subgroup of order q of A is 〈τ〉. According to
(43) we have two cases to consider.

(i) If π2(G) = 〈ϕk
h,0〉, then a standard presentation is

G = 〈τ, τaσbϕk
h,0〉 = 〈τ, σbϕk

h,0〉

where b 6= 0 (mod p). Up to conjugation by the normalizer of 〈ϕk
h,0〉 in Aut(A), we can assume

1 ≤ b ≤ p− 1, so G = Gb,k.
(ii) If π2(G) = 〈ϕ1

1,0, ϕ
0
hp,0〉, then we can argue as in Proposition 5.4, and prove that there are no such

regular subgroups. �

Lemma 6.2. Let p > 2. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with
|π2(G)| = p2q is

Gb,k = 〈σbϕk
h,0, τ

1
hp

−1ϕ0
1,1〉

∼= Zq ⋊h Zp2

for 1 ≤ b ≤ p− 1 and 0 ≤ k ≤ p− 1.

Proof. The groups in the statement are not conjugate by the same argument of Lemma 5.2. Let G be a
regular subgroup of Hol(A) with |π2(G)| = p2q. According to (44) we have two cases to consider. In the
first one, G has the standard presentation:

G = 〈τaσbϕk
h,0, τ

cσdϕ0
1,1〉.

From the (R) condition (τaσbϕk
h,0)

q = 1, we have d = 0 and so b 6= 0 (mod p) (otherwise by Lemma 2.4(1)

it follows that π1(G) ⊆ 〈σp, τ〉). Moreover, we can also assume that 1 ≤ b ≤ p − 1, up to conjugation by a
power of ϕ1

1,0. From the (R) condition, lifting the relation ϕk
h,0ϕ

0
1,1 = (ϕ0

1,1)
hϕk

h,0 we have that c = 1
hp−1 .

Now, if a = 0, we have one of the representatives in the statement. If not, we conjugate by ϕ0
n,1 where

n = −hpb+1−1
a(hp−1) .

In the second case we have no regular subgroups by the same argument of Proposition 5.4. �

Now, we deal with the case p = 2. Recall that since h is an element of order 4 in Z×
q , we can assume that

h2 = −1.
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Lemma 6.3. Let p = 2. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with
|π2(G)| = 4 is given by

G1 = 〈τ, σϕ1
1,0, σ

2ϕ0
−1,0〉 ∼= Z2 × (Zq ⋊−1 Z2), G2 = 〈τ, σϕ0

h,0〉 ∼= Zq ⋊h Z4.

Proof. The groups G1 and G2 are not conjugate since their images under π2 are not. Let G be a regular
subgroup of Hol(A). If π2(G) = 〈ϕ1

1,0, ϕ
0
−1,0〉 we can argue as in Lemma 5.5 to get G1. If π2(G) = 〈ϕk

h,0〉 for
k = 0, 1, arguing as in Lemma 6.1, we have

G = 〈τ, σϕk
h,0〉.

If k = 1 then (σϕ1
h,0)

2 = (ϕ1
h,0)

2 = ϕ0
−1,1 ∈ G and so G is not regular. Hence k = 0 and so G = G2. �

Lemma 6.4. Let p = 2. There exists two regular subgroups G of Hol(A) with |π2(G)| = 4q up to conjugation.
A set of representatives is given by

G1 = 〈σϕ1
1,0, σ

2ϕ0
−1,0, τ

− 1
2ϕ0

1,1〉
∼= Z2 × (Zq ⋊−1 Z2), G2 = 〈σϕ0

h,0, τ
− 1

2ϕ0
1,1〉

∼= Zq ⋊h Z4.

Proof. The groups G1 and G2 are not conjugate since their images under π2 are not. Let G be a regular
subgroup of Hol(A). If π2(G) = 〈ϕ1

1,0, ϕ
0
−1,0, ϕ

0
1,1〉, arguing as in Lemma 5.6 we get G1. If π2(G) =

〈ϕk
h,0, ϕ

0
1,1〉, by the same argument as in Lemma 6.2, we have that G has the following standard presentation:

G = 〈σϕk
h,0, τ

− 1
2ϕ0

1,1〉.

