JID: APM [m3Gsc;November 24, 2015;8:37]

Applied Mathematical Modelling 000 (2015) 1-18

Contents lists available at ScienceDirect

Applied Mathematical Modelling

journal homepage: www.elsevier.com/locate/apm

A multiproduct batch plant design model incorporating
production planning and scheduling decisions under a
multiperiod scenario

Yanina Fumero?, Marta S. Moreno”* Gabriela Corsano?, Jorge M. Montagna?

2INGAR - Instituto de Desarrollo y Disefio (CONICET-UTN), Avellaneda 3657, Santa Fe S3002GJC, Argentina
b PLAPIQUI - Planta Piloto de Ingenieria Quimica (CONICET-UNS), Camino La Carrindanga km 7, Bahia Blanca 8000, Argentina

ARTICLE INFO ABSTRACT

Article history: In this study, we propose a multiperiod mixed-integer linear programming model, which in-

Received 23 December 2013
Revised 20 August 2015
Accepted 23 September 2015
Available online xxx

Keywords:

Design

Multiperiod MILP model
Multiproduct batch plant

tegrates several decisions related to multistage multiproduct batch plants. In general, plant
designs are solved without considering operation decisions, whereas the proposed approach
considers production planning as well as scheduling decisions. The time horizon comprises
several periods where deterministic variations in prices, product demand limits, costs, and
the availability raw materials are considered. The plant operates using different production
campaigns throughout each time period. The proposed model allows the optimal plant struc-
ture (unit sizes and its duplication in parallel at each stage) to be obtained, as well as the de-
tailed production plan for every time period. Thus, the proposed method allows assessments

Production planning of the trade-offs between the different decision levels involved by considering fluctuations
Scheduling throughout the time horizon.
© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Due to the high flexibility of batch plants in processing facilities, they are the preferred production mode for a large number of
chemicals. This production flexibility facilitates faster responses to satisfy market requirements, which are subject to fluctuations
over time. However, most previous studies of the optimal design of multiproduct batch plants have utilized models with a single
long time horizon and constant conditions, but without considering variations due to market or seasonal fluctuations. These
formulations are unsuitable for use in a highly dynamic environment where the problem data vary among periods, so some
multiperiod formulations have also been developed.

In addition, most previous studies have focused on a specific decision level. In particular, batch plant design has been solved
by considering several assumptions related to planning and scheduling. In general, these assumptions are made to simplify the
model formulation and resolution, as well as for use in more typical or normal scenarios. Thus, previous investigations of batch
plant design have employed this approach, but a more appropriate problem representation can be developed if the trade-offs
among different decision levels can be incorporated, as proposed by Lee et al. [1] for the simultaneous lot-sizing and supplier
selection problems, and by Ramezanian and Saidi-Mehrabad [2] for the integrated lot-sizing and scheduling approach.
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Nomenclature

Indices

r raw materials

i products

j stages

k units

l slots

m discrete options for the number of repetition of the campaign

n number of batches of a product

D discrete sizes for the units

tT time periods

Parameters

coj¢ operating cost coefficient of product i in time period t.

Chit cost coefficient for late delivery of product i in time period t.

DEI.L[ minimum demand of product i at time period t.

DEg maximum demand of product i at time period t.

Fi conversion of raw material r to produce i at time period t.

H global time horizon.

H; net available production time for all products at time period t.

Mg initial inventory of raw material r.

Py initial inventory of product i.

K; maximum number of available identical parallel units at batch stage j.
Lt number of slots postulated for unit k of stage j during period t.

M, big-M constants for b =1, 2, 3.

npj; price of product i at period t.

N¢ number of discrete values proposed by the number of repetitions of the campaign in period t.
NBCI.‘t’ maximum number of batches of product i in the campaign of period t.
NNtL minimum number of times that the campaign of period t can be repeated.
NNY maximum number of times that the campaign of period t can be repeated.
p; number of discrete sizes available for batch stage j.

ql.L[ lower bound on production level of product i in period t.

q% upper bound on production level of product i in period t.

SFijt size factor of product i in stage j for each time period t.

DPtijt processing time of product i in batch stage j in time period t.

Tme discrete value m for the number of repetitions of the campaign of period t.
VFp standard volume of size p for batch unit at stage j.

WD waste disposal cost coefficient per product i.

Wr'y¢ waste disposal cost coefficient per raw material r.

a; cost coefficient for a batch unit in stage j.

B; cost exponent for a batch unit at stage j.

Ert inventory cost coefficient for raw material r in time period t.

Kt price for the raw material r in time period t.

o inventory cost coefficient for product i in time period t.

Cr time periods during which raw materials have to be used.

Xi time periods during which products have to be used.

Binary Variables

dme specifies if the campaign is repeated Ty, times over time period t.

Xikie indicates if slot [ of unit k at stage j is employed in time period t.

Ujk indicates if unit k of stage j is used.

Vip specifies if the units at stage j have size p.

Xint denotes if n batches of product i are processed in the campaign of time period t.

Zie indicates if product i is assigned to slot | in time period t.

Continuous Variables
B batch size of product i in time period t.
Gt amount of raw material r purchased in time period t.
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CEjy investment cost of batch unit k of stage j.
CTC; campaign cycle time in time period t.
€jkp product of the binary variables u; vj,.
IM¢ inventory of raw material r at the end of time period t.
IP;; inventory of final product i at the end of time period t.
NB;; total number of batches of product i processed in time period t.
NBC;; number of batches of product i included in the campaign of time period t.
NN; number of times a campaign is cyclically repeated over time period t.
PW; product i wasted at time period t due to the limited product lifetime.
it amount of product i to be produced in time period t.
QS;¢ amount of product i sold at the end of time period t.
RM;¢ raw material r used for production in time period t.
RW,¢ raw material r wasted at time period t due to the limited product lifetime.
TFixe final processing time of slot / in unit k of stage j in time period t.
Tliyge initial processing time of slot [ in unit k of stage j in time period t.
V; size of a batch unit at stage j.
Wijpnt variable that represents the product of variables gj; v, X
WWnt variable that represents the product of variables CTC; dy.
Yijit continuous variable on interval [0, 1] that indicates if product i is assigned to slot [ of unit k at stage j in time
period t.
it amount of late delivery for product i in time period t.

