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Homogeneous spaces in Hartree-Fock-Bogoliubov theory

Claudia D. Alvarado, Eduardo Chiumiento

Abstract

We study the action of Bogoliubov transformations on admissible generalized one-particle
density matrices arising in Hartree-Fock-Bogoliubov theory. We show that the orbits of this
action are reductive homogeneous spaces, and we give several equivalences that characterize
when they are embedded submanifolds of natural ambient spaces. We use Lie theoretic
arguments to prove that these orbits admit an invariant symplectic form. If, in addition, the
operators in the orbits have finite spectrum, or infinite spectrum and trivial kernel, then we
obtain that the orbits are actually Kahler homogeneous spaces.
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1 Introduction

Hartree-Fock-Bogoliubov (HFB) theory, also known as generalized Hartree-Fock theory, is a
relevant tool for understanding fermionic many-body quantum systems. It is a generalization
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of the traditional Hartree-Fock theory for systems in which the particle number is not assumed
to be conserved. Although it has been studied earlier in the physics literature [9, 16, [44],
pioneering work on rigorous mathematical aspects of HFB theory was done by Bach, Lieb and
Solovej [7]. In the present paper we investigate the main objects in HFB theory from the point
of view of infinite-dimensional geometry by using Lie groups modeled on Banach spaces and its
homogeneous spaces.

We now briefly explain the motivation and framework related to HFB theory (see Appendix
[A Tl for precise definitions and details). Let $) be the one-particle Hilbert space, and let § = §[$)]
be its associated fermionic Fock space. Let Z be the set of all normal states on §. Consider a
Hamiltonian H bounded from below on § describing the dynamics of a fermionic system. It is
of physical importance to compute the following

Eys = inf{w(M) : w € Z}.

This is known as the total ground state energy in the grand canonical ensemble. Approximation
methods become relevant for such task, which turns out to be impossible in most cases. In HFB
theory the total ground state energy is approximated by taking as trial states the quasi-free
states with finite particle number, which is a class of states that obeys Wick’s theorem. Let us
denote by Z, C Z the set of all quasi-free states with finite particle number on §. The HFB
energy is then defined by

FEyrp = inf{w(]H) NS qu}.

Clearly, we have the upper bound E,;s < Eypp. Now a key point, which is convenient for the
calculus of variations, is that one can rewrite the HFB in terms of an infimum over a convex set
of operators acting on $ & $. Denote by B1($)) and By($) the trace-class and Hilbert-Schmidt
operators on ), respectively. The set Z is indeed in a bijective correspondence with the set of
all admissible generalized one-particle density matrices (g1-pdm)

D := {(CZ* 1%,7> GB(,@@,‘@)OS <(;Y* 1%1) < 1556953’7:’7* GBI('@)’ aT:_a}a
where we write 5 = Ipady, & = Ipady, o’ = @*, and Ij is a fixed conjugate-linear isometry on
$. Thus, each ' = I'[v,a] € D, is described by an operator v € By($), 0 < v < 1, called the
one-particle density matriz, and another operator «, called the pairing matriz. We observe that
one can check that a € By($)) by elementary computations. Suppose that w — T',, denotes the
correspondence between Z and D, and define the HFB functional by £(T,) := w(IH), then the
HEFB energy can be rewritten in terms of admissible gl-pdms as

Fyrp = inf{E(F) :I'e D} (1)

Let U($ @ $) be the unitary group acting on £ @ §. An useful fact in HFB theory is that the
so-called Bogoliubov transformations satisfying the Shale-Stinespring condition given by

U

Unog = { (1 1) €U 290 € Baloy)}

defines an action by conjugation

Uog X D =D, U-T =UTU*, U € Upy, I € D.



The bijection between quasi-free states and gl-pdms turns out to be an equivariant map, where
in the set of quasi-free states one has the action of the subgroup of the unitary group on § known
as the unitary implementers.

Appart from the previously mentioned work [7], other mathematical results in HFB theory
include the following ones. In treating the existence of minimizers in (Il) a serious difficulty
one has to face is the lack of weak lower semicontinuity of the HFB functional. Remarkably,
the existence of minimizers was established by Lenzmann and Lewin [29] for pseudorelativistic
fermions interacting with Newtonian gravitational forces. On the other hand, the occurrence
of pairing is a phenomena to be understood within HFB theory. This amounts to know when
there exist minimizers of the form I' = I'[y, o], a # 0. Bach, Frohlich and Jonsson [§] developed
a simplification of HFB theory under certain abstract assumptions, to find that the pairing
matrix can be expressed in terms of the one-particle matrix. In [6] a generalized Lieb’s variational
principle was proved, which roughly stated, means that in (1) one can only consider the infimum
over those admissible gl-pdms that are projections (I'? = I'). Finally, we refer to [30] for a
numerical approach to the pairing and other problems in HFB theory, and the recent survey [5]
for the aspects mentioned in this paragraph and others in relation to HFB theory.

Throughout this paper, §) is assumed to be an infinite-dimensional Hilbert space. We study
the geometric structure of orbits given by the conjugacy action of Bogoliubov transformations
on admissible gl-pdms: for I' € D,

O(T) := {UTU* : U € Upyg}-

We will see that these orbits are concrete examples of infinite-dimensional homogeneous spaces
related to quantum mechanics. Geometric structures such as symplectic forms, complex or
Kéahler homogeneous structures that are pervasive in classical mechanics will be constructed
for orbits of gl-pdms by using Lie algebraic arguments. Such kind of arguments are based
on general results in the existing literature of infinite-dimensional homogeneous spaces (see for
instance [12] [34) 35, 43]). Let us point out that the geometry of homogeneous spaces in the
traditional Hartree-Fock was considered in [2I]; meanwhile in the physics literature, the above
orbits of gl-pdms were investigated in [39] under the assumption that they can be modeled as
finite-dimensional manifolds.

In Section 2] we study the reductive homogeneous space structure of orbits of admissible
gl-pdms and quasi-free states with finite particle number. We first recall some useful results of
the Lie group structure of the Bogoliubov transformations that are scattered in the literature
on both Lie groups and HEFB theory. In fact, Upys belongs to the class of restricted Lie groups
studied by Neeb [33], and its Lie algebra is identified with

UBog = { (”“ ”_”2> EBO®H) w1 = —a], my = —aj € Bz(fo)} ,

Ty X1

which has the following restricted norm

G o)

We show that the orbits O(I') ~ Upyg/ Ugog can be endowed with the structure of reductive
homogeneous space, where Ugog is the isotropy group at I' € D. We also prove that O(T") is

= 2max{||z1|, ||za|2}-

res
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connected if and only if 1 is not an eigenvalue of I'. Otherwise, O(T') has two connected compo-
nents (see Theorem [2.9)). To construct the infinite-dimensional homogeneous space structure one
has to find an accessible expression of the isotropy group Ugog to show that its Lie algebra is a
complemented subspace of ug,g. This can be done thanks to a well-known diagonalization result
for gl-pdms by Bogoliubov transformations [7], which implies that each orbit has a diagonal
gl-pdm. As a direct consequence of the mentioned correspondence between gl-pdms and quasi-
free states, we obtain that orbits of quasi-free states with finite particle number are reductive
homogeneous spaces. We observe that the projection P_ on $ @ $) defined by P_(f,g) = (0,9)
is a gl-pdm, and the orbit O(P-) is actually the isotropic restricted Grassmannian related to
loop groups (see [38]).

In Section 3] we give several equivalent characterizations to guarantee that orbits of gl-pdms
are embedded submanifolds of natural affine spaces. Besides the extrinsic geometric structure of
the orbits as homogeneous spaces, which are in this way equipped with the quotient topology, it
is desirable to give a more intrinsic type of manifold structure on them. The following inclusion
is not difficult to check

. 0 0 .
O(T") C iupog + < ) ‘= iUBog +P_.

0 1
This gives a relative topology on gl-pdms inherited from iug,s +/FP_, whose restricted metric
is defined by d(I'0,T'1) = [|[To — I'1]|res. We prove that the following conditions are equivalent:
tangent spaces of O(I') are closed in i upg, the quotient topology and the relative topology co-
incide in O(I") , and I has finite spectrum. Furthermore, these are also equivalent to being O(T")
an embedded submanifold of i upeg +P- (Theorem [3.9). In the process, we discuss derivations
induced by gl-pdms defined as follows: for each I' € D, set or : upog — UBog, Or(X) = [il, X/,
for all X € up,g. These, in turn, are useful in the construction of continuous local cross sections
for the action that allow us to compare the two mentioned topologies. This circle of ideas has
recently been studied for unitary orbits in operator ideals by Beltita and Larotonda (see [13]
and the references therein). Also our results on the topology of gl-pdms might be considered
as a natural extension of similar ones related to one-particle density matrices (see [I7), 26]). In
contrast to the aforementioned works that deal with unitary invariant metrics, notice that the
action of Bogoliubov transformations is not invariant for the previous restricted metric.

In Section 4! we construct an invariant symplectic form on the orbits. We introduce for each
I' € D the continuous 2-cocycle sp : Uyg X Upeg — R defined by

sp(X,Y) = Tr(X i, Y)).

Then a standard construction can be applied to obtain a weakly symplectic homogeneous space
(O(I"),w), where w = X(sr) is the symplectic form induced by sp. In the case in which I'
has finite spectrum, we show that w is a strong symplectic form. Furthermore, we prove in
Theorem that (O(I"),w) is a Kdhler homogeneous space in the following two cases: when
the spectrum of T' is finite, or when the spectrum of I' is infinite and ker(I') = {0}. This is
shown by using the notion of Kéhler polarizations. In this regard, we refer to [12 B34] for general
results in the infinite-dimensional setting, and to [10] 14} [34] for interesting examples.

We include an appendix to make the exposition more self-contained. It contains notation
and necessary results on HFB theory, and it treats the needed geometric structures in the setting
of Banach manifolds.



2 Reductive homogeneous spaces

2.1 Lie group structure of Bogoliubov transformations

We assume that $) is an infinite-dimensional separable complex Hilbert space, and we consider
the group of Bogoliubov transformations satisfying the Shale-Stinespring condition, namely
U v
UBog := {(U u) ceUHDHN):ve Bz(fj)} .
The conjugate-linear isometry Iy that defines & = Ipz 1 for every x € B($)) is associated to a fixed
orthonormal basis {¢, }x>1 of $. This means that Iy is defined by Io(D>_ 5~y k@) = D k1 Bk
for every sequence {u tx>1 € £2(C). - -

We begin by recalling several topological and geometric properties of the group Upyg. Many
of them are indeed well-known in the Lie groups literature; our presentation intend to relate
them with the Hartree-Fock-Bogoliubov framework in the most convenient way to our purposes.
Among other aspects we observe the relation of Bogoliubov transformations with an orthogonal
group that appears in the Clifford algebra formulation. Also it turns out that Up,g fits into the

class of the so-called restricted Lie groups. Our main reference is the work of Neeb ([33]), where
the reader can find a detailed account about these groups and its Lie algebras.

Remark 2.1. We recall a Banach algebra and two Lie groups related to Upgg.

i) The restricted algebra. Let Py be the orthogonal projections on $) @ $) defined by Py (f,g) =
(f,0) and P_(f,g) = (0,9), for all f,g € $. We set

1 0
D._P+—P_<0 _1>.

Consider the following restricted algebra associated with D and the Hilbert-Schmidt operators:
Bo(H©9H D) :={X eBHS9H):[X, D] € Bo(H®H)}
= {(xn x12> EBOH®N) : x12, 21 € B2(~VJ)} .

21 X22

This is a complex Banach x-algebra equipped with the norm

[ X lres := 2max{|[z11]], [[z22]l, [[z12]l2, l[21]l2}, (2)

where || - || and || - ||2 are the operator norm and the Hilbert-Schmidt norm, respectively. We
refer to this norm as the restricted norm. The factor 2 is added to get the submutiplicative
property of this norm, which can be checked by elementary estimates with the operator and
Hilbert-Schmidt norms. Notice that Upys C Ba($H @ $, D). We remark that multiplication by
unitaries in Upog is not isometric for the restricted norm, i.e. in general ||UX [|res 7 || X ||res and
| XUllres # || X ||res, for U € Upog and X € Bo($H @ 9, D).

1) A restricted general linear group. Recalling that Iy is the conjugation associated to the fixed
orthonormal basis {¢y }r>1, we put
0 I
I:= .
(5 o) )



Clearly, I is a conjugation acting on $) @ $). Also note that I* = I. As [ is conjugate-linear

this means that ((f1,f2),1(g1,92)) = ((91,92),I(f1, [2)), for all (f1,f2),(g1,92) € H & H. Let
GL($ @ $) denotes the group of linear invertible operators on $ @ $). As a particular case of

[33] Def. III1.3] obtained by taking the aforementioned conjugation I and self-adjoint operator
D, we consider the following restricted general linear group

GLy(5® 9,1, D) = {G € GL ®$) : G~ = IG"], [G, D] € By(6 & )}
-1 T T
_ {(gn 912> € GL(H © 9H) : <911 912> _ <922 91T2> . 12, G21 € Bg(f))}

921  Gg22 921 g22 géﬁ g11

This group carries a Lie group structure endowed with the restricted norm. As a direct conse-
quence of the matrix description of GLy($ @ $, I, D), notice that

Upog = {U € U($ @ $H): U = IUI, [U,D] € By(H ® H)}
— U(H ®H) NGLy(H @ H, I, D). (4)

The Lie algebra of GLa($ @ $, I, D) has the usual commutator of operators as Lie bracket, and
it is given by

gh(HDH,I,D):={XeBHadHN): X=—-IX"I,[X,D] €B2(HD9H)}

— {(xn xl%) EBH®H) a2 = —x1y € By(H), 201 = —21, € B2(j§)} )

L21 —I1
(5)

Finally, we note that gly (@ $, I, D) is an involutive Lie algebra. This means that is a complex
Lie algebra endowed with an involution * such that (X*)* = X and [X,Y]* = [Y*, X*]. The
involution is given by the usual operator adjoint. In particular, the involution determines a real
form of g, which is the real subalgebra defined by

aly(H @ 5.1, D)p = {X € gly($ & H,,D) : X* = —X}.