If k = 1 then (σϕ1
h,0)

2 = (ϕ1
h,0)

2 = ϕ0
−1,0 ∈ G and so G is not regular. So k = 0 and we get G2. �

The results of this subsection are summarized in the following tables:

| kerλ| Zp2q Zq ⋊hp Zp2 Zq ⋊h Zp2

1 - - p(p− 1)
p p− 1 p(p− 1) -
q - - p(p− 1)
p2 1 - -
pq p p2 − p− 1 -
p2q - 1 -

| kerλ| Z4q Z
2
2 × Zq Z2 × (Zq ⋊−1 Z2) Zq ⋊−1 Z4 Zq ⋊h Z4

1 - - 1 - 1
2 - 1 1 1 -
q - - 1 - 1
4 1 - - - -
2q 1 1 1 - -
4q - - - 1 -

Table 17. Enumeration of skew braces of Zq ⋊hp Zp2 -type for q = 1 (mod p2): the first
table assumes p > 2 and the second table assumes p = 2.

6.2. Skew braces of Zp×(Zq⋊hpZp)-type. In this section we denote by A the group Zp×(Zq⋊hpZp). The
regular subgroups of Hol(A) with size of the image under π2 equal to q, p, pq are the same as the one described
in Proposition 5.7, Lemma 5.8 and Lemma 5.9, respectively, since the subgroups of the automorphism group
of A of order p, q and pq coincide with the ones in the case q = 1 (mod p) and q 6= 1 (mod p2). Following
the notation in Subsection 5.2, the subgroups of order p2 in Aut(A) are

(45) 〈α1,1, β0,hp〉, 〈αk
1,1β0,h〉

for 0 ≤ k ≤ p − 1, up to conjugation. As we did before, we consider the cases p = 2 and p > 2 separately.
First, we start with the case p > 2.

Lemma 6.5. Let p > 2. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with
|π2(G)| = p2 is

Ga = 〈ǫ, σaα1,1, τβ0,hp〉 ∼= A

for 1 ≤ a ≤ p− 1.

Proof. If π2(G) = 〈α1,1, β0,hp〉 we can argue as in Lemma 5.11 to get Ga as in the statement. We show that
if π2(G) = 〈αk

1,1β0,h〉 for 0 ≤ k ≤ p− 1 then G is not regular. In such case we have

G = 〈ǫ, σaτbαk
1,1β0,h〉.
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If k = 0 then (σaτbβ0,h)
p = βp

0,h ∈ G. Otherwise, since p > 2, we have

(σaτbαk
1,1β0,h)

p = τbp+k
p(p−1)a

2 σapαpk
1,1β

p
0,h = βp

0,h ∈ G.

In both cases, G is not regular according to Lemma 2.3. �

Now, we deal with the case p = 2. Note that in this case we have h2 = −1.

Lemma 6.6. Let p = 2. There exists a unique conjugacy class of regular subgroups G of Hol(A) with
|π2(G)| = 4. A representative is given by

H = 〈ǫ, σα1,1β0,h〉 ∼= Zq ⋊h Z4.

Proof. If π2(G) is generated by α1,1 and β0,−1, then G is not regular by the same computations we performed
in Proposition 5.10. Assume that π2(G) = 〈αk

1,1β0,h〉 for k = 0, 1, then G has the following standard
presentation

G = 〈ǫ, σaτbαk
1,1β0,h〉

for some 0 ≤ a, b ≤ 1. If k = 0, then (σaτbβ0,h)
2 = β2

0,h = β0,−1 ∈ G and so G is not regular. Then k = 1

and a = 1, otherwise π1(G) ⊆ 〈τ, ǫ〉. Finally, we can assume that b = 0, up to conjugation by α1,1. �

The subgroups of order p2q in Aut(A) are

〈α1,1, β0,hp , β1,1〉, 〈β1,1, α
k
1,1β0,h〉

for 0 ≤ k ≤ p− 1, up to conjugation. We also consider the cases p > 2 and p = 2 separately. We start with
the case p > 2.

Lemma 6.7. Let p > 2. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with
|π2(G)| = p2q is

Ga = 〈σα1,1, τ
aβ0,hp , ǫ

1
hp

−1β1,1〉 ∼= A

for 1 ≤ a ≤ p− 1.

