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Abstract: In this article, we delve into the classic Bohr inequality for complex numbers, a fundamental
result in complex analysis with broad mathematical applications. We offer refinements and general-
izations of Bohr’s inequality, expanding on the established inequalities of N. G. de Bruijn and Radon,
as well as leveraging the class of functions defined by the Daykin-Eliezer—Carlitz inequality. Our
novel contribution lies in demonstrating that Bohr’s and Bergstrom'’s inequalities can be derived from
one another, revealing a deeper interconnectedness between these results. Furthermore, we present
several new generalizations of Bohr’s inequality, along with other notable inequalities from the
literature, and discuss their various implications. By providing more comprehensive and verifiable
conditions, our work extends previous research and enhances the understanding and applicability of
Bohr’s inequality in mathematical studies.
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1. Introduction

Mathematical inequalities play a crucial role in various areas of mathematics. They
allow us to compare and analyze different mathematical quantities, serving as powerful
tools to establish limits, understand relationships, and gain insights into the behavior of
mathematical objects. These inequalities find applications in fields such as optimization,
analysis, probability theory, and mathematical physics. For further reading on this topic,
refer to [1-5] and the references therein.

One well-known inequality in the literature is Bohr’s classical inequality, introduced
by Bohr [6]. It states that for complex numbers z1,z; and positive numbers r1, 1, > 1
satisfying % + % = 1, the following inequality holds true:

|21+ 22|* < rq|z1* + 12| 22] % 1)

Notice that the inequality (1) remains an equality if and only if z, is equal to (r; —1)z;.
The elegance of Bohr’s inequality is found not only in its simplicity, but also in its profound
implications. It offers a beautiful geometric interpretation and has been applied in various
mathematical contexts. For instance, you can explore [7-9] and the references therein for
further insights.
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Building upon Bohr’s foundational work, Archbold [10] presented a generalization of
the inequality to n complex numbers z1, . . ., z, and positive numbers r4, .. ., r,, satisfying
Y- % =1
n

2
n
Yoz <Y nelzl* )
k=1 k=1
This generalization, commonly referred to as Bohr’s inequality, has numerous exten-
sions and generalizations (see, for example, [8,11-14]).
The inequality referred to in the literature as Bergstrom’s inequality ([15]) states that if

X1, , X are real numbers and g, > 0fork=1,---,n, then

2 2
(Xg—1Xx) < = X
— 7

Zzzl ag k=1 g

with equality if and only if % = % foranyi,j =1,...,n. A generalization of Bergstrom’s
inequality was obtained in 1913 by Radon in reference [16].

Let us move on to Radon’s inequality, which states that for p > 0, x; > 0, and a; > 0
forany k =1,...,n, we have:

n p+1 n Pl
(Ekzl xk) < 2 xkp ) (3)

(T’ — 5 ay

Inspired by a previous manuscript [17], which investigates inequalities (2) and (3),
the authors provide a detailed outline of a general form using a real function for these
inequalities and fully characterize the class of functions involved. Furthermore, the article
demonstrates that Bohr’s inequality is a specific instance of Radon’s inequality, with p = 1.
Building on this foundation, our study demonstrates a novel connection between Bohr’s
and Bergstrom'’s inequalities, showing that one can be deduced from the other.

In our main results, we present various refinements and generalizations of the classical
Bohr inequality, covering a wide range of scenarios. We start by introducing a refinement
based on de Bruijn’s inequality, from which we derive generalizations of Bohr’s inequality for
any power greater than or equal to 2. Finally, by leveraging Radon’s inequality, we obtain
further refinements and generalizations of (2) or of another previously obtained generalization.

2. Main Results

In this section, we present our main contributions. Prior to discussing the results, we
introduce three lemmas that will be utilized throughout the manuscript. The first lemma is
derived from [18], while the second one is derived from [19], Theorem 1.6.

Lemma 1. Let ay, - - - ,a, be a sequence of real numbers and zy, - - -, z, be a sequence of complex
numbers, then
1 . 4)

Equality holds in (4) if and only if there exists A € C such that a = Re(Azy) for any
k=1,--- ,nandzzzl)\zzi > 0.

2 1 n n
< Ekza;% [Z |z |* +
=1

k=1

n
Y axz
k=1

n
DL
k=1

Notice that (4) is known as de Bruijn’s inequality and provides a refined version of the
classical Cauchy-Bunyakovsky-Schwarz inequality.

