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Abstract In this paper we continue with our work in Lederman and Wolanski (Ann Math
Pura Appl 187(2):197-220, 2008) where we developed a local monotonicity formula for solu-
tions to an inhomogeneous singular perturbation problem of interest in combustion theory.
There we proved local monotonicity formulae for solutions u® to the singular perturbation
problem and for u = lim u®, assuming that both u°® and u were defined in an arbitrary domain
D in R¥*1 In the present work we obtain global monotonicity formulae for limit functions
u that are globally defined, while u® are not. We derive such global formulae from a local
one that we prove here. In particular, we obtain a global monotonicity formula for blow up
limits uq of limit functions u that are not globally defined. As a consequence of this formula,
we characterize blow up limits u¢ in terms of the value of a density at the blow up point. We
also present applications of the results in this paper to the study of the regularity of 9{u > 0}
(the flame front in combustion models). The fact that our results hold for the inhomogeneous
singular perturbation problem allows a very wide applicability, for instance to problems with
nonlocal diffusion and/or transport.
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26 C. Lederman, N. Wolanski

1 Introduction

In this paper we continue with our work in [7] where we developed a local monotonicity
formula for solutions to an inhomogeneous singular perturbation problem of interest in com-
bustion theory. That formula was inspired on a global monotonicity formula that G. S. Weiss
developed for solutions of the global homogeneous problem (see [10]). As in [7], the problem
under consideration here is the following: for ¢ > 0 we let u* be a solution to

Auf — w; = ﬂa(ug) + fg in D, (Pa(fa))

where ¢ > 0, D is a domain in RV, £, € L®(D), Be(s) = %ﬂ(%) with § a Lipschitz con-
tinuous function, B(s) > Ofor0 < s < 1 and B(s) = 0 otherwise. This type of reaction term
appears in the study of the propagation of deflagration flames. In that context & represents
the inverse of the activation energy (see, for instance, [1,2,9] and the references therein).

We are looking at the inhomogeneous equation—this is, we allow f, # 0—which makes
the applicability of our results much wider. In particular, our results apply to more general
equations that include nonlocal diffusion and/or transport (see [6—8] for a discussion and
applications).

In [10], Weiss obtained a global monotonicity formula for solutions u® of the global
homogeneous version of problem P (f:) (i.e., with u® defined in RN x (0, T) and fe=0),
as well as an analogous formula for # = lim u® (¢ — 0).

In [7], we proved local monotonicity formulae for solutions u® to the inhomogeneous
problem and for u = limu®, assuming that both u® and u were defined in an arbitrary
domain D in RN+,

In the present work we deal with the inhomogeneous problem and we obtain global mono-
tonicity formulae for limit functions u that are globally defined (i.e., defined in the whole
region RY x (0, T)) while u® are not. Such formulae cannot be derived from the ones in the
previous papers [7,10] that were described above.

In fact, we obtain the first of our global monotonicity formulae in Theorem 2.2. We derive
such global formula from a local one that we prove in Theorem 2.1.

We also obtain a global monotonicity formula for blow up limits #¢ of limit functions u that
are not globally defined (here g = lim;,, ¢ iu(xo +Anx, to —i—)\%z) with (xg, f9) € d{u > 0}
and u = lim u®) (see Corollary 2.1).

As a consequence of this last formula, we are able to characterize blow up limits uq in
terms of the value of a density at the blow up point (xg, fp). Namely, in terms of

1 wy)?
21t—1

t()—r2
1
st =tim s [ [ (19wwr+ 202+

to—4r2 RN

) G(x — xp, tg — t)dxdr,

(1.1)

where G(x,t) = Wexp (—%), x =lim B, (u®) and ¥ = ¥ (x) € C°, 0 < <1,
¥ = 1 in a neighborhood of xq (this limit exists and it is finite and independent of the cut off
function ¥, by the local monotonicity formula we proved in [7]).

More precisely, in the stationary case, we prove that if §(xo, #p) = 3M and ug is a blow
up limit at (xo, #p), then ug = ole+ — yx, forsome @ > 0 and y > 0, in some coordinate
system (Theorem 3.2). In addition, we show that if 8(xo, fo) = 6M, then ug = «|x;| for
some o > 0 (Theorem 3.1). Here M = fol B(s)ds. See also Remark 3.2.
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A local monotonicity formula. Part IT 27

Furthermore, we prove that 3M < §(xo, tp) < 6 M and that §(xo, fp) is 3M or 6M almost
everywhere on the free boundary. Moreover, in dimension 2, 6 (xo, fo) is 3M or 6 M every-
where on the free boundary (Propositions 3.1-3.3).

In Sect. 4 we present applications of Theorems 3.1 and 3.2 to the study of the regularity of
the boundary of {u > 0} for u = lim u® (the flame front in combustion models). We proved
these regularity results in [8].

Let us remark that our global monotonicity formula proven in Theorem 2.2 allows us to
show, in the particular case that || f¢ ||z~ — 0, that limit functions u that are globally defined
satisfy inequality (2.12), which is the same one proven in [10] for limit functions of the global
homogeneous problem—even though in our case u® are not globally defined and f; £ 0.

In particular, we obtain this same inequality for blow up limits «¢ of limit functions u that
are not globally defined (see inequality (2.14) in Corollary 2.1).

On the other hand, let us mention that the results on characterization of blow up limits
described above are similar to the ones obtained in [10] for the global homogeneous problem
but for a different density. The density in [10]—unlike the one given by (1.1)—is defined
only for global functions.

We also remark that the applications given in [10] to these results (namely, classification
of points in d{u > 0} and rectifiability of the singular set) are different from the applications
we are presenting in Sect. 4.

We finally want to point out that all the results in this paper are new when f, # 0, even
in the case that u® are globally defined. Moreover, our results are also new when f; = 0, in
case u® are not globally defined.

An outline of the paper is as follows. In Sect. 2 we prove the monotonicity formulae. In
Sect. 3 we use these results to characterize blow up limits in terms of the density at the blow
up point and Sect. 4 contains applications to regularity results of d{u > 0} for u = lim u®.

Notation

Given a point (¥, 7) € RNt and R, Ry > 0, we will denote
OR.ry (X, 1) 1= Br(X) x (7 — 4R3, 1],
We will be considering rescalings of functions in a neighborhood of (X, 7) and we will denote

1 _ _
v (x,1) = ;v(f +rx,t+ rzt) and V' (x,t) =v(x +rx,t+ rzt).