The decisions adopted during the design phase have a significant influence on the operation of the plant. In particular, pur-
chasing, inventory, transport, and distribution are affected severely depending on the production flow determined from the plant
design. These decisions are more critical when several products are produced by sharing resources. Therefore, it is crucial to know
in advance whether the plant behavior is subject to different conditions.

From a scheduling perspective, most previous design approaches have assumed that plants use single product campaigns
(SPCs) for production. In this policy, all of the batches of a product are produced without overlapping with other products during
each period. This assumption simplifies the problem and its solution by reducing the formulation size. Multiperiod approaches
allow more flexible production programs to be obtained, but SPCs are not suitable because they can overestimate the time
requirements, thereby leading to buildups of materials in the inventory, which may be impractical when perishable products are
considered. In addition, from an operational perspective, the production flow is not estimated and thus the purchasing, inventory,
and distribution cannot be assessed.

Mixed product campaigns (MPCs) can be employed to overcome these drawbacks and to improve productivity in multiprod-
uct batch facilities. The production campaign is repeated in a cyclical manner during the production horizon. A more steady
supply of raw materials and products can be achieved given that production campaign comprises a set of batches of the different
involved products. Thus, more efficient capacity requirement planning can be assured. However, despite these advantages, the
incorporation of constraints for MPCs requires a more complex formulation [3].

Therefore, the approach proposed in the present study considers two elements simultaneously. First, a multiperiod perspec-
tive is considered where seasonal fluctuations are incorporated in an appropriate manner. Second, integration among decision
levels is considered by a formulation that embodies several planning and scheduling features. In particular, MPCs are introduced
in order to evaluate the operation flow. Thus, the plant behavior can be assessed and related decisions (inventory, distribution,
purchasing, etc.) can be suitably weighted. It should be mentioned that scheduling is not applied from a short-term perspective
but instead it is employed in order to estimate production flows.

Planning and scheduling integration have been addressed in many studies using different modeling approaches and solution
strategies, although only from short- or medium-term perspectives. For example, Petkov and Maranas [4] solved these problems
by allowing for uncertain product demand. J6zefowska and Zimniak [5] implemented a decision support system using a multi-
criteria genetic algorithm. Verderame and Floudas [6] analyzed planning and scheduling as inter-related activities that involve
the allocation of plant resources. Li and lerapetritou [7] used Lagrangian relaxation because of the intractable model size. Susarla
and Karimi [8] considered planning and scheduling decisions simultaneously, where they presented a mixed-integer linear pro-
gramming (MILP) formulation in order to integrate resource allocation and production planning in multiproduct batch plants.
This model facilitates decision support related to batch scheduling, sequence-dependent changeovers, key resource allocations,
maintenance, inventory profiles with safety stock limitations, and new product introductions.

Design and planning decisions have been simultaneously considered in several previous studies. In addition, by considering
the problem size, several studies have resorted to resolution strategies using decomposition-based methods. For example, van
den Heever and Grossmann [9] proposed a general disjunctive multiperiod nonlinear optimization model, which incorporates
design as well as operation and expansion planning, and it considers the corresponding costs incurred during each time period for
the multiproduct batch plant design problem. Two algorithms for the resolution of these problems were proposed: a logic-basic
outer approximation algorithm and a bilevel decomposition algorithm. Moreover, Moreno et al. [10] presented a multiperiod
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scenario with different structural options for plant design, but without applying decomposition techniques. Later, Moreno and
Montagna [11] developed a more flexible formulation where the plant configuration can be different during every time period,
as well as introducing a new structural option using duplication in series for each operation [12].

Scheduling decisions were also incorporated in the design model. One of the first studies to address MPCs was reported by
Birewar and Grossmann [ 13], who included scheduling restrictions for the case of multiproduct batch plants. However, they sim-
plified their approach by assuming only one unit in each stage. The cycle time of the campaign was minimized and two different
operation policies were considered: zero wait and unlimited intermediate storage. Later, Dietz et al. [ 14| proposed a multicriteria
design method for multiproduct batch plants, where the design variables comprised the size of the equipment items as well as
the operating conditions. This formulation considered the composition of the production campaigns. Given the important com-
binatorial characteristic of the problem, the proposed approach involved coupling a stochastic algorithm, specifically a genetic
algorithm, with a discrete-event simulator. Working with similar plants, Corsano et al. [15] developed a multiperiod formula-
tion in order to optimize design and production planning simultaneously, where they employed MPCs to solve the production
scheduling. Using a mixed-integer non linear programming (MINLP) formulation, a set of possible production campaigns were
employed, which were handled by predetermined scheduling constraints, where this approach was applied to a fermentation
network. Fumero et al. [16] proposed a novel MILP formulation for multiproduct batch plant design based on MPCs, which al-
lowed the plant configuration and the production flow to be determined. Furthermore, scheduling and design decisions were
integrated in the context of the supply chain [17].

The MILP model proposed in the present study integrates several decisions such as design and production planning with MPCs
for multistage multiproduct batch plants. A multiperiod context is assumed in order to consider market or seasonal variations.
Thus, deterministic fluctuations in several problem parameters, such as costs, product demands, prices, and the availability of raw
materials, are specifically considered in this approach. In order to assess the optimal performance of the model, the net present
value is maximized by considering incomes (product sales) and expenses (investment, resources, operation, waste disposal,
inventories, and penalty costs due to late delivery). Production planning is addressed using MPCs; thus, for each time period, the
optimal solution determines the campaign composition, the assignment of batches to units, and the batches sequencing in each
unit. Therefore, the design and planning problems are simultaneously integrated in the overall multiperiod model, where the
different tradeoffs among the involved variables can be assessed. Production flows are evaluated given that MPCs are included
in the model, so relevant information about the operation behavior can be obtained.

The remainder of this study is organized as follows. First, the integrated design, production planning, and scheduling problem
is described in Section 2. The mathematical formulation is developed in Section 3. In Section 4, we solve numerical examples
using the proposed model. Finally, we give some concluding remarks in Section 5.

2. Problem description

The problem of simultaneous design, planning, and scheduling optimization for a multiproduct batch plant within a multi-
period environment is described as follows. A batch processing plant producing I products with similar recipes is considered,
each of which is elaborated following the same arrangement of | batch stages and using R raw materials. Parallel duplication of
units working out-of-phase is allowed at batch stage j. Thus, stage j may comprise K; units of identical size.