Lemma 2. Let zq,- - -, z, be a sequence of non-zero complex numbers, then

n
=) |z
1

n
)z
k=1
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if and only if there exists aq, - - - , &y, positive real numbers such that z; = w;zq foranyi=1,--- ,n,
where a; = Lzl
|z1]

Lemma 3. Let z1,- - - ,z, be a sequence of non-zero complex numbers and r1, - - -, ry, be a sequence
of positive numbers. Then, the following conditions are equivalent:
1. The equality rj|zj| = r;|z;| holds for anyi,j =1, - - -, n and there exists a sequence of positive

numbers ay, - - -, ay such that z; = a;zy forevery j =1,...,n.
2. The equality rjzj = r;z; holds for any i,j = 1,--- ,n.

Proof. The implication from condition (2) to condition (1) is straightforward, leaving us
to demonstrate the converse. Assuming (1) holds true, leti,j = 1,---,n. We observe
||

|z j| =a; |21, or equivalently, &= 7 given z; # 0. Furthermore, from the other condition,
we infer the following:
o lal
T |Z]|
Finally, this leads to
lzil
LS R
T ‘Z]| ﬂ & ’
|z1]

thereby concluding the proof. [

Now, we are able to obtain our first main result, which is a refinement of Bohr’s inequality.

Theorem 1. Let z1,- - - ,z, be a sequence of complex numbers and rq,- - - ,ry, be a sequence of
positive numbers such that } ', % =1, then

2

! 2
Y relzel® +
=

1
< =
- 2

n
)z
k=1

n
) izt
k=1

n
< Y el (5)
k=1
The equality holds if and only if r;z; = rjz; foranyi,j =1,--- ,n.

Proof. From de Bruijn’s inequality, we have ,/7;zx instead of z;, and ﬁ instead of ay
n

D iz

k=1

1 . )

Now, using the triangle inequality for the modulus in the complex plane, we have

2 2

<

N =

n
)z
k=1

o1
Y ——= VT
k=1 VTk

n 1 n 5
27 Zrk‘zk| +
k=1"k [k=1

N =

& 2
Y rilzl® +
k=1

n
) ek
k=1

1 n n l I n n
> [2 relzel® + | Y rizi ] < 5 Yoz + Y 71@%”
k=1 k=1 = P
1] 2 v |2
= 3 Zrk|zk| +Zrk‘zk‘
= pa
1 [ n 5 n )
= 3 Y rilzel® + ) relzd
= pa
- 2
= Y ezl )

k=1
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Suppose that the equality holds in (5). Without a loss of generality, we can also assume
that zy # Oforany k =1, - - - ,n. Combining (6) and (7), we obtain the following equalities:

] , ®)

rkzi ‘ . 9)

? 1& 1| ¢
k=1

k| k=1

L |
Y ——Vzk
k=1 VTk

n
) k%
k=1

and

n n
AR
k=1 k=1

This indicates that we achieve equality in both the standard triangle inequality for
the modulus of complex numbers and in de Bruijn’s inequality. Then, from (9) and
Lemma 2, there exists «ay,---,a, positive real numbers such that z; = a;z; for any
k = 1,---,n. On the other hand, from (8), we conclude that there exists A € C such
that \/% = Re(A/7xzx). Combining such conditions, we have

1 1
Vol Re(Ay/rz) = Re(A\/rearzn) = \/rragRe(Az1) = \/a‘xka/

or equivalently % = ay, and this implies that for any k = 1, - - - , n it holds that

r
Zj = —121.
Tk

On the other hand, if r;z; = riz; foranyi,j=1,---,n,itis straightforward to confirm
the equality in (5). O

Remark 1. In particular, we note that if all the zj in Theorem 1 are real, then the refinement
recently obtained coincides with the upper bound originally given by Bohr.

From Theorem 1, we proceed to establish an extension of Bohr’s inequality for powers
greater than or equal to 2.

Corollary 1. Let z1,- - -,z be a sequence of complex numbers and rq,- - - ,ry, be a sequence of
positive numbers such that 22:1 % =1,ands > 2, then
3 " 3
2
< (Z Tkl 2zl ) -

s 1 n 5
< 3 (Z ”k|Zk|2> +
=1

k=1

n
)z
k=1

k=1

The equality holds if and only if riz; = rjz; forany i,j =1,--- ,n.