We will say that a function v is in the class Lip (1, 1/2) in a domain D C RN if v is
bounded and there exists a constant L = L (D) such that

. 1) — v(y. 1) < Lx — y| + |t — 7|2)

for every (x, 1), (v, ) inD. The normin Lip (1,1/2) in D is

[v(x, 1) —v(y, 7)|
wilLipa,1/2) = lvllLo(py) +  sup -
0. (no)ep X =yl + 1t —1|

We will denote by

Wl = sup lv(x, 1) —v(y, 7)|
Ll ), (noyep 1X =yl 1t =2

the Lip (1, 1/2) seminorm in D.
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28 C. Lederman, N. Wolanski

Finally, we will denote
-
B.(r) :/ﬁg(s)ds, M:/ﬂ(s)ds
0 0
_ 1 x?
and G(x, 1) = G2 exp(—51)-

2 Monotonicity formulae

In this section we prove monotonicity formulae for solutions u® of problem P (f.) and for
u = limuf (¢ — 0).

In fact, in Theorem 2.1 we prove a local monotonicity formula for solutions u? to problem
P.(f.) that are defined in bounded domains of RN*! This formula is an improvement of the
one we obtained in Theorem 2.1 in [7].

As aconsequence we obtain, in Theorem 2.2, a global monotonicity formula for limit func-
tions u that are globally defined (i.e., defined in the whole region RN x (0, 7)) while u® are not.

In particular, in Corollary 2.1 we obtain a global monotonicity formula for blow up limits
uq of limit functions u that are not globally defined (here up = limy, 0 Ai”u(xo + Anx, to +
k%t) with (xg, 7p) € d{u > 0} and u = lim u?).

We first prove

Theorem 2.1 (¢-Local monotonicity formula) Let u® be a solution to Pe(fe) in QR ry(X, f)
where Ry < Rand R > 1. Let y = Y (x) € Cg°(Br(x)), 0 < ¢ < landy = 1in
Bgry2(X). Assume that f; € L (QRg g, (X, 1)) and

e, 0] < Ar (L lx = 1+ 1= 11'72) in Qry(Eo D)y 10 |Lipg, 1oy (0r gy B < A2

Ay 2
—, D YllLoBri) < As. 2.1

VYL Br@) < R

For 0 < r < Ry, let

Wiz 5 (r) = Wi 2 (r,u®, %)

/ /( e L EW)
IV @y + 292 Be (u )+ G(x — x,1 — t)dxdr.

t4ﬂRN

2.2)
Then,
G
(“)()>// 2 d (xt )dxdt
—4RN
= Cllfellzecon sy.n (1+ 71 fell oo ny 0 )
lu(x, )] '’

—C||fe||L°°<QRR0(xt))7 C(l+IIfslle(QR,RO(x,z’)))RQe 7.

(2.3)

1 _ _
Here w® (x, 1) = ¥ (x)u(x,t) and wy (x,t) = ;w*(X +rx,t + r2t).
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A local monotonicity formula. Part IT 29

The constant C in (2.3) depends only on A;, the dimension N, M| = maxo<s<1 sB(s) and
M = fol B(s)ds. The constant C' is universal.

Proof By rescaling we get, for 0 < r < Ry,

£\2
W 5 (r) = //(|Vw| +2(0")?Be(r 8)+7u) G(x, —ndxdr.  (2.4)

—4RN

Proceeding as in Theorem 2.1 in [7], we get

(’”)()>//(3 2l G( )dxdt

—4RN

—1
+ / / @ wE) (=29 r£.")G (x, —t)dxdt

—4 RN

—1

+ //(a,wf)(—zquW —4VyY'Vul)G(x, —1)dxdt

—4 RN

-1
+ / / (—Zwrﬂg(ruf) rut oy + 4y 9y Bs(ruf)) G(x, —t)dxdt

—4RN
er(x 1)
(Orw,) ————dxdt + 1+ 11+ 111. (2.5)
—4 RN
Now,
(x L) YVt (R N _
3rwﬁ(x’t):_w(x+rxz ind )+ WAy )-x+2twf(i+rx,t+r2t).
r r
There holds,
(% +rx, i+ 20| < [w' (&, D]+ (A1As + A2) (x] + 1112,
and

‘( wE(X 4+ rx, T+ r?0) N Vwé (X +rx, f +r2t)
_ > . .

x) (=2¢"rf") G(x, —1)

< (2@ +2(5A1Aq +249) (x| + |t|‘/2>) I felle Glx, =),

So that,
s(x—i-rx i +r’) wa()z_wx,;_i_rz,)
//( p ~x)(=2¢"rfe")) G(x, —t)dxdt
Z4RN
u*x, 0 -
= =Call fell Lo ry . = = Cillfell Lo (0p gy 2.7
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30 C. Lederman, N. Wolanski

Now, as in [7],

-1
/ / (thf (X +rx, 1+ rzt)(—21/frrf8’)) G(x, —t)dxdt
Z4RN

. 1/2

< 32| fell Lov (0 gy (5.1 / / 18, ) > (¥")? G (x, —1)dxdr

—4 RN

Let v = u7. Then v is a solution to Av — v; = B¢/, (v) +r f;". Thus,

-1 -1
//vf(w)zc(x, —t)dxdt=//vtAv(tp’)2G(x,—t)dxdt

—4 RN —4 RN
—1

- //ﬂg/r(v) v (Y)2G(x, —1)dxds

—4RN

-1
_//strvt(lﬁr)zG(x, —1)dxdr

—4RN
= (1) + (1) + (@ii).
There holds,

—1 -1
() = — //wtw WG (x, —t)dxdt—Z//vth V'Y G(x, —1)dxdr

—4 RN —4 RN

-1
—//U,W(W)zv&ixdt.

—4 RN

Arguing as in [7], but using that in the present case r < Ry < R and |V{/| < %, we get, for
O<n<l,

-1
=< n//v?(w’)zcm —t)dxdr 4+ C, (A2, Ag).

—4 RN

Proceeding in a similar way,

-1
(iii) < n// v (WG —0dxd + Cyr? |l fell foe o, oo )
—4 RN

Using that B¢/, (v) v, = 9; B¢/, (v) and 0 < By, (s) < M we get for (ii)

(i) < C(M).
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Thus,

—1
/ / @u)* (WG (x, —1)dxds sc(1+r2||fg||2LOO(QRVR0@,;))). (2.6)

—4 RN
Summing up,

lu®(x, 1)]
I = =CllfellLog g, (. N, T CllfellLo (g gy 7.7 (1 + r||fs||L<>o(QR,R0(i,z‘))) .