Given that the problem addressed involves plant design, the sizes of the batch units at stage j, V;, must be determined. Ac-
cording to the habitual commercial procurement of units, equipment sizes are considered to be available from a set SV; = {VF;1,
VF3,..., VFjp;} of discrete sizes, where the parameter P; corresponds to the number of sizes offered at stage j.

No intermediate storage tanks allocation are allowed. Furthermore, each batch processed at any unit in stage j is transferred
without delay to a unit in stage j + 1. Thus, a zero wait transfer policy is adopted.

As mentioned earlier, the plant operates in a multiperiod context where the total planning horizon H is split into T time
periods, which may or may not have the same length H;. The processing time pt;; and the size factor SF;;; for each product i at
stage j in every period t are plant data. In addition, the upper and lower bounds are known for the demands of each product i
in every period t, DEiLt andDEi‘t’. The amounts of raw materials consumed are determined by the mass balances, where a given
parameter F,;; represents the conversion of the raw material r into product i during period ¢ in the batch process. The costs of raw
materials and their availability differ for each period and they are model parameters. Moreover, the prices of the final products
in each time period and their maximum storage capacities are problem data.

During each time period t, the plant operates through MPCs with cyclic execution, i.e., the production campaign comprising
a number of batches of different products manufactured in the period is repeated in a cyclic manner over H;. It should be men-
tioned that for each period, the number of batches of each product i is a decision variable in the model, and thus the campaign
composition and its cycle time are not known a priori. Only upper limits are imposed on the number of batches of each product
i in the campaign of time period ¢, NBCiLt’ . In order to allocate batches to units, an asynchronous slot-based continuous-time for-
mulation is employed. This asynchronous representation allows us to set an appropriate number of time intervals (slots) with
unknown durations for each processing unit of a stage, which provides more flexibility in terms of timing decisions.

The number of times that the campaign in period t is repeated cyclically throughout the available time interval, which is
denoted by NN, is a discrete variable of the model. In order to obtain a linear model and avoid significant and unnecessary com-
putational efforts, we propose an appropriate discretization of this variable on the interval [NNE, NN[U |- The interval endpoints
represent the minimum and maximum values that the variable NN; can take and they are adequately suggested.
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The initial amounts of both the product and raw material inventories, IP;y and IM;¢, at the beginning of the global horizon H,
are assumed to be given.

In every time period t, the decisions involved in production planning consist in determining for each product i, the quantity
to be produced g;;, the number of batches, and their sizes at the optimal campaign, i.e., NBC;; and B;;, respectively, and the total
sales QS;;. The amounts of raw material purchased, C, and used in the process, RMy, during each time period are also obtained.
Furthermore, the inventory levels of every final product IP;; and raw material IM,; are determined at the end of each period
considered. If equal length periods are employed, waste management is also added to the formulation by considering waste due
to the product that has passed its shelf life PW;; and due to the limited raw material lifetime RW. Finally, late deliveries 9;; that
occur in all periods are estimated.

By focusing on the scheduling decisions, for every time period t, this formulation allows us to determine the campaign com-
position, the assignment of batches to equipment items in each stage and its sequencing, the initial and final times of the batches
processed in each unit, the campaign cycle time, CTC;, and the number of campaign repetitions over the time period H;.

The objective function considered is the maximization of the net present value of the profit over the time horizon, which is
given by the incomes (product sales) minus the costs (investment, raw materials, storage, penalties for late deliveries, and waste
disposal).

3. Model formulation
3.1. Plant design constraints

The batch size B;; and the number of batches NB;, of product i in time period t allow us to determine the amount of product i
produced during that period, g, as follows:

Qi = By NBy Vi, t. (1)
For a multiperiod approach, the constraint that calculates the unit size at each stage j is:
Vj = SFjc By Vi jit. 2)

where the parameter SF;;, which is also known as the size factor at stage j for product i, may differ in each period t because of
seasonal variations. It specifies the size needed for stage j to process one unit mass of product i at the end of the production
process.

Let NBC;; be the number of batches of product i processed in the production campaign of period t and NN; is the number of
times that the MPC is repeated cyclically throughout that period. Then, the total number of batches of product i processed in
time interval t is defined by Eq. (3),

NB;; = NBG¢NN; Vi,t. (3)
By combining Eqs. (1) and (3), Eq. (2) takes the following form:
SEjt Git P
i>———— V .
Yi= NpoonN, )

As mentioned earlier, the sizes of batch equipment V; are available in discrete sizes VFj,. Thus, the values of the variable V;
belong to the set SV; = {VF;y, VFj,, ..., VFjp}. To handle this restriction, a binary variable v;, is employed, the value of which is
equal to one if the units at batch stage j have size p; otherwise, it is equal to zero. Then, this variable can be expressed by Eq. (5)
as the summation of the P; possible values that V; can take multiplied by the binary variable vj,. Eq. (6) ensures that only one
binary variable can be nonzero, which guarantees that only one value of set SV; is given to variable V},

l)j
Vi= ZVJPVFJP Vi (5)
p=1
l)j
Z‘Ujp =1 VJ (6)
p=1

In addition, the binary variable x;,, is used to determine the number of batches of product i that comprised each campaign
during the time period t, NBC;,. The variable x;,, is 1 only when n batches of product i are processed in the campaign during time
period t. Constraint (7) ensures the selection of only one option,

NBCY
> Xm=1 Vit (7)
n=0
Therefore,
NBC!
NBG; = ) nxyy,  Vi.t. (8)
n=0
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Note that the subscript n represents an integer number from the interval [0, NBC}{ |- In particular, when variable x;y, is equal
to 1, then no batches of product i are produced in time period t, and thus its production is zero. Then, assuming that qft and q%{
are the known lower and upper bounds on the production level of product i in time period t, the inequalities in (9) ensure the
previous assumption and they are redundant when at least one batch of product i belongs to the campaign in that period,