The Lie algebra gly (65, I, D) will be used in Section [ for the construction of Kahler structures
on orbits of gl-pdms.

iii) The restricted orthogonal group. We write H® for the underlying real Hilbert space, and
let Jo : 5% — H%, Jof =if, be its complex structure. Let GL($®) be the group of real linear
invertible operators on $H®. The restricted orthogonal group is defined by

Ores(H%) := {0 € GL(H®) : 0" =071, [0, Jy] € Bo(H%) }.

Here we write O7 for the transpose of O relative to the inner product % (, ) of H%. Several proper-
ties of this group were studied in [20, 33} 36, 38, 40]. In particular, O,es(H®) is a Lie group having
two connected components. Its topology is defined by the norm ||O||yes := max{||O||, ||[Jo, O]||2},
O € Ops(HR), and its Lie algebra is given by

0res (%) = { A € B(O®) : A7 = —A, [A, Jy] € Bo(H%) }.

Given an operator A € B(H®), we may write A = A, + Ay, where 4, := %(A + JoAJy) and
A, = %(A — JoAdJp) are called the antilinear part (or conjugate-linear part) and linear part of
A, respectively. Observe that the maps A — A, and A — A, are projections, A,Jy = —JyAq,
and A.Jy = JoA.. For A € B(H®) such that A” = —A, note that A € 0.(H%) if and only
A, € By (.V)R)



Let u($ @ $) denote the Lie algebra of U($) @ §) consisting of all skew-adjoint operators. In
the next proposition we collect several facts on the group Ugeg, including its relation with the
above restricted general linear and orthogonal groups. We abbreviate G := GLy($H @ 9,1, D)
and g :=glb(H D H,I,D).

Proposition 2.2. Uy, is a real Lie subgroup of G, whose Lie algebra is given by
UBoe ‘= { X cu(® @ 9): X =IXI,[X,D]€Ba(H@9H)}

= { (ml 352> EBODH) 111 = —a}, 19 = —a1 € Bz(fo)} = gr.

Ty X1

In particular, the topology of Ueg is defined by the norm

I3

Furthermore, the following assertions hold:

= 2max{[[ul, [[v]]2}- (6)

res

i) IfU = <z_f ;) € Ugog, then u and w are Fredholm operators of index zero.

ii) The map Z : Opes(H¥) — Upog defined by

[1]

(0) = (:j Z> if and only if O = u+ vly, u = O, vIp = Oy, (7)

s an isomorphism of Lie groups.

i11) Let igr :={X € g: X = X*} be the self-adjoint part of g. The polar decomposition given

by
Ugog X igr — G, (U, X) = Ue™,

is a diffeomorphism and the inclusion Uy — G is a homotopy equivalence.

iv) mo(Upog) = Za. The higher homotopy groups of Ugeg are S-periodic, and consequently, they

are determined by m(UOBOg) =0,i=1,3,4,5, m(UOBOg) =7Z,i=2,6, and m(UOBOg) = Zo,
i=7.8.

v) There is a Zy-valued index map defined by

u v

induyyg,, : UBog — Z2, indyg,, ((v u>> = dim ker(u) (mod 2).

This is a continuous morphism of groups, which parametrizes the two connected compo-
nents of Uog.

Proof. First, it is easy to see that Upeg is closed in G and up,g = {X € g: etX e UBog, Vt € R}.
Also note that uges = gr := {X € g : X* = —X} is the real form of g, which has a closed
supplement in g given by igr := {X € g: X* = X}. According to Theorem [A.10] it remains to
be shown that there are opensets 0 € W C g, 1 = 1gg4 € V C G, such that the exponential map
exp : W — V is a diffeomorphism satisfying exp(WNupeg) = VN Upy. The non trivial inclusion

7



is ‘D", Pick U = X € Upyg, for some X € W. Eventually shrinking V so that [|[U — 1|yes < 1,
and then using analytic functional calculus in the Banach algebra Bo($) @ $, D), one gets that
X =log(U) = Zn>1(—1)"+1w € Ba(H @ H, D). By this expression in terms of a series, it
follows that X* = —X and X = IXI. Therefore, X € upog. Hence Up,, is a Lie subgroup of
G, whose Lie algebra is given by ugeg.

i) Using the expressions in (25), and noting that v € Bo($)) and thus a compact operator, it
follows that u is invertible in the Calkin algebra. Hence uw and @ are Fredholm operators. We
write ind(u) = dimker(u) — dimker(u*) for its Fredholm index. But U is unitary, so that it is
a Fredholm operator of index zero on $) @ $). It is a well-known property of the index of block
operator matrices that one can calculate 0 = ind(U) = ind(u) + ind(@). Since ind(u) = ind(u),
it follows that ind(u) = ind(u) = 0.

i) We follow the construction in [33] Section IV.2] (see also [37]). We begin by taking the
complexification Hc = (Y)R)C, and denote by J the extension of Jy to $Hc. One possible way
to introduce the complexification is to put $Hc = H¥ x HT as a set equipped with the usual
sum, multiplication by complex scalars and inner product. The extension of an arbitrary linear
operator A on H® to He is given by Ac(f,g9) = (Af, Ag), for f,g € H®. Notice that we can
decompose the space as Hc = Y)ZSEBY)(E, where .V)% are the ti-eigenspaces of J. Each vector in .6%
can be written as (f, Fif). It can be checked that the operator U : § — S’JE, Uf = %(f, —if)is

a complex linear surjective isometry. Next we define the conjugation C : Hc — Hc, C((f,9)) =
(f,—g). Clearly, we have that H® = % x {0} = {(f,9) € Hc : C((f,9)) = (f,9)}. Also note
that Cﬁ% = .6%. There is an isometric isomorphism between $H & $ and H¢ = .V)E ® H¢ given
by .
7 +a.a=5).

By using this isomorphism we can identify operators on $ & $ with operators on ¢, i.e.
B(H @ $H) — B(Hc), X — AdrX = TXT 1. Let U($Hc) be the unitary group of Hc. The
extension of orthogonal operators to $Hc gives the following isomorphism between the Lie groups

Ores(H%) = {U € U(Hc) : UC =CU, [U,J] € Ba(Hc)}, O Oc.
Therefore, there is a Lie group isomorphism given by
Z: Ores(H%) = Upog, E(0) =T 'OcT. (8)

We only observe that the map = actually takes values in Upyg, which can be deduced from
the characterization given in (4)), and noting that iD = Adp-1J and I = Adp—1C. All the
properties of Lie group isomorphism are straightforward to check. Finally, we remark that this
isomorphism can be written in terms of the block matrix operators, and the linear and antilinear
parts as in Eq. (7).

iii) These are proved in [33] Prop. I11.2] and [33] Prop. IIL.8].
iv) This is [33, Prop. II1.14] combined with the homotopy equivalence of item iii).

T:909H—Hc, T((f,9) =Uf+CUlyg =

v) For instance, we refer to [4] for the construction of this Zs-valued index map. Alternatively,
an index was given in [20] for a general restricted orthogonal group on a real Hilbert space with a
complex structure. For our particular real Hilbert space $® with complex structure Jy the men-
tioned index is given by indo,.. : Oues(H®) — Zo, indo,..(0) = dime ker(O — Jo0O.Jp) (mod 2),
where the subscript C means that the complex dimension must be computed. One can verify

that indUBog (U) = indo,., (Efl(U)) [l



2.2 A reductive structure on orbits of gl-pdms and quasi-free states

In this subsection, we study the orbits of the conjugacy action of Up,e on admissible gl-pdms
as reductive homogeneous spaces of Upeg, or equivalently, orbits of quasi-free states with finite
particle number.

Remark 2.3. We first point out some useful spectral properties of gl-pdms.

i) According to Theorem [A.8] any T" € D can be diagonalized

. (A0
wrw= (54 20,

for some unitary W € Upye. In what follows, it will be convenient to express A using the
spectral theorem for trace-class operators. Indeed, there is a family of orthogonal projections
{piti_y (0 < r < o0) satisfying > ;_,p; = 1 (strong operator topology convergence if r = c0),
pip; = 0ijp;, dim(ran(p;)) := m; < oo for all ¢ > 1 and

i=1

Here the convergence is understood in the | - [|;-norm if r = oo; and the eigenvalues satisfy
i € (0, %], i>1, N # N ifi#jand Y., miA\; < oo. Observe that one can also assume p; =

p; = piT because A is diagonal with respect to the fixed orthonormal basis {¢) }r>1. Finally, we
put A\g = 0, so that pg is the projection onto ker(A), which satisfies dim(ran(pg)) := mg € [0, 0o].

i1) Notice that the spectrum of T" is then given by
o) = {0, 1} U{Ai}io U{1 = Aidiy.

Since I' is a self-adjoint operator, it is well known that o(I') = 0,(I") U 0ss(I"), where o,(I")
and o.45(I") indicate the point spectrum (consisting of all eigenvalues of finite multiplicity) and
the essential spectrum of T, respectively. Clearly, we have o,(I") = {A\;}i_; U {1 — A\;}i_; and
oess(I') = {0, 1}.

Remark 2.4. Notice that Uy acts on D by unitary conjugation:
U-T=UI'U*, Ue€Upy, I'eD.

It is well-known in the Hartree-Fock-Bogoliubov literature that this is actually an action (see,
e.g., [7). We add the matrix form of U - T' to briefly show this fact here. If I' = I'[y,q],
U= <1_‘ ?), then

U

v

(9)

U.T— uyu® + vafu* + uav* +o(1 —F)o* uyt* + va*v* + wan* + v(1 — y)u*
 \ vyt + aatfut 4+ vav* + a(l — F)vt vyo* + aat vt + vau* + u(l —y)u* )
From this expression, we deduce that the entry (U - T')1; € B1($)) because a,v € By($) (see
Remark [A.6] 41)). Also it easily follows that (U -T')og = 1 — (U - I');; using that o = —a, or
equivalently, a* = —a&. The remaining conditions to ensure that U - I' € D are trivial.




Given I' € D, we consider its orbit
O(T) ={UTU" : U € Upgg}-

In order to prove that these orbits are smooth homogeneous spaces of Ugyg, we have to consider
the isotropy group of Upyg at I, that is,

Upog = {U € Upog : UTU* =T},
and prove the following:

Lemma 2.5. UL

Bog 'S @ Lie subgroup of UBog-

Proof. First, it is clear Ugog is a closed subgroup of Ug,g in topology defined by the norm in

(6). Set

UBog = {X € upog : €'X € Up,,, Vt € R},

which is then a closed Lie subalgebra of up,e by Theorem [A. 10l By the same result we have to
check that there are open sets 0 € W C upyg, 1 € V C Upgg, such that the exponential map
exp : W — V is a diffeomorphism satisfying exp(W N ugog) =VnN Ugog, and the subspace ugog
has a closed supplement in ugqg.

It will be useful to observe that

UBeg = {X € upog : XI' =TX}. (10)

Indeed, one inclusion can be shown by taking the derivative of the curve y(t) = e/ at t = 0;
meanwhile the other inclusion follows from the fact that XT' = I'X implies that (tX)"T" =
I'(tX)", n > 0, and consequently, e!XT" = I'e!X. In order to check exp(Wﬂugog) = VﬂUgog, we

take U = eX € Ugog, where X € W. Using analytic functional calculus in the Banach algebra

Bo(H @ H, D), we get that X = log(U) = Zn>1(—1)”+1w, whenever V is a sufficiently
small identity neighborhood. Since UT = I'U yields (U — 1)"T' = I'(U — 1)*, n > 1, we obtain
that log(U)T" = T'log(U), which proves the desired inclusion. The other inclusion is trivial.
Now we show that ugog admits a closed supplement in ug,s. Note that WUgOgW* = UEQIE“;W*
for every W € Upyg. Then it follows that Ugog is a Lie subgroup if and only if Ug;gw* is.
By Theorem [A.8] we may therefore assume that I' has the form I' = T'[A,0], where A is a
trace-class diagonal operator with respect to the fixed orthonormal basis {¢g}r>1. We now
use the notation and properties given in Remark (2.3, where A is expressed as A = >/ \ip;
for a decomposition of the identity {p;};_, (0 < r < 00). Recall that I" has spectrum given
by o(I') = {0,1} U {\;}_; U {1 — A\;}7_,, where \; € (0,1] are distinct eigenvalues of finite
multiplicity.
Ty

Then for any operator X = <x ?) € UBog, the condition XT' = I'X is equivalent to have
2 T

1’1A = Axl, 1‘2(1 — A) = A.%'Q. (11)

From xz1A = Az, it follows that \jp;x1p; = Aip;xip; for 4,5 > 0. Thus, (A; — A\j)pizip; = 0,
which yields p;z1p; = 0, whenever i # j, i, j > 0. Hence 1 must have the block diagonal form
Ty =Y o DiT1Di-
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On the other hand, z2(1 — A) = Azy implies that (1 — X\; — X\j)pjzap; = 0, 4,5 > 0. But
1—=X =X =0onlyif \; = \; = % Thus, we have two cases. In the first case, zo9 = 0 when
A= % is not an eigenvalue of I'. In the second case, we may w.l.o.g. assume that \; = % is an
eigenvalue of I' and p; is the finite-rank projection onto the corresponding eigenspace. Therefore
pixop; = 0 for all 4,5 > 0, except when ¢ = j = 1, which is equivalent to say that xo = pixap;.
Hence when % ¢ o(T") the Lie algebra of the isotropy group can be written as

r
I 0
”FBog - {(0 fl> € UBog * 71 = Zpimpz} )

=0

meanwhile when 3 € o(T) is

T
r €Ty X2
UBog = {(:E _ ) € UBog ' T1 = E pix1pi, T2 = p1$2p1} .
2 I —
1=

Then a continuous projection & : Upog — UBog With range ran(&r) = ugog is given by

T
szo PiZ1Di ) i if% ¢ U(F),
&r <<961 962)) _ 0 Zi:opixlpi
To X1 r . .
YoioDiTipi  DP1Tapi it 1 o().

