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1 Introduction

This paper is devoted to the study, mainly from a quantitative point of view, of differential
algebraic equation (DAE) systems of the form:

H(X,0) - X

(%) = fa(X,0) - X,
‘ gl(X,U,U,...,U(el)) = Y )
\gT(X’UaU,-..,U(eT)) — }/r

where f1,..., f, are polynomials in the n+m variables X := Xy,..., X,,, U :=Uy,...,Up,
and, for every 1 < j < r, g; is a polynomial in the n + (e; + 1)m variables X, U and

the derivatives U® := Ul(i), ey ,S?, 1 <@ < ej, with coefficients in a differential field k
(for instance k := Q, R, C, Q(¢), etc.). The constants e; € Ny denote the order of the
respective equation g; in the variables U. The variables Y := Y7,...,Y, are a new set of

differential indeterminates which can be viewed as parameters (while the variables X and
U are the unknowns of the system). So, it is quite natural to extend the ground field k to
the differential field L := k(YY) (i.e. the smallest field containing k and all the successive
derivatives of Y') and consider our input system also as a system over L. Even if we do not
assume, as customarily, a differential 0-dimensional situation (r may be strictly smaller
than m), we will suppose that the last r equations are “independent” in a suitable natural
way defined in Section 2.1

DAE systems like (X) can be regarded from several points of view: for instance, this
kind of systems arises in Control Theory (see for instance [8] and [3], Section 4]); they may
also be interpreted as the equations defining the graph of a differential morphism (see
[21]). The system (3) may be viewed as a family of usual polynomial DAE systems where
the second member parametrizes the family and takes arbitrary values outside a suitable
proper algebraic Zariski closed set (see [30), Section 5.2]). In this last sense we say that
the system (X) is generic.

We will focus on several basic topics concerning the system (X), including the number
of differentiations that suffice to obtain explicit equations, a description of all the relations
of a prescribed order that all the solutions must verify and the number of initial conditions
that can be arbitrarily fixed. All these aspects have been studied extensively during the
last two centuries beginning with two posthumous articles by Jacobi ([I2] and [13]). The
present paper (as well as most of the previous ones on the subject) may be considered as
a modern approach to the work done by Jacobi in these remarkable and not sufficiently
known papers.

The main notion we will consider is the differentiation index, which is a well known
and important invariant associated to a DAE system (customarily for first-order and 0-
dimensional systems).

There are many different, not always equivalent, definitions of differentiation indices

(see for instance [2], [26], [3], [8], [27], [25], [16], [20], [33], [23] and [24]). Here we are

mainly interested in the so-called global differentiation index (see [2] Section 2.2]). Roughly



speaking, the differentiation index represents the minimum number of times that all or
part of a given DAE system must be differentiated in order to obtain an equivalent explicit
ordinary differential equation (ODE) system; in other words, the number of differentiations
required to determine the derivatives of a certain order of the unknowns as continuous
functions of derivatives of lower order of the unknowns (see [2 Definition 2.2.2]). In some
sense, the index can be regarded as a measure of the complexity of the DAE system.
From the theoretical point of view it represents the distance between the given system
and another one for which an existence and uniqueness theorem holds (see [26]). On the
other hand, from the point of view of its numerical resolution, it is closely related to the
condition number of the iteration matrix in the implicit Runge-Kutta method (see [2]
Theorem 5.4.1]).

In this paper we give a precise algebraic definition of a differentiation index for DAE
systems as (X), not necessarily of first order nor 0-dimensional (see Definition [IH below),
by means of certain stationary properties of the ranks of suitable Jacobian sub-matrices
which are proved in Section Bl Another equivalent definition of this index, in terms of
a quite natural filtration given by the successive differentiation of the input equations,
is implicitly contained in Theorem [I7] below. In particular, this last formulation shows
how the differentiation index uncovers constraints that every solution must satisfy. This
approach is closely related to the classical algorithmic definitions of the differentiation
index by means of iterated prolongations (differentiations) and projections (eliminations)
(see [26], [5], [I8] and [27]).

Our theoretical approach has the advantage of leading to a polynomial time algorithm
which computes the index of the input system (X) by simple comparison of ranks of
Jacobian matrices (see Section [1.3.2]). For previous work related to the computation of
differentiation indices of DAE systems, we refer the reader to [5], [18], [26], [27], [25], [23],
[24], [34] and [19].

As we said before, the notion of differentiation index is closely related to the possibility
of writing certain derivatives of the unknowns in terms of derivatives of lower order of these
unknowns. Unfortunately, in general, this cannot be done using only the algebraic relations
induced by the original equations. For example, if all the equations have order one, this
nice situation, which is usually ensured by the Theorem of Implicit Functions, corresponds
exactly to those systems whose associated index is 0. However, in the general case, by
successive differentiations (as many as the index) we can always obtain such a situation.
Evidently, the new explicit system comes out of the frame of the polynomial (or even
rational) systems. Under certain additional conditions on the system (X), we are able to
compute an implicit ODE system which is equivalent to () (see Section[); in particular, in
the case of a first-order system, we give an implicit but simple polynomial way to describe
it, distinguishing the variables by their interrelations (namely, “free variables”, “implicit
variables”, etc.). Moreover, we can estimate degree and order upper bounds for the implicit
equations involved in the equivalent ODE systems (see Subsection 3] and give an
algorithm to compute them with polynomial complexity in terms of an intrinsic parameter
related to the geometric degree of suitable associated algebraic varieties (Proposition [33)).

Our method also allows us to give a new upper bound for the regularity of the Hilbert-
Kolchin function (or differential Hilbert function) associated to the DAE system (X). The
Hilbert-Kolchin function is introduced in [I4, Chapter II] in order to estimate, for each



non-negative integer 7, the degree of freeness of the first i-derivatives of the unknowns
modulo the relations induced by the input equation system (see also Section below for
a precise definition in our case).

As it happens for the classical Hilbert function associated to homogeneous polynomial
ideals (see for instance [I, Chapter 11]), the Hilbert-Kolchin function becomes a well
defined polynomial for sufficiently big arguments i (in the ordinary differential setting,
this polynomial is extremely simple since its degree is at most 1). The regularity of the
Hilbert-Kolchin function is defined to be the first non-negative integer from where the
function and the polynomial coincide. It is well known that this regularity can be exactly
described in terms of the orders of the elements in a characteristic set associated to any
orderly ranking (see the proof of [14) Chapter II, Section 12, Theorem 6] or [4, Theorem
3.3]). In this article (see Theorem [[9 below) we show that max{l,e;,...,e,} — 1 is an
upper bound for the regularity of the Hilbert function for the system (X) over the field
L (notice that no characteristic sets are involved in the bound). In particular, if (X) is a
first-order system, the regularity of the Hilbert-Kolchin function is 0; in other words, the
Hilbert-Kolchin function and the associated polynomial coincide for all .

As further consequences of our techniques we deduce Bézout-type bounds for the differ-
entiation index and the order of the input system (X) in terms of the orders of its defining
equations (see Remark [[6] and Subsection [£22]). A similar bound for the differentiation
index may also be obtained by rewriting methods as in [30, Section 5.2] (see also [8 Section
3] for an analogous bound for 0-dimensional first-order systems). Concerning the order,
we recover Ritt’s differential analogue to Bézout’s Theorem ([28, Ch. VII, p.135]). A more
precise bound for the order of a 0-dimensional system was conjectured by Jacobi (see [12])
and proved in [I5] under additional hypotheses which are met in our situation (see also
[29], [22]). We point out that a convenient refinement of our approach may be applied to
obtain Jacobi-type bounds for both the order and the differentiation index, which will be
the subject of a forthcoming paper.

The paper is organized as follows: basic definitions and notations are introduced in
Section Bl Section Blis devoted to the study of the behavior of an integer sequence which
is strongly related to the ranks of suitable Jacobian sub-matrices of the input equations
and their successive derivatives. In Section [4] we give a precise algebraic definition of the
differentiation index based on the behavior of this sequence, and an equivalent description
of it in terms of the variety of constraints (Subsection [A1]). Our results on the Hilbert-
Kolchin function of the differential ideals associated with the considered DAE systems are
presented in Subsection we estimate the regularity of the Hilbert-Kolchin function in
Subsection 2Tl and the order of the induced differential ideal in terms of the orders of the
equations in the given system in Subsection[£2.2} further, a first result related to equivalent
explicit ODE systems is given for the differential O-dimensional case in Subsection A.2.3]
This result is refined in Section Bl by introducing a more accurate definition of the index,
which is done in Subsection B.1], and generalized for first-order systems with positive
differential dimension in Subsection Finally, we present quantitative and algorithmic
considerations concerning these results in Subsection
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2 Preliminaries

2.1 Basic definitions and notations

Let k be a characteristic zero field equipped with a derivation § (for instance k = Q, R or
C with ¢ := 0, or £k = Q(t) with the usual derivation §(¢) = 1, etc.).
For an arbitrary set of (differential) indeterminates Z := Z, ..., Z, over k we denote

the I-th successive derivative of a variable Z; as Z j(l) (as customarily, the first derivatives

are also denoted by Z;); we write Z() := {Zfl), e Zc(f)} and ZW .= {Z®W 0 <i <I}. The
(non-noetherian) polynomial ring k[Z"), | € Ng], called the ring of differential polynomials,
is denoted by k{Z1,...,Z,} and its fraction field by k(Z1,...,Z,). Given a finite set of
(differential) polynomials Hy,...,Hg € k{Z1,...,Za}, we write [Hy,...,Hg| to denote
the smallest ideal of k{Z,...,Z,} stable under differentiation, i.e. the smallest ideal
containing Hi, ..., Hg and all their derivatives of arbitrary order. The ideal [Hy,. .., Hg]
is called the differential ideal generated by Hy,..., Hpg.
We deal with a particular class of differential algebraic equation (DAE) systems:

f1(X,0) = X
a(X,U,U,...,U¢)) = v,
[ ¢(X,U,U,....U®)) =Y,

where f1,..., f, are polynomials in the n+m variables X := Xy,..., X,,, U :=Uy,...,Up,
and, for every 1 < j < r, g; is a polynomial in the n + (ej + 1)m variables X, U and
the derivatives U® = Ul(i), ey T(,Z;), 1 < i < ej, with coefficients in the field k. The
constants e; € Ny denote the order of the respective equation g; in the variables U, i.e.,
the order of the highest derivative of a variable in U appearing with non-zero coefficient
in this polynomial. The variables Y :=Y7,...,Y, form a new set of indeterminates which
we regard as parameters (while the variables X and U are the unknowns of the system).
We allow n to be equal to zero (i.e. no variables X appear in the system).