(1 —%io)qh < qir < (1 —xXio)qy Vit (9)
By introducing Eqs. (5) and (8) into Eq. (4) the following equation is obtained, which is valid if the integer subscript n is
nonzero (1 <n < NBCY),
P, NBCY
{ SE; qi ..
NN; > Z Z Vl;_f nl[ VipXine Vi, j, t. (10)
j

p=1 n=1

The product of the continuous and binary variables introduces nonlinearity in Eq. (10). To reformulate constraint (10) as a
linear constraint, a new continuous variable wyj,,. allows us to remove the product gj; v, ;.. The variable wy,, is equal to gj; if
variables vj, and x;,, are simultaneously 1; otherwise, wy;,,, is equal to zero. For this new variable, the following constraints are
incorporated,

l)j

Zwijpnt = quint Vi jnt, (11)
p=1

NBCY

Z Wijpnt = qujp Vi j.pt, (12)
n=0

NBCY Py

Z Zwijpnt =qy Yijt. (13)

n=0 p=1
Therefore, Eq. (10) can now be expressed as follows:

P, NBCY SE.
1

NN =) Wﬁnwﬁpm Vi jt. (14)
p=1 n=1 ip

Furthermore, as mentioned earlier, unit duplication is allowed for every stage j. Therefore, a binary variable u;, is used to
determine whether unit k at stage j is utilized to process some batch (uj, = 1).
To avoid alternative optimal solutions, the units are included sequentially,

Ujk > Ujyr V1 <k <K (15)
3.2. Production planning constraints

The proposed model assumes that the production of each final product i requires r = 1, 2, ..., R ingredients. Thus, Eq. (16)
describes the raw material inventory for ingredient r at the end of a time interval t, IM,¢, which is equal to the stock in the
previous period, IM;;_1, plus the amount acquired during period t, C;¢, minus the quantity consumed in the process, RM;;, and
minus the wastes due to the limited product lifetime, RW;;. In a similar manner, Eq. (17) sets the level of the final product i stored
at the end of period ¢, IP;;, which is equal to the amount in storage at the end of the previous period, IP;;_1, plus the production
during this period, g;;, minus the amount sold QS;; and minus the waste due to the expired product shelf life, PW;;, where the

sold amount is bounded by the maximum demand DE}t’,

IMyt = IMy¢—1 + Gt — RMyy — RWy¢ v, t, (16)

IPy = IPy_1 + qir — QSie — PW; Vi, t. (17)

When the lengths of time periods are equal, Eq. (18) ensures that the amounts of raw materials stored in a given period are
not to be used after the next ¢, time periods. Similarly, Eq. (19) checks this condition for stored products after the next y; time
periods,

t+Xi
o< Y QSe Vit (18)

T=t+1

48
IMy < )" RMyx Vr.t. (19)
T=t+1
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Furthermore, constraints (20) and ( 21 ) ensure that the stocks of product i and raw material r stored during period t do not

exceed their respective maximum available capacities, IPiLt’ and IMyt,

0<IP <IPY Vit, (20)

0 <IMy <IMY Vr,t. (21)

This problem assumes that the initial amounts of both the raw materials and products in stock, IM;y and IP;y, are known at
the beginning of the time horizon. The mass balance (22) determines the amount consumed of raw material r to make product i
during period t, RM,;;, where parameter F,;; denotes the conversion of raw material r into product i in the process during period
t,

RMyir = Fieqie V1,1t (22)
Constraint (23) specifies the total raw material consumption for production in period t,
RM;t = "RMy; Vr.t. (23)

1

Late deliveries of products are penalized. Eq. (24) determines the late delivery 9;; that occurs when the sale of product i does
not meet the agreed minimum product demand DEl.Lt on time in every time period t [18]. A penalty cost term is included in the
objective function to consider the expenses incurred if this failure occurs,

Wi = Vi_1 + DEL — QS; Vi, t. (24)
3.3. Production scheduling constraints

The scheduling model embedded in the integrated problem corresponds to a continuous time, slot-based formulation for a
multistage multiproduct batch plant. The production scheduling constraints at each time period are largely based on Fumero et
al. [3]. A detailed description of the assumptions regarding the units and slots utilization at each plant stage, which allow the
search space to be reduced as well as eliminating alternative solutions, can be found in the previous study. However, in order to
facilitate the readability of the model, the assignment and timing main constraints are described in the present study.

3.3.1. Allocation constraints

The assignment variables given by Fumero et al. [3] are extended to all time periods. At every time period, the binary variable
Yjjui defines whether the batch of product i is allocated to a slot I of unit k at stage j. This variable is sufficient for slot-based
formulations, but the binary variables Xji;: and Z;;; are introduced in order to improve the model’s computational performance.
The variable Xj; is only equal to 1 if slot [ of equipment k at stage j is used during period ¢, while Z, takes a value of 1 if some
batch of product i is processed in slot [ during period t. The following relations among the binary variables are stated:

Yijklt < Zilt V i, j, ](, 1 < l < ij[, t, (25)

Yije < Xjaae Vi, j k.1 <1< Ly, t, (26)

Yijie = Xjjae +Zyg =1 Vi j.k, 1 <1 <Ly, t, (27)
>0 Ve =Zye. Vi j 1 <1< Lyt (28)
1515519»

k/’ﬁ’-/zjr

ZYijklt :Xjklts V], 1< k < KJ, 1< I < ijt’ t, (29)
i

where Ly, represents the number of postulated slots for unit k of stage j in time period t.

Egs. (25) and (26) are active when variable Yjy,, is equal to 1, or when the variables Xjy; or Z are zero. Eq. (27) ensures that
the variable Yj;, is equal to 1 when both variables X;i;: and Z;, take a value of 1. Therefore, the variable Yy can be defined as
continuous on the interval [0, 1], thereby reducing the number of binary variables.