P1T2P1 > im0 PiT1D;
The convergence of the series is in the strong operator topology when r = co. This proves that

ugog has the closed supplement mr := ker(&r) in both cases. O

Remark 2.6. Repeating the same computations at the group level that we have done at the Lie
algebras level in the previous proof, we find that when % ¢ o(T") the isotropy group is given by

u 0 a
Ugog = {(O u) € Upog : u = Zpiupz} . (12)

1=0

In the case where % € o(I'), the isotropy group is given by

T
u v
Ubog = { (U u> € UBog 1 u = Zpium v = pwpl} : (13)

i=0
It wil be useful to consider the projections &r defined in the proof of Lemma The follow-
ing definition is motivated by the conditional expectations associated to normal diagonalizable
operators given in [13].

Definition 2.7. Let I' = T'[A,0] be a diagonal gl-pdm which defines a family of projections
{piti_o (0 < r < o0) satisfying the properties of Remark 2.3l The conditional expectation
assoctated to I' is the map & : upeg — UBoe defined by

o DiT1Di 0
ZZZOP 1p if i ¢ U(F)a

&r <<ﬂ§1 $2>> = ! Diso PP ()
Ty I 2o Pi®1i 1% if 5 € o(I)
P1T2p1 > io PiT1Di i

The convergence is in the strong operator topology when r = oo.
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Remark 2.8. Tt is straightforward to check that the conditional expectations in Eq. (I4) satisfy
properties similar to that of conditional expectations in operator algebras: 512 = &p, ran(&r) =
ugog, [€r[l = sup| x| e=1 1€ (X)[lres = 1, and E(UZU*) = UEr(Z)U™, whenever U € Ugog and
Z e UBog-

Theorem 2.9. Let I' € D. Then the following assertions hold.

i) The orbit O(T") = UBOg/UgOg is a reductive homogeneous space of Upeg. Its tangent space
at I'1 can be identified with the real Banach space

Tr, O(T) = {[X, 1] : X € uog},
equipped with the norm ||[X,T1]|lr, := inf{||X + Y|yes : YT1 =T1Y}.

i1) Let us denote by

Ugog :={U € Upgg : indUBog(U) = 0}, Ugog :={U € Upgg : indyg,, (U) = 1}.
If% ¢ o(T), then O(T') = Ugog ‘T'UUg,, - I, is the union of two connected components.
If 1 € o(I), then O(T') = Ugog I'="Ug,, - I' is connected.

Proof. i) The map O(T') — UBOg/UEOg, WIW* — WUEOg, is a bijection. Thus, we endow O(T")
with the manifold structure making such map into a diffeomorphism. The manifold structure of
UBog/ Ugog follows by using Theorem [A.10l and Lemma 2.5l Indeed, by these results Upog/ Ugog
becomes a smooth homogeneous space of Upgg.

The assertion about tangent spaces now follows by using that the map 7 : Ugoe — O(I),
m(U) = UI'U*, is a submersion. Indeed, its tangent map at U € Ugpyg, U - I' = I'y, satisfies

Tp, O(T) = ran(Tym) = upog /ugh, = {[X,T1] : X € upeg}, where [X,T4] = XT; —T1X and

ker(Tym) = uggg is the Lie algebra of the isotropy group at I'y. The norm given in the statement
is an expression for the quotient norm in upeg / uglog.

To prove that O(T') is a reductive homogeneous space we may assume that I' is diagonal,
take &p its conditional expectation and mp = ker(fr). From the proof of Lemma 2.5 we
know that ugog @ mr = upeg. Since Ep(UXU™*) = UEr(X)U*, for U € Ugog and X € upgg,
it follows that Ady(mp) = mp. Then, for I'y = UTU*, set mp, := UmpU*. This is well
defined since UT'U* = WI'W* implies W*U € Ugog. Thus, &r = Adw+y o &r o Ady«w, which
yields UmpU* = WmpW*. By similar properties the distribution {mp, }Fleo(r) clearly satisfies
UBog = Mr; @ ug})g and Ady(mp,) = mp,, for U € Uggg. Fix I'y € O(I'). For any U € Upyg
such that I';y = UT'U*, the projection &p, := UEp(U* - U)U* is the unique projection satisfying
ran(&r,) = uggg and ker(€p,) = mp,. On the other hand, the map 7p, : Upee — O(T),
7, (U) = UI''U*, is a submersion. This is equivalent to the existence of a smooth local cross
section at every point (see [43, Cor. 8.3]). In particular, there are an open set Vr, C O(I),
I't € Vr, and a smooth map sr, : Vr, — Upeg such that 7, osp, = idh;rl. Consider the smooth
map F : Ugog — B(upog), F'(U) = 1p(y,,) —UEr(U* - U)U* and the map f : O(I'1) — B(upog),
() = 1B(up,,) — €. Therefore, f = F o sp, locally at each I'1. Since I'y is arbitrary, we
get that f is a smooth map, and consequently, the distribution {mr, }pr,cor) is smooth. Hence
O(T) is a reductive homogeneous space.

i1) According to Proposition 2.2], the Zs-valued index on Ug,, parametrizes the two connected

components of this group Ugog and Ug,,. Therefore, Ugog I = {UTU* : U € Ugog} is a
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connected set because the map 7r : Ugog — O(I'), mp(U) = UTU* is continuous. Let us show
that Ugog -T' is a connected component of O(T"). Recall that path and connected components
coincide in manifolds. So take a continuous path ¢ : [0,1] — O(T"), 6(0) =T and §(1) =T';. We
have to prove that I'y € Ugog T

By item i) the maps mp : Upog — O(T), mp/(U) = UIL'U*, are submersions. As we have
observed above, there are an open set V» C O(T'), I" € Vv and a smooth map sy : Vpr — UBog
such that 7w o spr = id]vr,. By a standard compactness argument, there are a partition 0 =
to <ty <...<t, =1, open connected sets V; := Vs,), and smooth sections s; := ss,) of 7s(,),
i =0,...,n, such that §([0,1]) € U, Vi. Set §(t;) :==T®, i =0,...,n, where T =T'®) and
I'y = '™, For i = 0, we can have induyy,, (so(I")) = 0 or indyg,, (so(I')) = 1. In the first case,
we write 59 = so. In the second case, we modify the section by defining 5q(I") = so(I")so(T).
Now this a smooth section which satisfies indyg,, (50(I')) = 0, and using that Vy is connected,
it also holds that indyy,, (5(I'M)) = 0. Notice that 5(I'"))'5y(I'M))* = D). We may modify
the other sections s; for i = 1,...,n — 1 to obtain that indyg,, (5;(06+1)) = 0 and

G 1 (T 5 (D)5 (PN E (DMWY 5 (TN . 5, (PM) =17 =T,

This means that 'y € Ugog -I'. Thus, Ugog -I' is a connected component.

Clearly, O(I") = Ugog -T'UUg,, -I'. Fix R € Ug,,. Note that the map Ugog I'—= Upy, - T,
UT'U* — RUTU*R*, is continuous. Therefore, Ugog - I" is also connected. To show that it is a

connected component, it suffices to prove that UJBrOg-FﬂUgog-F = (). Assume that UTU* = VIT'V*
for U € UJBFOg and V € Ug,,. Then we have indyy,, (V*U) =1 and V*U € UFBOg. Note that
WUﬁogW* = UfBCOg for every W € Ugpyg. Thus, we may further assume that I' has a diagonal
form. When 1 ¢ o(I') the isotropy group is descirbed in (I2Z). Thus we get that Py (V*U)|gq (0}
is a block unitary operator. In particular, indUBog(V* U) =0, a contradiction. This proves that
Ugog - I is also a connected component.

Finally, we suppose that % € o(I"). Again we can conjugate I' by a Bogoliubov transforma-
tion, so that I' is assumed to be diagonal. Now we use the expression of the isotropy group in
(I3). Take a vector ¢; € ran(p;) = ker(A — 31) (A1 = 3). Define a Bogoliubov transformation
S by S((¢1,0)) = (0,¢1), S((0,¢1)) = (¢1,0), and that leaves fixed all the other vectors of the
basis {(¢,0)}i>1 U {(0,¢;)}j51. Then SI'S* =T. But U S = Up,g because induyg,, (5) = 1,

Bog
so that Ug - T'=Uf S T =Ug, -T=0(). O

Corollary 2.10. D is a smooth manifold.

Proof. Notice that D is the disjoint union of orbits, D = | |jrjep/~ O(I'), where we write ~ for
the equivalence relation induced by the orbits. O

Remark 2.11. We apply the previous results on gl-pdms to analyze the set Z of all quasi-
free states. According to Theorem [A.1] for any U € Up,g, there exists a unitary implementer
U = Uy : § — §. The implementer is unique up to a constant in T. Thus, given w € Z4¢, the
state defined by wy(A) = w(UAU*), A € A, is independent of the unitary implementer. Also
as we have stated in Remark [A.6l7), it can be checked that wy € Zq¢. Furthermore, the map

UBog X qu — qu, (U,w) —U- - w = Wy

turns out to be an action of Upeg on Zgr. This follows immediately by using (28) to show that
Upyy = AUy Uy, for U,V € Upyg and some A € T.
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Corollary 2.12. The following assertions hold:

i) For each w € Zy, the orbit O(w) := {wy : U € Upgg} is a reductive homogeneous space of
Ugog. Consequently, Zq is a smooth manifold.

it) The map ® : Z44 — D, ®(w) =T, is a smooth diffeomorphism.
Proof. i) Using that the map ® satisfies I',,, = ®(wy) = U*T,U, it follows that the isotropy
group at w is given by

{U € Upog - wy =w} = {U € Upog : UT, = T,U} = Ukg,.

Hence the isotropy group is a Lie subgroup of Upyg by Lemma 2.5, and following the same proof
as in Theorem [2.9] the orbit O(w) = Upeg/ Ugf)g is a reductive homogeneous space of Upys. The
assertion about the manifold structure of Z,; now follows by expressing this set as the union of

disjoint orbits.

i1) The manifold structures of both Zy and D are obtained as the disjoint union of orbits.
Therefore we may consider the restriction ® : O(w) — O(T,) to prove our statement. The
result is a consequence of being O(w) and O(T',) both diffeomorphic to Upgg /Ug“gg. Indeed,
a chart at w is given by ¢~! = 7, o exp, where 7, : Upog — O(w), m,(U) = wy, and exp is
the exponential map of Upye (see [12, Lemma 4.21]). Moreover, ¢ is defined in an open set
W C Ow), w € W, and ¢(W) is an open set in mp, = upeg /ug:;g, where mr,, is the closed
subspace from the reductive structure. Similarly, a chart at T, is of the form ~! = 7p o exp,
and it is a homeomorphism between open sets in O(T'y,) and mp,. Thus, the map ® can be
expressed locally as (1o ® 0 ¢ 1)(X) = (¢ 0 ®)(w.x) = (e *TeX) = —X. Hence ® is a
diffeomorphism. |

Remark 2.13. We end this section with some remarks on a special type of orbits. It is well known

01
corresponds to the state w_ defined by w_(A) = (2, AQ), A € B(F), where Q is the vacuum
vector. This is the extension of the Fock state defined in the CAR algebra (see, e.g., [4]).

i) The orbit
0 0. .
O(P.) = {U <o 1> Ut U e UBog}

is indeed isomorphic to an isotropic restricted Grassmannian, which is a reductive homogeneous
space of Oes(H®) and Kihler manifold that naturally shows up in the literature of loop groups
(see [38] Sec. 12.4]). Recalling the notation in the proof of Lemma[2.2]47), we say that a (closed)
subspace W of $c is maximal isotropic if C(W) = W+, and we write Py for the orthogonal
projection onto W. Then, the isotropic restricted Grassmannian associated to (ﬁR,.ﬁ’jé) is given

by

that using the bijection between gl-pdms and quasi-free states the projection P_ = <0 0>

Tres == {W : W is maximal isotropic, P — Py~ € Ba(c)}.
C

The map O(P-) = Lies, UP_U* — Ad7(U)(H ), gives the identification between these homo-
geneous spaces.

1) The reductive structure induces a linear connection on every reductive homogeneous space
(see [27], or in the infinite-dimensional case [32]). For the orbit O(P-) the geodesics of this
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connection can be explicitly computed. For instance, the geodesic starting at P_ with velocity

vector [X, P_], for X = <g g) emp ,y=—y! €By(H), is given by

5(t) = X p_etX — ( cos([ty*) tysind\w\)) (0 0) ( cos([ty*]) tsinC(\ty*\)y>_

ty'sinc(lty™l)  cos(lty) ) \0 1) \tsine(ltl)y®  cos(ltyl)

3 Embedded submanifolds

3.1 Derivations induced by gl-pdms

We consider the following real Banach space:

, x x X
i UBog = { (_;2 —m21> EBOH®N) :xy =a}, 10 = —al € Bg(f))} CBy(HP®H D)
equipped with the restricted norm || X|;es = 2max{|lx1||, [|[z2]l2}. Noticing that each T' =
I'[y,a] € D may be decomposed as

R e « (7 « 0 0\ .
F_<Oé* 1—’7>_<—5[ —’7>+<0 1> -—FO‘FPf, FOGZ’JBoga

and since a € Ba()) by Remark [A.6] we have the inclusion O(T') C iupes +P-. It is then
natural to ask for conditions on I' that characterize the homogeneous space O(I') as an embed-
ded submanifold of the affine space iupys +FP-. We start with a necessary condition to be a
submanifold according to Proposition [A.9] which consists in determining when tangent spaces
of the orbits are closed in the tangent space of the ambient manifold. Since O(I') C i upog +P-,
the tangent space at I' satisfies the inclusion:

TrO(I') ={XI' =T'X : X € uBog} C i UBog -
This lead us to introduce the following derivation.

