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5700 San Luis, Argentina, jcesco@unsl.edu.ar

Abstract: In this note we present a characterization of the sub-class of TU -games having non-empty core with only
one point. It generalizes the adding up (AU ) property stated in Brandenburger and Stuart [2] in the study of biform
games, a new class of models recently introduced by those authors.
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1 INTRODUCTION

The core of a game with transferable utilities (TU -game) is the most appealing and widely studied
solution concept for this class of games. However, sometimes it can be the empty set, but in general, when
this is not the case, it contains more than one point. The classical theorem of Bondareva [1] and Shapley [5]
gives a necessary and sufficient condition for the non-emptiness of the core. Recently Brandenburger and
Stuart [2] introduce a sufficient condition guaranteeing that the core has only one element, and it is used
extensively to study a rather new class of games, namely, biform games. In this note we generalize that
condition and show that it is also necessary to assure that the core of a game contains only one imputation.
The note is organized as follows. In the next section we present some basic facts related to the theory of
TU -games and the adding up property due to Brandenburger and Stuart [2]. In Section 2 we prove our main
result.

2 PRELIMINARIES

A TU -game is an ordered pair (N, v) where N = {1, 2, ..., n} is a finite non-empty set, the set of
players, v is the ccharacteristic function, which is a real valued function defined on the family of subsets of
N,P(N) satisfying v(Φ) = 0. The elements in P(N) are called coalitions.

The set of pre-imputations is E = {x = (x1, . . . , xn) ∈ Rn :
∑

i∈N xi = v(N)}, and the set of
imputations is A = {x ∈ E : xi ≥ 0 for all i ∈ N}.

Given a pre-imputation x and a coalition S in a game (N, v), the excess of the coalition S with respect
to x is e(S, x) = v(S)− x(S), where x(S) =

∑
i∈S xi if S 6=Φ and 0 otherwise. The core of (N, v) is the

set C = {x ∈ E : e(S, x) ≤ 0 for all S ∈ P(N)}.
The core of a game may be the empty set. The Shapley-Bondareva theorem [1], [5] characterizes the

sub-class of TU -games with non-empty core, where the notion of balanced subfamily of coalitions plays
a central role. A non-empty family B is balanced if there exists a set of positive real numbers λB =
(λS)S∈B, the balancing weights, such that

∑
S∈B(i)

λS = 1 for all i ∈ N . Here B(i) = {S ∈ B : i ∈ S} . A

game (N, v) is balanced if
∑

S∈B λSv(S) ≤ v(N) for all balanced family B with balancing weights λB.
Balancedness can also be defined as follows. Let χS ∈ Rn denotes the vector defined by (χS)i = 1 if i ∈ S
and 0 otherwise (the indicator vector of S). Then, a family B is balanced if there exist positive balancing
weights (λS)S∈B such that

∑
S∈B λSχS = χN .

Shapley- Bondareva’s theorem states that the core of a TU−game is non-empty if and only if the game

is balanced.
A minimal balanced family is one including no other proper balanced subfamily, and it has a unique

set of balancing weights [5]. The worth of a minimal balanced family B with respect to a set of balancing
weights λB = (λS)S∈B in a game (N, v) is w(B, λB) =

∑
S∈B

λSv(S).

Usually, when the core is non-empty, it contains more than one point, but in some context is convenient
to restrict oneself to work in the subclass of balanced games with core having a single point. This happens,

MACI, 2 (2009), 41-43 E.M.Mancinelli, E.A.Santillan Marcus, D.A.Tarzia (Eds.)

41



for instances, in the framework of biform games, recently studied in Brandenburger and Stuart [2]. There,
they propose the adding up condition which determines a subclass of games having core with only one
imputation. A TU -game (N, v) possesses the adding up condition (AU) if

∑

i∈N

(v(N)− v(N\{i})) = v(N).

This is only a sufficient condition guaranteeing the uniqueness property of the core. In the next section
we extend the AU property and show that it is also necessary.