On the other hand, since

V(& +rouf (X +rx, 7 4r') L VEH VUG e T )
- X

& —
orw,(x,1) = — ) "
(% 4+ r2OVY (R _
WO EFrOVYE T g G o) g G+ rx F 4 P20,
-
2.7
then, for x in the support of " and —4 <t < —1, there holds
4A1R Ar R 4A1R A4 R 8 R ()
& r el r &
[0y w; | < P +77 p ?74‘;“// 8zu,|—C72+7|w Oruy|
and
8A1R A
| = 2uEAYT — AVY VuE| <~ 2 A, 4 4r?4A2 < CR?
r
(we have used that ¥ < Ry < R and R > 1). Since ¥ = 1 in Bg/2(x), it follows that
-1
CR3
1) < —- G(x, —t)dxdt
r
—4 R <px|<®
1/2
12/ /
+7 //(8,u (W) G(x, —t)dxdr / / G(x, —t)dxdr
RN K<y <k
Now, observing that
_ o
/ / G(x,—t)dxdt < Ce ~ 12 (2.8)

—4 R R
7 <IxXI= 7

and recalling (2.6), we obtain

, R
112 =C (1411 fell(og gy ) R 77
Since 0 < s B:(s) < My and 0 < B.(s) < M, we have
R e CR
| = 29" Be(ruy) ruy 99" +4¢" 3, ¢" Be(ruy)| <2M1*| |+4*| M < -
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32 C. Lederman, N. Wolanski

for x in the support of /" and —4 <t < —1. Then, using again (2.8) we conclude that

_c"” sz

I1+111>-C (1 + ||fs||L°o(QR,RU(2,z‘))) R*™" 7.
The theorem is proved. O
As a consequence of Theorem 2.1, we obtain

Theorem 2.2 (Global monotonicity formula) Let u®/ be a family of solutions to Py i (fe;) in
QR_,-,RO()EJ_) with Rj — 0. Let %’ = Wj(x) € CSO(BRI()E)), 0 < Wj <1, Wj = 1lin
BR; 2 (x). Assume that

s e 1< Ar (L = &1+ I = 7172) in Qry o B2 D). 10 | Lipg, 2y (0 ) < A2

Ay
||V1ﬁj||L°°(BR/.(;z)) < i ||D21ﬁj||L°°(BRj(;)) < A4. (2.9)
: j

Let u = lim u®i uniformly on compact sets of RN x (f — 4R§, t], x = lim Bg; (u®)*-
weakly in L?&(RN X (ZT— 4R%, t_]), A > ”fgj “LOC(QR]-,RO()EJ_)) and Ej — 0.
For0 <r < Ry, let

Wei.n(r) = Wi n(ru, x)
i—r?
1 5 1 u? -
= — [Vul*+2x+-——=)G(x —x,t —t)dxdt. (2.10)
r2 2t—1
t—4r2 RN

Then, for Ry > p1 > p2 > 0,

p1 —1
rG(x, —t)
Win(on =Wt = [ [ [ @ 5D axarar

P2 —4 RN

—CA(p1 —p2) (1 + (o1 + p2)A) — C Afu(x, )| log (%)
(2.11)

where C is as in Theorem 2.1 and u,(x,t) = %u(}? +rx,t+ rzt).
Inaddition, if || fe; | L= g Ry D) Oas j — oothere holds that, for Ry > p1 > p2 > 0,
Ry (X

p1 —1

G(x,—t
Wiy (01) = Wiz iy (p2) = / / / @rup)? Lt)dxdzdr. 2.12)

P2 —4 RN

Proof First of all, it is clear that the second assertion follows immediately from the first one
since, when || f; ”LOC(QR,._RO(jj)) — 0as j — oo, we may take as A an arbitrarily small
constant.

In order to obtain (2.11), we will apply Theorem 2.1 to our family and pass to the limit.
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A local monotonicity formula. Part IT 33

In fact, integrating Eq. (2.3) for j fixed and bounding || f¢; |1 (g Ry (B:D) by A, we get
i

p1 —1
£ e 2 rG(x, —1)
Wln (o) = Wi 5 (02) = /// ’ ~ dxdtdr—CA/(l +rA)dr
P2 —4 RN P2
Pl r2
Eir= P1 2 —C'-L
—CA|u® (x,1)]log (—) —C+A) Rj/e 2dr=1—-11—-1I1 —1V. (2.13)
P2
P

It is easy to see that, as j — oo,

+
1= CA<p1—pz)(1+A%),

11T = C Au(E, 7| log (ﬂ) ,
P2
and
R2
2 O
0<1V=C(I+A)Rje ’T1(p1—p2)—0.
On the other hand, we recall that, by (2.7), 9, wfj (x, t) is the sum of four terms,
dwy’ (x, 1) = (i) + (i) + (iii) + (v).

Now, observe that ¢/; — 1 and Vi/; — 0 uniformly on compact sets of RN . Moreover,
we know that Vu®/ — Vu strongly in leoC (this convergence was proved in [6] for nonnega-
tive functions, but the same proof holds in the present case). Thus, by taking a subsequence,
we obtain in RY x (—4, —1),

u(@ +rx,r+r)

(i)—)——2 a.e. and
r
A (14 + |1]1/2
i < Al r(|:;| 1),
Vu(x r+rt
(i) > MG IHID e and
r
A
iy < 22K
r
(iii) - 0 a.e. and
i) < 222
.

So that,

p1 —1 _ _
///( 1/fj()?+rx)u£/()f+rx,t+r2t)+1/fj()?+rx)Vu€/()?+rx,t+r2t)
— <X

r2 r
P2 —4 RN
& (x A+ 20V (R > rGx, —t
ubi(x +rx,t+rer) 1/1.,(x+rx).x) rG(x )dxdtdr
, _
p1 —1 Vu(i - 2 2 G
t t , 1 1t , —t
_)///( u(x+rx +r2 )+ u(x +rx,t+r )~x) r (xt )dxdtdr.
- _
p2 —4 RN
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34 C. Lederman, N. Wolanski

Next, we use the convergence of u®/, estimate (2.6) and the fact that 1//.,'uf" = 0;(Y;ju’l)
to deduce that

V(& + rx)uti (8 4 rx, T4 r2t) = u (X +rx, T+ %)
weakly in L? (R x (=4, —1), (—1)G(x, —t)dxdt). Then,

p1 —1

liminf///(2“//1'()?+rx)3zu€f(i+rx,t_+r2t))

P2 —4 RN

p1 —1

_ Gx, —1
Z///(Zlu,(}?—l—rx,t—i—rzt))z #dxdtdr

G(x, —t
2 L’t)dxdtdr

P2 —4RN
and
p1 —1
/// (209 (% + rx)du’l (5 + rx, T +r?1))
P2 —4 RN
N (_ V(X 4 rui (X +rx, T +r2t) N V(X + rx)Vubi (8 +rx,  +r’t) N
r2 r

dxdrdr

N Ui (X 4+ rx, f +r*)V; (8 + rx) .x) rG(x, —1)
r —t
p1 —1
— /// (2tu,()2 +rx,t+ rzt))
P2 —4 RN
u(@ +rx,f+r%)  Vu( +rx,i+r) rG(x, —t)
x (_ r2 + r ~x) —t

dxdedr.