Definition 3.1. Let I' € D. The derivation induced by I is given by
6I‘ - UBog — UBog) 5F(X) = [iF,X].

Observe I' = T'yg + P_, Iy € iupog and X € upqg, then [iI', X] = [ilg, X] + [iP_, X] € upqg.
Hence the map or actually takes values on upee. It follows easily that or is continuous with
100 || < 2||T'||res, and it is a derivation of the Lie algebra upes. Also notice iran(dr) = TrO(T).
Thus, the tangent space TrO(I") is closed in tupeg if and only if the derivation or has closed
range.

We will use the following characterization of closed range linear maps in Banach spaces.

Lemma 3.2. Let E, I' be Banach spaces and T : E — F a bounded linear map. Assume that
there exists a closed subspace M of E such that E = ker(T) & M. Let € be the continuous
projection with ran(E) = ker(T') and ker(€) = M. Then, the range of T is closed if and only if
there exists ¢ > 0 such that ||Te|| > c|le — Ee||, for all e € E.
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Proof. 1f the range of T is closed, then Ty := T|pq : M — ran(T) is a bijective linear map, whose
inverse is continuous by the open mapping theorem. Therefore, we have || Te|| = ||To(e — Ee)|| >
ITo]| " lle — Ee||, for all e € E. Conversely, take a sequence {Te,},>1 in ran(T) such that
Te, — f. Then, ||Te, — Ten| > [T((en — em) — E(en — em))|| > cllen — Een — (em — Eem)|l,
which implies that {e, — £e,}n>1 converges to some ey € M. Since Te, = T(e, — Ee,), we
obtain f = Teg. Hence ran(T) is closed. O

Proposition 3.3. Let I' € D. Then tangent spaces of O(I') are closed in iupog if and only if
o(T) is finite. If any of these conditions hold, then iupeg = iugog @ TroT).

Proof. All tangent spaces are closed if and only the tangent space at some I' is closed. Hence
we can assume that I' = T'[A, 0] € D is diagonal, and study when the range of the corresponding
derivation dr is closed.

Now suppose that o(I") is finite. According to Remark [2.3] this means that o(I') = o(A) U
oc(L—=A)={X:k=0,...,7}U{l =X : k=0,...,r}, for some r < co (A\g = 0). Using the

projections {p;};_, in the mentioned remark: for X = <§1 ;2> € UBog, notice that
2 I
s T
[z’A,xl] = Z Z()\z — )\j)pixlpj, iAxg — .%'Qi(l — A) = Z Z()\z + )\j — 1)pi1‘2pj.
i,j=0 6=0

Observe that p;[A, z1]p; =0, for all i = 0,...,r, and when % € o(l), p1(Azg —z2(1—A))p1 = 0.
If % ¢ o(I"), then the coefficients of the preceding sums satisfy A\; = A\; # 0, 4,5 =0,...,7, 1 # j,
and A\; +\j —1#0,4,5 =0,...,r. Thus, the range of ér can be expressed as

ks
Z Pix1pi €2

i,j=0
ran(dr) = i , cxp = —x} € B(), 29 = —21 € By(H) ;. (15)
T2 Z DjT1Pi
i,j=0
1#]

In the case where % € o(I'), the above expression should be modified:

( r r
ijl'lpi Z PjT2pi
i,j=0 4,j=0
ran(dr) = 7 L7y txy =~} € B(H), 12 = —z] € Ba($) p. (16)
Z P;jT2pi Z PjT1pi
i,j=0 i,j=0
(@,9)#(1,1) i#]

In both cases, ran(dr) is clearly a closed subspace of upgg.
For the converse we use the characterization in Lemma If we assume that ran(dr) is
closed in up,g, then there is a constant ¢ > 0 satisfying

||6F(X)||res > CHX - EI‘(X)HreSa X e UBog - (17)

Here &r is the conditional expectation with ran(&r) = ker(dr) = ugog and ker(&r) = mr is the

supplement defined in the proof of Lemma Let B($)skx denote the real space of bounded
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linear skew-adjoint operators on ). Consider the derivation 63 := da|p(s),, : B(9)sk = B($)sk,
5% (x) = [iA, z]. Then take a operators X = diag(w, ), z* = —z, in (I7) to find that |65 (x)|| >
cl|z—Ex(z)||, for all z = —x*, where &, is the continuous projection such that ran(€y ) = ker(55%)
and ker(€y) = (mp)sk = {2 € B(9)s : @ = 2 — >,_ypiz1p;i}, which is a closed supplement
of ker(65%). This shows that &5 has closed range, which implies that §y : B(f) — B(9),
da(x) = [iA, x] also has closed range since A* = A. This is equivalent to have that o(A) is finite
by [2, Thm. 3.3], which means that o(I") is finite.

Finally, the expressions in (I5]) and (I6]) imply that, under the assumption that o (T") is finite,
we have ran(ér) = ker(€r). Hence upos = ran(&r) @ ker(&r) = ugog @ ran(dr), o equivalently,
i UBog = iltpy, © TrO(T). O

Remark 3.4. Furthermore, we will show later that Tr(Xdr(Y)) = 0, for all Y’ € up,g, if and only
if X e ugog (see Lemma [4.5)).

3.2 Embedded submanifod structure of orbits of gl-pdms

Now we consider another necessary condition to be an embedded submanifold. Since we know
that O(I") C iupeg +P-, the orbits can be endowed with the relative topology inherited from
the affine space iupoe +P-. This topology is defined by the metric d(I'g,I'1) = ||T'g — I'1]|res,
for Ty, I'1 € O(T'). On the other hand, O(T") = UBOg/UgOg is a homogeneous space of Upgg,
so that the orbits can be endowed with the quotient topology. Let us write 7, and 7, for the
relative and quotient topology, respectively. Both topologies must coincide when the orbits are
embedded submanifolds of iuge; +P-. We will see that the coincidence of these topologies is
again related to the finite spectrum condition.

Recall that the map nr : Upeg — O(I'), np(U) = UT'U* is a submersion when O(I") is
considered as a homogeneous space, which in particular implies that 7 has continuous local
cross sections. From this fact, it follows that 7, is stronger than 7,. Then, both topologies
coincide if and only if the map 71 : Uy — O(I'), mp(U) = UT'U* admits continuous local cross
sections when O(T") is considered with the topology 7. To construct such a local cross section
we essentially follow the argument in [I, Thm. 4.4], but it needs some additional work because
the restricted norm is not isometric by multiplication with Bogoliubov transformations.

Remark 3.5. We first need to extend the derivation épr and the conditional expectation &Er.

i) Given I' € D, set
or : Ba(H @ $H,D) = Ba(H @ H,D), or(X) = [il, X].

It is straightforward to check that o is a continuous derivation of the Lie algebra Ba(H @9, D).
For ' = T'[A,0] € D a diagonal gl-pdm and using the same notation of Definition 2.7 for the
spectral decomposition of A (1 <7 < o), we define the linear projection

Er:Ba(H @ H,D) = Ba(H @9, D),

D T11Ds 0
2 im0 Pi11Pi if 1 ¢ o(I),
i 0 D i—o PiT22pi
EF :L‘ll 'CL‘12 g =0 =
To1 T2 i=0 Pi ‘
> im0 PiT11Di P1ri2p1 if £ € o(I).

P1T21P1 ZLO Pix22pi
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We fix the following notation mr = ker(&r).
iii) We denote by o and ED for the extensions in the obvious way of ér and &r to the whole
B($H @ $H). We also put m: = ker(52.).

One can show by similar arguments to that of Proposition 3.3 that the above derivations dp
and 5IQ also have closed range if and only if o(T") is finite. Rather than proving this fact, we focus

on estimate the constant given by the characterization in Lemma in terms of the eigenvalues
of I'. This will be helpful later for the construction of continuous local cross sections.

Lemma 3.6. Let I' =T'[A,0] € D be a diagonal g1-pdm with finite spectrum. Then the following
assertions hold:

i) For every X € Bo(H® 9, D), we have ||0r (X)||res > ¢r || X — Er(X) |lves; where the constant
¢r can be taken as

o Jmin{ iy i = A1) T (2 m0 e+ 4 =117 7 if 5 ¢ a(l),
min{(3_, ; [Ai — MITH (ot jm0.6.)2 ) 1A + A — == if 5 ea(D).

i) For every X € B(H @ 9), we have ||6X(X)|| > || X — E2(X)||, where

—1
(Cig i = Al + e i+ 2y =117 if 5 ¢ o(D),

1
010“ =?7? -1
3 (Zi;ﬁj X = A7+ D j0,(i,) (11 | A T A — 1’71) if 5 € o(I).

Proof. i) For X = <i11 ?2) € By(H @ $, D), the block operator entries of o (X) = [iT", X]
21 122

are given by

T T

[iA,zn] = > i(Ai = Apiwnps,  iAwin — 212i(1 = A) = Y (A + Aj — Dpiziop;
i,j=0 ,7=0

i(l — A)xgl — 1‘21iA = Z i(l — )\i — )\j)pjm'glpi s [Z(l — A),.%'QQ] = Z i()\j — )\i)pixggpj .
i,j=0 ,7=0

Motivated by these formulas, for each = € B($)), when 3 ¢ o(T'), set

T T
Ap == i = X)) pirpy, Bo=— ) i(Ai+ A — 1) pap;.
i,j=0 4,J=0
i#]

In the case where % € o(I'), the definition of A, does not change, and for B, we now set

T

B, =— Z Z()\Z + )‘j — 1)71]9@'56]9]'.
ij=0
(4.5)#(1,1)

In both cases define fr : Bo(H @ $H, D) — B2(H D $H, D),
B <<$11 $12>> _ < Az Bay > _
T21 22 —Bgy,  — Az,
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This is a bounded linear operator acting on Ba($) @ 9, D) satisfying Sr o SF = SF ofr=1- gp
(here 1 = 1p,(nasp)). Therefore, [|X — Er(X)fres = (B0 © 0r)(X)lres < 801100 (X) res,
which yields [|o0(X)lres > I8 71X — En(X)res for all X. If 3 ¢ o(I'), then one can see
1Br]l < max{>_, ;X — )\jlfl,z;jzo |A;i +A; — 1|71}, This implies that we can take ¢r =
min{(3_,; |\ — NITH (O i j=o it A= 1/71)~1}. For the case where 3 € o(I") we only need
to write 57 5o i1,y [N A — 1)~! instead of D i j=o0lXi+ A — 1=t

ii) Similar arguments apply for the extensions 62 and £2 when one takes the operator norm || - ||
instead of the restricted norm || - ||yes. O

In general, the restricted norm of a Bogoliubov transformation can have arbitrary large
restricted norm. In the following lemma, we control the restricted norm of Bogoliubov transfor-
mations acting on gl-pdms that are close enough in the relative topology.

Lemma 3.7. Suppose that I' = T'[A,0] € D is a diagonal g1-pdm with finite spectrum. Then
there exists a constant K > 0, depending only on T, such that ||Ul|res < K, for all U € Upyg

¢ <
satisfying |UTU* — Tlres < &

Proof. Using that I" is diagonal and expression in (9), we note

U:C_‘ 1_’>, UFU*:C ullv ”S_A)“).

v ou

Recall that ||Ul||res = 2max{||ul||, ||v|l2}. The operator U is unitary, which implies that |lu| <1
and |lv]] < 1. Thus, our task is to estimate |lv|2. Moreover, notice that I' € D with finite
spectrum says that A is a finite-rank operator. Using the notation in Remark 2.3] we have
A =37 o Aipi, where Y77 i p; = 1 and pp is the unique projection with infinite rank. Since
v = poupo + (1 —po)vpo +v(1 —pp) and 1 — pg has finite rank, we only have to estimate |[povpol|2.
By assumption |[UT'U* —T'||yes < %, and therefore, [|[uAv* +v(1—A)u*||2 < %. Since A € Ba(9),
we obtain

0
C * — — %
Ipovpo* 2 < T+ A"l + [0AT* 2 + (L = po)upo + v(L = po)a"

0
C — — —
< —g + ([l ([[[Allz + llolllla* [HAllz + (X = po)ll2llvpoll + [l][[[(X — po)ll2[la”||

0
‘v

<
-6

+ 2[[All2 +2[|1 — poll2 == Ch.
Next consider
|povpot*||3 = ||apov*poll3 = Tr(povpot*upov*po)
= Tr(povpo(1 — T*)pov*po) > (1 — |lpov*vpol|)|[Povpoll3

which gives
(1~ llpov*poll)llpovmoll3 < l[povpoa*(|3 < CF.
We will see below that ||pot*vpo|| = [[pov*vpe|] < C < 1 for some C > 0. This would imply the

desired estimate:
lPovpoll2 < (1 — CQ)_l/ch. (18)
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To get a finer estimate the operator norm of v, we first give a bound for the operator norm in
terms of the restricted norm: for X € Bo($H @ 9, D),

IXI| < 1P XPyl| + [P XP_| + [P-XPy | + | P-XP-|
<[Py X Py + [P XP_ls + [ P-X Py 2 + [P-X P_|| < 2/|X e

In the case where % ¢ o(T'), then by the previous estimate and Lemma [3.6] ii) we obtain
lopoll < [lv]l = |P(U = EU))P-|| < |[U = ERU)] < (cp) IO (D)
2
= () THUTU" =T < 2(cp) T UTU* = Tllres <

In the case where € o(T') we have Py (U — EX(U))P- = v—piupi, and in the similar fashion as
above we get [[opo]| = [[(v — prop1)poll < I[o — propy | = | Ps (U — EX(U))P_| < 2. Tn both cases,
[pov*vpol = [|lupol|* < 3, so by Eq. (I8) we conclude |[[povpollz < \/%Cl. Hence we conclude

[vll2 = lpovpo + (1~ poJopo +v(1 — po)lla < —=C1+2[1 — polz = K, where this constant only
depends on T'. O

We are now able to prove our main result on the two topologies of orbits of gl-pdms.
Proposition 3.8. LetI' € D. Then 7, = 14 if and only if o(I") is finite.