3 MAIN RESULT

We note that B = {N\{i}}i∈N is a minimal balanced family of coalitions with cardinality n whose
indicator vectors χS , S ∈ B, are linearly independent. Furthermore, when the adding up property is present,
it satisfies that w(B, λB) = v(N), since the unique collection of balancing weights for B is λB = ( 1

n−1)S∈B.
Given a family of coalitions B with m members, MB will stand for a m × n matrix whose rows are the
indicator vectors χS of the coalitions S belonging to B. We say that a balanced family of coalitions B is
determining in a game (N, v) if it satisfies the following two conditions:

i) rank(MB) = n,

ii) There is a collection of balancing weights λB for B such that w(B, λB) ≥ w(B′, λB′) for all balanced
family B′ with balancing weights λB′ .

When (N, v) is balanced, any determining family B satisfies that w(B, λB) = v(N).

Theorem 1 Let (N, v) be a TU -game. Then |C| = 1 if and only if there is a determining family B with
w(B, λB) = v(N) for some collection λB of balancing weights.

Proof. Let us assume first that there exists a determining family B, and a collection of balancing weights
λB such that w(B, λB) = v(N). Then the Shapley-Bondareva theorem guarantees the non-emptiness of the
core. Moreover, if x ∈ C, then x(S) = v(S) for all S ∈ B. But since B is determining, the linear system

MBy = vB

has a unique solution. Thus, |C| = 1. Here vB is the vector (v(S))S∈B.

On the other hand, if |C| = 1, the game is balanced and w(B, λB) ≤ v(N) for any balanced family
of coalitions B with balancing weights given by λB. Moreover, the unique point in C is the nucleolus x̂
of (N, v) ([sc]). The nucleolus satisfies that max

S
e(S, x̂) = 0, and B̂ = {S : e(S, x̂) = 0} is a balanced

family of coalitions ([3]). For any coalition S outside of B̂, e(S, x̂) < 0. We claim that B̂ is a determining
subfamily. If rank of MB̂ < n, there is 0 6= y ∈ Kernel(MB̂). Let xε = x̂ + εy. Then MB̂xε = vB̂, so
e(S, xε) = 0 for all S ∈ B̂. Furthermore, if ε is small enough, e(S, xε) < 0 for all S /∈ B̂. Finally, since for
any collection λB̂ of balancing weights for B̂, it holds that

λB̂MB̂y = χNy = 0,

it turns to be that xε is a pre-imputation, different from x̂, belonging to C, in contradiction with the assumed
cardinality for C. Then, rank(B̂) = n. Finally, since

w(B̂, λB̂) =
∑

S∈B̂
λSv(S)

=
∑

S∈B̂
λS x̂(S) = v(N),

we conclude that B̂ is a determining family of coalitions. ¤
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Corollary 1 A sufficient condition for the core of a game (N, v) have only one imputation is that there exist
a minimal balanced family B with |B| = n and w(B, λB) = v(N).

The latter condition is not however, a necessary condition as the following example shows.

Example 1 Let (N, v) a game with N = {1, 2, 3} and v(N) = 1, v({1, 3}) = v({2, 3} = 1, v({1, 2}) =
−1, and v(S) = 0 otherwise. The only core imputation x in this game is x = (0, 0, 1), and the only
determining families are:
B1 = {{1}, {2}, {1, 3}, {2, 3}} and B2 = {{1}, {2}, {1, 3}, {2, 3}, N}, none of them being a minimal

balanced family of coalitions.

REFERENCES

[1] O. N. BONDAREVA, Some applications of linear programming methods to the theory of cooperative games, Problemi Kiber-
nitiki 10 (1963) pp. 119-139.

[2] A. BRANDENBURGER, H. STUART, Biform games, Management Science 53, (2007) pp. 537-549.
[3] E. KOHLBERG, On the nucleolus of a characteristic function game, SIAM Journal on Applied Mathematics 20 (1971) pp.

62-66.
[4] D. SCHMEIDLER, The nucleolus of a characteristic function game, SIAM Journal on Applied Mathematics 17 (1969) pp.

1163-1170.
[5] L. S. SHAPLEY, On balanced sets and cores, Naval Res. Logist Quarterly 14 (1967) pp. 453-460.

43