In addition, the following constraints are imposed for these variables. If unit k is not allocated at stage j, i.e., uj, = 0, then none
of their slots are utilized to process products (Eqs. (30) and (31)). Otherwise, at least one batch of product is processed in some
slot of that unit according to Eq. (32),

Yije < Uje. Vi, 1<k <Kj, 1 <1<t (30)

Xje < Uj» Vi, 1<k <Kj, 1 <1 <Lyt (31)
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Z Z Yije > U, Vj. 1 <k <Kj,t. (32)
15!§Lk]t

In this study, we make several assumptions regarding the use of slots and units to reduce the search space. Without loss of
generality, constraints (33)-(37) are imposed,

Y Zi =Y Ziye. V1=l<Lg—1.t, (33)
i i
Yo <1=Ygue, Vi o1 <l<Lye, 1<1<Ly, (34)
1<k=<Kj1=<k <K (k#k),t,
Xikie <1=Xjue, Vi 1<lI<Lg.1<l<Lpj. (35)
1<k=<K, 1<k <K, (k#£K),t
DY Y <1V 1 <1< Lyt (36)
1<k<K;
k/1<Lyje
ZziltslsVISlSL](j[_l,t. (37)
i

Constraint (33) ensures that the slots are used sequentially in each stage, i.e., a slot is occupied only if the previous slot has
been used for processing a batch on some unit in this stage. Constraints (34) and (35) guarantee that if one batch is processed in
slot I of unit k in stage j, then this slot is no longer available for other units in this stage. Moreover, Egs. (36) and (37) ensure that
slot I can be only allocated for processing at most one product in each stage at the plant.

In order to avoid alternative solutions, we impose a decreasing succession formed by the weighted sum of the slots occupied
in each unit of a stage during every period,

3 2= > 2K Vil <k <K —1.t. (38)
1511§Lkﬁ 1§l§ll-k+1jr

As shown previously [3], the resolution process can be expedited by imposing a pre-ordering constraint during scheduling.

The proposed pre-ordering ensures that in each time period, a given batch of product i is processed in the same slot in all stages,

YD W= > WyuVii G <) 1 <1< Lt (39)
ik ik
1<k<K; 15’(5](]-/
k/lSij[ k/lkaj;[

The computational burden is reduced by including constraint (39), although suboptimal solutions may be obtained. This
assumption provides a good solution that coincides with the global optimum of the exact scheduling model in most of the cases
solved [16].

As an alternative to Eq. (8), variable Z;; allows us to express the number of batches of product i included in the campaign
during period t, NBC;;, as follows:

> Zy = NBG;, Vit (40)
1

Finally, for each time period t when no batch of product i is processed, the variable Z, is zero for all slots. Although the
following constraint is redundant, the computational performance can be improved:

Ziyp <1 —Xioe, Vil t. .

3.3.2. Timing constraints
The timing decisions are modeled by the following constraints:

TFjr = Tl + Zptijt Yigr Vil=k=K.1<l<Lyj.t, (42)
i

Tijlt < TIij_]t \4 j, 1< k < KJ, 1< | < ij[, t, (43)

TFie — Thgsre =2 M1 Xjgsre Vi 1<k <K, 1 <1 < Ly, t, (44)
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TFEjqe — Tlizapre = Mo Kjiae + Xjoawre — 2) (45)
Vijil<k=<K.1<k <Kj;.1<l<min {ijtva’j+1t}~ts
—TFje + Tlipqire = M2 Xjkae + Xja wte — 2)

Vijil<k<K.1<k <K 1<l <min{Lj, Lejac ).t (46)

For every time period, Eq. (42) derives the final processing time TF;y; of each proposed slot at unit k in stage j from its initial
time Tl and the processing time of the assigned product in that slot. If no product is processed in slot [, the initial and final
times are the same. In order to avoid slots overlapping on each unit of a stage, the processing of slot | must be finished before the
initial time of slot [ + 1, which is expressed by Eq. (43). When no batch is allocated to slot [ + 1, the Big-M constraint (44) becomes
active and by considering Eq. (43), the final and initial times of slots I and I + 1, respectively, are forced to be the same. M is a
sufficiently large parameter to make the constraint redundant when one product is assigned to slot [ + 1.

The batch transfer policy employed in this method is zero wait, which assumes that a batch must be transferred to the next
stage as soon as its processing has finished in the current stage. The Big-M constraints (45) and (46) allow us to express this
transfer policy. Parameter M, is sufficiently large to relax these constraints when the product processed in slot [ does not employ
equipment k in stage j or k’in stage j + 1.

In order to calculate the cycle time of the campaign during period t, CTCt, the last slot of each unit k in stage j, Ly;;, and the first
slot effectively assigned to unit k in stage j during period t, lekt (Tjkt =min {1 <! < L /Xj = 1}), are considered as follows:

CTG, = max {@gj { TFjgye =TI jkl}ktt} } (47)

Using Big-M constraints, the above expression can be represented as:

CTG — Tijij[t + TIjkl[ > M3 (Xjklt — ]) - Z Xjkl't , v j, 1<k< K], 1<l< ijt! t, (48)
l/
1<l'<l

where M3 is a large parameter that makes Eq. (48) redundant for all the preceding and succeeding slots, if any, until the first
non-empty slot in equipment k for stage j during period t.

Significant reductions in the resolution time are achieved by establishing the following lower limit on the campaign cycle
time. Assuming that the idle time in each unit during the processing of the campaign at period ¢ is zero, then:

Lyje

CTC = Y Y pieYijue Vi 1<k<Kjt. (49)
i =1

The total time required to produce all batches corresponding to time interval t cannot exceed its length H;. In order to satisfy
this requirement, the product between the campaign cycle time and the number of campaign repetitions in every period must
be less than or equal to H;,

CTG:NN; <H; Vt. (50)

Constraint (50) is nonlinear because of the product CTC; NN;. However, in contrast to the problem addressed by Fumero et
al. [16], the production requirements during each time period are optimization variables. Therefore, the reformulation used by
Fumero et al. [16] does not avoid the nonlinearity of this expression.

In the present study, to reformulate Eq. (50) as a linear equation, the original variable NN; is assumed to be restricted to
taking values from a set RNt ={Ty, Ty, . . ., Ty,c }, Where T represent the discrete value m in time period t and N¢ is the number
of discrete values proposed by the designer.

The binary variable dp is defined to select the number of production campaign repetitions in period t. If the campaign is
repeated Ty, times in period t, then this variable dy; is equal to 1; otherwise, the value is zero.