Proof. According to Theorem 1 and the convexity of the function f(t) = t3 on the interval
[0, +00), we have

i s
Y iz
k=1

S

[T

n
= ) ik

k=1

n ) 2 1
Y iz t3

IN

2\ 2
1| & 5
<2lzrk|zk +

k=1

n
Yz
k=1

n
).z
k=1

IN

INA
PN N =
1=
=
=~
N
>~
S
N———
Nl
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Upon examining the previous corollary, it is clear that we relied on two fundamental
properties of the function f(t) = 3, namely its monotonicity and its mid-point convexity.
Interestingly, these conditions imply convexity (see Remark on page 4 of [20]). Therefore,
we have the following result, the proof of which we omit since it is analogous to the one
given in Corollary 1.

Corollary 2. Let z1,- - -,z be a sequence of complex numbers and rq,- - - ,ry, be a sequence of
positive numbers such that } % =1, and f an increasing, convex function on [0, +00), then

f(knl 2) < f(i[k'ilrklzu%k"l D
)

Yz Y rizp
2 e
*f Z relzil® | + f Y ez
k=1
- 2
< f X =)
k=1
Inspired by Theorem 1, which provided a refinement of (2) through an enhanced
version of the discrete Cauchy—-Buniakowsky-Schwarz inequality, we revisit a family of
functions initially defined by Daykin, Eliezer, and Carlitz in [21]. Our goal is to utilize this
family of functions to derive new and improved versions of Bohr’s inequality.
In the next lemma, we recall how this family of functions is defined.

IN

Lemma 4. Let ay,ay,...,a, and by, by, ..., by, be positive real numbers and let f(-,-), g(-,-) be
positive functions with two variables. The inequality

2
<k2”kbk> < ) flagbe) ) 8law by) < Za Z
-1 = e

k=1 k=1
holds if and only if

1. f(a,b)g(a,b) = a®b?,
2. f(ka,kb) = k*f(a, b)fork >0,

3. bjﬁga 1; + Z;Ez}g <j;ta Y holds for any positive real numbers a and b.

By employing the class of functions delineated by the Daykin-Eliezer—Carlitz inequal-
ity, we derive the following refinement of (2).

Theorem 2. Let zq,- - -,z be a sequence of complex numbers, 11, - - - , 1y, be a sequence of positive
numbers such that y ', % =1, and f, g functions satisfying (1), (2), and (3), as stated in Lemma 4, then

n 2 n n n
1 1
< —_—, 2 e 2 < 2.
k§:1zk < k§_1,f( " \/ Telzk| >k§_1:g( " \/ Telzx] ) < ) relz

k=1

Proof. Applying Lemma 4 with a; = \/177 and by = /r|zg|2 forany k =1, - -, n, we have

n 2 n 2
< (L) = (& i)
< L/ (G vet) Bl Vi)
< i”k|zk|2'

k=1
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For the particular cases of functions f and g, we obtain the following corollary.

Corollary 3. Let z1,- - - ,z, be a sequence of complex numbers and let r1, - - -, r, be a sequence of
positive numbers such that } j_, % =1, then

! oLzt & orlz?

n
< rk|zk|21
L= Liraarck

<

k=1

and for any t € [0,1]

2
n n n
<Y rtad Y iz < Y ndad
P =1 =1

n
)z
k=1

Proof. Itis enough to see that f(a,b) = a? + b%,g(a,b) = H‘ﬁ’; f(a,b) = a'**b1~t, o(a,b) =

a'~tp* with t € [0, 1] are pairs of functions of the Daykin-Eliezer-Carlitz inequality type. [

The equivalence between various mathematical inequalities holds significant impor-
tance both logically and historically, as evidenced by a vast body of literature exploring
their connections. In summary, we demonstrate in this article that two of the discussed
inequalities, Bohr’s and Bergstrdom’s inequalities, are interconnected and derivable from
each other.

Theorem 3. The following inequalities are equivalent:
1. Borh’s inequality—Let z1,- - -,z be a sequence of complex numbers and ry,--- 1, be a
sequence of positive numbers such that } ', % =1, then

n 2 n
Yoz <Yzl
=1 =1

The equality holds if and only if riz; = rjz; forany i,j =1,--- ,n.
2. Bergstrom’s inequality—Let x1,- - - , x, be a sequence of real numbers and a1, --- ,a, be a
sequence of positive numbers, then

2
(Ck1 Xx) <
Z:I}Zzl ko

n 2
3

7

Xi
a,-_

with equality if and only if Z—;for anyi,j=1,---,n

Proof. We start by demonstrating that (2) is a straightforward and specific case of Bohr’s
inequality. To achieve this, it suffices to consider, forany k =1,--- ,n,

_apta+...+a
= ”

Tk
and zy = xy in Theorem 1.