Returning to (2.13) we conclude that

p1 —1

Gx, 1
liminf I > / / / @uy? "D G drdr,
j—00 —t

P2 —4 RN

Similarly, we can prove that

—r?
,Ei\2
iz / /(|v(wm8f)|2+%%) G(x —x,1—r)dxds
p _

f—4r2 RN
2

f—r
1 1 u? _
o // Vul> + =) G(x — %, 7 — 1)duxdr.
r2 2t —1t

f—4r2 RN

Finally, given 0 > 0, let R > 0 be such that
r—r?
_ - o
2M / / Gx —x,t—1t)dxdr < 7
f—4r2 |x—X|>R

@ Springer



A local monotonicity formula. Part IT 35

Then, for j large,

i—r?
/ / {%235,(“8-") ~ x] G(x —%,f — t)dxdt

F—4r2 RN

r—r?
< / / {Be; W) — x} G(x — %, 7 — t)dxdr

i—4r? [x—X|<R

—r2
+2M / / G(x —x,f —t)dxdr

F_4r2 |x—X|>R

< / / {Be, @) — x} G(x — %,7 — 1)dxdr +%
P42 oI <R

<o ifj > jo(R).

£j

Therefore, W(x A (r) = Wz p(r) as j — oo and the result follows. O

We apply Theorem 2.2 to derive

Corollary 2.1 (Global monotonicity formula for blow up limits) Let u®/ be a family of solu-
tions 1o Pg;(fe;) in a domain D C RNF1 uniformly bounded in Lip (1, 1/2) norm with
Je; uniformly bounded in L norm in D. Assume u®/ — u uniformly on compact subsets
of D and B, ®) — x *-weakly in L>°(D) with e¢; — 0. Let (xq, t9) € DN d{u > 0},
uy,(x,t) = %ﬂu(xo + Aux, to + )»flt), 3, 1) = x(xo + Anx, 1o + A,zlt) and A, — O.
Assume uy, — uq uniformly on compact sets of RN, x*n — yq s-weakly in LY (RNT1).
Let (x,1) € RN Then, Sor Wi pn(r) = Wiz iy (r, uo, xo) and py > p2 > 0 there holds
that

p1 —1
Winton =Wanten = [ [ [ @wn? Co L s

P2 —4RN

where (ug)y (x, 1) = %uo(i +rx, f +r3).

Proof We will apply Theorem 2.2 to the functions ubn(x, 1) = ﬁuafn (x0 + Apx, 0o+ )\ﬁt)
where j, is chosen such that (see for instance [7], proof of Theorem 3.1),

o 4, = %’Z — 0.

u® — uq uniformly on compact sets of RN+,

Bs, (u®) — xo *-weakly in L2 (RN 1),

| u(xo,ro)—;t:f" (xo.10) | < 1

Now, let o > 0 such that By, (xo) X [fo — 402, 19 +402] C D. Let R, = o/A, and let
Ro > 0 be fixed. Then, for (x, 1) € Qg, g, (X, ) we have that |, x| < A, |X| + Aylx — %] <
Anl¥| 4+ 0 <20 and —4o? < A2(7 — 4R8) < A2t < A2f < 402 if n is large enough. Thus,
udn is defined in Qg g, (%, 7) for n large.
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36 C. Lederman, N. Wolanski

Letyy € Cg°(Bs(0)),0 < ¢ < 1, ¢ = lin By/2(0), and ¥, (x) = ¥ (A, (x — X)). Then,
IVl < As’2,|D?y,| < A4 in Bg, (¥) for a certain constant A, ¥, € C5° (Bg, (¥)),
Y, =1in BRn/z(JZ).

Observe that 1% are solutions to Ps, (fs5,) with f5 (x, 1) = A, fe i (x0 + Anx, to + )Lflt).
Moreover, || fs, ||L00(QRM,R0(;’[‘)) — 0 asn — oo.

In order to apply Theorem 2.2, let p; > pp > 0 arbitrary and then, take Rg > p;. We
only need to show that the hypotheses (2.9) are satisfied. In fact, the bounds of ¥, and its
derivatives follow immediately by construction as observed above. On the other hand, taking
L > 0 such that [u®in |1, » (D) < L we get, for (x,1) € Qg, ry (%, 1),

1 ) u®in (xq, 1
WWLMZXﬂWWm+MLm+ﬁMS——L££2+MM+UW5

n

n
u(xo, to) — u®in (xo, 19)

< -

<A+ |x = x|+t — 1'%

+ L%+ 11Y%) + L(x — %] + |t — 1]'%)

for a certain constant A; depending on X and 7 but independent of n. Moreover,

1) _
4™ [ Lip 1,12y (Q Ry ry D) = L

Thus, (2.14) follows and the corollary is proved. O

3 Characterization of blow up limits in terms of the density at the blow up point

In this section we apply the results of Sect. 2 to characterize blow up limits ¢ in terms of
the value of a density at the blow up point, in the stationary case.

In fact, we consider a family u®/ of stationary solutions to Pe,( fgj) in a domain Q ¢ RY
with ||f€j o) < C, |u¥i||L=@) < C’ and ¢; — 0. By the results in [8], it follows that
u®i are locally uniformly bounded in Lip norm in €2, so that the results of Sect. 2 apply to
this family.