If some product is elaborated at period t, then constraints (51) and (52) ensure the selection of exactly one option,

Ne

detf] Vt, (51)

m=1

Ne
> dme=1-xg Vit (52)
m=1

However, if no product is produced at period ¢, i.e., x;or = 1 for all i, then the binary variable dp,; takes a value of zero for all m,

I
dme <1=) Xige YV m.t. (53)
i=1
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Thus, the number of times that the campaign is repeated in a cyclical manner throughout the time period t can be calculated
as follows:
Ne
NN: =Y Tuedme V. (54)
m=1
By introducing the above expression into Eq. (50), a nonlinear constraint is obtained,
Ne
CTC Y Tudm <Hy V. (55)
m=1
CTC; does not depend on the subscript m, so Eq. (55) can be rewritten as follows:
Nt
> T CTCdm <Hy V't (56)
m=1
To eliminate the bilinear product CTC; dp¢, a nonnegative variable wwp,; is introduced. Then, the following linear expressions
are used to represent Eq. (56):

N;

Z Tmt WWphe < Ht v t, (57)
m=1

N:

> wwy =CTG Ve, (58)
m=1
WWye < CTCde ¥V m,t, (59)

where CTCVis an upper bound for the campaign cycle time of period .
3.4. Objective function

The objective function of the model given by Eq. (60) aims to maximize the net present value (NPV) of the profit throughout
the entire time horizon,

NPV = Z anithit - Z ZKrtCrt - Z ZCEjk - Z Z&r(M)% + Zo'ir<u)n_127+lpn)l'1r
toi t T ik t r i
- Z Z (coitqic + cpiVir +wWpiePWy) — Z Z W RWye. (60)
t i t r

This economic criterion is calculated based on the difference between the revenue due to product sales and the overall costs,
which include the purchases of raw materials, investments, inventories, operation, late delivery penalties, and waste disposal
costs. To determine the revenues, the product price, np;, is multiplied by the product amount sold in each time period. Parameter
«rt denotes the price of the raw material r used to manufacture the products in time period t, while &, and o ;; are the inventory
costs per unit of raw material and final product, respectively. Furthermore, wp; and wry are the unit costs due to expired products
and raw materials, respectively. Parameter co;; denotes the operating cost coefficient and cp;, represents the late delivery cost
coefficient. All of the cost coefficients described above consider the time value of money, i.e., they are discounted prices for each
time period with a specified interest rate.

The third term in Eq. (60) corresponds to the investment cost of each batch unit k in every stage j, CEj,, which is calculated
in Eq. (61) by a power law expression of its size V;, according to the expression proposed by Voudouris and Grossmann [19]. The
parameters «; and ; denote specific cost coefficients, which depend on the type of equipment at stage j, and the binary variable
uj expresses whether unit k is used at stage j,

CEjk = Ujg Ol]VJﬂJ V], 1<k< K] (61)
Note that constraint (61) contains a nonlinear product, which can be eliminated by substituting the sizes of batch equipment
at stage j, V;, for the appropriate discrete sizes in Eq. (5), thereby yielding the following constraint:
CEj= Y upoVEDv;,  ¥j1<k<K,. (62)
P

However, the expression given above still exhibits nonlinearities due to the cross-product u;,v;,. Therefore, the nonlinear
terms in this constraint can be replaced by linear terms after defining a new continuous variable ej, through the following
constraint:

eikp = Ujk+Vjp—1 Vj1<k<K;1<p<P;. (63)
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It should be emphasized that only when the binary variables u;, and vj, are simultaneously equal to one, variable ej, is equal
to one; otherwise, it takes a value that is equal to zero. In order to force the variable ey, to lie within 0 and 1, the following
bounds are added:

O<epp,<1 Vijknp. (64)

In this manner, the investment cost in Eq. (62) can be expressed as a linear constraint,

CEj=Y_ ajVFley, Vjk. (65)
p

3.5. Formulation summary

In summary, the proposed mathematical formulation for the integrated design, planning, and scheduling of multistage batch
plants involves maximizing the objective function represented by Eq. (60) using Eq. (65) as the term of investment cost, subject
to constraints (5)-(9), (11)-(46), (48) and (49), (51)-(54), (57)-(59), and (63) and (64).

4. Application of the proposed approach

In this section, we present two examples to illustrate the applicability of the proposed MILP model. Each example was solved
with a 0% optimality gap in GAMS [20] using the CPLEX 12.5 solver on an Intel Core i7 CPU at 3.4 GHz, with 8GB of RAM.

4.1. Example 1

The first example involves a multiproduct batch plant producing three products from two different raw materials. Each prod-
uct recipe requires four batch stages in the facility. In order to reduce idle times, parallel equipment can be considered in each
stage, and thus stages 1, 2, and 3 can include up to three, two, and two identical units operating out-of-phase, respectively. A
global horizon time of 1 year (6000 h) is assumed, which is divided into four planning periods H;, each of which is equal to
1500 h.

The processing times, size, and conversion factors were assumed to be equal for all time periods and their values are shown in
Table 1. For each period, the prices of raw materials and the final products, as well as the maximum demand values for all of the
products are given in Table 2. A minimum product demand of 50% must be satisfied in each period. For each stage, five discrete
sizes were available to select the dimensions of the process units. Table 3 shows these sizes and the associated cost coefficients.

The lifetime of the raw materials was equal to two periods whereas that for the products was equal to three periods. The
inventory cost coefficients for both the final products and raw materials were 0.1 $/(ton h) and 0.05 $/(ton h), respectively. These
values were assumed to be the same for all time periods. The unit costs for late delivery were assumed to be 50% of the product
sales price. We considered an annual discount rate of 10% in this study.

As mentioned earlier, in every time period, the number of batches of each product in the production campaign is a decision
variable, and thus an upper bound for this value must be proposed. In this example, a maximum of three batches in the campaign
composition was assumed for each product i in all time periods, i.e., NBCI.‘{ =3.

The lower and upper bounds for the variable NN;, which represents the number of repetitions of the campaign over H;, are
proposed by the designer based on a consideration of the two extreme types of campaigns that can arise in each time period, i.e.,

Table 1
Example 1 - model parameters.