Now, we only need to prove that (2) implies (1). Forany k = 1,...,n let z; = /% |z|;
then, according to the triangle inequality, we have

2 . 2
< (leu) : (10)
k=1

Now, by using inequality (2) with a; = % forany k = 1,...,n, then }}_;a, =
Yioi 5 = land

n
)z
k=1



Axioms 2024, 13, 436

7 of 12

n 2 n
(Z Zk|> < Y relzel® (11)

k=1 k=1
Finally, combining (10) and (11), we obtain the classical Borh inequality. [

Now, we turn your attention to the case r; = n. Specifically, if we consider in (2),
ry =nforany k =1,---,n, we obatin the following inequality:

n 2
Yz
k=1

n
<nY |zl (12)
k=1

with equality if and only if all z;’s are equal.
The final inequality is also a consequence of the classical Cauchy—Buniakowsky-Schwarz
inequality. For convenience, we denote the following positive number using R,

n n 2
R=nY |zl -} z
P P

On the other hand, in [22], the authors provide an explicit expression for R, more precisely

2

n
R= Y |zi—z|= ”];|Zk|2 -

1<i<j<n

n
)z
k=1

Futhermore, Rubi6-Massegu et al. obtained the following lower bound for R:

). (13)

Notice that from Theorem 1, we obtain a lower bound for R in terms of a finite sum of
positive numbers.

n
%

k=1

n n
R= Y |Zi—Zj|222<Z|Zk|2—
=1

1<i<j<n

Proposition 1. Lef z1,- - -, z, be a sequence of complex numbers, then

]_

Now, we are prepared to enhance inequality (12) utilizing another renowned inequality
for real numbers. Initially, let us examine a result by Pafnuty Chebyshev (see [1]). He
showed that if we have two sequences of real numbers, x1, ..., X, and v, ..., y,, that are both
increasing or both decreasing, then

<2 ixi> (; i%) < 2 %xiyi.

i=1 i=1

2

nlyv 2 = ) | ! 5 n
0< 2| ) =zl + | ) = Yozl <n Y |z — Yz (14)
k=1 k=1 k=1 k=1 k=1

Then, in 2012, Nakasuji et al. developed a weighted version of Chebyshev’s inequality
for sequences of real numbers. They proved the following lemma (see [23], Corollary 1):

Lemma 5. If xq, ..., xy and y1, ..., yn are sequences of real numbers and are simultaneously mono-
tone increasing or monotone decreasing, then

n n n
<2 wixi> (2 wz‘%’) < Zwixiyi,
i=1 j '

i=1 i=1

where w1, ..., Wy are positive numbers such that Y} ; w; = 1.
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Now, we state the following theorem.

Theorem 4. Let z1,- - - ,z, be a sequence of complex numbers and let all w1, ..., wy, be a sequence
of positive numbers with } }!_, wy =1, then

2 2
n n
< <Z wk|zk|> < Y wp|zi] - (15)
=1

k=1

n
Z Wi Zk
k=1

Proof. We have, as a consequence of the triangle inequality and Lemma 5, that

2 " 2
< (Z wk|zk|>
=1

() ()

n
< Y wilnlt
pa

n
Z Wi Zk
k=1

,v
HI‘ B
—_

In the last inequality, we assume that we reorder the sequence |z1],- - -, |z to be
monotone increasing. [

Remark 2. It is worth noting that if we set wy = % in (15), we obtain the following refinement

of (12).

Corollary 4. Let z1,- - - ,z, be a sequence of complex numbers, then

2 2
n n
< (z |zk|) <l
k=1

k=1

n
Yz
k=1

In particular, we have

Combining inequalities (13), (14), and (16), we obtain the following lower bound for R.

2

n 2 n n
Yozl <n)la— |y z =R (16)
k=1 k=1 k=1

Proposition 2. Let z1, - - - ,z, be a sequence of complex numbers, then

maX{Rl, RZ/ R3} <R,

where
nil e 2 2
Rl:E Z|Zk| - sz ’
k=1 k=1
2
n n 2 n 2 n
R2:2[2|2k| + sz] =Yz,
k=1 k=1 k=1
and

2

Remark 3. The following numerical examples will illustrate the incomparability of the lower
bounds obtained in Proposition 2.

n
)z
k=1
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Consider the following cases:

1. Ifzy =1and zp = 2, then one may verify that R, =1 > 0 = R3.
Ifz¢ = 1 and z; = 2i, then Ry — R3 = 4 and this implies that Ry > Rs.