Proof. If the p-Sylow subgroup of the image of π2(G) is not cyclic we can conclude as in Lemma 5.12. We
show that if π2(G) = 〈β1,1, αk

1,1β0,h〉, then G is not regular. Indeed if

G = 〈ǫauβ1,1, ǫ
bvαk

1,1β0,h〉

for some u, v ∈ 〈σ, τ〉 then, from (ǫauβ1,1)
q = 1 by condition (R), we have u = 1, i.e. G = 〈ǫaβ1,1, ǫbvαk

1,1β0,h〉

where v = σcτd. Moreover, we can assume a 6= 0 by regularity. Since p > 2, we have

(ǫbσcτdαk
1,1β0,h)

p = ǫsτdp+ck
p(p−1)

2 σcpαkp
1,1β

p
0,h = ǫsβp

0,h ∈ G

for some s. So,

(ǫaβ1,1)
− s

a (ǫsβp
0,h) = β

− s
a

1,1 β
p
0,h ∈ G

and so G is not regular. �

Lemma 6.8. Let p = 2. There exists a unique conjugacy class of regular subgroups G of Hol(A) with
|π2(G)| = 4q. A representative is given by

H = 〈σα1,1β0,h, ǫ
− 1

2 β1,1〉 ∼= Zq ⋊h Z4.

Proof. If π2(G) = 〈α1,1, β0,−1, β1,1〉, then G is not regular using the same computations we performed
in Proposition 5.10. Assume that π2(G) = 〈αk

1,1β0,h, β1,1〉 for k = 0, 1, so G has the following standard
presentation

〈τaǫbσcαk
1,1β0,h, τ

dǫeσfβ1,1〉

for 0 ≤ a, c, d, f ≤ 1 and 0 ≤ b, e ≤ q − 1. By condition (R), since (τdǫeσfβ1,1)
q = 1 we have f = d = 0. By

regularity, e 6= 0 (mod q). If c = 0, then π1(G) ⊆ 〈τ, ǫ〉. Thus, c = 1. By condition (R) and the fact that
β0,hβ1,1 = βh

1,1β0,h, we have e = − 1
2 . Up to conjugation by α1,1 we can assume a = 0.

If k = 0 then (ǫ−
1
2β1,1)

−2b(h−1)(ǫbσβ0,h)
2 = β

−2b(h−1)
1,1 β2

0,h ∈ G and then G is not regular. Then k = 1

and G is conjugate to H by βn
1,1 where n = − 2b

h+1 . �
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According to Lemma 6.5 and Lemma 6.7, the enumeration of the skew braces of Zp × (Zq ⋊hp Zp)-type
with q = 1 (mod p2) and p > 2 is as in Table 14. Table 18 collects the enumeration for the case p = 2.

kerλ Z4q Z
2
2 × Zq Z2 × (Zq ⋊−1 Z2) Zq ⋊−1 Z4 Zq ⋊h Z4

1 - - - - 1
2 1 - 2 1 -
4 - 1 - - -
q - - - - 1
2q 1 1 1 1 -
4q - - 1 - -

Table 18. Enumeration of skew braces of Z2 × (Zq ⋊−1 Z2)-type with q = 1 (mod 4).

6.3. Skew braces of Zq ⋊hZp2-type. In this section, we denote by A the group Zq ⋊hZp2 . A presentation
of such group is

G = 〈σ, τ | σp2

= τq = 1, στσ−1 = τh〉.

According to [9, Theorem 3.4], the map

φ : Zq ⋊ Z
×
q −→ Aut(A), (i, j) 7→ ϕi,j =

{
τ 7→ τ j

σ 7→ τ iσ

is a group isomorphism. Since q = 1 (mod p2), then p2q divides |Aut(G)| = q(q − 1) and so we need to
discuss all the possible values of |π2(G)|.

A set of representatives of the conjugacy classes of subgroups of Aut(A) is displayed in Table 19.

Size Group Class

p 〈ϕ0,hp 〉 Zp

q 〈ϕ1,1〉 Zq

pq 〈ϕ0,hp , ϕ1,1〉 Zq ⋊hp Zp

p2 〈ϕ0,h〉 Zp2

p2q 〈ϕ1,1, ϕ0,h〉 A

Table 19. Conjugacy classes of groups of Aut(A).