In addition, we will assume that the polynomials ¢; are differentially algebraically
independent over k as elements of the fraction field Frac(k{Y, X, U}/[f1i—X1, ..., fn—Xu]),
i.e. there is no non-trivial differential relation involving the classes of the differential
polynomials ¢1,...,g, over k. This assumption guarantees that the differential ideal of
kE{Y, X,U} associated to system ([II) does not contain a non-zero differential polynomial
involving only variables Y.

For any differential polynomial ¢ lying in a differential polynomial ring k{Z1, ..., Z,}



the following recursive relations hold for the successive derivatives of g:

99 = g

g1

o (1-1) (i+1)

gV = §(gC )-{-Z’] ® Z; for [ > 1,
J

where 0 (g(lfl)) denotes the polynomial obtained from ¢(=1 by applying the derivative 8
to all its coefficients (for instance, if k is a field of constants, this term is always zero).
Concerning the system (Il) we also introduce the following definitions and notations:

e L denotes the fraction field k(Y').

e e:=max{l,ej,eq,...,e}.

e For every | € Ny we set:
Y o= f0 o xD e gx gl i=1,...,n,
GV = gV vV ekl xW pltel] =1,

For every | € N, A; denotes the polynomial ring A; := ]L[Xm, Um] and A; C Aj_14e
the ideal generated by Fl=1 gli-1] (observe that the ideal A; is contained in A;_1,
because the orders of F™D and GU=1) are at most [ — 1 +¢). We set Ag := (0).

A = [F,G] C L{X,U} is the differential ideal generated by the polynomials F :=
Fi,....F, and G :=G4,...,G,.

e K is the differential field k(X)(U) with the derivation induced by X; = f;(X,U),
1=1,....n

The hypothesis on the differential algebraic independence of the polynomials g; (1 <
j < r) easily implies that the ideal A has differential dimension m — r over L (see for
instance [7, Proposition 12]). Furthermore, the map

Xjr—>fj,j:1,...,n, Yi—g;, j=1,...,r, and U;—=U;, j=1,...,m,

induces an isomorphism between the fraction field Frac (L{X,U}/A) and the differential
field K = k(X)(U) (see [, Remark 7]).

In the sequel, in order to simplify notations, for any g € L{X, U}, we will also write g
for its class in L{X,U}/A or in its fraction field K (the ring where we consider the object
will be clear by the context). In the same way, ¢ will denote either the derivative of g in
L{X,U} or its derivative as an element of K, and so on.

2.2 Associated Jacobian sub-matrices

Here, we introduce the Jacobian matrices and sub-matrices we will deal with throughout
the paper. From the considered differential system (), we define a family of sub-matrices
constructed from the (infinite) Jacobian matrix associated to the (infinitely many) poly-
nomials FO and G with respect to the (infinitely many) variables X @) and UV,



Definition 1 For each k € N and i € N> (i.e. i € Z and i > e — 1), we define the
matriz Jy,; € KFOA)Xkmtm) g follows:

HFli—e+l) HFli—et+l)
oX (+1) QU (i+1) 0 0 o 0 0
oG li—e+1) oG li—e+1)
oX (+1) QU Gi+1) 0 0 o 0 0
ki = : . : : : :
aF(iflek) aF(i76+k) aF(iflek) aF(i76+k) aF(i76+k) aF(iflek)
oX () QU (i1 0X (+2) UGty T ToxXGrR) oU G+E)
aG(i76+k) aG(i76+k) aG(iflek) aG(i76+k) o aG(iflek) aG(iflek)
0X(i+1) oU (i+1) 0X(i+2) oU (i+2) 0X (i+k) oU (i+k)

In other words, Jj; is the Jacobian matrix of the polynomials

F(i—e-f—l)’ G(i—e-}—l)7 o 7F(i_e+k), G(i—e+k) c ]L[X[i—e-i-k‘-i-l}’ U[Z+k]]

with respect to the variables X 0+D @+ x(+k) 7(i+k)  where the entries are re-
garded as elements in K.

Observe that the block triangular form of J;, ; follows from the fact that the differential
polynomials F—¢t) and GU—¢*t) have order bounded by i 4 [. Hence, their derivatives
with respect to the variables X (+7) and U(+9) are identically zero for j > 1 + 1.

The matrices Jj ; are strongly related with some algebraic facts concerning the (alge-
braic) ideals A; introduced in the previous subsection:

Proposition 2 Let k € N and ¢ € N>._;. Then:

(i) The transcendence degree of the field extension
Frac(Ai/(Ai—et 146 N A;)) <= Frac(Aipr/Di—ei14k)
equals the dimension of the kernel of Jp ;.
(ii) The following identity holds:
trdegy (Frac(A;/Aj_er140xNA)) =(m—7r)(i+1)+e(n+r)— dimK(ker(J';,i)),
where 32,2‘ denotes the usual transpose of the matriz Jy ;.

Proof. In order to prove (i) we follow closely the proof of [7, Proposition 16] (see also [21

Theorem 10]): since the polynomials Fi(p ) and Gg»p )

have order p+1 and p+e; respectively,
we conclude that for ¢ > e — 1, the polynomials F li=e] and Gli—el belong to the ring A;. In
any case (even if i = e — 1), we may consider Frac(A4;1x/A;_et1+k) as the fraction field of

the domain
R:= K[XWHD ytth)  xO+k) k) (pli=etl) qlizetl)  pli-etk) glizeth)y

where K denotes the field Frac(A;/(A;—ci14k N A4;)).



Then, the transcendence degree we want to compute is the dimension over the field
Frac(R) (or equivalently, over Frac(A;1x/A;_ct1+)) of the kernel of the Jacobian matrix
associated to the K —algebra R (see for instance [I7, Chapter VI, §1, Theorem 1.15]). This
Jacobian matrix is exactly the matrix Jj ;. To finish the proof of (i), it suffices to show
that the dimension of both kernels (namely, over Frac(R) and over K) of Jj ; is the same.

Let us observe that the entries of Jj;; can be regarded as polynomials in the ring
E[X, UM ¢ K, which is isomorphic to k[Y—etkl x[+k] [rlitkl] /(plizethk] Gli-etk])
After tensoring by L, this last ring becomes A;y;/A;_¢111+k. Now, since LNA = 0, the rank
of Jj ; is preserved after that tensoring and so, its rank over the fraction field of k[ X, U [Hk]]
(and therefore, over K) is equal to its rank over the fraction field of A; i x/Aj_ei1tk
(namely, Frac(R)). This finishes the proof of (i).

For part (ii), it is easy to see that the polynomials F' ) Q) form a regular sequence
(see for instance [7, Corollary 9]) and hence, the field extension L < Frac(A;1r/Ai—et1+k)
has transcendence degree equal to the number of variables in A;; minus the number of
generators of the ideal A;_¢ 1.k, thatis (i +k+1)(n+m)—(i—e+k+1)(n+7r) =
(m—r)(t+k+1)+e(n+r). The result follows by considering the tower of fields

L — Frac(A;/A;_cir14k N A;) = Frac(Ajk/Di—er14k)
and part (i), noticing that dimg ker(Jy ;) = k(m — r) + dimg ker(fj',;,i). ]

Remark 3 The equality in part (ii) of Proposition [2 also holds for k = 0 defining
dimK(ker(fjai)) =0 for i > e — 1. This follows from the fact that N;_cy1 C A; is
generated by a reqular sequence, as in the proof of that Proposition.

Remark 4 Fiz an index i > e — 1. Note that the prime ideals (A;_cq14k N Ai)ken, form
an increasing chain of ideals. Since A; is a noetherian ring, this chain must be stationary
for k big enough, and so, from condition (ii) of Proposition [2, the sequence of integers
(dimg ker(J};i))keNo is mon-decreasing and becomes stationary for k big enough.

In the next section we proceed to study more closely this kind of stationary properties
related to the rank of the matrices Jy, ;.

3 The rank of Jacobian sub-matrices

The aim of this section is to study the behavior of the ranks of the matrices J;; when
k and/or i run over N and Nx._; respectively, which will provide us with some informa-
tion about certain invariants of the system (II), namely, the differentiation index and the
regularity of the Hilbert-Kolchin function.

We introduce a double sequence piy, ; of non-negative integers associated with the ma-
trices Jp;:

Definition 5 For k € Ny and i € N>._1, we define jux; € No as follows:

— oy =0, for every i € N>c_1;



— i = dimg ker(%vi) = k(n +r) — rankg(Jx,;), for k> 1 and i € Ny.

Now, we will focus on the study of certain stationarity properties of the sequence
(ttk,i)k,i- We begin by analyzing the behavior of the sequence (fu,;)r when the index i is
fixed, which will be done by comparing the matrices J; for £ € N.

First, let us observe the following obvious recursive relation which holds for every
k> 1:

0 0
Ikyi 0 0
~ o . . . 9
Jk+1,i 0 0 (2)
8F<i76+k+1) 8F('Lfe+k+1) 8F<i76+k+1) 8F('Lfe+k+1)
X G+1) U G+1) e 9X Gitk+1) U GiTk+1)
8G(i76+k+1) 8G(ife+k+1) oG i—e+k+1) 8G(ife+k+1)
X G+1D) U G+1) e 9X Gitk+1) U GiTk+1)

When the differential system () is linear (for instance, if k£ := Q and the system ()
is of type AU + BU =Y, where A and B belong to Qm*™), the matrices J,; have a nice
Hankel-block type form, but this is not exactly our situation. However, there is a main
relation arising from their underlying differential structure which enables us to study them
also in our non linear setting:

Proposition 6 Let Z := Zy,...,Z, be differential independent variables and let H be a
differential polynomial in k{Z}. For all l,j € Ng the following relation holds in K:

oH® gD gHW
07070 | T 970D az0) 3
OH®
In particular, if H € {F,G} and Z € {X,U}, we have that ——— = 0 for every j > l+e,

070G+
since the order of HWY is at most | + e, and therefore identity (3) implies that

oHY  9HWY
972G+ — 920

Vi>l+e. (4)

Note that these identities are also valid over the differential field K, where the derivation
is now the one induced by Xj = f;(X,U) in K and all partial derivatives are regarded as
elements in K.