2(k=1)mi
3. Now, if we consider foranyn > 2,z = e~ 2 withk =1,--- ,n, then j_, z2 = 0 and

2 2
n n
—n?=—" < 0= Ry <R3,

Ry — Ry = —
2 3 7 7

and

2
n n
—n Zzi = sz >0,
k=1

k=1

" 2
=Y %
k=1

thus we have R > Ry.
2(k=1)mi
4. Now, if we consider for any n > 2, wy = e M Wit k = 1,---,n,then Y}, zx = 0and

Ry — Ry =

L

N\S

_n
2

n n
k=1

i.e., R1 < Rs. On the other hand,

n
—n|Y_ 22| =-n

k=1

" 2
= Z Zk
k=1

n
Y 22 <0
k=1

which allows us to show that R; < Rj.
This illustrates that the lower bounds obtained in Proposition 2 are not directly comparable.

Now, we are able to derive a generalization of Bohr’s inequality for a power dif-
ferent from 2. This motivation stems from the relationship between this inequality and
Radon’s inequality.

To achieve this generalization, it is necessary to recall the following result obtained
n [24], Theorem 2.3.

Lemma6. Let xq,- - -, xy, beasequence of real numbers, aq, - - - , a, be a sequence positive numbers,
p>0,and m > 1, then

Yk—1 Xkay n il
(Zn am)erpfl kzl a}l{’ 4 (17)
k=1"k =

with equality if and only lf% = %for anyi,j=1,---,n

Theorem 5. Let zq, - - - , z, be a sequence of complex numbers, p > 0,m > 1,and ry,--- ,r, bea
sequence of positive numbers, then

p+m n p+m " m+p=1
o< (2 |zkr’,:”> < (ZrT) Y i lzlPt (18
k=1

k=1 k=1

i Zry
k=1

The equality

p+m " m+p—1 "
o= (Zﬂ?) D il

k=1

n
Yz
k=1

holds if and only fr—’ = %foranyi,]’: 1,---,n
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Proof. We note that for the usual triangle inequality for the modulus of complex numbers,
we have the first inequality.

On the other, if we replace xi by |zk| in (17), as well as a; by 7, then we have

n pt+m n m+p—1 "
(Z Izklr;”‘1> < (Z r,’f) Y P |z P,
k=1 k=1 k=1

Now, we assume that holds the equality

n
DL
k=1

p+m n m+p=1
- (2) Y ri .
k=1

k=1

Then, according to Lemma 6, we conclude that forany i,j = 1,--- ,n, we have % =
% On the other hand, according to Lemma 2, we conclude that there exists a1, - - - , &, such
that z; = ayz1. Finally, according to Lemma 3, we obtain that f—l‘ = % foranyi,j=1,---,n.
TE

% foranyi,j =1,---,n,itis straightforward to confirm the equality in (18). O

Now, we present a generalization and refinement of Bohr’s inequality.

Corollary 5. Let zq, - - -, z, be a sequence of complex numbers, p > 0,m > 1,and ry,--- ,r, bea

no_m
sequence of positive numbers such that Y _r, 7 =1, then
k=1
n —(m-1) p+m n —(m-1) p+m n
Yz S DDAV <) ez
k=1 k=1 k=1
The equality
—(m-1) ptm

n
2 Zir
k=1

n
=) ezl
k=1

1 1

holds if and only ifrle- = r]?zjfor anyi,j=1,---,n

_1
Proof. To obtain this statement is enough to consider r, ” instead of ¢ in Theorem 5. [

Remark 4. By considering specific values of the parameters in Theorem 5, we derive well-known
inequalities and refinements that have been previously obtained by various authors. For instance,
setting m = p = 1 yields the classical Bohr inequality.

In the following statement, we obtain a generalization of Bohr’s inequality and a new
refinement. This generalization was previously obtained by Vaci¢ and Kecki¢ in [25].

Corollary 6. Let zq,- - ,zy be a sequence of complex numbers, s > 1,and ry,- - -, r,, be a sequence

of positive numbers, then
s " s n1 s—1 .
< (Z |Zk|> < <Z 7,?“) Y rilzel.
k=1

n
)z
k=1

k=1 k=1

The equality

n 11 s=1
Y. ‘”) Y izl (19)
k=1
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