Lemma 6.9. The unique skew brace of A-type with | kerλ| = p2 is (B,+, ◦) where
(
x1
x2

)
+

(
y1
y2

)
=

(
x1 + hx2y1
x2 + y2

)
,

(
x1
x2

)
◦

(
y1
y2

)
=

(
hy2x1 + hx2y1

x2 + y2

)

for every 0 ≤ x1, y1 ≤ q − 1 and 0 ≤ x2, y2 ≤ p2 − 1. In particular, (B, ◦) ∼= Zp2q.

Proof. Let G be a regular subgroup of Hol(A) with |π2(G)| = q. Then we can assume that π2(G) = 〈ϕ1,1〉
which is normal in Aut(A). Since all p-Sylow subgroups of A are conjugate to each other and have order p2,
we can assume that G has the standard presentation

G = 〈σ, τaσbϕ1,1〉 = 〈σ, τaϕ1,1〉,

for some a 6= 0. The condition (K) is fulfilled if and only if a = 1
h−1 .

The structure of the skew brace associated to G can be obtained as in Lemma 5.1. �

The group G3 = 〈τ, ϕ1,1〉 is normal in Hol(A) and Hol(A)/G3
∼= Zp2 × Z

×
q .

Lemma 6.10. The skew braces of A-type with | kerλ| = pq are (Bc,+, ◦) where (Bc,+) = Zq ⋊h Zp2 and
(Bc, ◦) = Zq ⋊

h
p
c
+1 Zp2

∼= A for 1 ≤ c ≤ p− 1. In particular, Bc is a bi-skew brace.
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Proof. The subgroup
Gc = 〈τ, σp, σcϕ0,hp〉 ∼= A

is regular. If Gc and Gd are conjugate, then their images in Hol(A)/G3 coincide and so 〈σp, σcϕ0,hp〉 =
〈σp, σdϕ0,hp〉. Then c = d.

The unique subgroup of A of order pq is 〈τ, σp〉. Hence if G is a regular subgroup of Hol(A), we can
assume that G = Gc for some 1 ≤ c ≤ p− 1.

Using the same argument as in Lemma 3.4 we can describe the structure of the skew brace Bc associated
to Gc and according to [2, Corollary 1.2], the associated skew brace is a bi-skew brace. �

Lemma 6.11. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) such that
|π2(G)| = pq is

Gc = 〈σp, σcϕ0,hp , τ
1

h−1ϕ1,1〉 ∼= A

for 1 ≤ c ≤ p− 1.

Proof. Arguing as in Lemma 6.10 we can show that the groups Gc are not pairwise conjugate. Let G be
a regular subgroup of Hol(A) with |π2(G)| = pq. According to Table 19, we can assume that π2(G) =
〈ϕ0,hp , ϕ1,1〉. The subgroups of order p of A are 〈τaσp〉 for some a. Since ϕ1,1 is in the normalizer of π2(G),
up to conjugation by a power of ϕ1,1 we can assume that a = 0. So, G has the standard presentation

G = 〈σp, τbσcϕ0,hp , τdσeϕ1,1〉

for some 0 ≤ c, e ≤ p−1 and 0 ≤ b, d ≤ q−1. From the condition (R) and the fact that ϕ0,hpϕ1,1 = ϕhp

1,1ϕ0,hp it

follows that e(1− hp) = 0 (mod p2), so e = 0 (mod p), and d(hc − 1) = hc−1
h−1 . If c = 0, then π1(G) ⊆ 〈τ, σp〉

by Lemma 2.4(1), so we have c 6= 0 and then d = 1
h−1 . From (τbσcϕ0,hp)p ∈ 〈σp〉 we get b = 0. Thus

G = Gc. �

Lemma 6.12. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) such that
|π2(G)| = p2 is

Gb = 〈τ, σbϕ0,h〉 ∼=





Zp2q, if b = −1 (mod p2),

Zq ⋊hp Zp2 , if b = −1 (mod p) and b 6= −1 (mod p2),

Zq ⋊h Zp2 , otherwise,

where 1 ≤ b ≤ p2 − 1 and b 6= 0 (mod p).

Proof. By the same argument as in Lemma 6.10, the groups in the statement are not pairwise conjugate.
Let G be a regular subgroup of Hol(A) with |π2(G)| = p2. Since A has a unique subgroup of order q and
according to Table 19, we have that every regular subgroup G has the standard presentation

Gb = 〈τ, σbϕ0,h〉

for b 6= 0 (mod p) (otherwise, π1(G) ⊆ 〈τ, σp〉), i.e. G = Gb. �

Lemma 6.13. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with |π2(G)| =
p2q is

Gd = 〈τ
1

h−1ϕ1,1, σ
dϕ0,h〉 ∼= A

for 1 ≤ d ≤ p2 − 1 and d 6= 0 (mod p).