Due to the triangular form of Ji; and condition ({]), all the matrices Ji; have the
same (n 4+ 1) x (n+m)—block J1; in their main diagonal.

Proof. Straightforward from the definitions and the Chain Rule. m

We are now ready to prove the first stationarity property of the sequence (py ;)i (see
also Remark [4] above):



Proposition 7 For each fized i € N>._1, the sequence (fir;)ren, i non-decreasing and
verifies the inequality

nmin{k,e — 1} + Z min{k,e —e;} < pg; < min{k,e} (n +r). (5)
j=1

In particular, there exists k € Ny (depending on i), 0 < k < e+n+ Z;Zl ej, such that
ki = k41,3

Proof. The fact that (y ;) is a non-decreasing sequence follows immediately by observing
that ker(J}, ;) x {0} C ker(Jj,,, ;) for every k € N (see (@), also Remark H).

For every non-negative integer k € Ny, the matrix Jj; has k(n + ) rows. Therefore,
dimker(J% ;) < k(n + r). On the other hand, due to Proposition 2 Remark [3 and the
definition of L i, we have that trdegy (Frac(A4;/Ai—er14£NA4;)) = (m—7)(i+1)+e(n+r)—
pi- Now, trdegy (Frac(A;/Aj_cy1+k N A;)) > trdegy (Frac(A; /AN A;)), since Aj_eyp145 N
A; € AN A;, and so, the fact that the differential dimension of A is m — r implies that
trdegy (Frac(A4;/ANA;)) > (m —r)(i +1). Hence, puy; < e(n+ r) holds.

In order to show the other inequality, we observe that, since the order of the polynomial
G§p ) is p + e; (1 < j <r), the partial derivatives BGg-p )/ 09X and BGg-p )/BU (@) are all
zero for ¢ > p+e;. In particular, we conclude that for ¢, s € N, with ¢ > s, the derivatives
aGg»ZfeH)/aX(H'S) and aGg»ZfeH)/(?U(HS) are zero if i +s > i — e+t +¢;, or equivalently,
if e —e; >t —s. So, each polynomial G; induces min{k,e — e;} many null rows in the
matrix Ji ;. Analogously, each polynomial F; induces min{k, e — 1} many null rows in this
matrix.

We conclude that the matrix Ji; has at least nmin{k,e — 1} + >"_; min{k, e — ¢;}
null rows. Thus, the dimension of the kernel of the transpose matrix J% ; (Le. uy;) is at
least nmin{k,e — 1} + > 7 min{k,e — e;}. 7

The second assertion follows directly from the fact that for every k > e, the inequality
@) reads n(e — 1) +>77_(e—ej) <ppi<e(n+r). m

In fact, in Theorem [@ we are able to prove a more precise result than that of Proposition
[ the sequence (fiki)ken, is strictly increasing up to a certain index k; < e+mn+ Z;Zl €j
where it becomes stationary.

For the sake of simplicity, we will use the following notations:

Notation 8 The variables X,U involved in system (1) are renamed in the following way:
Zj=Xj forj=1,...,n, and Z,; :=U; forj =1,...,m (and the same is done for their
corresponding formal derivatives). Analogously, the polynomials are renamed as: H; := Fj
forj=1,...,n, and H,; :=G; forj=1,...,r.

With these notations, the matrix Jj ; involves exactly the derivatives of the polynomials
H=e+14P) with respect to the variables Z(+9) | with p=0,...,k—1land ¢=1,...,k.

Theorem 9 Fix an inder i € N>._; and let k; € Ny be the minimum of all the k’s in
No such that pigy1,; = pk,; (this minimum is well defined due to Proposition [7). Then
Pk = Bk, for every k > k;.

10



Proof. According to Notation [ we will rename variables and equations as Z := (X, U)

and H := (F,G).
The result is clear for k; = 0: in this case, pu1; = 0, which is equivalent to the fact
HH i—e+1)
that the matrix J;; = W COR has full row rank. From identity () in Proposition

we conclude that Jj ; has full row rank too or, equivalently, that s, ; = 0 for all k.

Now, let us assume that k; > 1. It suffices to show that the equality p; = pp—1, for
an arbitrary index k > 2, implies pg41,; = f ;-

In the sequel, for a vector v € K" t7) we will write its description as a block vector
v=(v,...,v) with v; € K"*".

Due to the recursive relation (2), the identity ker(Jj, ;) x {0} = ker(J},, ;) N {vk41 = 0}
holds in KE+HD®+7) for every k € N and so, the equality Wi = k41, 1S equivalent to the
inclusion ker(J +1.4) € {vk+1 = 0}. Then, the theorem is a consequence of the following
recursive principle:

Claim: For all k € N, ker(J}, ;) C {vk = 0} implies ker(J},, ;) C {vg41 = 0}

Proof of the Claim.- Let us show that if (vi,...,vp41) € ker(J}, ;) then, the vector
w = (wy,...,w) € KF®+7) defined as

Wy = Vg1, wji=vjp — Wi, j=k—1,...,1,
lies in ker(J?, ), which implies the Claim.

aH(i—e-i-é)

0Z(i+7)
Hence, we have that w € ker(J}, ;) if and only if the following identities hold over K for
every 1 < j <k:

Our assumptions on the order of the equations imply that =0 for ¢ < j.

k o i—et0)
ZW a7+
l=j
We will proceed recursively for j = k., k —1,...,1. For j = k, the definition of w and
identity (@) imply that

aH(i—e—i—k) aH(i—e-l—k-l—l)

W:’Uk+1 720

W 97 (itk+1)

HH (i—e+l)

Now, assume that Z wy 276D

(=j+1

= 0. Differentiating this identity in K and using

identity ([B) we get:

O i—et0) k (aH(i—e+£+1) O i—et0) >

Z we 97+j+1) Z we o7G+i+1) ity
(=j+1 (=j+1

11



This implies that

E pHl—et) pHU—et) I gplerh B gy l-etttn)
;WW R VG Z v gD Z oz
=J
B k . aH(Z_e-M) 8H(z—e+k+1)
= Kz;Ll(WJFWl) o7 i+i+1) + Wk 07 (i+3+1)
=j
KL gppli-eto) k1 g pi—ett)
B Z;Llw 7+ =1 Yoz T 0’

where the second equality follows from identity () and the third one is simply the definition
of w. This concludes the proof of the theorem. m

So far, we have studied the behavior of the sequence (py,;)x for an arbitrary (but fixed)
index i € N>._;. In the remaining part of the section we will analyze the sequence (p ;)
fixing the index k € N.

We start by exhibiting a (non K-linear) bijection between the kernels of the matrices
Jk,i and Jj ;41 for any index k € N.

Lemma 10 Let (v1,...,v) and (wy,...,wg) be arbitrary elements in KFH™) (here v;
and w; denote vectors in K"™™ for every index j). Then, for each i € N>._1, the function
g : KF(tm) _ KEOAm) defined as O(vy, ..., v) = (v1,v2 — 01,03 — D, . .., Uk — Vp—_1) Maps
ker(Jx,it+1) into ker(Jy;). Moreover, 0 is a bijection between ker(Jy i+1) and ker(Jk i), with
. _ . . . k—
inverse 0~ (wy, ..., wg) = (w1, ws + 1, w3 + W + w§2), e, WE F Wh—q e+ w( 1)).
Proof. It is easy to see that 6 is a bijection in KF("*+™) with the inverse given in the
statement of the Lemma. Let us show that it maps ker(Jx, it+1) to ker(Jx.;).

We keep the notations introduced in Notation

For arbitrary vectors (v1,...,v) and (wq,...,wg) in Kk(+m) consider the following
two families of sums (p =0,...,k—1):
k k
HH (i—e+2+p) HH (i—et+1+p)
Eit1p(v) = Z; 97+ Vi and  Ejp(w Z; YA DA
j= Jj=

Note that v € ker(Jy,;+1) if and only if E;11 ,(v) =0forp=0,...,k—1and w € ker(J;)
if and only if E; ,(w) =0 for p=0,...,k— 1.
First, we compare the vectors Jj ;1 v and Ji ; 0(v) for a given vector v = (v1,...,v;) €
k(rtm) o Hi—et+2) HH (i—et+l)
nrm). . R . — . 1 — —
K : let us observe that E;10(v) = E;o0(v) = E;o(0(v)), since BT = ez
8H(i—e+2) aH(i—e-H)
0 for every j > 2 (recall that the order of H is smaller than e), =

o7 (i+2) o7 (i+1)
(from @) and #(v); = v1. Now, for p > 0, we have:

Eit1p(v) = (Big1p-1(v)) =

12



= 21 97 (i+1+7) 97 (i+1+7) _Zl 97 (i+1+7) Uj
J= J=

k

k (aH(z‘e+2+p) <3H(ie+1+p)>'> k_ gFli—e+1+p)
_ v;

aH(i—e-i-l-i-p) k41 aH(i—e-H-i-p) )

X g L g
Jj=1 7j=2
o (i—et1+p) k gpi—et1+p)

= ——V] + Z Py e

57010 (vj —9j-1) = Eip(0(v)),

where the second equality follows from identity (B]), and the third one from the fact that
aH(i—e—i—l—i—p)
o7

These equalities imply straightforwardly that 6 maps ker(Jy ;41) into ker(Jy ;).

In order to prove that it is onto, we may argue recursively: if w € ker(J,;), then
Eip(w) =0forp=0,...,k—1. Now, E;110(07 (w)) = Eiy10(w) = E;o(w) = 0. Assum-
ing that E;1,—1(07(w)) = 0 has already been proved, we deduce that E;1,(0~(w)) =
Eip(w) + (Eit1,p-1(071(w))" also equals 0. We conclude that 671 (w) € ker(Jyi1). ™

=0forp<k-—1.

Even though the bijection 6 between ker(Jy ;1) and ker(Jj ;) shown in the previous
Lemma is not a K-linear map, it enables us to prove the following:

Proposition 11 Let k € Ny and i € N>._1 be arbitrary integers. Then ji; = g iy1-

Proof. The result is immediate if kK = 0. Now, let k£ € N be a positive integer. In order
to prove that dimK(ker(fj}%)) = dimK(ker(fj?Hl)), it suffices to show that Ji; and Jg i1
have the same rank, since they are two matrices of the same size.