Letu = limu®/ uniformly on compact subsets of Q and x = lim B, (u®/) *-weakly in
L*°(2). For xg € 2 N d{u > 0}, we consider

2
2
8(xp) := 8(x0, 0) = 111%%2 / / (|V(¢u)|2 +29%x + %) G (x — xo, —t)dxdr,

—4r2 RN
3.1

where € C§° (Bs (x0)),0 < ¥ < 1,4 = 1in B,/2(xp) and B, (xg) CC £ (this limit exists
and it is finite and independent of the cut off function v, by Theorem 2.2 and Corollary 2.1
in [7]).

First, we prove Theorems 3.1 and 3.2, where we characterize blow up limits u( at free
boundary points xo when 8(x9) € {3M,6M]} (here up = limy, o Ai”u(xo + Anx), with
x0€ QNofu >0}and M = fol B(s)ds). See Remark 3.2 for the reciprocal of these results.

Then, we show that §(xg) € [3M, 6M]. Moreover, §(xg) € {3M, 6M} for N ~'-almost
every xo € QN a{u > 0} and also for every xo € QN a{u > 0}, if N = 2 (Propositions 3.1—
3.3).
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We start with

Theorem 3.1 Let u®/ be stationary solutions to Pe;(fe;) in a domain Q2 C RN with
I fejllLe@) < C, u®iLo@) < C" and g; — 0. Let u = limu®/ uniformly on com-
pact subsets of Q2 and x = lim By, (u®i) x-weakly in L*°(R2). Let xo € 2 N d{u > 0} and
8(xg) as in (3.1).

Assume §(xg) = 6M. Let A,, — O be such that there exists ug(x) = limy,_ o %ﬂu(xo +
JnX) uniformly on compact sets of RN. Then, there exists « > 0 such that, in a certain
coordinate system,

up(x) = alxy|.

Proof By taking a subsequence, we may assume that x*7(x) = x(xo + Anx) — xo(x)
s-weakly in LIOC(RN ). By the results of [7] (Corollaries 2.1 and 2.2) we know that, for
r >0,

8(x0)_ / /(|Vu0| +2x0 + )G(x —t)dxdl-//ZXo(x)G(x —t)dxdz.

—4r2 RN —4 RN
(3.2)

Since 0 < y9 < M there holds that 0 < §(x¢) < 6. Thus,
S(x)) =6M = xo=M ae.in RV,
On the other hand, we know that u( is homogeneous (see Corollary 2.1 in [7]). This is,
uo(rx) =rup(x) foreveryr >0, x € RV,

Since 1y = lim u% and xo = lim Bg, (u%) with 8, and u® as in Corollary 2.1, we can
apply the results in Lemma 3.1 in [8] to deduce that xo(x) € {0, M} for almost every x € RV,
xo =01in {ug < 0}, xo = M in {up > 0} and xo is constant on every connected component
of {up < 0}°. In particular, since xo = M, we have that uy > 0.

If ugp = 0in RY, then ug(x) = a|x1| with & = 0 and the theorem is proved in this case.

Thus, we may assume that ug > 0 somewhere.

Now, let us show that the theorem holds when ug depends only on 1 variable. In fact, if
ug = uo(x1) depends on 1 variable, the only possible components of {¢#y > 0} are {x; > 0}
and {x; < 0}.

If up > 01in {x; > 0} there holds that ug(x;) = ax; in {x; > 0} with @ > 0 since it is
harmonic in this set and uy(0) = 0.

Assume ug = 0 in {x; < 0}. Using that up = lim u%, xo = lim Bs, (u%) and that u®" are
solutions to Ps, (fs,) with f5, — 0 uniformly on compact subsets of RN we proceed as in
Proposition 3.2 in [8] (see also Proposition 5.1 in [6] and Proposition 5.2 in [4]) and deduce
that

o
—=M-M =0,
2
which is a contradiction.
By similar arguments, if #g > 0 in {x; < O} there exists y > 0 such that ug(x1) = —yx;

in {x; < 0}.
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This time we proceed as in Proposition 3.3 in [8] (see also Proposition 5.3 in [4]), and
deduce that
o[2 )/2
2 2
So that, y = o > 0 and ug(x1) = a|xq|.
Therefore, the theorem is proved when uo depends on 1 variable.
We will devote the rest of the proof to showing that this is necessarily the case. The proof
will follow from a dimension reduction argument.
Let us first observe that if uo depends on k variables, then xo depends on the same k
variables. In fact, assume that u(y does not depend on a direction v. We will show that xg
does not depend on v. For simplicity, we assume that v = ej.

Multiplying equation Ps, (f5,) by ui’} @, where ¢ € C§° (RN), and integrating by parts,

we get
1
=5 [ 1o + [t ouly = [ B~ [ e

Passing to the limit, we obtain

1
=5 [P e = [ 00 (3

We observe the left-hand side of (3.3) vanishes because uo does not depend on x; and
thus, this equality implies that yo does not depend on x1, as we claimed.

Next, in order to develop the dimension reduction argument, let us assume that «( depends
on k variables. Thus, we will assume that ug = ug(xy, ..., xx) and correspondingly, xo =
X0(X1, - oy Xk).

Since the rest of the proof relies on the definition of the functional Wz 0)(r) = Wz,0)
(r, up, xo) (more precisely, on (2.14) and (3.2)), we see that we can assume that we are
working in R¥ instead of RV

We will show that there is a direction v in R¥ such that uo does not depend on this direction.
This is, we will show that Vg - v = 0 in R¥, thus deducing that ug actually depends on k — 1
variables. Iterating this argument we finally get that uo only depends on 1 variable.

Let us assume that k > 2.

In order to find v we first observe that there exists X € R"\{O} such that ug(x) = 0. In
fact, if this is not the case we have

Aug =0 in RF\{0}
luo(x) —uo(y)| < Llx — y|

=M-M=0.

for some L > 0, and we deduce that Aug = 0 in R, ug > 0, ug(0) = 0 which is a
contradiction.

Therefore, there exists X 7% 0 such that ug(x) = 0. Since uq is homogeneous there holds
that ug(1LX) = O for every A > 0. By rotating this line we find in RFa point 0 # xe€d{up>0}.
If not, we would have uy = 0 and this is not the case.