Proof. Again we may assume that I' = I'[A, 0] is a diagonal gl-pdm. Suppose that 7, = 7,. If
o(T") is not finite, then the derivation dr : UBog — UBog, Or(X) = [iI', X] has non-closed range
by Proposition 3.3l This is equivalent to the existence of a sequence {X,,},>1 in mp such that
| X7 |lres = 1 and [|op (X )H]res < 1/n Recalling the well-known formula e?Te™? = Ad.z(') =
e2(T) = (1p(gas) + 0z + 6% /2 + 63 /3! 4 ...)(I'), where 0z(X) = [iZ, X], and since [dx, || < 2,
we find that

Xnp,—Xn Sx - ”5];(” (P)”res
”6 Fe - FHFGS = He n(P) - I\Hres S Z T

2k1

10, 1F 7 1or (X, Hres €2
< n — < —

That is, the sequence {eX»T'e=Xn }n>1 converges to I' in the topology 7., and consequently, it
also converges in the topology 7,. The maps ¢ : Vr — Wr, ¢(Z) = e?Te=?, where 0 € Vr C mp
and I' € Wr C O(T") are open sets, become homeomorphisms when these sets are sufficiently
small and O(I") is endowed with the topology 7,. Indeed, these maps are the inverse of the
charts used to provide the manifold structure of O(I') as homogeneous space of Ugog (see [12]
Lemma 4.21]). In particular, this yields that || X,,||;es — 0, a contradiction. Hence o(I") must be
finite.

Let us assume, conversely, that o(T") is finite. Suppose that I' = I'[A, 0] is a diagonal gl-pdm.
In order to show that both topologies coincide, we will prove that mr : Ugee — O(I"), nr(U) =
UT'U*, admits continuous local cross sections when O(T") is considered with the topology 7,. For
G an invertible operator, let Q(G) = G|G|™! be the unitary part in the polar decomposition.
Consider c%, ¢r and K the positive constants defined in Lemmas and 3.7 Then we set

0
rp = %mln{ T, K_Qép}. The section s = sp at I' is then defined by

s : {UTU* € O(T) : |[UTU* —T|lyes < 717} — Upog, s(UTU*) = UQ(Er(U™)).
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Clearly, we have UQ(Er(U*)) € Ba(H @ $H, D), for U € Upeg. We claim that if |[UTU* —T||es <
rr, then & (U*) is invertible in the algebra Ba($@ ), D). To see this we recall that by our choice
of rp, Lemma [3.7 implies ||U||yes < K, or equivalently, [|[U*||;es < K. Therefore, for 1 = 1gag,

11 = UE (U [lres < U lces|U* = EL(U)|lres < Kep 100 (U*) |l ves
< K| U |lees|UTU* = Tfres < K2 |JUTU* = T'lpes < 1.

Hence UEr(U*) invertible in By($ @ $, D), and then &p(U*) is also invertible. This proves our
claim.

Now we check that s is well defined. Suppose that I'y = UI'U* = VI'V* for U,V € Ugeg.
Thus, U*VTD = I'U*V, which gives

s(UTU*) = UQ(Er(UY)) = UQEN(UVV*)) = UQU*VER (V™))
= UUVQ(Er(V*) = VQ(Er(V*)) = s(VTV*).

Here we have used that &r(ZX) = ZEr(X), whenever X, Z € Bo(H @ $, D) and ZI' =T'Z.
Now note that s actually takes values on Up,s. From the definition of ér, gp(U ) =
IEr(U*) because U € Upyg, which yields Q(Ep(U*))I = IQ(Ep(U*)). Tt is not difficult to check
that ran(€r) is a closed *-subalgebra of By($) @ $, D), so that Q(Er(U*)) € Ba(H @ $H, D) by
using the analytic functional calculus in the Banach algebra Bo($) @ $). From these facts, we
conclude that Q(Ep(U*)) € Upeg, and consequently, s(UTU*) € Upyg. On the other hand, s
is indeed a section. To see this, take I'y = UTU*. Since Ep(U*)T = IEr(U*), we find that
QEr(UMT =TQ(Er(U*)). Hence s(I')Ts(T1)* = UQ(Er(UH))DQER(U*))*U* = UTU* =Ty
We now prove that s is continuous. It suffices to prove the continuity at I'. Pick a sequence
{UpT'U;; }r>1 such that ||U,I'U;; —T'||;es — 0. By the estimate we have seen above, it follows that
11— Unlr(U) |lves < K2 | U LU —Tlres — 0. Using that Q(G) = G|G|~! is continuous as a
map in the invertible elements of the Banach x-algebra Bo($@$)) by the continuity of the analytic
functional calculus, we get s(U,TU;) = U,Q(Er(U})) = QU,Er(UF)) — Q1) = 1 = s(I).
Finally, we note that section can be translated to other points by putting sy, = Ady ospoAdy-
ifI'y =UTU". O

As a consequence of the previous results we now obtain the following characterization.
Theorem 3.9. Let I' € D. The following conditions are equivalent:
i) The spectrum of I" is finite.
ii) Tangent spaces of O(I') are closed in i upog.
iii) The topology inherited from iupeg +P- and the quotient topology coincide in O(T).
iv) OI") is an embedded submanifold of the affine space iupog +P-—.

Proof. The equivalences between i), i7) and ii) are proved in Propositions[3.3]andB.8. According
to Proposition [A.9] these items are equivalent to item iv), since Proposition [3.3 also gives that
tangent spaces are complemented subspaces in 7 ug,g. O
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4  Kahler homogeneous spaces

4.1 An invariant symplectic form on orbits of gl-pdms

In this section, we will construct an invariant symplectic form on orbits of gl-pdms.

Remark 4.1. We will frequently use without mention the following well-known fact for compu-
tations involving the trace. If x is a compact operator and y a bounded operator such that xy
and yx are trace-class operators, then Tr(xy) = Tr(yz) (see [25, Chap.IIT Thm. 8.2]).

Remark 4.2. i) Consider the complex Lie algebra g = gly($ @ $, 1, D) defined in Remark 211
This corresponds to the case ks = 1 in [33] Prop. I.11] (see also [33, Ex. 1.9.b]), which says
that H2(g,C) = C. As we have already observed in the previous section, gg = {X € g: X* =
—X} = upog. Then same arguments to that of [I5, Prop. 2.4] give that HZ(upog, R) = R.
Further, a generator of H2(upog, R) is given by

54 (X,Y) :=Tr(X[iPy,Y]), X,Y €upgg.

This can also be expressed as

Ty T2 Y1 Y2 _
s )Tz =28 Tr(x .
* <<9C2 xl) <y2 y1>> (w22)

i1) It is interesting to point out that a multiple of the above generator already appeared in the
literature as a 2-cocycle of 0.65($%). Following the notation in Remark 2.1] i7), recall that for
A € B(H®), we write A, for its antilinear part. It was proved by Vershik [40] that the function

@ 1 0pes (%) X 01es(HF) = R, (A, B) = Tr([Ag, Ba]Jo) = 2 Tr(A,B,Jy),

is a continuous real 2-cocycle of 0,65($®). The trace is taken using the inner product R (, ) of
HR: A,, B, belong to Ba(H%) if A, B € 0,65(H%), which leads to the different expressions above
for o. The differential map at the identity 1 = 1ggg of the Lie group isomorphism in (8) is
given by (dE)1 : 0pes(H®) = Upog, (dZ)1(A) = TLAcT, which is a Lie algebra isomorphism.
Therefore there is a continuous real 2-cocycle E.a : UBog X Ugog —+ R defined by

(Ea)(X,Y) = o((dE)7 ' (X), (dE)7 (V).

Using analogous relations for the algebras level to the ones stated in (7)) for the group level, it
is easy to see that

- Ty X2 Y1 Y2 _

ZeQ ), 2 = A4S Tr(z .

( ) <<$2 $1> <y2 Z/1>> (w2502)

Remark 4.3. i) We will need another complex Banach *-algebra:

Hence Z,a0 = —2s4.

Bi2(H @9, D)= {(mn x12> €EB®H DH) : x11, 722 € B1(H), 212,721 € B2(~VJ)} )

21 T22

which is endowed with the norm

[ X (1,2 := 2max{|[z11 1, [z22ll1, [|712]l2, [|21]]2}
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This norm satisfies || XY||12 < || X||12]|Y|l1,2. The involution * is the usual adjoint of operators.
We remark that this type of block decompositions in terms of trace-class and Hilbert-Schmidt
operators appeared in the anomaly-free orthogonal and symplectic groups [22], and in the study
of infinite dimensional Poisson geometry related to the restricted Grassmannian [15] [42].

i1) We introduce a real subspace of By 2($ @ $, D). Set
(UBog )+ := UBog NB12(H & H, D)
= {(”fl 352> szt =—11 €BL(9), 2h = —xy € BQ(YJ)} :

Tro I
The notation is justified by the following fact: the pairing
(-, )i (UBog)« X UBeg = R, (X,Y) := RTr(XY)

induces a topological isomorphism ((uBeg)«)* = UBog. This is indeed an immediate consequence
of [I5, Prop. 2.1], where it was proved that

Upeg *= {( xli x12> € B(f) @fj) X111 = _'f{la T2 = _'ISZ’ T12 € B2(~6)}
—Typ T22

and

(i) 1= {( n “””12) EB(H D H) : 211 = —a%, € B1(H), 223 =~y € Br($), 213 € Bm)}

%
—Tip T22

satisfy ((Upes)s)™ = Upes, where the duality pairing is given by (X,Y) = Tr(XY) = RTr(XY).
In order to prove the topological isomorphism ((UBog)«)" = UBeg, given f € ((UBog)s)*, one
extends this functional by the Hahn-Banach theorem to a functional in ((ues)«)*. Therefore
there exists Y € upes such that f(X) = RTr(XY), for all X € (upog)«. We only have to show
that the element ¥ can be changed for another element belonging to ugee. To this end note that
for any X € (upog)«, one has that f(X) = f(IXI) = RTr(IXI1)Y) = RTr(X(IYI)). Thus,
F(X) = f(EEEL) = RTe(X (L), where YL € .

We now show that gl-pdms associated to quasi-free states give continuous real 2-cocycles of

UBog-

Lemma 4.4. For I' € D, let st : UBog X UBog —+ R be defined by
sp(X,Y) = Tr(X[iT,Y]) = Te(Xor(Y)).

Then st is a continuous real 2-cocycle of Upeg, which is cohomologous to —s.

Proof. We first prove that sp(X,Y) < co. If X = <x1 x2> € UBoyg, ¥ = <y1 y2> € UBog,
T2 T Y2 Y1
I' =T'[v, a], then

Y] = ( [V y1] + o — yoo® Yy2 — y2(1 —75) + a1 — ym) — ( 21 2 )
’ oy — 1ot + (1 —7)y2 — Yoy a*ys — Yo + [1 — 7, 71] ' —Zy —Z
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where 21 € B1(9), 22 € Ba($). In fact, the form of the right-hand matrix is derived by using
that o* = —a&. Then, it follows that

SF(X, Y) = i(Tr(aclzl) — Tr(iclél)) + i(Tr(.f'QZQ) — TI‘(%‘QEQ))
= —2F (Tr(z121) + Tr(Z222)) < 00

because x3,20 € Ba(9), 21 € B1($) and 21 € B($), which implies Zo29,2121 € B1($). The
above expression also shows that sp(X,Y) € R. Let us show that sr is a continuous 2-cocycle.

For we write
[ « 0 0\
: (—a —7> (O 1> RLREES

sp(X,Y) = Tr(X[iT,Y]) + Tr(X[iP_,Y]) =: s1, (X, Y) + s_(X,Y).

and

We estimate the first term

lspy (X, Y)| = | Tt <<l“1 332) ( [V, y1] + agp — y20 Yy2 + Y2y + ay1 —y1a>>'
0 9 -

To T afyr — ot =AY — Yoy @y — Yoo — [, 41
<AVl + llell2) 1 X |res Y llres
< 4HP0H1,2HX”reSHYHres- (19)

The second term can be estimated as follows
s (X, Y)| = 2[S Tr(Zay2)| < 2||z2ll2/ly2ll2 < [ X |res Y [|res -

From these estimates we obtain that sr is continuous.

We claim that sr, is a coboundary. Notice that the space of finite-rank operators is dense in
the Banach algebra By 2($®$, D) given in Remark 4.3l For I'gg a finite-rank operator, it clearly
holds that Tr((XTg9)Y) = Tr(Y(XTgp)), which implies that sp,,(X,Y) = —Tr([X,Y]il'g) :=
froo([X,Y]). Similar to the above estimates, one can see that fr,(Z) = — Tr(Zil'), where
Iy € B1 29 @ H, D), satisfies |fry(Z)| < [|[Toll1,2|Z||res. Combining this with (19), we can take
the limit of finite-rank operators in the norm || - ||1,2 to get that sp,(X,Y) = fr,([X,Y]), which
proves our claim.

A simple computation shows that s_ = —s,. Since sp, is a coboundary and s is a 2-cocyle,
it follows that st is a 2-cocyle. This also shows that that sy and —s, are cohomologous. O

Lemma 4.5. ugog ={X €upog : sT(X,Y) =0, VY € upog }-

Proof. Straightforward computations show the following:
SF(Adv(X), Adv(Y)) = SAdV*(F) (X, Y) , Ve UBog, XY e UBog -

So we may assume that I' is a diagonal operator. Thus, to prove one inclusion, we take

(T w2 r (Y1 Y2 (A 0
X—(@ jJEuBOg, Y_<g]2 g1>€u}30g, F—<0 1—A>'
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We are going to show that sp(X,Y) = 0. We denote by {-,-} the anticommutator of operators.