For each pair of indices j,¢t, 1 < j<kand 1 <t <n+m, set

o Hli—e+1i—e+k] o Hli—e+2,i—et+k+1]

Cjt = 8Zt(i+j) and Dj;:=

8Zt(i+1+j)

for the corresponding columns of the matrices J;; and Jx i1, respectively.
Assume that a column Dj, 4, of the matrix Jj ;41 is a K-linear combination of the
columns Dj; to its right. Then, there exist elements o ; € K such that

n+m k n+m
Dijoto = Z ot Djo,t + Z Z @t Djt,
t=to+1 j=jo+1 t=1
— —
and so, the vector v:=(0,..., 0, —aj,, —jo41,-..,—Q) € Kk(ntm) belongs to the ker-
~ = .
nel of J, ;41, where 0 denotes the null vector in K™, ajo = (0,...,0,1, 0y 40415 - - - » Qjo k)

and a; := (aj1,...,a;;) for j > jo + 1. By Lemma [0, the vector #(v) belongs to the
kernel of Jj; and, due to the particular form of the application 6, it turns out that the
column Cj, 4, is a K-linear combination of the columns to its right. Hence, the rank of
Jk,i is lower than or equal to the rank of Jj ;4.

By means of the inverse map 67!, one proves in an analogous way that the rank of
Jk,i+1 is lower than or equal to the rank of J;; . m
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Remark 12 The following alternative proof of this proposition was kindly suggested to us
by Prof. F. Ollivier. From [1}], Prop. 10, Ch. IV] the dimensions of the kernels of Ji; and
Jk,i+1 are the differential dimensions of the ideals generated in a differential polynomial
ring in k(n + m) new variables by the linear equations defined by these matrices. Now,
Proposition [I1] follows since the bijection 0 induces a differential isomorphism between
these fields.

The previous proposition states that the sequence ji;,; does not depend on the index
1; therefore:

Notation 13 In the sequel, we will write py, instead of py;, for any i € N>e_1.
So, Theorem [9 can be restated as follows:

Corollary 14 There exists a non-negative integer o such that px < pgr1 for every k < o
and py = pg+1 for every k> o. m

4 The differentiation index

Here we apply the properties of the matrices J; established in the previous section to
the study of well-known invariants of our DAE system (dI): the differentiation index, the
regularity of the Hilbert-Kolchin function and the order of its associated differential ideal.

We start by introducing the notion of differentiation index of the DAE system () (see

also [2], [8], [3], [20]):

Definition 15 The non negative integer o introduced in Corollary[14) is called the differ-
entiation index of the system ().

Corollary T4 states that the differentiation index o is the smallest non-negative integer
k where the sequence pj, becomes stationary. Since u, = py for all k£ > o, we deduce from
Proposition [Tt

Remark 16 The following inequalities hold:

(e—Dn+Y (e—e) < g <e(n+r); (6)
=1

0§0§min{e(n+r),e—i—n—|—26j}. (7)
j=1

For the last inequality see also [30, Section 5.2].
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4.1 The manifold of constraints

For every ¢ € N>._1, the differentiation index o is strongly related to the minimum number
of derivatives of the system (I]) required to obtain the intersection of the whole differential
ideal A with the polynomial ring A;, namely those polynomials in A which involve only
derivatives up to order i (a similar result can also be obtained by rewriting techniques by
means of [30, Theorem 27]; see also [7, Lemma 14] and [2I, Lemma 9)):

Theorem 17 Let o € Ny be the differentiation index of the system (). Then, for every
t € N>c_1, the equality of ideals

Aier1+0NA; = AN A;

holds in the polynomial ring A;. In particular, from inequality (7) it follows that the
identity Ai+1+N+Z§:1 e; N A; = AN A; holds for every i € N>._1. Furthermore, for every
i € N>c_1, the differentiation index o verifies: o = min{h € No : A;j_cy14nNA; = ANA;}.
Taking 1 = e — 1, we have

o = mln{h eENg:ApLNAc1 = AN Ae—l}- (8)

Proof. Fix an index ¢ € N>._;. Let us consider the increasing chain (A;_e114% N Ai)ken,
of prime ideals in the polynomial ring A;. From Proposition 2, Remark Bland the definition
of the sequence pyg, for every k € Ng, we have

trdegy, (Frac(A4; /A;—cy116 N Ai)) = (m —7)(i + 1) + e(n + 1) — pg. (9)

Since py is stationary for k > o (Corollary [[4]), the previous equality implies that all the
prime ideals A; .y11% N A; have the same dimension for k > o, and so, they coincide
because they form an increasing chain of ideals. On the other hand, any finite system of
generators of the prime ideal AN A; C A; belongs to A; o111 N A; for all k£ big enough,
which finishes the proof of the first assertion of the Theorem.

In order to prove the second part of the statement, for each i € N>._1, let h; be the
smallest non-negative integer such that A;_.y;4p, N A; = AN A;. By the definition of h;,
the transcendence degrees trdegy (Frac(A4;/A;_e+1+x N A;)) coincide for k > h;, and so, g
is constant for k > h; (see identity (@) above). This implies that o < h;. The equality
follows from the first part of the statement and the minimality of h;. m

Identity (8]) in Theorem [I7] can be regarded as an alternative definition of the differ-
entiation index (see also [2I, Section 3.2] for first-order DAE systems). In particular, it
gives the following interpretation of the differentiation index o (see [§] for the case e = 1):

Remark 18 If the differentiation index o of system () equals 0, there are no constraints
on initial conditions for the system (recall that Ao := (0)). In the case when o > 1, the
quantity o — 1 is the minimal number of derivatives of the equations in the system needed
to obtain all the relations that the initial conditions must satisfy (the so called “manifold
of constraints on initial conditions”).
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Another fundamental property of the differentiation index, concerning the number of
derivatives of the equations required to obtain an explicit equivalent ODE system, will be
considered in Subsection and Section [l below.

First we will show how our previous results can be applied in order to estimate the
regularity of the Hilbert-Kolchin function.

4.2 The regularity of the Hilbert-Kolchin function and applications

We recall the main basic facts of the Hilbert-Kolchin function for the particular case of
our input system (Il) and our ideal A (see [I4] Chapter II] for the general theory).
The Hilbert-Kolchin function Ha : Ny — Ny of the differential ideal A C L{X,U} is
defined as
HAa(1) := trdegy, (Frac(A; /(AN A4;)))

for every i € Ny. Since the ideal A we are considering has differential dimension m — r,
the identity Ha(i) = (m —r)(i+ 1) + ordp(A) holds for ¢ sufficiently big (see for instance
[14, Ch. II, Sec. 12, Th. 6]), where ordp,(A) is a non-negative integer depending only on
the differential ideal A which is called the order of the ideal. The polynomial

HA(T) := (m —7r)(T 4+ 1) + ordp(A)

is called the Hilbert-Kolchin polynomial associated to the ideal A. The regularity of the
Hilbert-Kolchin function Hp is defined to be the minimum integer ig € Ny such that
HAa(i) = HAa(7) holds for all i > .

4.2.1 The regularity of the Hilbert-Kolchin function

The theory of characteristic sets (see for instance [28]) can be used to give a precise
estimation of the regularity of Ha: let C be a characteristic set of the differential ideal
A C L{X,U} for an orderly ranking (see [28]) in the variables X, U. Then, the regularity
of Ha is equal to max{ord(C) : C' € C} —1 (this fact follows as an immediate consequence
of the proof of [I4], Ch. II, Section 12, Th. 6 (d)], see also [4, Theorem 3.3]).

The results developed so far enable us to exhibit the following simple upper bound for
this regularity, which depends only on the order of the polynomials involved in the system

[@D):

Theorem 19 The reqularity of the Hilbert-Kolchin function of the ideal A over the ground
field L is bounded by e — 1.

In particular, for first-order systems of type ({dl) (in other words, for the case e = 1), the
Hilbert-Kolchin function of A coincides with the associated Hilbert-Kolchin polynomial.

Proof. It suffices to show that the equality Ha(i + 1) = Ha(7) + (m — r) holds for every
1€ Nze_l.

Fix an index ¢ € N>._;. Due to Theorem [T, we have that AN A; = Ajy1_eqo NA;
and ANAjy1 = Ajjo_ero N Air1. So, HA(i+ 1) = trdegL(Ai+1/(Ai+2_e+(, N Ai+1)) and
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Ha(1) = trdegp (Ai/(Ait1—e+o N A;)). Thus, using Proposition 2] (recall also Notation [13])
we obtain:

Ha(i+1) = (m—r)(i+2)+e(n+7)— po,
HAa(l) = (m—r)i+1)+en+7r)— .

Hence, the equality Ha(i + 1) = Ha(i) + (m — r) holds. =

As we have already pointed out, the regularity of the Hilbert-Kolchin function can
be obtained from the maximal order appearing in any characteristic set associated to
the differential system () for an orderly ranking. Therefore, our upper bound on the
regularity implies an upper bound for this maximum:

Corollary 20 Let C be a characteristic set of A C L{X,U} with respect to an orderly
ranking on the variables X,U. Then, the order of each of the differential polynomials in
C is bounded by the mazimal order e := max{1l,e;,es,...,e.}. W

4.2.2 Upper bounds for the order of the ideal A

The proof of Theorem [I9 also shows an indirect relation between the Hilbert-Kolchin
polynomial Ha and the differentiation index o. More precisely:

Remark 21 The Hilbert-Kolchin polynomial Ha(T) of the ideal A can be written as
HAT)=(m—r)(T+1)+e(n+r)— pu,. Equivalently, ordr,(A) =e(n+1) — pg.

From inequality (@) and Remark 2Tl we deduce the following upper bound for the order
of the ideal A in terms of the orders of the defining equations:

Corollary 22 The order of the ideal A can be bounded as follows:
ordp(A) <n+ Z ej. m
j=1

This result is known as Greenspan’s bound. It was first proved by B. Greenspan in [9]
for difference equations and extended later by R. Cohn in [6] for 0-dimensional components
of differential systems.