Let us apply the monotonicity formula (2.14) at (x, 7) with 7 = 0. We have, for p; >
p2 >0,

p1—1

G(x, —
0= / / / Grto? " dxdrdr = Wy (01) ~ Wis (02,

P2 —4 Rk

where (ug),(x) = %Mo(fZ +rx) and Wz 0)(r) = Wz,0) (7, uo, x0)-
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Now let R > 0 be fixed. Letting py — R~ and p» — 0% (the limits exist by the
monotonicity of Wiz ¢)(r) shown in Corollary 2.1) we get

R —

0 </ / / rtwn? " dedrdr < Wis (R) ~ Wes (07,

0 —4 Rk

Now, it is easy to see from the rescaling invariance of Wz )(r), by arguments similar to
those used in Corollary 2.2 in [7], that

-1
Wiz,0)(0) = //2)(00 G(x, —t)dxdt,

—4 Rk

where xo0(x) = lim; o x0(X + ujx) for a certain sequence 1 ; — 0.
Since xo = M, the same is true for xop. Thus, Wiz o) 0T) =6M.
On the other hand, we know that Wg ¢ (r) is constant (recall (3.2)). Therefore,

W0 (0F) = 6M = §(x0) = W0,0)(R).

Thus,

R -1
0 S///(ar(uo)r)2 @dxdtdr < Wi,0)(R) — Wo,0(R). 34
0 4

—4 Rk

Let us see that the right-hand side converges to 0 as R — oo. In fact, since uq is homo-
geneous,

—R?
Wi,00(R) — W,0(R) = ol / /(lVMOI +2X0+2)
—4R2 Rk
% (G(x — %, —1) — G(x, —1)) dxdt
_R2 )
I 2 x
== / /(‘wo (%)‘ T 2x0(x) + "g(f))(c(x — % —1) = G(x, —1)) dxds
—_4R?2 Rk R
- //(|wo(y>|2 +2x0(Ry) + 0(”) (G (y - —s) — GOy, —s)) dyds
—4 Rk
by 1 2
e 4 — e ds
—4 Rk
-1
- / / Fr(y. s)dyds,
—4 Rk
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with Fr(y,s) > 0as R — oo and |Fg(y,s)| < C(1 + |y|2)f:*c/|«"‘2 if R is large. Thus,
-1
// Fr(y,s)dyds — 0 as R — oo
24 pi
and, passing to the limit as R — oo in (3.4), we deduce that for a.e. r > 0
-1
//(Br(uo)r)2 PO D gear — 0,
—4 Rk !
Therefore, 0, (1g), = 0 so that, for a.e. x,

0=3 (uo(x + rx)) _ _uo(xr—zl— rx) n )rﬁ Vo + rx)

,
or equivalently,

—”0(;) + 25 Vu =0,
r r

But, since ug(rx) = rug(x), there holds that

Vug(x) - x —uog(x) =0.

Therefore,
Vug(x) - x =0.
Now, if v = % there holds that u¢ is independent of the direction v and the theorem is
proved. O

‘We next obtain

Theorem 3.2 Let u®/ be stationary solutions to Py, (fe;) in a domain Q C RN with
I fejllLe@ < C, lluflLeo@) < C'and ¢j — 0. Let u = limu® uniformly on com-
pact subsets of Q, and x = lim By, (u®7) *-weakly in L°°(R2). Let xg € 2 N d{u > 0} and
8(xp) as in (3.1).

Assume §(xg) = 3M. Let A,, — 0 be such that there exists ug(x) = lim,_ o iu(xo +
AnX) uniformly on compact sets of RN. Then, there exist o« > 0 and y > 0 such that, in a
certain coordinate system,

up(x) = axf' — VX . 3.5)

Proof As in the proof of Theorem 3.1, we will first show that the theorem holds when uq
depends only on one variable, and then proceed by a dimension reduction argument.

In fact, we may assume that x*(x) = x (xo + Anx) — xo(x) *-weakly in L2 (RV),
with xo(x) € {0, M} for almost every x € RY, xo = M in {ug > 0}, xo = 0in {ug < 0}, xo
constant (either 0 or M) on any connected component of {ug < 0}°. In addition, the bounds
in the proof of Lemma 3.1 in [8] imply that xo € B Vioc (RM). In particular, xo = M x{x,>0
and thus, {xo > 0} is a set of locally finite perimeter (see, for instance, [5]).

So let us now show that, if uo depends only on one variable (19 = ug(x;) in a certain
coordinate system) then, the result follows. In fact, since u¢ is homogeneous, we only have
one of the following:
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(1) up=0inR.

(2) wuop <0in{x; >0} and ug < 0in {x; < O}.
3) ugp<0in{x; > 0}and ug = 0in {x; < 0}.
4) wuo>0in{x; > 0}andug > Oin {x; < 0}.
(5) wuo>0in{x; > 0}and up < Oin {x; < 0}.
(6) wup>0in{x; > 0} and up = 0in {x; < O}.

Actually, (1), (2), (3) and (4) are not possible. In fact, if (1), (2) or (3) hold, we have that
uop < 01in R and then, xo is constant equal to O or M in R. If (4) holds, we have that xo = M
in R. Thus, in any of these cases we either have §(xg) = 0 or §(xp) = 6M, a contradiction.

Therefore, under the hypotheses of this theorem only (5) and (6) are possible.

There holds that u( is harmonic where positive and where negative, u( uniformly Lipschitz
in R and uo(0) = 0. Therefore, if we have (5) or (6), there exists « > 0 such that uy = ax;
in {x; > 0}. If we have (5), by the same argument there exists y > 0 such that ug = yx; in
{x1 < 0}. In any of the cases (5) or (6), there holds (3.5) with @ > 0 and y > 0. Thus, the
theorem is true if 1o depends on 1 variable.

Now, as in the proof of Theorem 3.1, we will show by a dimension reduction argument, that
uo depends only on 1 variable. Following the arguments in that proof, assuming uo depends
on k variables with k > 2, we may suppose that we are in R* and therefore, it is enough to
show that there exists in R¥ a point 0 # X € d{up > 0} such that W(z,0)(0") = 3M.

More precisely, we will see that there exists a point O 7% X € d,.4{x0 > 0} C d{up > 0},
where 9,04 denotes reduced boundary. Recall that

-1
Wiz,0)(0h) 2//2)(00()6)6()6, —t)dxdr,
—4 Rk
for xoo(x) = lim; o0 xo(X + pjx) with u; — 0. If X € 0req{x0 > 0}, then xpo(x) =
M x{(x,vy>0y for v the unit interior normal to {xo > O} at x in the measure theoretic sense.
Therefore, Wz .0)(07) = 3M and, from here the proof follows as that of Theorem 3.1.