Proof. Let G be a regular subgroup with |π2(G)| = p2q. According to Table 19, we can assume that a
standard presentation is

G = 〈τaσbϕ1,1, τ
cσdϕ0,h〉.

According to the (R) conditions, from (τaσbϕ1,1)
q = 1 we have b = 0. Lifting the relation ϕ0,hϕ1,1 = ϕh

1,1ϕ0,h,

we have the equation a(hd − 1) = hd−1
h−1 . If d = 0 (mod p), then π1(G) ⊆ 〈τ, σp〉. So d 6= 0 (mod p) and

a = 1
h−1 . Hence,

G = 〈τ
1

h−1ϕ1,1, τ
cσdϕ0,h〉

for d 6= 0 (mod p). If d = −1, then c = 0 since τcσdϕ0,h has order p2. Otherwise, G is conjugate to Gd by
ϕ−c h−1

hd+1
−1

,1. �
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We summarize the content of this subsection in the following table:

| kerλ| Zp2q Zq ⋊hp Zp2 Zq ⋊h Zp2

1 - - p(p− 1)
p - p− 1 -
q 1 p− 1 p(p− 2)
p2 1 - -
pq - - p− 1
p2q - - 1

Table 20. Enumeration of skew braces of Zq ⋊h Zp2 -type for q = 1 (mod p2).

7. A proof to a conjecture on skew braces of size p2q

In this section, we give a proof to Conjecture 4.1 of [6]. To do this, we need the tables we obtained in the
present work and also in [1] for the skew braces of abelian type (also known as classical braces).

For an integer n, denote by A(n) the number of non-isomorphic skew braces of abelian type of size n (i.e.
classical braces) and by B(n) the number of non-isomorphic skew braces of non-abelian type of size n. So
the total number of non-isomorphic skew braces s(n) is given by:

(46) s(n) = A(n) +B(n).

From [12], it is known the value of A(4q) for a prime q ≥ 5 and also the value of A(p2q) for primes p, q
such that q > p+ 1 > 3. As a particular case, we reprove these results.

Theorem 7.1. [6, Conjecture 4.1] Let p and q be prime integers. If q ≥ 5, then

s(4q) =

{
29, if q = 3 (mod 4)

43, if q = 1 (mod 4)

and if q > p+ 1 > 3, then

s(p2q) =





4, if q 6= 1 (mod p)

2p2 + 7p+ 8, if q = 1 (mod p) and q 6= 1 (mod p2)

6p2 + 6p+ 8, if q = 1 (mod p2).

Proof. For the first part of the statement, according to [1, Table 1] we have that

A(4q) =

{
9, if q = 3 (mod 4)

11, if q = 1 (mod 4)

and adding up all the entries on Tables 10 and 16, we have:

B(4q) =

{
20, if q = 3 (mod 4)

32, if q = 1 (mod 4).

So, by (46) we have s(4q) as desired.
For the second part, according to [7, p. 237], we have that both conditions q > p + 1 > 3 and q 6= 1

(mod p) can only be fulfilled if p and q are arithmetically independent (that is p 6= ±1 (mod q) and q 6= 1
(mod p)). So, by [1, Table 1] we have:

A(p2q) =





4, if q 6= 1 (mod p)

p+ 8, if q = 1 (mod p) and q 6= 1 (mod p2)

2p+ 8, if q = 1 (mod p2).

For B(n), we have that the case q = 1 (mod p) and q 6= 1 (mod p2) comes from Table 9 and the condition
q = 1 (mod p2) comes from Table 15. Finally, since every group of order p2q with p and q arithmetically
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independent must be abelian, we only have braces of abelian type. Summarizing:

B(p2q) =





0, if q 6= 1 (mod p)

2p2 + 6p, if q = 1 (mod p) and q 6= 1 (mod p2)

6p2 + 4p, if q = 1 (mod p2)

and then the second part of the conjecture follows. Notice that the numbers in the last equation were
obtained adding up all the entries in Table 9 and 15. �
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