Another upper bound for the order is given by Ritt in [28, Ch. VII, p.135] (see also [14]
Chapter IV, Proposition 9] and [31]) and holds for general 0-dimensional DAE systems:
the order of its associated differential ideal is always bounded by the sum of the maxima
of the orders of each variable in the given differential polynomials. This bound is called
by Ritt a differential analogue to Bézout’s Theorem. In our case, we are able to give a
simple proof of the following extension of this fact:

Corollary 23 For each i = 1,...m set ¢; := max{ordy,G;, j =1,...,7}. We have the
following inequality:

ordr(A) <n+ Z €.
i=1

17



Proof. We transform our input system (]) in an equivalent first-order system by introduc-
ing new variables and equations in the usual way: for each i =1,...,mand £ =0,...¢;
we define U,y := UZ-(Z). Making this substitution in the original system and adding the
equations U; y = Ui,g,l (1 <i<m, 1</ <¢) we obtain a first-order DAE system
(X') with a structure similar to the original system (II), but such that the order of each
parametric equation g; = Yj is 0 (in other words, the new e;’s are zero for j =1,...,7).

Set U for the set of variables U; , with 1 <i < m, 0 < /¢ <¢;. For each integer p > 0,
denote by A’ C k{X,U} the differential ideal generated by the equations defining (3') and
by A}, the polynomial ring L[x P! )],

It is easy to see that for each p > e the map

) Uij if 0<j<e
Ut =y e :
UZ',Q. if ¢<j<p
induces a monomorphism A4,/(ANA,) — A},/(A"N A}). Hence, for p sufficiently big, the
inequality Ha(p) < Ha/(p) holds. Since the differential dimension of both systems ()
and (X') is m — r, we conclude that ordy(A) < ordy (A').

The proof finishes by applying Corollary 22 to the first-order system (X'), and observing
that in this case the bound is simply the number of “non parametric” equations (since the
new parametric ones have order zero), which is exactly n+ >, ¢;. ®

An interesting and more precise Bézout-type bound for 0-dimensional systems (which
includes both Corollaries 22 and 23]) is discussed by Jacobi in [12] (see also [28 Ch.VII,
§6]). Even though Jacobi’s bound remains conjectural for the general case, in [15] (based
on [29]) it has been proved to hold for a class of 0-dimensional differential ideals including
those considered in this paper. More precisely, suppose m = r and set e;; for the maximum
of the orders of a derivative of the variable U; occurring in g;, putting e;; := —oo if the
variable U; does not appear in g;. Then, Jacobi’s inequality states that

m
ordp (A) <n+ max Z er(j)js
7j=1
where S, is the permutation group of order m. Now we show an example where Jacobi’s

bound is reached and improves the previous ones.

Example 24 Consider the following first-order DAE system with coefficients in k := Q:
Yi = U
Yo = U+ U
Yo = Up+ Umfl

with m > 2. Here, both upper bounds for ordy(A) given by Corollaries and 23 equal
m — 1, while Jacobi’s upper bound is 0. It is not difficult to see that ordy(A) = 0.
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4.2.3 The index and an equivalent explicit ODE system

The estimation for the regularity of the Hilbert-Kolchin function allows us to give a first
result concerning the number of derivatives of the input equations required to obtain an
equivalent explicit ODE system in the 0-dimensional case. We will show that this number
is at most the differentiation index of the system:

Theorem 25 Let (X) be a DAE system as in (1) of differential dimension 0 (or equiv-
alently, r = m), mazximal order bounded by e and differentiation index o. Let E =
{f%gl), . ,gﬁés)} C {x[e=1 yle=1} be an algebraic transcendence basis of the fraction field
of Ae—1/A N Ac_1 over the field L. Then:

1. for eachi=1,...,s there exists a non-zero separable polynomial P; with coefficients

in the base field k, such that P,(Y1") 2 ¢} e (Flo) Glol)  k[ylol, Xlo+1] ylotel)

2. set {Nsi1s- s Mam )t = {X, U\ {&, ..., &}, Then, foralli=s+1,...,n+m,
there exists a non-zero separable polynomial P; with coefficients in the base field k,
such that Py(Ylo=1 = pleV) e (Flo-1l Glo=1ly ¢ gylo-1l xlel glo+e-11],

In particular, for every n € {X,U} there exists a separable non-trivial polynomial
relation between n'© and = modulo A which can be obtained using at most o derivations
of the input equations.

Proof. In order to prove the first statement, we fix a variable §;,. Since we are in a
differential O-dimensional situation, from the upper bound on the regularity of the Hilbert-
Kolchin function (Theorem [[9]), we have that the set = is also an algebraic transcendence
basis of the fraction field of the ring A./AN A.. Then, there exists a polynomial @ in s+1

variables with coefficients in L, such that Q(Z, fl(s)) belongs to the ideal ANA, = Ay11NA,
0

(Theorem [IT). Clearly, this polynomial can be chosen so that % ¢ A (i.e. separable).

0§,

Now, the polynomial P;, of the statement can be easily obtained from the previous ) by

multiplying it by an adequate factor in k£{Y} and evaluating the superfluous variables y®
for all [ > o + 1 at suitably chosen elements of the base field k.

The second assertion follows similarly, but in this case we use the fact that the family
{77@(6_1), =} is algebraically dependent when regarded in the fraction field of A.—1/ANAc_4
over L, foralli=s+1,...,n+m. =

The next section is devoted to showing slightly more precise results in the same spirit
of the previous Theorem.

5 Toward an equivalent explicit ODE system

In this section we make use of Theorem in order to give more precise results on the
number of derivations required to obtain from a system of type () an equivalent explicit
ODE system. In the first subsection, we show that for 0-dimensional systems there exists
a more accurate upper bound for the number of derivatives and the order of the involved
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variables by means of an adequate modification of the notion of differentiation index. In
the second subsection, we consider the case of positive dimension for first-order systems.
Finally, we discuss some quantitative and symbolic algorithmic aspects.

5.1 Equivalent explicit ODE systems and an alternative notion of dif-
ferentiation index for zero-dimensional systems

Throughout this subsection, our input system defined in () is considered to be 0-dimensional
and further, it is assumed that no variables X appear (i.e. » = m and n = 0). More ex-
plicitly, we consider the following DAE system with generic second members:

q(U,U,...,.U)) = v
(X) = : : (10)
g (UU,... . U)Y =Y,

where U := Uy, ..., U, and Y :=Y1,...,Y, are sets of differential indeterminates, e; € Ny
for every 1 < j <r, and e := max{ey,...,e,.}. We suppose e > 1.

For each 1 < i < r we set ¢ for the maximum of the orders of the variable U; in the
polynomials gy, ..., g,. Since we assume a differential O-dimensional situation, all variables
must appear in the system; that is, we have that 0 <e¢; < e for all i.

We introduce a new set of differential variables Z := Z3,..., Z, verifying:

_ le—e)
U; = Z, (11)
for i = 1,...,r. Writing the input system (X) in terms of the indeterminates Z we obtain

a new DAE system: .
0(2.2Z,...,29) = Y
(X) = : : (12)
9(2.2,...,29) =Y,

Note that each variable Z; appears at order exactly e in at least one of the equation in
the system (), and ¢ is the maximum of the orders of all variables appearing in (2).

We denote ¢ the differentiation index of the system (X). The number o can be regarded
as an invariant of the DAE system (X) and it represents, in some sense, a more accurate
version of the global differentiation index introduced above, allowing us to distinguish the
variables more precisely according to their maximal orders (c.f. the notion of structural
index introduced in [23], [24]). We first show that the differentiation index o of (X) is
always an upper bound for o:

Lemma 26 The inequality o < o holds.

Proof. Let G be the polynomials defining the system (N), and let A be the differential
ideal generated by the differential polynomials G in the differential polynomial ring L{Z}.
For each p € Ny, we set A for the polynomlal ring L[Z [p]] and A for the ideal generated
by the polynomials GP—1 in the ring Ap—1+e (note that the maximum of the orders of the
polynomials G equals e).
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Denote by Z the set of indeterminates Zi(zi) where i =1,...,7rand 0 < ¥; < e —¢; (if
e = ¢ no derivatives of Z; appear in the set Z). The variables Z will be considered as
algebraic independent variables with respect to the original variables U and their successive
derivatives. We also use the following standard notation: if A is a ring, 21 C A an ideal
and X a set of indeterminates over A, A[X| denotes the ideal of A[X] consisting of all the
polynomials whose coefficients belong to 2.

In order to prove the inequality o < o, applying Theorem [I7] to (i), it suffices to show
that the inclusion of ideals

& N Ave—l - AO’ N Ave—l

holds.
Let H € AN Ac—1. Since H € A, there exists a sufficiently big index ¢ € N such that
H € A,. So, we can suppose that H is a polynomial combination involving only variables

Z of order at most ¢ of polynomials of type C~¥§»p ) with p <gq.

Replacing Zi(e_eﬁg) with Ui(g), for ¢ = 1,...,r and each non negative integer ¢, we
see that the polynomial H lies in the ideal Ay[Z] N L[Ul[erl], e r[erfl]][Z] (note that
}L[Ul[gl_l], e UT[ET_H][Z] = A._; and that if ¢; = 0 neither U; nor its successive derivatives

appear in this polynomial ring). Since ¢; < e for all ¢, we conclude that H € Ay[Z] N
Ac1[Z] = (AgN Ac—1)[Z]. Now, due to identity (&) in the statement of Theorem [T, we
have that AgNAc_1 € Ay NAe—1. We infer that H € (A, NAc—1)[Z] = As[Z]NAc1[Z].
The result follows observing that A,[Z] = A, and A._1[Z] = A._;. ®

The following pendulum-type system shows that the inequality in the previous Lemma
may be strict:

Example Consider the DAE system:
v +uUs = 7

(E) = UQ(Q) + UyUs Y5
U24+UZ -1 = Y3

The corresponding matrix Js 1 (see Definition [I)) is
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1 0 oo o o]0 0o o0]0oo0o0l0 00
0 1 o]0 o0 0|0 0 0]000O0[0 00
0 0 o ] o o 0|0 0 0]000O0[0 00
0 0 o 1 0 0|0 0 0]000[0 00
0 0 o 0o 1 0|0 0 0]000[0 00
0 0 0O 0 0 0,0 0 0]000[0 00
Us 0 vy 0 0 0 1 0 0[]0 0 0[0 0 0
0 Us U, 0 0 0 0 1 0|00 0[0 0 0
2, 2, 0 0 0 0 0 0 0[000/0 00
30U, 0 3y U3 0 U, 0 0 0 1 0 0/0 0 0
0 35 30U, 0O Us Uy 0 0 0 0 1 0[0 0 0
6, 60U 0 2, 2, O 0 0 0 0 0 0/0 0 0
6 0 6U® 4Us 0 AUy Us O Uy 0 0 0 1 0 0
o  6U® U 0 4Us 4U, 0 Us U, 0 0 0 0 1 0
120% 120?080, 8, 0 2U; 2, 0 0 0 0 0 0 0

The dimension (over the field k(U)) of the corresponding kernels of J; | are i; = i, for
i=0,...,4, and pus = 4. Therefore, the differentiation index of the system (X)) is o = 4.