Then,
- 1 X9 (A, y1] (A2} —uo
SF(X’ Y) =<¢Tr <<j2 f1> <g2 - {A,ﬂQ} [gI’A] >>
= =29 (Tr(z1[A, »1]) + Tr(z2(g2 — {A, 52}))) -

Now we use the characterization of the Lie algebra ugog proved in (II). Since A € B;($) and
1A = Axq, it follows that the first term vanishes. The second term also vanishes using that
x2(1 — A) = Azy. This proves sp(X,Y) = 0.

In order to show the reversed inclusion, we take an operator X € upqg such that sp(X,Y) =0
for all Y € upog. As usual, we write

X:@ ) y;(%l y)
T2 X1 Y2

with of = —x1, —21 = 25 € Bo(9), yf = —y1 and —y2 = y» € Ba($). By the same calculation
as above, we have

0=sr(X,Y) = =23 (Tr(21[A, y1]) + Tr(z2(g2 — {A, 92}))) - (20)

First, we take yo = 0, which gives 0 = S Tr(z1[A, y1]) = S Tr([z1, Aly1) for every yi = —y;. Put
z 1= [w1, A], which satisfies z = 2*. Take y; = iz to get 0 = $Tr(ziz) = ||2]|3, and consequently,
z =0. That is, 1A = Axy.

Now we have that (20) turns into 0 = STr(z2(g2 — {A, 92})) = STr((x2(1 — A) — Aza)y2),
for all —yl =y, € Ba($)). Note that z := 29(1 — A) — Azy satisfies —27 = z € By($)). Then,
take yo = iz to find that 0 = 3 Tr(z(—iz)) = Ii Tr(22*) = ||z||3. Thus, Az = 29(1 — A). Hence
X € upy,- O

Now we write the symplectic form of Theorem [A. 1] in our context. We take M = O(T'),
G = Upyg, K = Ugog and s = sp in the mentioned theorem. Recall that we may identify
TrOI') = {[X,T] : X € upog}. So at the point I', set

wr([X,T], [Y.T]) == sr(X,Y), X,Y € upgg.
Then, for U € Upqg,
wyry=([X, UTU*], [Y,UT'U"]) :== wr([U*XU, T}, [U*YU,T'|), X,Y € upeg-
Thus, w = X(sr) is defined by w := {Wyry* }UeUp,, -

Theorem 4.6. Let I' € D. Then (O(I"),¥(sr)) is a weakly symplectic homogeneous space. Fur-
thermore, if the spectrum of T is finite, then (O(T'), X(sr)) is a strongly symplectic homogeneous
space.

Proof. All the necessary conditions to apply Theorem [A.11] have been proved in Theorem [2.9]
and Lemmas@d.4land 4.5l Hence (O(I"), ¥(sr)) becomes a weakly symplectic homogeneous space.

In order to show the second assertion, notice that by the invariance of the symplectic form
it is enough to prove that for X € up,s the injective map

TrOT) — TrO(T), [X,T]+— Tr(X[T, -)),
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is also surjective. In view of (I5) and (I6) we note that ran(dr) = TrO(I') C i(upog)« C
Bi2(9 @ $,D) if I' has finite spectrum. Since ||z|| < ||z||; for any operator =, we derive the
following relations between norms on the tangent space: for X € upog,

11X Tllle = mf X+ Vles - YT = TY} < [|[X, Tflres < [1[X 12

Now take f € T{O(I'). From the previous relations between the norms, it follows that f must
be also continuous with respect to the norm || - [|1 2. By the Hahn-Banach theorem, there exists
a functional f € (i(upog)«)* such that f|m.om) = f. According to Remark [4.3] 4i), we have

(i(uBog)x)™ = i UBog, 50 that there is an operator Zp € iupeg such that f=Tr(Z-). Therefore,
we get f([Y,T]) = f([Y,T]) = Te(Zo[Y,T]) = Tr(iZy[i', Y]), where iZy € upog. O

4.2 Orbits of gl-pdms as Kahler homogeneous spaces

We now show that orbits of gl-pdms are Kéahler homogenous spaces of U, using a characteri-
zation of these spaces in Lie algebraic terms. Thus we will construct Kéahler polarizations. We
consider the finite and infinite spectrum cases separately.

Remark 4.7. i) Notice that (upeg)c = glo(H @ 9,1, D) =: g (see (B))), meanwhile X +— X = —X*
is the involution on g whose set of fixed points is upyg.

Remark 4.8. In the following lemma we assume that I' is expressed as

A0 -
T:<0 1—A>’ AZZ;MP@', (21)

where {p; :ill (r < 00) is a decomposition of the identity with the properties stated in Remark
2.3 for i = 1,...,r, but we modify the notation p,1 := pg and A1 := Ao = 0. In particular,
recall that each p; is the projection onto the finite-dimensional subspace ker(A — \;1) for i =
1,...,r, and p,41 is the projection onto the infinite-dimensional subspace ker(A). Further, we
suppose that the eigenvalues satisfy A; > A\; if i < j, foralld,j =1,...,r + 1.

Lemma 4.9 (Finite spectrum). Suppose that I' = T'[A, 0] € D has finite spectrum and T' can be
written as in (2I)). Then the following hold:

i) If 3 ¢ o(T), then

p::{@ _2T> eg:pimpjzoz‘fz‘zl,...,r+1,j<z‘}

is a strongly Kdhler polarization of upeg in sr.

i) If 3 € o(T'), then

p::{<y —:UT> Eg:pixpj:Ozfz:l,...,r—l—l,j<z,z:plzp1}

is a strongly Kdhler polarization of upeg in sr.
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Proof. i) We say that an operator x is upper triangular with respect to the decomposition of the
identity {pl}:ill if pep; =01if i =1,...,r+1, j <i. Observe that that p is a closed subalgebra
of g since it is clearly a complex subspace, and

|:< : ) < >:| <[ W ] >
1 xl ' Y2 'IZ w [fEl,QTQ] ’

where [z1, 2] is upper triangular with respect to the decomposition of the identity {p;};
1, To are, and w = y1To — xlTyg — Yol'1 +x§y1 satisfies w!l = —w € By (9) if yiT = —y; € Ba(9),
i =1,2. Also it is clear that p is closed in g, and p admits the closed complement

n::{@ _1T> Gg:pixpjZOifi:L...,?“—i—l,jZi}.

Recall the description of ugog in the proof of Lemma 2.5, which after taking into account the
notation change pg := p,y1, leads to

T 0 r+1
(ugog)c = { <O —xT> Eg:ax= Zpixpl} .

i=1

Straightforward computations show that p+p = g, pNp = (ugog)c and Adyp C p for all

Ue Ugog (see (12))).
Now take

X, = <xl 0T> ep, i=1,2.

Yi —x;

Recall that Tr(z) = Tr(z”) for any = € B1(). By this fact we obtain

sp(X1, Xp) = i Te(X, [T, Xo]) = i Tr ((xl[ji’ 2 _xlT[(z)\, m%]))

=1 Tr(z1[A, 2] — xlT[A, mg])

= i(Tr(z1Azs — z2Aw1) = i Y Ni(Te(piwrpizapi) — Tr(piwapizip;)) = 0.
i=1

Hence sp(p x p) = 0.

Let us show the last condition:

T 0

—isp(X,X) >0, X = (
y —X

T) €p \ (ugog)(c .

To this end, recall that A = Z:jll AiDi = >i_y Aips, and notice

—isp(X, X) = - Te(X[[, X*)) = — Tr ((”5 _}) <[A’ox*] v _[KE ! M))

- <<CU[A;<:U*] yAy* —yy*(1 - A) - xT[A’”U]»

= —2Tr(z[A, 2%]) + Tr(yy™ — (y'y +yy")A) == A+ B.
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In the last line we have used that Tr(z[A,z*]) = —Tr(z”[A,Z]). Now observe x is upper

triangular with respect to {p; :ill if and only if z = Z:;Lll Zj>ipixpj. Then, we have

A= =2Tr(z[A,2*]) = 2Tr((zz"™ — 2"z)A)

r r—+1
=Tr | YO Apiwpjatps | =T | YD Njpja“piap;
i=1 j>i i=1 j>i
T
=23 > (A = Ap)llpiaps |3
=1 j>i

Since A\; > ... > A, > Ay = 0, it follows from this expression that A > 0 when p;zp; # 0 for
somei=1,...,7,5=1+1,....,r+1.
On the other hand, the second term can be estimated as follows

T

B ="Tr(yy" — (y'y +yy")A) = lyls = D\ Tr(y"ypi) + X Te(yy™pi))
=1

T
> lylls — M (Z Te(piyypi) + Tr(piyy*pi)>

i=1

> (1= 2))]lyll3.

The last inequality is a consequence of the fact || > 7, pizpilli < ||z|l1, for all z € B1($) (see
e.g. [25, Chap. III Thm. 4.2]) and || Y7, pizpilli = Tr(d> ., pizp;) for z > 0. Notice that
B > 0if y # 0 because \; = max;—1,._,\ < % We conclude that —is(X, 7) > 0 whenever
X e p\(ugog)c, which occurs when p;ap; # 0 for some i =1,...,7, j=14+1,...,7+1, or when
y # 0. Hence p is a polarization of upyg in st, which is strong by Theorem

ii) The definition of p is changed for this case where 3 € o(T'). In order to see that p is a

subalgebra of g, we consider the four entries [ X7, X3];; of the following operator:

T Al i) Z9 T2 Z9 I Z1
X1, Xo] = — .
A (yl —wlT> (yz —w2T> <y2 —w§> (yl —ﬁ)

First, we see that
(X1, Xol11 = [x1, 22] + p1(z1p192 — 22P101),

where both terms are clearly upper triangular with respect to the decomposition {p; :ill Next

note
(X1, Xo]12 = 122 — 2128 — (w221 — 2027 )

= p1(x1p122 + T2p121 — 21P1$2T - 22p1331T)P1 ‘= p1wp1,

where w! = —w. The next term is given by
(X1, Xol21 = y1ma — 2] ya — (y2w1 — 25 ).
Here we observe that [X7, X3]21 € Bao($)) because y; € Ba($), and [X1, Xo]3, = —[X71, Xa]21.

The last term satisfies

(X1, Xoloo = [T, 23] + (yip122 — vapr121)p1 = —[ X1, Xa]T;.
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This completes the proof that p is a subalgebra of g. Clearly, a closed supplement of p in g is
given by

n;:{(é _;T> cg:pwp; =0ifi=1,...,r+1,7>71, andplzm:O}.

In this case, the complexification of ugog turns out to be

r—+1

xXT z

(Ubog)c = {<y _xT> Cgia=) pap, z=piap, 2=~z , Y =pyp1, y = —yT} - (22)
=1

Again the reader can check the three conditions p+p =g, pNp = (ugog)c and Adyp C p for all

Ue Ugog (see (I3])). Now we show that sp(X;, Xs) = 0, for all X, Xy € p. For notice

SF<X1’X2>=TT<@1 fi{) [ (3 1EA>’<Z —Z:;T)D

= i Tr(z[A, 2] — 2T [A, 22]) + i Tr(21 (1 — A)yo — yoA)) + i Tr(y1 (Azg — 22(1 — A)))
=0

This follows because the first term vanishes as in the previous case. For the second term observe
that z; = p1z1p1, where p; is the projection onto ker(A — %) Therefore,

Tr(z1((1 — A)ys — y2A)) = Tr(z1p1((1 — A)y2 — y2A)p1) = 0.

For the third term, note Az — z5(1 — A) = %(plzgpl — p122p1) = 0.
In order to prove the last condition of a Kéahler polarization, we compute for X € p\ (ugog)c

e =)= (G )[04 ) (5 )

— 9Tr(alA 2]) + Teluy” — (% + y")A) — Tr(=((1 — A)z* — 2*A)
=A+4+B+C.

Again since z = pyzp, it follows that C = 0. Using the description of (ugog)c in (22), we have
that X € p\ (ugog)c if and only if p;xp; # 0 for some i = 1,...,r, j > i, or when y # 0,
y # prypi. The term A can be estimated as in the first case, but for the other term note
1yl13 = llp1yll3 + I(1 = p1)y||3, which yields

T

B="Tr(yy" — (y'y +yy")A) = |1 —po)yl3 = D (N Te(y ypi) + i Tr(yy™pi)
=2

> [|(1 = p1)ylls — X (Z Tr(pi(y(1 — p1))"y(1 — p1)pi) + Tr(pi(1 — p1)y((1 - pl)y)*pi)>
=2

> (1—2X)[[(1 - p1)yll3,

where Ao = max;—g _ , A\ < % and (1 — p1)y # 0, for y # pryp1. Hence —isp(X,X) > 0 for
X €p\ (uhpy)c O
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Now we consider the infinite spectrum case.

Remark 4.10. For following lemma we suppose that I" has infinite spectrum and ker(I') = {0}.
Thus, it can be written as

A0 -
T:<0 1—A>’ AZZ;MP@', (23)

where \; # 0, ¢ > 1, and {p;}3°, is a decomposition of the identity with the properties stated in
Remark 2.3, Thus, each p; is the projection onto the finite-dimensional subspace ker(A — \;1)
for i > 1. We again suppose that the eigenvalues satisfy \; > \; if ¢ < j, for all 4,j > 1.

Lemma 4.11 (Infinite spectrum). Suppose that T' = T'[A,0] € D has infinite spectrum, ker(I') =
{0} and T can be expressed as in (23). Then the following hold:

i) If L ¢ o(I), then

0 e ..
p:z{(i _xT>€g:pixpj:01f121,]<z}

is a weakly Kdhler polarization of upeg in sr.

i) If 3 € o(T), then

X z e . .

is a weakly Kdhler polarization of ugeg in sr.