Processing time, pt;; (h) Size factors, SFyi; (L/kg) Conversion factors, F;;

Products J1  J2 J3 J4 J1 ]2 3 J4 Rl R2

n 93 54 42 20 50 26 16 36 05 15
12 85 58 41 25 47 23 16 27 10 12
3 97 55 43 21 42 36 24 45 07 10
Table 2
Example 1 - economic data and demands.
Raw material Products prices, Maximum demands,
costs, ke ($/kg)  npj ($/kg) DEY(x10° kg)
t Rl R2 n 12 13 n 12 13
1 1.0 05 205 260 2.00 480 418 38.2
2 15 08 225 260 220 531 478 441
3 15 05 225 240 220 640 593 500
4 10 08 205 240 200 767 635 600
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Table 3
Example 1 - available standard sizes and unit cost data.
Discrete units sizes, VFj, (L) Cost coefficients
Stages Pl P2 P3 P4 P5 a;j Bi
n 2000 2500 3000 4000 5000 135 0.6
]2 1500 2000 2500 3000 3500 148 0.6
3 1000 1500 2000 2500 3000 140 0.6
J4 500 1000 2000 3000 4000 150 0.6

Stage 1 Stage 2  Stage 3 Stage 4

L

4000 L 2500 L 1500 L 3000 L

Fig. 1. Example 1 - optimal plant configuration.

[IPurchases (C,,) [ inventory (IM,.,)
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500000 ; . ; . ; ; 1.0
450000 o 1
< 400000 199
= 350000 4 o . 408
' 300000 4 17 =
5 250000 ) - 407 &
= 200000 — 1.8
£ 150000 - o 106
& 100000 3 L Jos
50000 - 1
0 ! ; ; 0.4
1 2 3 4

Time Periods

Fig. 2. Example 1 - profile for raw materials.

that with the minimum cycle time and that with the maximum cycle time, and the length of that period. For this example, NN¢,
was uniformly discretized by considering 18 discrete points over the interval [NNF,NNY] = [12, 182]. Thus, for each period, the
step size was equal to 10 and the recurrence relation Ty = Tr—q¢ + 10 for m = 2, ..., 18 with Ty = 12, which allowed us to define
the value for the variable NN;.

Under these assumptions, the model comprised 14,371 linear constraints, 3427 continuous variables, and 580 binary variables.
The optimal solution had a value of $321,947.48 and it was obtained in 582.23 CPU seconds.

The optimal plant configuration for Example 1 is depicted in Fig. 1. All of the stages were designed with one unit except in
stage 1, where two identical parallel units were installed. The unit sizes selected for each stage were 4000 L, 2500 L, 1500 L, and
3000 L, respectively.

Figs. 2-5 show the optimal production planning variables for products and raw materials. Fig. 2 comprises two diagrams,
which correspond to raw materials R1 and R2, respectively. Raw material R1 was purchased in periods 1 and 4 whereas R2 was
bought in periods 1 and 3. Table 2 shows that both raw materials were acquired when their costs reached the lowest value. For
raw material R1, the extra material purchased in period 1 was kept as inventory to meet the production needs in the next two
periods when its price was high. Analogously, for raw material R2, the extra material purchased in periods 1 and 3 was kept as
inventory for production in subsequent periods.
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Fig. 3. Example 1 - profile for product I1.
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Fig. 4. Example 1 - profile for product I2.

As shown in Figs. 3 and 5, there was no inventory for the final products 11 and I3 because they were produced in all time
periods and the amounts produced in each period met the maximum demand. The results for product I2 are shown in Fig. 4,
which indicate that an extra amount was produced in time periods 1 and 3, and this was kept as inventory to satisfy the maximum
demand in the subsequent periods, but it was not produced in period 2 and its production was lower than the maximum demand
in period 4.

The products satisfied the minimum product demands in all time periods, so late deliveries did not occur in any of them. It
should be noted that there was no wastage of products or raw materials.

For each period, Table 4 shows the composition of the optimal production campaign, its cycle time, and the number of cam-
paign repetitions throughout the planning horizon. Fig. 6 illustrates the production sequence in the different stages for all time
periods.

Product 12 was not produced in period 2, so the campaign for this period only comprised one batch of each of the other
products, which was sufficient to meet the production plan. However, in period 4, due to an increase in the production levels of
I1 and I3 compared with the previous period, the campaign in period 3 could not be applied successfully. Using the total time
horizon, that campaign could not fulfill the production requirements for products I1 and I3. If the batch sizes of products I1 and
I3 are increased using the maximum available unit capacities, and the campaign is repeated 42 times over the time horizon,
the production levels achieved are lower than the required demand. Thus, the number of batches of products I1 and I3 in the
campaign during period 4 is increased by one unit compared with the previous period in order to meet the production levels.

Finally, the economic results are summarized in Table 5.
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Fig. 5. Example 1 - profile for product I3.
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Fig. 6. Gantt chart of the optimal MPC for periods: (a) 1, (b) 2, (c) 3, and (d) 4.

Table 4
Example 1 - optimal production campaign for
each time period.

NBCj CTC NN;
- - h
t I 12 13 ()
1 1 2 1 225 62
2 1 0 1 10.9 72
3 2 2 2 334 42
4 3 2 3 443 32
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Table 5

Example 1 - economic evaluation results ($).
Description Optimal value
Sales income 1361277.54
Raw material cost 832573.52
Investment cost 84882.53
Raw material inventory cost 49058.79
Product inventory cost 8165.23
Operating costs 64650.00
Waste disposal cost 0.00
Late delivery penalty 0.00
Total 321947.48

Table 6
Example 2 — model parameters.

Processing time, pt;; (h) Size factors, SFy; (L/kg) Conversion factors, F;

Products J1 J2 3 J4 nooR 3 J4 Rl R2

n 14 25 7 6 0.7 06 0.5 05 05 15
12 16 18 5 5 06 07 045 07 20 00
3 10 29 8 4 07 065 05 06 05 15
Table 7
Example 2 - economic data and bounds on demands.
Raw material Products prices, Maximum demands,
costs, k¢ ($/kg)  npj ($/kg) DEY (x10° kg)

t R1 R2 11 12 13 11 12 I3

1 1.0 08 225 260 225 550 72.0 20.0

2 15 05 200 240 200 1250 1440 20.0

3 17 05 225 240 225 850 168.0  60.0

4 11 0.8 200 260 200 1600 96.0 20.0

Table 8
Example 2 - available standard sizes and unit cost data.
Discrete units sizes, VF, (L) Cost coefficients

Stages  P1 P2 P3 P4 P5 aj Bi

n 650 1300 2600 5200 7800 350 0.6

]2 700 1400 2800 5600 8400 350 0.6

\E] 250 500 1000 2000 3000 550 0.7

J4 400 800 1600 2400 4800 550 0.7

4.2. Example 2

This example considers a batch facility with four stages, which could produce three products from two raw materials. We
assumed that the first and second stages could include up to three parallel units operating out of phase, whereas the last two
stages admitted up to two identical units. The process data for this example are presented in Table 6, which show that product 12
was manufactured only by using raw material R1. Some economic data and the maximum demand forecasts over each period are
provided in Table 7. Similar to Example 1, a minimum of 50% of the maximum product demand must be satisfied in each period.