Changing the variables as in (II)): Z; := Uy, Z3 := Us and Z?Ez) = Us, we transform
the previous system into:

N 7P+ 2,728 =y
(2) = 22(2) +Z2Z§2) - Y
2472-1 = Y3

Here, the corresponding Jacobian sub-matrix J3 1 is:

1 0 Z |00 0100 o0
0 1 Z |00 0|00 0
0 0 0 ]00 000 0
0 0 Z 1 0 Z |0 0 0
0 0 Z 01 Z |0 o0 0 |
0 0 0 00 0 /00 0
Z2 0 zZ% 00 220 1 0 2
o z% ZP 0 0 22, 0 1 2
27, 27, 0 0 0 0 0 0 0

and the dimensions of the kernels of the matrices 3’,; | (for k=0,1,2,3) are up =0, 1 =1,

o = 2 = pg. Therefore, the differentiation index of the system (i) is ¢ = 2, which is
smaller than the index o = 4 of the original system (X).
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Remark 27 Applying a standard change of variables to the system (X) defined in (1)

A

we obtain an equivalent first-order system (3) with differentiation index &. With a similar
argument to that of Lemma 28 it is easy to see that o < o < o. In the previous example,
we have that & = 3, which shows that the inequalities may be strict.

By means of the modified differentiation index &, it is possible to give a more accurate
version of Theorem

Theorem 28 Let (X) be a DAE system as in (I0). For i = 1,...,r we denote ¢; the
maximum of the orders of the variable U; in the equations defining (X). Then there exists

a setU C {Ul[el_l], .. .,Uie’"_u} (here, if €; = 0, no variable Ui(p) appears) and separable
polynomials Py, ..., P, such that

PP u,uf) e (G767,

In other words, there exist non-trivial (separable) polynomial relations between each Ui(q)
and a fized family of derivatives U C {Ul[el_”, .. .,U#T—u} (which is a family of order
strictly lower than max;{e;} — 1) that can be obtained from the first ¢ many derivatives of
the input equations.

Proof. Let (3) be the DAE system obtained from () after the change of variables ().
For j =1,...,7, denote by G the polynomial obtained from G; after this change.

Applying Theorem 25] to (f)), there exists a subset = C {Z{E_H7 R Zie_l]} such that
for : = 1,...,r there exists a separable polynomial @); satisfying
QY7 =, 219 € (GIP)) ¢ kY], Z7+]]. (13)
Fix an index ¢ and its polynomial Q;. Writing U j@) for each variable Z ](Aefej H), we have
that the set = may be decomposed as 2 = Zy U 2 where Zy C {Ul[erl}, ce Ur[erfl]}
and Ez C {Z{efq*l}, . ,Z,[eferfl]}. With this notation, condition (I3]) can be written
as Q;(Yl9, 2y, 25, Ui(ei)) e (G, where the ideal (G1!) is considered in the polynomial
ring k[Y ), Zlema=tl  glememll platal o plated)

Then, the Theorem follows from (3] taking U := Zy and evaluating the variables

Zj[»e_ej—u for j =1,...,r in generic elements of k. =

We remark that Theorem 28] improves upon Theorem 25l in at least two points: first,
the number of derivatives required to obtain the polynomial relations is the modified
differentiation index o instead of o. On the other hand, the order of each variable U; in
the corresponding relation P; is the maximum order of the single variable U; in the system
(namely, €;) instead of the maximum of the orders of all variables (namely, e).

5.2 Differential transcendence bases and equivalent ODE form for generic
first-order DAE systems of positive dimension

In the previous sections (more precisely, in Theorems and 28) we saw how to obtain
implicit equations for derivatives of low order of each variable in a DAE system after at
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most o (or ¢) many differentiations of the input equations. In both results a “square”
0-dimensional situation was assumed.

Here we show a result of the same kind in the case of positive differential dimension
for generic first-order systems of type (). Even though the straightforward idea could
be applied (namely, the localization into a differential transcendence basis to reduce the
problem to a 0-dimensional situation), different transcendence bases may lead to systems
with different quantitative properties. For instance, the number of derivatives required to
obtain an equivalent explicit ODE system may change. In this sense, there exist transcen-
dence bases which are more adequate for our global analysis. Before stating the precise
results we consider a simple example in order to illustrate this kind of phenomena.

5.2.1 Example

Consider the following 1-dimensional first-order DAE system with coefficients in k := Q
borrowed essentially from [8, Section 3.4]:

Y; = U + Um
Yo = U+ U
. (14)
Ym—l - Um—l + Um—2

with m > 2.
Here, we have n = 0 and » = m — 1. The associated field K is Q(U) and the matrix
31,0 c K(m—l)xm is

0o -+ .- 0 1
1 0 --- 00
O --- 1 00

which has full row rank m — 1. Hence, we have u; = pg = 0 and so, Definition [15] states
that the differentiation index o of the system (I4]) is equal to 0.

Following the slightly informal definition of the differentiation index given in the In-
troduction, the fact that ¢ = 0 should imply that all the derivatives U, can be written
in terms of the variables Uy, ..., Uy, using the equations (i.e., the variables Y7,...,Y,,_1).
While this is trivially true for all the variables different from U,,_1,

U, = Y1—-0U
Uy = Yo-Us

. (15)
Umf2 — mel - Umfla

it is not so clear how to find a similar relation for U,,_1, because it does not appear in the
equations.

It is quite natural to consider U,,_1 as a free variable and then to interpret the previous
system as a O-dimensional system over the field k1 := Q(U,,—1). Now, the matrix J; o is
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the (m — 1)-square matrix

0 01
1 0 0
0 10

which is clearly non singular. Hence p; = pp = 0 and so, the new associated differentiation
index o is equal to 0. The relations (I3 can be seen now as a full rewriting of the
derivatives in terms of the variables (c.f. Theorem 25]). Furthermore, we observe that the
order of the ideal associated to the system does not change by the extension of the ground
field from Q to Q(U,—1): following Remark 21l we have ordy;,,_,y(A) = ordy,(A) = m—1,
since the sequence (ug)y is the same in both cases.

On the other hand, if in the system (I4]) we take Uy, as the free variable and consider the
original system as a (m — 1)-square 0-dimensional DAE system over the ground differential
field kp := Q(Up,), the matrix J; o is the (m — 1)-square matrix

0 -+ -+ 0
1 0 0
0 1 0

So, p1 # 0 = po and therefore, the differentiation index oy of the system (I4)) over ko is
strictly positive. In fact, it is easy to see that oo = m — 1. Now, Theorem 28] ensures that

the order of derivatives of the equations required to express the derivatives Uy, . .., Up_1 in
terms of Uy, ..., U,,_1 is at most m—1. Indeed, the variables Uy, Us, ..., U,,_1 can be writ-
ten in terms of derivatives of the equations (i.e. derivatives of the variables Y7,...,Y,,_1)

and elements of the base field ko as follows:

Up = Y1-Un
Up = Y2=Yi+UY
Us = Y3-Ya+Y D U

Um,1 = mel — Ym72 + 04 (_1)m_2Y'1(m_2) + (_1)m—1U7(nm—1).

Observe also that the order of the ideal is not preserved after localization in U,,, since

ordyp,,)(A) =0 #m — 1 = ord,(A).

The previous example shows two different situations arising when considering different
transcendence bases. The first localization of the system (I4]) seems to follow the behavior
of the original system more closely than the second one, since in that case the derivatives
of the unknowns which are not in the transcendence bases could be written in terms of
the unknowns themselves using as many derivatives of the equations as the differentiation
index of the original system.

In the next two subsections we will show that for any first-order system of type () there
are suitable differential transcendence bases which enable us to obtain relations between
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the remaining differential dependent variables using “few” (as many as the differentiation
index) derivatives of the equations.

5.2.2 Differential transcendence basis preserving the order

In the sequel, we suppose that the input system (X) is of first order (or equivalently,
e = 1). The notations correspond to those introduced in the previous sections.

We will denote F; := Frac(A;/(A N A;)) for every i € Nyg. As before, we will use the
same notation for an element of A; or its class in F; whenever the ring in which it is
considered is clear from the context. The fact that F; < F; 1 for every i € Ng allows us
to consider any subset of F; as a subset of F; for every j > 4, which will also be done
without changing notations.

Lemma 29 Let B C A; and let { € A; be a polynomial such that its class { € F; is
algebraic over L(B). Then, ¢ € Fiy1 is algebraic over L(B U B), where B denotes the set
of classes of all derivatives of elements in B. In particular, if L(B) — F; is an algebraic
field extension, then L(BU B) < Fii1 is also algebraic.

Proof. The result is immediate if ( € B. So, let us consider the case when ¢ ¢ B. Let
P € IL(B)[T] be the minimal polynomial of { with respect to the field extension L(B) < F;.
Multiplying it by a non-zero element in L[B], we may assume that P € L[B,T] and has
non-zero leading coefficient.

We have P(B ¢) € AN A;, and so P(BUB,(,¢) € AN Aiq. Now, P(BUB,(,C) =
Q(BUB, ¢)+2L or | (B ¢) ¢ for some polynomial Q. As degT(aT) < degy(P), the minimality of
P implies that L(B,¢) ¢ A and so, P(BUB ¢, T) is a non-zero polynomial in L(BUB, ¢)[T]
annihilating ¢ in Fit1. This implies that C is algebraic over L(BU B, ¢ ).

Since the field sub-extension L(BU B) < L(BU B, () of L(BUB) — F;,1 is algebraic,
we conclude that ¢ is algebraic over L(BU B). m

Proposition 30 Let s := ordy(A). There exists disjoint subsets W := {Wl, ey Wi}

and & :={&1,...,&} of the set {X1,..., Xy, U1,...,Un} such that B; := {VV1 e ,WTE?_T,&, ooy &t
is a transcendence basis of the algebmz'c field e:ctenszon L — F; for every i € Ny. In par-

ticular, the set {W1,...,Wy,—.} is a differential transcendence basis of the differential field
extension L — Frac(L{X,U}/A).