So, let E = {xo > 0}. Then, |E| > 0 and |E¢| > 0. If not, either xo = 0 a.e. or
Xo = M a.e., contradicting the fact that 6(xg) = 3M. Thus, there exists Rp > 0 such
that |[E N Br,| > 0 and |E° N Bg,| > 0, where we denote Bg, = Bp,(0). We claim that
0 < Per(0E; Bgy) < oo. In fact, the perimeter is finite in Bg, since xo = M xg and
X0 € BV(Bg,). Now, by the isoperimetric inequality,

Per(9E; B,) > Cy min {|E N Bg, |, |E N B, |}* """ > 0.
On the other hand,
Per(3E; Bry) = H ' (Bry N 8rea E).
Therefore, there exists 0 # X € d.04{x0 > 0} as claimed, and the theorem is proved. O

In the remainder of the section we will let u®/ be stationary solutions to P ( faj) in a
domain @ C RN with || f;; [l < C. 4|~ < C'and &; — 0 and we will let
u = lim u®/ uniformly on compact subsets of €2, and y = lim By, (u®7) x-weakly in L™ (£2).
For points x € 2 N d{u > 0} we will consider §(x) as defined in (3.1).

We prove

Lemma 3.1 Let xo € 2N d{u > 0}. Then,
limsup §(x) < 8(xp).

xX—>x0
xeQNa{u>0}
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Proof Leto > Osuchthat By, (xg) CC Qand g € Cgo (B5(0)),with0 < ¢ < land¢ = 1
in B,2(0). For X € B, (x9) N d{u > 0} we denote ¥* (x) = ¢(x — x) and define

Wiz,0 () = Wi,o0 @, u, v 0

2
- 2 _ X2
= [ [ (ool 2w Y5 ) 6o - g e

472 RN
Now fix n > 0. Then, by Theorem 2.2 in [7], there exists ro = ro(n) such that
_ n .
8(X) = Wi.0)(0T) < Wez0)(r) + 3 if r < ro, (3.6)

where ro can be taken independent of the point x € B, (x) if the constants in [7] are suitably
chosen.
On the other hand, there exists & = 6(r, n) < o such that

/.
Wiz,00(") < Wix,00(r) + 5 if x € By(xo). G.7)
In fact, since in RY x [—4r2, —r?],

) ) 782
’W(Wu)ﬁ L2y + %

= Cra

(u)?
2t

(W“u)z)‘

’(W(wfunz +2(y) % x + 5

=< Crl)E —X()l,

) - (IV(W""u)Iz +2(0)? x +

with C, independent of x, we get

IWz,0) 1) — Wixg,0) ()]

2
—r
1
< ) / /Cr |G(x — x, —t) — G(x — x0, —1t)| dxdr
—_472 RN

2
—r
1
+— / / Crlx — x0|G(x — x¢9, —t)dxdt
’
—4r2 RN
< C/lx — xol,
which implies (3.7).
Finally, from (3.6) and (3.7) we get, for r < ro(n),

limsup 8(x) < Wix,00(r) + 1,
X — X0
x€QNa{u>0}

and the result follows by letting r — O first, and then n — 0. O

Lemma 3.2 Letxg € QNa{u > 0} be suchthatxg & 0.{x > 0}, where we denote d,{x > 0}

the set of points x € RN such that
. |Br(x) N {x > 0} . |Br(x) N {x > 0}
limsup ————— > 0, limsup
r—0 | B (x)] r—0 |B(x)]

Then, 6(xg) = 0 or §(xg) = 6M.

> 0.
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Proof Let A, — 0 be such that there exist ug = lim,_, « u;, uniformly on compact sets
of RN and xo = lim, X'\" x-weakly in Li’(”;(RN) (here u;, (x) = iu(xo + Anx) and

X (x) = x (x0 + Anx)).

If
. |B,(x0) N {x > O}
lim su =0,
r—0 | By (x0)|
then for any R > 0,
_ |Br(0) N {x* > 0}]
lim =0
n—00 |Br(0)]
and therefore, xo = 0. Recalling (3.2) we obtain that § (xp) = O.
Now, if
. |Br(x0) N {x > 0}
lim sup =0,
r—0 | By (x0)|

we argue similarly and deduce that xo = M, which implies that § (xg) = 6 M and proves the
lemma. O

As a consequence of the previous lemmas we get
Proposition 3.1 Let xo € 2 N d{u > 0}. Then, §(xg) € [3M,6M].

Proof We first recall that the arguments in the proof of Theorem 3.1 imply that §(xo) €
[0, 6M].

Next let p > 0 such that B,(xp) CC . Since xg € 2 N d{u > 0}, there exists x* €
By /2(x0) such that u (%) > 0. Let us take 0 < 42 < p/2 such that there exists X € 3B, (¥) N
d{u > 0} with B, (%) C {u > 0}.

Since u > 0 in B, (%), there holds that x = M in B, (X).

Now let A, — 0 be such that there exist ug(x) = lim,_ %ﬂu(f + Anx) uniformly on

compact sets of RY and xo(x) = liMy— 00 X (X 4+ Anx) x-weakly in L (RN). Then yo = M

A loc
in {{x, v) > 0} withv = \;:;I'
Recalling again (3.2) we obtain that §(x) > 3M. Since x € B,(xo) N d{u > 0}, where
p > 0 can be chosen arbitrarily small, we deduce from Lemma 3.1 that § (xo) > 3M and this

completes the proof. O

Proposition 3.2 There holds that §(xg) = 3M or §(x9) = 6M for HN L almost every
x0 € QN afu > 0}.

Proof We first observe that the bounds in the proof of Lemma 3.1 in [8] imply that x €
BVioc(£2). In particular, x = M x(, >0y and thus, {x > 0} is a set of locally finite perimeter.

Letxg € QN d{u > 0}.

Assume xg € Oreg{x > 0} C 0«{x > O0}. Then, if A, — 0, we have xo(x) =
lim;, 00 x (x0 + Apx) = M x{(x,v)>0) for v the unit interior normal to {x > 0} at xo in
the measure theoretic sense and therefore, §(xg) = 3M.

Now assume xo & d,{x > 0}. Then, it follows from Proposition 3.1 and Lemma 3.2 that
8(xg) = 6M.

Finally, we obtain the desired result observing that, by Lemma 1 in [5, Section 5.8], there
holds that KNV =1(@.{x > O\ ea{x > 0}) = 0. m]
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Proposition 3.3 Assume N = 2. Let xg € QNd{u > 0}. Then, §(x9) = 3M or5(xp) = 6M.