Like Example 1, a global planning horizon of one year (6000 h working) was considered, which was divided into four equal
time periods, i.e., 1-4, which each corresponded to 3 months (1500 h). The sets of available discrete sizes for the units in each
stage and the unit cost coefficients are given in Table 8.

In this example, the maximum numbers of batches for all products in the campaign composition were different and they
were proposed by the designer according to their experience. In particular, for every time period, the maximum admissible value
was two for product I1, three for product 12, and two for product I3. Moreover, for each time period, the number of campaign
repetitions was uniformly discretized between NNF = 11 and NNV = 101, with a step size length of 10 units. The recurrence
relation Ty = Ty — ¢ + 10 for m = 2, ..., 10, with initial condition T;; = 11, defines the elements in the discrete options set. All
other data necessary to solve this example were the same as those used in Example 1.

The optimal solution for this example was obtained in 710.75 CPU seconds. This solution had a net present value of $ 67,099.22.
The example comprised 474 discrete variables, 2349 continuous variables, and 13,307 constraints.
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Fig. 7. Example 2 - optimal plant structure.

Table 9
Example 2 - optimal production planning variables for each time period.
11 (x103kg) 12 (x 10°kg) 13 (x103kg) R1 (x10%kg) R2 (x10%kg)
t it QSie 1Py it QSit 1P i QSie 1Py Cre Myt Cre My
55.0 55.0 0.0 937 72.0 21.7 420 200 220 6789 4430 1455 0.0

1284  125.0 34 937 89.7 25.7 0.0 20.0 2.0 0.0 1914 192.6 0.0
81.6 85.0 00 583 84.0 00 68.0 60.0 10.0 0.0 0.0 4644  240.0
160.0  160.0 00 583 583 0.0 0.0 10.0 0.0  196.6 0.0 0.0 0.0

BwNn =

Table 10
Example 2 - optimal production campaign
for each time period.

NBC;, CTC (h) NN,
t n R B

1 1 2 1 36 41
2 2 2 0 36 41
3 1 1 1 29 51
4 2 1 0 28 51
Table 11
Example 2 - economic evaluation results ($).
Description Optimal value
Sales income 1767659.16
Raw material cost 1281172.80
Investment cost 261236.67
Raw material inventory cost 62145.47
Product inventory cost 12105.00
Operating costs 83900.00
Waste disposal cost 0.00
Late delivery penalty 0.00
Total 67099.22

The optimal plant configuration and unit sizes are illustrated in Fig. 7, which shows that two and three units are selected in
parallel for stages 1 and 2, respectively, whereas the other stages have a unique equipment item. The unit sizes selected for each
stage were 1300 L, 1400 L, 1000 L, and 800 L, respectively.

For each period, Table 9 summarizes the amounts of final products produced and sold, amounts of raw materials purchased
for producing all products, and the inventory levels of both the raw materials and products.

The following conclusions can be obtained from Tables 7 and 9. For raw materials, the purchases of raw material R1 were
made only in time periods 1 and 4, because the costs had the lowest value. The extra amount acquired in period 1 was held as
inventory for the production of final products in the following two periods. In addition, purchases of the raw material R2 were
performed in all periods except for the last one when its cost increased. The excess material purchased in period 3 was held as
raw material inventory, thereby allowing the production of the final products in the subsequent time period. All of the products
were produced in all time periods, except for product I3 in the second and fourth periods, where in period 2, the maximum
demand was satisfied by the amount stored from the previous period, and for period 4, the minimum demand was satisfied
using the product stored from period 3. Also, note that the production of product 12 in time periods 1 and 2 was higher than the
amount sold in the same interval. Thus, the extra amount was kept as inventory to satisfy requirements in the following intervals.
A similar behavior was observed for product I1 in time period 2.

Please cite this article as: Y. Fumero et al, Multiproduct batch plant design model incorporating produc-
tion planning and scheduling decisions under a multiperiod scenario, Applied Mathematical Modelling (2015),
http://dx.doi.org/10.1016/j.apm.2015.09.046
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For each time period, Table 10 shows the optimal campaign composition, the campaign cycle time, and the number of times
that this production sequence was repeated over the time interval. It may be noted that the campaign composition was different
in all of the time periods. Fig. 8 illustrates the production sequence in the different stages for all time periods.

Finally, an economic summary of this problem is provided in Table 11.

5. Conclusions

In this study, our proposed approach integrates design, production planning, and scheduling decisions in a multiperiod con-
text by addressing a detailed description of the problem. The obtained MILP formulation guarantees the global optimality in a
reasonable computational time and it allows us to assess the trade-offs among the different decision variables of the problem.

An operation mode that includes MPCs is assumed. This approach is usually more appropriate under stable contexts, but from
a strategic viewpoint, this operation mode provides a more realistic approximation of the problem than SPCs in any scenario.
Thus, considering the production flows obtained, new assessment criteria can then be incorporated. They are not included in the
proposed formulation, but other aspects of the business, such as logistics, purchasing decisions, and distribution policies, can
also be considered and evaluated.

For design decisions, a realistic case is considered, where discrete unit sizes are available for the potential equipment to be
installed. Due to seasonal or market fluctuations, variations in different elements of the problem during every time period are
considered based on deterministic values for planning decisions. Finally, scheduling decisions that allow the optimal production
campaign and its sequence to be obtained for each time period are modeled using a continuous-time, slot-based representation.

We presented two examples to illustrate the use and the capabilities of the proposed model. The results obtained demonstrate
that the problem variables evidently interact to generate different production policies and schedules in order to adapt them to the
context conditions. Thus, the proposed approach provides a valuable tool for guiding design, planning, and scheduling decisions
in batch plants.
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