Proof. Let By C {X1,...,X,,U1,...,Un} be a transcendence basis of L. < Fy. Then,
L(By) — Fo is an algebraic field extension and so, due to Lemma 29 L(By U By) — Fi
is also algebraic. Hence, By U By contains a transcendence basis of F; over L. Since By is
algebraically independent over L, and trdegy (Fi) = m — r + trdegy (Fo) (see the proof of
Theorem [[9]), there exists a subset BNO C By with m — r elements such that B := By U Eo
is a transcendence basis of the extension L — Fj.

Let us denote W1,...,W,,_, the variables whose first derivatives are all the elements
in By (note that {Wi,...,Wp,_,} C Bp) and let {&1,...,&} == Bo \ {Wi,..., Wy}
(observe that #By = (m — r) + s since the Hilbert-Kolchin function coincide with its
associated polynomial as shown in Theorem [[9]). We will show that, for every i € N, the

set B; := {Wl[i]7 . ,W,[é]_r,fl, ...,&s} is a transcendence basis of L — F;.

26



The case when ¢ = 1 follows from our previous construction. Let us assume now that B;
is a transcendence basis of I. < F; for a fixed positive integer i € N. Then, by Lemma 29]
L(BZ-UB'i) = L(BHlU{él, . ,fs}) < Fi+1 is an algebraic field extension. Now, L(B;41) <
L(Bjy1 U {51,...,55}) is an algebraic sub-extension of L(B;11) < F;t1, since each of
the elements ¢; is obviously algebraic as an element of L(B;11) over L(B;). Therefore,
L(B;y1) < Fiy1 is an algebraic extension and, taking into account that trdegy (Fii1)
equals the cardinality of B;;1 (see Theorem [[9)), we conclude that B;; is a transcendence
basis of L < F;11. ®

It is clear from the proof that the differential transcendence basis {W1,..., Wy, .}
preserves the order of the ideal (the constant term of the Hilbert-Kolchin polynomial)
after extending the ground field L to L(W7q,..., W, _.).

5.2.3 An equivalent ODE system

Theorem [[9 and Proposition 30 enable us to deduce the following “implicit function type”
result in terms of the differentiation index o introduced in Definition [IHl (see also [8], Section
3]), an analogue of Theorem 27 for first-order non-square generic DAE systems:

Corollary 31 The variables X,U can be split into three subsets W := {W1q,..., Wy},
E:=A{&,...,&} and n:={Nsy1, ..., nsr} SO that:

1. W is a differential transcendence basis of L — Frac(L{X,U}/A);
2. WUl U € is an algebraic transcendence basis of L < Fj for all j € Ny;

3. foreachi=1,...,s there exists a non-zero sepamble polynomial P; with coefficients

in the base field k, such that P;(Y?L, W, W, ¢, &) € (Flol, Glol) ¢ g[y'lel, xlo+1 glo+il];

4. for each i = s+ 1,...,n+r, there exists a non-zero separable polynomial P; with
coefficients in the base field k, such that PV~ W, & n) e (Floe-1 Gloe—1)) ¢
k[y[ofl]’x[ah U[o}]_

Proof. Let W and & be subsets of variables as in Proposition Then, the first and
second conditions in the statement hold. Let 1 := {ns41,...,Mntr} be the set of the
remaining unknowns X, U (i.e., those different from the W’s and the ¢’s).

Now the proof runs mutatis mutandis as in Theorem For instance, for the fourth
item we observe that for every i, s +1 < i < n 4+ r, the element r; € Fy is algebraic over

L(W U ), since W U is a transcendence basis of L < Fy. Hence, there is a non-zero
polynomial P with coefficients in LL such that P (W, &, m;) € ANAg = A,NAg (see Theorem
[I7). In the same way, for the third item we have that W U W UE is a transcendence basis
of L. < JF7 which ensures the existence of non-zero polynomials 13@ (1t =1,...,s) with
coefficients in L verifying P;(W, W,€,&) € AN Ay = Ay NA;.

The polynomials P;’s that we are looking for can be easily obtained from the previous
]3,~’s, by multiplying them by adequate factors in k{Y'} and evaluating the superfluous
variables Y at suitably chosen elements of the base field k (for all [ > o in the case of
i>s+landforalll>c+1fori<s) m
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Formally, the fourth statement of the previous Corollary makes no sense if the differen-
tiation index o is zero. However, it admits a natural interpretation also in this case: this
situation corresponds exactly to the case where the Theorem of Implicit Functions can be
applied in order to write each derivative of the variables {X,U} \ {W} in terms of the
same variables and derivatives of the W’s (obviously not in a polynomial nor a rational
way). So, the fourth item must be empty. More precisely:

Remark 32 Under the conditions of Corollary [31], suppose also that the differentiation
index o is zero. Following Remark [Z1], the Hilbert-Kolchin polynomial of A over 1L is
HA(T) = (m —r)(T+ 1) + (n+ ) and the order of this ideal is n + r (recall that we
assume e = 1 and pg is defined to be 0). So, the set n is empty, or equivalently & =
{X, U} \ {W}. Then, there exist non-zero polynomials P;, i = 1,...,n + r, such that
P(Y,W,W,&,&) € (F,G) C kY, X, X,U,U].

5.3 Quantitative and algorithmic aspects
5.3.1 Degree bounds of the implicit equations

The non-zero polynomials P; of Theorems & and Corollary BI] are not uniquely
determined without additional requirements (as minimality of order and degree, irre-
ducibility, etc.). However, the conditions stated in those results allow us to choose a
family of such polynomials that can be regarded as eliminating polynomials of suitable
algebraic-geometric situations, which enables us to estimate their degrees.

In order to illustrate these facts consider for instance the situation of Corollary B1} let
k be a fixed algebraic closure of the ground field k. For each N € N we denote by AN
the affine space k" equipped with the Zariski topology. Set Ng := (7 +n 4+ m)o +n+m
and Ny := (r+n+m)(c + 1) +n+m and let Vo € AN and V; € AM be the algebraic
varieties defined by the ideals (Flo—1 Glo=1) ¢ g[yle—1 Xl ylel] and (Flol, Gll) ¢
k[ylel, xlot1l ylot1] respectively, that is:

Voi={Flel=0,GleU=0y and V;:={FFl =0, Gl =0} (16)

Note that both varieties are irreducible complete intersection and their dimensions are
m(o 4+ 1) +n and m(o + 2) + n respectively.

Let W= {Wy,... Wy}, &:={&,...,&)} and 0 := {nst1,. .., Mntr} be a partition
of the set of variables {X,U} as in Corollary BIl We define linear projections 6; (i =
1,...,s)and m; (i=s+1,...,n+r) as follows:

9@' V= Ar(a—l)+2m+s+1’ ai(y[a},x[a-‘rl}’u[O’-i—l]) = (y[a}aw’w’g’éi);
i Vo— Arc—l—m—r—l—s—i—l’ ﬂ.i(y[a—l]’x[a],u[a}) — (y[a—l],w’g’ni)‘
From Proposition B0, we deduce that the set {YI7) W, W, &} (resp. {YI=U W, ¢})
is algebraically independent in the fraction field k(Vy) (resp. k(Vp)) over k. On the
other hand, due to Corollary BIL the set {YI7) W, W, £ &) (resp. {YIT-U W, &, n;}) is

algebraically dependent. Thus, the closure of the image of the map 6; (resp. m;) is a k-
definable irreducible hypersurface in the corresponding ambient space and so, it can be
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defined by a single polynomial lying in the ideal (FI1, Gl71) (resp. (Fle=1, Glo—11)) whose
total degree (see [10, Lemma 2]) is bounded by degV; (resp. deg Vy).

Applying the Bezout Inequality (see [10, Theorem 1]) to obtain an upper bound for
degV; (resp. degVy), we conclude that there exist polynomials P;, for i = 1,...,s (resp
i=s+1,...,n+r) meeting the conditions of Corollary 1] whose total degrees can be
bounded by deg P; < dletD(n+r) (resp. deg P; < d"("+r)), where d denotes an upper bound
for the total degree of the polynomials in the input system.

A similar result can be obtained in the case of Theorem 25| by considering the linear
projections
(', 7, a7 ) o (7, 2,607,

(y[ofl},x[o]’u[cﬂrefl]) — (y[afl]’ E,nz@*l)),

whose domains are the irreducible varieties Vi and V defined in (1)), respectively.
Analogously, the projections which allow us to estimate the degrees of the polynomials
in Theorem 2§ are
(7 = ),

for i =1,...,r, all of them defined over the irreducible variety

V; == {Gl = 0}. (17)

5.3.2 Algorithmic Issues

This section presents algorithmic procedures for the computation of the following objects:
(1) The differentiation index of the system ().

(2) A differential transcendence basis of a first-order system of type (Il) preserving the
order.

(3) The implicit relations in separated variables given by Theorems 28] & 28 and Corol-
lary B11

For algorithmic reasons, we will assume that our base field k is either Q or Q(¢) with
the usual derivation (in the case when k = Q(¢), the input polynomials will be assumed
to have coefficients in Q[t]).

We start with a brief description of the computational model.

Basic algorithmic notions

The objects our algorithms deal with are multivariate polynomials which will be encoded
by means of straight-line programs (i.e., arithmetic circuits which enable us to evaluate
them at any given point). The number of instructions in the program is called the length
of the straight-line program. For a brief description of the algorithmic model and the data
structure we will use, we refer the reader to [7, Section 2.2] and the references therein.
The basic subroutine we use is a polynomial-time probabilistic procedure for the com-
putation of the rank of a matrix with polynomial entries. Roughly speaking, the problem
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is reduced to the computation of the rank of a matrix with entries in Q by randomly
choosing integer values for the variables and evaluating all matrix entries at them (see [7}
Lemma 24] for the error probability analysis).

Our algorithms take as input a straight-line program of length L encoding the poly-
nomials f1,..., fn, 91,...,9, appearing in the system (Il). However, the intermediate
computations involve not only these polynomials but also their successive derivatives and
S0, straight-line programs for these derivatives are needed as well. The existence of “short”
straight-line programs encoding them is ensured by [7, Lemma 21] (see also [2I], Section

5.2]).
We recall that all our computations should be performed over the differential field K
with the derivation induced by X; = f; (i = 1,...,r) but, since the number of derivatives

involved in each computation is controlled, they can be achieved over the polynomial rings
kX, U [l]] for adequate choices of [. We assume that an upper bound d € N for the degrees
of the polynomials fi1,..., fn, 91,...,9, is known. In order to estimate complexities and
error probabilities, we also need upper bounds for the degrees of the polynomials obtained
by successive differentiation of the input polynomials (i.e., those giving the isomorphism
between Frac(k{Y, X,U}/A) and K), which can be found in [7, Notation 6 and Remark
25].