Proof. i) The proof follows the same lines as the finite-dimensional case with the following
additional remarks. For a decomposition of the identity {p;}i>1 and x € B($)), it is well-known
that =z = ZL].le,ij, where the convergence of this series is in the WOT (weak operator
topology). Furthermore, || 3>V Zj]‘/ilpixij < ||z|| for all M, N > 1. Notice that z is then
upper triangular with respect to {p;};>1 if and only if x = > 2, zjzipixpj. From these facts
we may write z = > 7, ZjZipixpj +> 2 Zj<ipixpj, where both series converge in the WOT.
Thus, the following subspace

n;:{("g _2T>eg:pixpj20ifi21,j2i}

becomes a closed supplement for p in g. Using that the adjoint and multiplication by a fixed
operator are both continuous maps in the WO'T, all but the last of the conditions of a Kéhler
polarization are straightforward to check.

The last condition reads —isp(X, X) = —2Tr(z[A, 2*]) + Tr(yy* — (y*y + yy*)A) > 0 for all
X ep\ (ugog)c. Following the finite spectrum case treated in Lemma[4.9] in order to deal with
the first term of —isp(X, X) we need to compute Tr((zz* —2*z)A), where z = Y22, > j>i PiTD;
is now a WOT-convergent series whose partial sums are bounded in norm. To handle Tr(zz*A)
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we apply twice the fact that functionals of the form f(y) = Tr(yz), z € B1($), y € B($), are
WOT continuous on the unit ball (23] Thm. 5.3]). That is, we have

Tr(za*A) = Z Z Tr(p;xpjz*A)

i=1 j>i
o0 o0 o0
S (s (3 S ne (z Asps>
=1 j>i k=1 1>k s=1
o0
= Z Z Xi Tr(pizp;x*p;).
i=1 j>i

The term Tr(z*zA) can be handled analogously. Hence,

—2Tr(x[A,2]) =2 Y (A — A)llpiwp;l3.

i=1 j>i

Since ker(I') = {0} and A\ > Ay > ..., we conclude that A\; — A\; > 0 for all j > i. The second
term of —isp(X,X) can be treated as in the finite spectrum case. Finally, we observe that
Theorem implies now that p is weakly polarization because the spectrum of I" is infinite.

i1) Similar remarks apply to this case. g
The previous results now imply the following.

Theorem 4.12. Let I' € D. Then the following assertions hold:
i) If T has finite spectrum, then (O(T'),X(sr)) is a strongly Kdihler homogeneous space.

1) If T has infinite spectrum and ker(I') = {0}, then (O('),3%(sr)) is a weakly Kdhler homo-
) If p : : y
geneous space.

Proof. According to Theorem [A.8| there exists a diagonal gl-pdm T' = T'[A, 0] satisfying the
conditions of Lemmas [4.9/ or [4.11l Then the assertion of each item ¢) or i) follows by Theorem

A13l O

Remark 4.13. Each orbit O(I') can be endowed with a complex manifold structure such that the
maps ay : O(T') = OI), ay(I'y) = UTWU*, I't € O(I'), are holomorphic for every U € Ugeg.
Indeed, this follows by noting that the requirements of Remark [A.12] have been be checked in
Lemmas and [£.1T1] without any assumption on the kernel of T

A Appendix

A.1 Hartree-Fock-Bogoliubov theory

In this appendix we provide the necessary background on Hartree-Fock-Bogoliubov (HFB) the-
ory. Most of the material is presented following [6l [7, 8], where the reader can find the proofs
omitted here. We prefer the basis-dependent approach considered in these references, which has
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the benefit of dealing with linear operators. A basis independent approach, where one deals
with conjugate-linear operators, is also used in the literature (see, e.g., [41]).

Fock space formalism. The one-particle Hilbert space $) is a complex separable Hilbert space
endowed with an inner product (, ), which is linear in the second variable and conjugate-linear
in the first. The fermionic Fock space § over ) is defined as the orthogonal sum

§ =30 = P s,
N=0

where §V) = /\nNzlﬁ is the N-fold skew-symmetric tensor product of $ for N > 1; and
50 = CQ, where Q = (1,0,0,...) € § is the vacuum vector. Thus, each vector in FV) is a
possibly infinite combination of simple vectors of the form

1 .
fino o Afyi= \/—N—!WEZSNSIgH(W)fn(l) ®@ fr2) ® .- ® frn), [fi €9,

where Sy denotes the symmetric group and sign(7) the signature of the permutation 7. Notice
that the inner product between simple vectors on each FV) is given by

(fin o oANINs g A A gh)gon = det((fiy g5))1<ii<ns fir 9i € 9.

The Fock space § becomes a Hilbert space equipped with the inner product defined by

o0

(U1, Wa)g:= > <f1(N)7f2(N)>

N=0

F(V) ’ \I/Z - (fz(0)7f1(1)7 . ')7 1= 172

We now introduce some useful linear operators on the Fock space. Associated to each vector
f € $, there are creation operators ¢*(f) and annihilation operators ¢(f) acting on §. The
creation operator is defined on simple vectors by

= SN AN =FANfLA AN

Then, ¢*(f) extends to § by linearity. The annihilation operator ¢(f) is defined as the adjoint
c(f) == (¢*(f))*. It is noteworthy that ¢*(f) and ¢(f) are linear and conjugate-linear in f,
respectively. Further, we note ¢(f)Q2 = 0. Using that f1 A ... A fx = c*(f1)c*(f2) ... " (fn)9,
it follows that any vector of § can be expressed as a limit of polynomials in creation opera-
tors acting on the vacuum vector. Creation and annihilation operators satisfy the canonical
anticommutation relations (CARSs):

{e(f) ¢ (9)} = (f,9) 155
{"(f), " (9)} = {e(f), e(9)} = 0.

for every f,g € . Here {A, B} := AB+ BA is the anticommutator of A and B. Let B(§) denote
the algebra of bounded linear operators on §. In particular, the CARs imply that ¢(f),c*(f) €
B(F). Moreover, ¢(f) and ¢*(f) are a partial isometries on §, and the map c¢ isometric, i.e.
le(HI = 11f]l and ||c*(f)]| = || fll- The unital C*-algebra generated by {c(f): f € 9} in B(F) is
a concrete construction of the CAR algebra A = A($)) of $.
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Another important operator on the Fock space is the particle number operator N , which is

defined by
N:= P Nigm.

This is an unbounded operator, its maximal domain is given by those vectors ¥ = (f O @ )
such that > %_; NQHf(N)H%(N) < 00.

Bogoliubov transformations. Throughout, we fix an orthonormal basis {¢ }x>1 of ). Associated
to this basis, we define a conjugation on $ by

Iof == frer (24)

k>1

if f =7 4>1 k. By a conjugation we mean that Iy is a conjugate-linear isometry acting on
$ such that I3 = 1. Then, for any operator z, we define the operators

z:=Iyzly, and zT :=(2)" =7

Let B($) be the algebra of bounded operators on §). Consider two operators u,v € B($)
satisfying the following relations

uu* + vt =1 = v'u+ 077, (25)

wv+vla=0=uv? +oul. (26)

Notice that equations (25) and (26]) are equivalent to say that the following operator

U (g Z) (27)

is unitary on £ @ $. Unitary operators on $) @ $) having this form are known as Bogoliubov
transformations.

For each Bogoliubov transformation U as in (27), the operators d*(f) = c¢*(uf) + c(vf),
d(f) = (d*(f))*, also fulfill the CARs. Then there is a unique *-automorphism Sy of the CAR
algebra such that Sy (c(f)) = d(f), for all f € $ ([I9) Thm. 5.2.5]). It is of interest to know
whether there exists a unitary operator that implements the automorphism Gy on the Fock
space. There is a well-known characterization (see [3]):

Theorem A.l. Let U be a Bogoliubov transformation as in (27). Then there exists a unitary
operator U := Uy : § — § such that

Uc*(f)U* = c*(uf) + c(vf), (28)
for all f € $, if and only if Tr(v*v) < oco.

Any such a unitary operator U is called a unitary implementer of U, or simply an implementer
of U; it is uniquely determined up to a scalar factor of modulus one. The condition of the
operator v being a Hilbert-Schmidt operator is usually refer to as the Shale-Stinespring condition.
The group of all unitary implementers is also known as the current group, and it is topological
group in the strong operator topology (see [4]).
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Quasi-free states. A state w on the algebra B(F) is a complex linear map such that w(1lz) =1
and w(A*A) > 0, for all A € B(F). In particular, this implies that w is continuous. A state
is normal if there exists a density matrix p (i.e. p is a trace-class operator on §, p > 0 and
Tr(p) = 1) such that w(A) = Trz(pA), for all A € B(F). Important examples of normal states
for us are the pure states, which have the form w(A) = (¥, A¥)<, for all A € B(§), and some
unit vector ¥ € §.

We are interested in the following special class of states. A normal state w is said to be quasi-

free if it satisfies Wick’s theorem, i.e. given vectors hi,...,ho, € $ and 2n creation and annihi-
lation operators e, ..., e, € {c*(h1), c(h1), ..., ¢*(han), c(hayn) }, we have w(ey...ez,—1) =0
and

wley...e) = Z Sign(ﬂ)w(en(l)ew@))---W(ew(Qn—l)en(zn)),
TEPoy

where P», denotes the set of all permutations m € Sy, such that 7(1) < 7(3) < ... <7w(2n —1)
and w(2j—1) < 7(2j), for all 1 < j < n. For instance, when n = 2, this means that w(ejezeges) =
w(eres)w(eses) — w(eres)w(eses) + wlejer)w(eseq). Additionally, we will often restrict to the
following class of states of physical interest. A state w is said to have finite particle number if

w(N) := i Nw(M™) < . (29)
N=1

where II™) is the orthogonal projection onto FV).

Ezample A.2. In the case in which w is a pure state associated to a vector ¥ € F) for some
N > 0, then w is a quasi-free state if and only if ¥ = f; A ... A fn, for some orthonormal
vectors fi,..., fn (take ¥ = Q when N = 0). Vectors having this form are known as Slater
determinants. Clearly, the corresponding pure state has finite particle number.

Notation A.3. We will use the following notation:

Z = {w: w is a normal state};

Zy = {w € Z 1w is a quasi-free state with finite particle number}.

Generalized one-particle density matrices. Each state w gives raise to a generalized one-particle
density matriz (g1-pdm) T',,, which is defined as the self-adjoint operator on $) @ § satisfying

<<§> e (gl>>ﬁ@ﬁ = w([c"(g1) + c(@)lle(fr) + (R, fis g € 9.

g2

Since the conjugation Iy might change (or not) when the basis {¢y }x>1 changes, the definition
of I',, depends on the fixed basis. A straightforward computation using the CARs shows that

0<Ty, <1lgag. (30)

It is convenient to express I'y, as a 2 X 2 matrix of operators on $ @ 9,
Yw Ay
Tw=1"7% _ | =T , Q) 31
w <% 1_%> w[ Vs ] (31)
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Recalling that {¢j}r>1 is our fixed orthonormal basis of $), we abbreviate ¢ := ¢*(¢y) and
¢k = c(pr). The operator blocks of T'y, can be expressed as

(Pms Yospr) = W(ckem)s  (Pms G pr) = W(CCp,)- (32)

Notice that

Yoo = Yoo s O‘Z = Q- (33)
The operator 7, is called one-particle density matriz (1-pdm) of the state w. In the special case
of the pure state wy(A4) = (¥, AV)<, for some unit vector ¥ € FN) | the 1-pdm 7, satisfies
0 < 9wy <1 and it has trace equal to N. Conversely, Lieb [31] proved that for each self-adjoint
operator v on $) such that 0 < v < 1 and Tr(y) = N, there exists a unit vector ¥ € S(N)
such that v = ~,,. The 1-pdm is related to the particle number operator. Noticing that
IN =>",-, ¢ick as a quadratic form, then

w(N) = Zw(c};ck) = Tr(y,)- (34)

k>1

It follows that ~,, is a trace-class operator if and only if I',, is the gl-pdm of a state w with
finite particle number. The operator «,, is called the pairing matriz. When w(A) = (¥, AV), for
a vector U = (f 0, f @, .. .) € F, is a (pure) quasi-free state with finite particle number, then
w(]ﬁz) < 00, and its variance is expressed as

W(N?) — ()2 = 3 (n = NSO 200 = 2 Tr(afa).
n>0

Thus, the Hilbert-Schmidt norm of «,, measures the spreading of ¥ among the subspaces V).

One can define generalized one-particle density matrices without reference to a state, only
taking into account the properties that these operators have when they are associated to a state.
That is, a gl-pdm can be defined as an operator of the form

T =T|y,a] = (Z @ >€B(Y3@55)

o 1—-%

satisfying the obvious corresponding conditions (30) and (33]). It is then natural to address the
question of which gl-pdms are associated to a state. Using the relation in (34)), one can prove
the following sufficient condition ([7, Thm. 2.3]).

Theorem A.4. Let T' = T'[y,a] be a g1-pdm such that Tr(vy) < co. Then there exists a unique
quasi-free state w with finite particle number such that I' = T',.

Any gl-pdm I" = I'[y, @] such that Tr(y) < oo is called an admissible generalized one-particle
density matriz.

Notation A.5. Let B1($) and Ba($)) be the ideals of trace-class and Hilbert-Schmidt operators
on 9, respectively. The set of all admissible gl-pdms is denoted by

R R ) R R L
()
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Remark A.6. i) Note that, by the previous result, there is a bijection between quasi-free states
and the (convex) set D, namely ® : Z4 — D, ®(w) =Ty. Let U : HDH — HDH bea
Bogoliubov transformation for which there exists a unitary implementer Uy : § — §. For each
state w € Zy, define wy(A) := w(UyAUy;) for any A € A. Using (28)), it easily follows that
wy € Zq¢. Furthermore, it can be shown that ®(wy) = U*T,U.

i) We claim that I' = I'[y, @] € D implies o € Bo($). To see this, notice that 0 <T' < 1gg4 is
equivalent to

- a*(1-9)+@1-9a" -3 -a‘a )

In particular, we get that v > v% + a*, from which our claim follows by using v € By ($).

We end this collection of results on gl-pdms with the well-known relation between pure
states and projections, and a remarkable diagonalization result (see [7}, Thm. 2.6] and the proof
of [7, Thm. 2.3]).