Proof Let X, — 0 be such that there exist ug(x) = lim,_, iu(xo + A, x) uniformly on
compact sets of RV and xo(x) = lim,_, o0 x (X0 + AnX) s-weakly in Lﬁi:(RN).
If up <0, then xo = 0 or xo = M, and thus Proposition 3.1 implies that §(xg) = 6 M.
If up > 0 somewhere, we consider .A a connected component of {#yp > 0}. Then, from
the homogeneity of ug we get that, in some system of coordinates, either A C {x; > 0} or
else {x; > 0} C A. In the first case, Lemma A1 in [3] implies that ug(x) = owcfr + o(|x]) in
{x1 > 0}, with @ > 0 and then the homogeneity of u( yields

up(x) = oleJr in{x; >0} and o« > 0.

Now, with a similar analysis in {x; < 0} we conclude that
up(x) = ax; +ax; a>0,ack. (3.8)

The case in which {x; > 0} C A gives, with the same arguments, that again (3.8) holds and
therefore, §(xg) = 3M or 8(xg) = 6M. ]

Remark 3.1 In [8] we obtained results on the regularity of the boundary of {# > 0}, for
u = lim u®/, with u®/ stationary solutions to P : (fe j). In particular we dealt with the cases
of energy minimizers (Theorem 10.2 in [8]) and traveling waves of a combustion model
(Theorem 10.1 in [8], see also Theorem 4.2 in Sect. 4).

The results in [8] imply, for the first of these applications, that §(xg) = 3M for every
x0 € 2N d{u > 0}, when N = 2 or N = 3, and similarly for the second one, when N = 2.
Moreover, in both cases, 8(xg) = 3M for HY ~!-almost every xo € N d{u > 0}, in any
dimension.

Remark 3.2 The reciprocal results of Theorems 3.1 and 3.2 are also true.

In fact, assume that a blow up limit uq at xg € 2 N d{u > 0} has the form up(x) = o x|
with @ > 0. Then xo = 0 or xo = M and therefore, §(xg) = 0 or §(xg) = 6M. Recalling
Proposition 3.1, we deduce that §(xg) = 6 M so the reciprocal of Theorem 3.1 holds.

Now assume that a blow up limit ug at xg € 2 N 9{u# > 0} has the form up(x) = o:xf -
yx; witha > 0and y > 0. Then xo = M x>0} or xo = M and therefore, 6 (xo) = 3M or
8(x9) = 6M.But §(x9) = 6M would give, by Theorem 3.1, that ug(x) = &|{x, v)| for some
direction v and some & > 0, a contradiction. Therefore §(xg) = 3M so that the reciprocal
of Theorem 3.2 also holds.

4 Application: regularity of the free boundary

In this section we present applications of the results in Sect. 3. They deal with the regularity
of the boundary of {u > 0} (1 = limu®/) in the stationary case including, in particular,
regularity results for traveling waves of a combustion model.

First, we consider a family u®/ of stationary solutions to Pe; (fe;) such that u® and Je
are uniformly bounded in L norm. In [8] we proved that u®/ are locally uniformly bounded
in Lip norm. So that, the results of the present paper apply to this family. Let u = lim u®/
uniformly on compact subsets as ¢; — 0. In [8] we proved that u is a solution to

Au = fxuzoy in{u>0}U{u <0}°,

where f = lim f; *-weakly in L*.
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Moreover, in [8] we proved that, under suitable assumptions, d{u# > 0} is smooth and u
is a classical solution to the following free boundary problem

At = f Xjuzo) in {u > 0} U {u < 0)°,

E
IVut > — |Vu~|> =2M on d{u > 0}. (EGD

The purpose of this section is to state some theorems on the regularity of the free boundary
d{u > 0} that are proved in [8] for which the results in this paper are an essential tool.

In fact, assume u is defined in B, (xg) with xg € d{u > 0}. Let x = lim B, (u®7) x-weakly
in L®° (B, (x9)) and consider 8(xg) as in (3.1).

In the next theorem, we assume that, in B, (xq), u™ is uniformly nondegenerate. This
property holds in many applications (see, for instance, Theorem 4.2 below). By uniform
nondegeneracy we mean that there exists ¢ > 0 such that

ut(x) > cdist (x, {u < 0}).
As a first application, we have the following result,

Theorem 4.1 (Theorem 9.7 in [8]) There holds that 5(xo) = 3M if and only if the free
boundary is CY% in a neighborhood of xo. This implies that u is a classical solution to the
free boundary problem E(f) in a neighborhood of x.

Theorem 3.2 is a key tool in the proof of Theorem 4.1.

‘We point out that there are examples in [6] that show that the free boundary condition in
E(f) may not hold at any free boundary point. In fact, »™ may degenerate or the density
of {u < 0} may be zero at a boundary point. Thus, some extra assumption is needed if one
wants to show that u is a solution to E(f).

The results in the present paper are also used in [8] to obtain the following regularity result
for traveling waves of a combustion model. In fact, we have

Theorem 4.2 (Theorem 10.1in [8]) Let x = (x1,y) € Q =R x I, with ¥ ¢ RNl ¢
smooth bounded domain, let a be a continuous positive function on = and let0 < & < 1 be
given.

Consider traveling wave solutions to the following combustion model

AV —a(y)vf = Be(v°),
where Bg is as before with B(0) > 0. This is, v°(x, t) = u®(x] + ct, y), with u® solutions
to
Au® —cfa(yus, = B®) inQ,
uf(—o0, ) =(1-=3)"", u(+o0,y)=0 inx,
ou®

an

=0 onR x 0%,

for some suitable c*®.

Letu =limu® (¢; — 0). Then, there is a subset R of the free boundary N d{u > 0}
which is locally a C'* surface and u is a classical solution to the free boundary problem
E(f) in a neighborhood of R (f = ca(y)uyx, with ¢ = lim ¢®/). Moreover, R is open and
dense in Q N d{u > 0} and the remainder of the free boundary has (N — 1)—dimensional
Hausdorff measure zero. In dimension 2 we have R = Q2 N d{u > 0}.

In addition, in any dimension, if a € C{i)g (resp. analytic) then, R € C,
Iytic).

k+2,a

loc  (resp. ana-
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We remark that this traveling wave problem was first studied in [ 1], where the authors obtained
existence of (1, ¢?), strict monotonicity in the x; direction, uniform Lipschitz estimates and
uniform nondegeneracy of the family u®, as well as uniform estimates of the velocities ¢?.

The proof of Theorem 4.2 relies on the fact that the density of the zero set is positive at

every free boundary point. We obtain this density property by a contradiction argument that
strongly uses Theorem 3.1.
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