Computation of the differentiation index

According to Definition and Notation 3, we have ¢ := min{k € No/ur = pp+1}-
This minimum is obtained by computing and comparing the ranks of the matrices Jj ¢—1
(which are computed over polynomial rings) for successive values of & € N. The algorithm
finishes, since we have an a priori upper bound for o (see ().

The previous computation of o can be achieved with error probability bounded by e
within a complexity which is polynomial in n,m,r, and linear in logd, loge and L (recall
that d and L are upper bounds for the degrees and the size of the straight-line program
representation of the input polynomials). Note that this algorithm can also be applied
for the computation of the modified index ¢ introduced in Subsection [B.1] with the same
complexity bounds.

Computation of a differential transcendence basis for first-order systems

The algorithmic computation of a differential transcendence basis of the differential field
extension L < Frac(L{X,U}/A) preserving the order after localization follows the pro-
cedure underlying the proof of Proposition

e compute a transcendence basis By C {X1,..., X, U1,...,Un} of L — Fo;

e choose a subset go C By with m — 7 elements such that By := By U EO is a transcen-
dence basis of L — Fj.

Then, the variables W7y,..., W,,_, whose derivatives lie in BNO form a differential transcen-
dence basis of L — Frac(IL{X,U}/A) with the required property.

The set By is constructed recursively by adding one variable at a time. In order to
determine whether a subset of variables in Fy (resp. Fi) is transcendental over the field L,
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we use the fact that Fo — A, /A, (resp. F1 < Ay11/As41). Thus, the problem amounts
to determine whether a subset of variables in a quotient of a polynomial ring by a prime
ideal is transcendental over the base field, which is done by applying the Jacobian criterion
from commutative algebra (see [7, Lemma 19]).

Computation of the implicit equations

As we have shown in Subsection B3], the polynomials P;’s of Theorems & and
Corollary BTl can be interpreted as eliminating polynomials of the image of the algebraic
varieties defined in (@) and (I7) under suitable linear projections. Therefore, they can be
computed by means of an algorithm based on standard algebraic elimination procedures
(see [II] and [32]). For simplicity, we assume k := Q. The following complexity result can
be obtained:

Proposition 33 There is a probabilistic algorithm which computes the polynomials P; of
Theorems 28 & [28 and Corollary [Z1 with error probability bounded by €, with 0 < e < 1,
and within complezity O(log(1/¢)d?>L) TI(n + m, max; deg V,)), where 11 is a suitable two-
variate universal polynomial. m

We omit the proof of this result in the present article, since it is rather long and
technical, and follows closely the proof of [7, Proposition 46].

References

[1] M. Atiyah, I. Macdonald, Introduction to Commutative Algebra. Addison-Wesley, 1969.

[2] K. Brenan, S. Campbell, L. Petzold, Numerical Solution of Initial-Value Problems in
Differential-Algebraic Equations. STAM’s Classics in Applied Mathematics, Philadelphia 1996.

[3] S. Campbell, W. Gear, The index of general nonlinear DAE’s. Numerische Mathematik 72
(1995), 173-196.

[4] G. Carra Ferro, Some Upper Bounds for the Multiplicity of an autoreduced Subset of N™
and its applications. Algebraic Algorithms and Error Correcting Codes, AAECC-3, Grenoble,
July 1985 (J. Calmet, ed.), Lect. Notes in Comp. Sci. 229 (1986), 306-315.

[5] E. Cartan, Les Systemes Différentiels Extérieurs et leurs Applications Geométriqués. Her-
mann, Paris (1946).

[6] R. Cohn, The Greenspan bound for the order of differential systems. Proc. Amer. Math. Soc.,
79 no. 4 (1980), 523-526.

[7] L. D’Alfonso, G. Jeronimo, P. Solerné, On the Complexity of the Resolvent Representation
of Some Prime Differential Ideals. J. Complexity 22 (2006), 396-430.

[8] M. Fliess, J. Lévine, P. Martin, P. Rouchon, Implicit Differential Equations and Lie-Bécklund
mappings. Proc. of the 34th. Conf. on Decision & Control, New Orleans, December 1995,
2704-2709.

[9] B. Greenspan, A bound for the orders of components of a system of algebraic difference
equations, Pacific J. Math., 9, 1959, 473—486.

31



[10]

[11]

[12]

[13]

[23]

[24]

[25]

J. Heintz, Definability and fast quantifier elimination in algebraically closed fields. Theoret.
Comput. Sci. 24 (3) (1983) 239-277.

J. Heintz, T. Krick, S. Puddu, J. Sabia, A. Waissbein, Deformation techniques for efficient
polynomial equation solving. J. Complexity 16, no.1, (2000), 70-109.

C. Jacobi, De investigando ordine systematis aequationum differentialum vulgarium cujus-
cunque, C. G. J. Jacobi’s gesammelte Werke, fiinfter Band, herausgegeben von K. Weierstrass,
Berlin, Bruck und Verlag von Georg Reimer, 1890, 193-216. Translated from latin by F. Ol-
livier (Ecole Polytechnique, Palaiseau). Available at http://www.lix.polytechnique.fr/~
ollivier/JACOBI/jacobiEngl.htm.

C. Jacobi, De aequationum differentialum systemate non normali ad formam normalem re-
vocando, published by A. Clebsch, C.G.J. Jacobi’s gesammelte Werke, fiinfter Band, heraus-
gegeben von K. Weierstrass, Berlin, Bruck und Verlag von Georg Reimer, 1890, p. 485-
513. Translated from latin by F. Ollivier (Ecole Polytechnique, Palaiseau). Available at
http://www.lix.polytechnique.fr/~ollivier/JACOBI/jacobiEngl.htm.

E.R. Kolchin, Differential Algebra and Algebraic Groups. Academic Press, New York, 1973.

M. Kondratieva, A. Mihalev, E. Pankratiev, Jacobi’s bound for systems of ordinary
differential polynomials (in Russian), Algebra. M.: MGU, 1982, 79-85. Available at
http://shade.msu.ru/~kondram/scan.pdf.

P. Kunkel, V. Mehrmann, Differential-Algebraic Equations. Analysis and Numerical Solutions.
EMS Publishing House, 2006.

E. Kunz, Introduction To Commutative Algebra and Algebraic Geometry. Birkhaduser, 1985.

M. Kuranishi, On E. Cartan’s prolongation theorem of exterior differential systems. Am. J.
Math. 79, (1957), 1-47.

R. Lamour, Index determination and calculation of consistent initial values for DAEs. Com-
put. Math. Appl. 50 (2005), no. 7, 1125-1140.

G. Le Vey, Differential Algebraic Equations: a new look at the index. Rapp. Rech. 2239,
INRIA, (1994).

G. Matera, A. Sedoglavic, Fast computation of discrete invariants associated to a differential
mapping. J. of Symbolic Comput. 36 (2003), 473-499.

F. Ollivier, B. Sadik, La borne de Jacobi pour une diffiété définie par un systéme quasi
régulier. Avalilable at
http://www.lix.polytechnique.fr/~ollivier/PRODUCTION_SCIENT/publications.htm.

C. Pantelides, The consistent inicialization of differential-algebraic equations. STAM Journal
of Sci. and Stat. Computing, 9 (2), (1988), 213-231.

M. Poulsen, Structural Analysis of DAEs. Ph.D. Thesis. Technical University of Denmark
(2001).

F.L. Prichard, W.Y. Sit, On Initial Value Problems for Ordinary Differential-Algebraic Equa-
tions. Radon Series Comp. Appl. Math 1, (2007), 1-57.

P. Rabier, W. Rheinboldt, A Geometric Treatment of Implicit Differential-Algebraic Equa-
tions. J. of Diff. Equations 109, (1994), 110-146.

32


http://shade.msu.ru/~kondra_m/scan.pdf

[27]

28]
[29]

[30]

[31]

[32]

G.J. Reid, P. Lin, A.D. Wittkopf, Differential Elimination-Completion Algorithms for DAE
and PDAE. Stud. Appl. Math. 106, (2001), 1-45.

J.F. Ritt, Differential Algebra. Amer. Math. Soc. Colloq. Publ., Vol. 33, New York, 1950.

J.F. Ritt, Jacobi’s problem on the order of a systm of differential equations, Ann. of Math.,
36, 1935, 303-312.

B. Sadik, A bound for the order of characteristic set elements of an ordinary prime differential
ideal and some applications, Appl. Algebra Engrg. Comm. Comput. 10, no. 3, (2000), 251
268.

B. Sadik, Contributions & ’étude de la complexité du calcul d’'un ensemble caractéristique en
algebre différentielle, PhD. Thesis, 1995.

E. Schost, Computing parametric geometric resolutions, Appl. Algebra Engrg. Comm. Com-
put. 13, no. 5, (2003), 349-393.

W. Seiler, Indices and Solvability of General Systems of Differential equations. Comput.
Algebra in Scientific Comput., CASC 99 (V. Ghanza, E. Mayr, E. Vorozhtsov, eds.), Springer
(1999), 365-385.

G. Thomas, Symbolic computation of the index of quasilinear differential-algebraic equations.
Proc. of the 1996 International Symposium on Symbolic and Algebraic Computation, Zurich,
Switzerland (Y. Lakshman, ed.), ACM Press, New York (1996), 196-203.

33



	Introduction
	Preliminaries
	Basic definitions and notations
	Associated Jacobian sub-matrices

	The rank of Jacobian sub-matrices
	The differentiation index
	The manifold of constraints
	The regularity of the Hilbert-Kolchin function and applications
	The regularity of the Hilbert-Kolchin function
	Upper bounds for the order of the ideal 
	The index and an equivalent explicit ODE system


	Toward an equivalent explicit ODE system
	Equivalent explicit ODE systems and an alternative notion of differentiation index for zero-dimensional systems
	Differential transcendence bases and equivalent ODE form for generic first-order DAE systems of positive dimension
	Example
	Differential transcendence basis preserving the order
	An equivalent ODE system

	Quantitative and algorithmic aspects
	Degree bounds of the implicit equations
	Algorithmic Issues