Theorem A.7. A quasi-free state w with finite particle number is a pure state if and only if its
gl-pdm T, € D is a projection on H@© H (i.e. T2 =T,).

Theorem A.8. Let I' € D. Then there exists a Bogoliubov transformation W satisfying the
Shale-Stinespring condition such that

. (A0
WTW _<o 1_A>, (36)

where A is a diagonal operator with respect to the fized orthonormal basis {py}r>1 satisfying
Tr(A) < oo and 0 < A < 11,

Hartree-Fock-Bogoliubov theory. The Hamiltonian H is a self-adjoint operator on the Fock
space, which we additionally assume to be bounded from below. This Hamiltonian generates
the dynamics of a many-particle fermion system, that is, particles satisfying the Pauli exclusion
principle. It is of relevance to compute the total ground state energy in the grand canonical
ensemble, which is given by the Rayleigh-Ritz principle:

E

gs

=inf{w(H) : w € Z}.

Notice that the expression w(IH) € [0, o0] is well defined because H is bounded from below (see
[T, Section 2.c]). This is indeed an extension of the original formulation of the Rayleigh-Ritz
principle that only uses pure states for the computation of above infimum. Determining the
ground state energy Fgys is an almost impossible task (except in a few well-known examples).
One of the most widely used approximation methods is the (traditional) Hartree-Fock method
in quantum chemistry to calculate the energy of atoms and molecules. This method replaces
the set of all states for the set of all pure states given by Slater determinants:

Eyp = inf{(U,HP); : N € N, ¥ = fi A... A fw, (fi, f5) = 855}

In this case, one assumes that the Hamiltonian H conserves the particle number (i.c. [H,N] = 0).
Notice the upper bound Eys < Efp.
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In this work we are interested in the Hartree-Fock-Bogoliubov method, which generalizes
the Hartree-Fock method and it relies on the machinery described above between Bogoliubov
transformations, quasi-free states and generalized one-particle density matrices. In this method
the Hamiltonian is not assumed to conserve the particle number. The resulting Hartree-Fock-
Bogoliubov energy is obtained by restricting the infimum to the set of all quasi-free states:

Eyrp = mf{w(]H) Tw e qu}
— inf{&(T): T D).

In the second line, we have reformulated the infimum with the aid of the Hartree-Fock-Bogoliubov
functional defined by £(T',) := w(H), where I',, is the gl-pdm of the quasi-free state w. Observe
again that Eys < Egpp. We are not dealing with domain requirements. The quasi-free states
w for which the kinetic energy is finite (i.e. w(H) < oo) were studied for particular classes of
Hamiltonians (see [8, 29]).

Let us mention examples of Hamiltonians that are usually considered. Let A be a self-adjoint
operator on §), the one-body operator, and let W be a self-adjoint operator acting on $ ® $),
the two-body operator. We write h; for the operator 1®...1®h®1...1, where h is placed in
the jth factor of the N-th fold tensor product. Similarly, W;; acts only the ith and jth factors.
Then one considers a Hamiltonian H on the Fock space formally defined by

H= P ihi—i— > oWy

N>0 \ i=1 1<ij<N

The fermions to consider can be electrons, and A the Hamiltonian from molecular physics given
by taking h = —A — Zszl u%—’;k' — p acting on $ = L?(R3,C?), and W = ‘x—iy‘ interpreted as
a multiplication operator on ) ® $ = L*(R C?). Here r, € R®, r = 1,..., K, represents the
positions of the K nuclei, Z; > 0 are their charges, and p < 0 is a sufficiently small chemical
potential. Another example is the pseudo-relativistic Hamiltonian for describing fermions ob-
tained by taking h = vV—A +m? —m, m > 0 is the mass, and W the same as before (see [29]).
As a third example we refer to the Hubbard model treated in [7], where the Hilbert space $) is

now finite dimensional. In all cases, H fulfills the condition of being bounded from below.

A.2 Banach manifolds basics

We recall definitions and elementary properties of several geometric structures in the setting
of manifolds modeled on Banach spaces. Basic definitions of notions such as Banach manifold,
smooth or C'*° maps between manifolds, Banach-Lie group, exponential map, etc. can be found
in [28]. The special setting of analytic Banach manifolds is treated in [43]. For several geometric
structures in Banach manifolds and their interplay with operator theory we refer to [12]. We
write manifold for refer to a real or complex smooth manifold modeled on a Banach space.
Also we omit the terminology Banach manifold, Banach-Lie group, etc., which are replaced by
manifold, Lie group, etc. The tangent space of a manifold M at a point p (resp. cotangent
space) is denoted by T),M (resp. T,;M). When f : M — N is a smooth map between two
manifolds, we write T}, f : T,M — Ty, N for the tangent of f at p. Given Lie groups G, K, .. .,
we use the notation g, ¢, ... for its Lie algebras. The exponential map of Lie group G is denoted

by expg.
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Homogeneous spaces and submanifolds. Let M be a manifold. A Lie group G acts smoothly on
M if the there is a smooth map G x M — M, (g,p) — ¢ - p, such that (gh) -p =g (h-p),
and 1-p = p for every g,h € G and p € M. Notice that in this case the map m, : G — M,
mp(g) = g - p is also smooth. The orbit of a point p € M is defined by O(p) :={g-p: g € G}.
The action is said to be transitive if O(p) = M for some p € M. The isotropy group at p € M is
Gp :={g € G : g-p=p}. Clearly, there is a bijection O(p) = G/Gyp, g-p — gGp. A smooth map
[+ M — N between two manifolds is called a submersion at p € M if T,f : TyM — Ty N is
surjective and ker(7, f) is a complemented subspace in T,,M. In the case that f is a submersion
at every point of M, it is said that f is a submersion.

Let G be a Lie group acting smoothly and transitively on a manifold M. If there is some
point p € M such that the map m, : G — M, m,(g) = g - p is a submersion at 1 € G, then
M is called a smooth homogeneous space of G. We observe that the existence of such a point
p € M in the above definition is actually equivalent to the fact that every point in M have that
property.

Let M be manifold and N a subset of M. N is an embedded submanifold of M if for each
point p € N there exists a Banach space E and a chart (W, ¢) at p, ¢ : W C E — M, ¢(0) = p,
such that gV N (F & {0})) = ¢(W) N N, where F is a closed and complemented subspace in
E. A smooth map f : M — N between two manifolds is called an immersion at p € M if
Tpf : TyM — Ty N is injective and ran(7}, f) is a complemented closed subspace in T),M. In
the case that f is an immersion at every point of M, it is said that f is an immersion. The
following criterion is useful.

Proposition A.9. Let M, N be two manifolds, N C M. Then N is an embedded submanifold
of M if and only if the topology of N coincides with the topology inherited from M and the
mnclusion map N — M is an immersion.

The notion of Lie subgroup is related to the construction of homogeneous spaces. This notion
is not uniform in the literature, see for instance [34] where various notions are recalled; and also
some pathologies are pointed out, which only show up in this context of infinite dimensional
Lie groups modeled on Banach spaces. In this work we use the most restrictive notion available
following [18]: a subgroup K of a Lie group G is a Lie subgroup if K is an embedded submanifold
of G. In particular, this allows us to state the next result as follows.

Theorem A.10. Let G be a Lie group with Lie algebra g, K a closed subgroup of G, and set
L(K):={X € g:expg(tX) € K, Vt € R}.
The following assertions hold:
i) L(K) is a closed Lie subalgebra of g.

i1) If there are open neighborhoods 0 € V C g and 1 € W C G such that expg : V — W is
a diffeomorphism and expo(V NL(K)) = WN K, then K carries a Lie group structure
endowed with the relative topology inherited from G such that L(K) is the Lie algebra of
K and expg = expg (k) 1 LK) — K.

i11) If, in addition, L(K) is a complemented subspace in g, then K is a Lie subgroup of G
and the quotient space M := G /K carries the structure of a manifold equipped with the
quotient topology such that the natural projection m : G — M, w(g) = gK, is a submersion.
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Furthermore, G acts smoothly on M by the left translation action defined by G x M — M,
g-hK = ghK.

We observe that the manifold structure on G/K is uniquely determined by the condition
that the projection 7 is a submersion. Also the previous result has the following converse. A
smooth homogeneous space M of a Lie group G must be diffeomorphic to G/G), where G), is
the isotropy group of G at any point p € M, and G, turns out to be a Lie subgroup of G. Let
gp be the Lie algebra of G,. A reductive structure for a smooth homogeneous space M of a Lie
group G is a smooth distribution of closed subspaces {m,},cns of g such that g, & m, = g and
Ady(my,) = m,, for every g € G, and p € M. A smooth homogeneous space equipped with a
reductive structure is called a reductive homogeneous space.

Symplectic homogeneous spaces. A weakly symplectic manifold is a pair (M,w) of a manifold M
and a non-degenerate closed differential 2-form w taking values on R. It is said to be a strongly
symplectic manifold if for every p € M the injective map T, M — T M, v — wp(v,-), is also
surjective. Notice that the notions of weakly and strongly symplectic manifolds clearly coincide
for finite dimensional manifolds. In the case in which M = G/K is a smooth homogeneous
space of G, consider the smooth map ay : M — M defined by ay(hK) = ghK. A 2-form w is
called invariant if (oy)*w = w for all g € G. Here (ay)*w indicates the pull-back of w by «.
A weakly (resp. strongly) homogeneous space is a weakly (resp. strongly) symplectic manifold
(M,w), where M = G/K is a homogeneous space of G and the form w is invariant.

Although the forthcoming definitions can be given for a Banach space 3, we only assume that
3 =R or 3 = C, which are the only cases needed in this work. A continuous 3-valued 2-cocyle of
a Lie algebra g is a continuous skew-symmetric function s : g x g — 3 such that

s(X, Y, Z]) +s(Z,[X,Y]) +s(Y,[Z,X]) =0,

forall X,Y, Z € g. Itis called a coboundary if there is a continuous linear map f : g — 3 such that
s(X,Y) = f([X,Y]). Let Z2(g,3) and B2(g,3) be the space of continuous 3-valued 2-cocycles
and the subspace of coboundaries, respectively. The second continuous cohomology Lie algebra
space is defined as the following quotient of vector spaces HZ2(g,3) := Z2(g,3)/B>*(g,3). Two
continuous 3-valued 2-cocycles are said to be cohomologous if their classes coincide in H2(g,3).

Let G be a Lie group, K a Lie subgroup of G and M = G/K. Let g and £ be the Lie algebras
of G and K, and 7 : G — G/K the natural projection, p = m(1). Suppose that s € Z?(g,R) is
such that ¢ ={X € g:s(X,Y) =0, VY € g}. Since T, M = g/¢, and using the relation between
£ and s, the following non-degenerate skew-symmetric bilinear map is well defined:

wp(X +5Y +8):=s(X,Y), XY caq.

Then it can be smoothly translated to other points of M by using the above defined maps ay,
namely

wg'p(v’ w) = wp(Tg'p(O‘g_l)(v)’ Tg'p(ag_l)(w))’ v,w e Tg'PM‘
We write w = X(s) for the differential 2-form defined by w := {wg.p}geq. For finite-dimensional
Lie groups this construction provides an invariant symplectic form on their coadjoint orbits. We
now state its generalization to the setting of Banach manifolds.

Theorem A.11. Let G be a Lie group, K a Lie subgroup of G and M = G/K. Assume that
s € Z2(g,R) satisfiest = {X € g:s(X,Y) =0,VY € g}. Then (M,X(s)) is a weakly symplectic
homogeneous space.
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Kahler homogenous spaces. Let G be a real Lie group and K a Lie subgroup of G. Then,
M = G/K has the structure of real smooth homogenous space. Assume that (M,w) is a weakly
(resp. strongly) symplectic homogeneous space of G satisfying the following conditions: M is
actually a complex manifold and the maps ay : M — M, ay(hK) = ghK are holomorphic for
all g € G; wy(v,w) = wy(Jpv, Jyw) for all v,w € T,M and p € M, where J, is the complex
structure on T, M giving the multiplication by i; and wy(v, Jov) > 0 for all v € T, M, v # 0, and
p € M. In this case, (M,w) is said to be weakly (resp. strongly) Kdhler homogenous space of G.

Next we describe how Kéhler homogenous space can be constructed in Lie algebraic terms.
Given a real Lie group G with Lie algebra g we write gc for the complexification of g, and we
denote by a — @ the involution of gc whose set of fixed points is given by g.

Remark A.12. The following criterion was proved in [II]. For real smooth homogeneous space
M = G/K there is a bijective correspondence between, on one hand, complex manifold structures
on M such that the smooth structure underlying the complex structure is just the smooth
manifold structure of M and the maps a4, g € G, are holomorphic, and on the other hand,
closed complex subalgebras p of gc such that

p+P=gc, pNp==tc, and Adyp Cp, h e K. (37)

Theorem A.13. Let G be a real Lie group, K a Lie subgroup of G and M = G/K a smooth
homogeneous space. Let s € Z2(g,R) satisfying ¢ = {X € g: s(X,Y) =0, VY € g}. Denote by
w = X(s), and consider the C-linear extension s : gc X gc — C. Moreover assume that p is a
complemented subalgebra of gc with the properties stated in (37)), and assume that M has the

structure of a complex manifold given by p. Then (M,w) is a weakly Kdhler homogenous space
if and only if the following hold:

s(pxp)=0, and —is(a,a)>0, a€p) tc. (38)

Furthermore, if the injective map g/t — (g/8)* =~ Ty M, X + € = w,(X + ¢, -), is surjective,
then (M,w) is a strongly Kahler homogenous space.

A complemented subalgebra p of gc satisfying the conditions in (37) and (B8) is called
a weakly Kdhler polarization of g in s. If the last condition in the previous theorem is also
satisfied, then it is called a strongly Kdahler polarization of g in s. For a proof of Theorem [A.13]
we refer to [12].
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