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1. Introduction

Hastings and McLeod [1] investigated a class of boundary value problems on a half-line for a Painlevé-type equation
that arises in plasma physics (De Boer and Ludford [2]). Boundary value problems on the half-line x € [0, co) for the

integrable Painlevé reduction with behaviour ~ x2 as x — oo have been investigated by Holmes and Spence [3], Heiffer
and Weissler [4]. Bass [5], in 1963, derived the Painlevé Il equation in the context of a steady electrolysis model arising out of
a more general non-steady system [6]. This work was later subsumed in a multi-ion electrodiffusion model by Leuchtag [7].
The Painlevé structure underlying the latter nonlinear system has been recently investigated by Conte et al. [8]. Bass in [5,6]
was also concerned with boundary value problems on the half-line [0, co) and discussed critically the appropriate boundary
conditions to be imposed. However, his analytic treatment only proceeded for a linearised version of the Painlevé Il model. In
fact, the integrability of the Painlevé Il equations allows the sequential application of Biacklund transformations to generate
exact solutions of the Bass model (Rogers et al. [9]). The solvability of certain two-point boundary value problems for the
latter has been investigated by Mariani et al. [ 10]. Recently, the method of upper and lower solutions [11] has been applied
by Amster et al. in [ 12] to establish the solvability of Dirichlet or periodic boundary value problems for a generalised Painlevé
equation originally derived in an electrodiffusion context by Leuchtag in [7]. Third-order problems arising in the three-ion
case were recently investigated in [13]. Here, it is established that the method of upper and lower solutions may, in fact, be
applied to establish the existence of solutions to basic classes of boundary value problems on the half-line for an extension
of the Painlevé II equation. It should be noted, however, that the application of this method to such half-line problems is
not straightforward. This is due to the fact that, unlike in the case of a bounded interval, the associated linear operator for
the half-line problem does not have a compact inverse and a direct application of a Schauder fixed point argument seems
inappropriate. This motivates our use here of a diagonal argument, which essentially consists in finding a solution uy of
the equation on the bounded interval [0, N] under an appropriate boundary condition, and then proving the existence of a
subsequence that converges to some limit function u, which solves the problem. The choice of this subsequence relies on
the computation of accurate a priori bounds of the solution uy restricted to the interval [0, M], with M < N.
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In the above mentioned works [10,12], only the case of a bounded interval was considered. Here we study the extended
Painlevé II* type of equations

p" =alpl"p+blipl’pp’ £xp+C, (1)
with constants a > 0y, § > 0and b, C € R, on the unbounded interval [0, co), under the following boundary conditions:
I

p(0) = po, xggloop(X) =0 (2)
1
p(0) = po, lim P _ 0. (3)
X—>4+00 X

Initially, we proceed with Case I for (1)*. Case Il is then dealt with at the end of the paper for problem (1)~ for which the
existence of solutions under the stronger condition (1)* cannot be ensured.

2. Upper and lower solutions and a diagonal argument

Our existence results are derived via the method of lower and upper solutions and a diagonal argument. Let us recall that
a smooth function « is deemed to be a lower solution of problems (1)* when

o’ > ala)’ a + bla|faa’ £ xa + C.
Similarly, a smooth function 8 is said to be an upper solution of (1)* when
B" < alBl”B+bIBI’BB +xB+C.

If moreover o < B, we shall say that (o, 8) is an ordered couple consisting of a lower and an upper solution of (1)*.

In order to investigate the solvability of the boundary value problems (1)* under conditions (2) or (3) on the half-line,
we first recall a standard existence result for an associated Dirichlet boundary value problem on a bounded interval [0, T]
(cf. [11]).

Theorem 2.1. Let («, B) be an ordered couple consisting of a lower and an upper solution of the boundary value problem
(1)* (respectively (1)*), and let py € [«(0), B(0)], pr € [a(T), B(T)]. Then, (1)* (resp. (1)~ ) admits at least one solution
p:[0,T] - Rwitha < p < B, satisfying the Dirichlet boundary conditions

p(0) = po, p(T) = pr.

It is noted that the nonlinear lower order term
g (. p,p) :=alpl” p+blpl’ pp' £xp+C
satisfies a Nagumo condition [14]: indeed, if x € [0, T] and @ (x) < p < B(x), then
g (x, p, @)l < Alq| +B

for some constants A and B and the method of upper and lower solutions applies.
Next, we introduce a diagonal argument which demonstrates the existence of a solution for (1)* under the boundary
conditions (2) or (3).

Theorem 2.2. Let («, B) be an ordered couple consisting of a lower and an upper solution of (1)* (respectively (1)~ ) such that

a(0) < po < B(0).
Then (1)* (resp. (1)~ ) admits at least one solution p with o < p < B such that p(0) = po. If moreover

lim a(x) = lim B(x) =0,
X—+00 X—>+00
or

. B
m — =

lim @ = i

x—>+00 X Xx—>400 X

O’

then p satisfies condition (2) or (3), respectively.

Proof. For any N € N, consider the Dirichlet boundary value problem

p" =alpl” p+blpl’pp’ £xp+C  x € (0,N) @)
p(0) = po, p(N) = (a(N) + B(N))/2.
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By Theorem 2.1, there exists at least one solution py of (4) such that «|;o n; < py < Blo.nj- For fixed M and N > M, set

M —
on(x) = Wx + Do
and
hy(x) = —b [ Ipn (D)1’ P (0) dt.
0
Then

(e"™ (on — o)) = On(x),

with ||y [lco,m)) < € for some constant ¢ depending only on M. Then

M M
/ MO (py — o) PO dx = / 6 (0 (P — o) (V) < ¢
0 0

for some constant c independent of N. As py satisfies (4), it is seen that ||py, || 2 (0.my s bounded. It follows that [Ipy —n [l y20.m)
is bounded by a constant ¢y independent of N.

From the compact embedding H2(0, M) < C'([0, M]), there exists a subsequence of {py}n=u that converges on [0, M]
for the C'-norm. Thus, we proceed as follows. Take M = 1 and choose a subsequence, still denoted as {py}, which converges
in C'([0, 1]) to some function p!. Repeating the procedure for M = 2, 3, ..., we may assume that py|jo.; converges to some
function p" in the sense of C'.

By construction, pM*|joa = p¥; thus, the function p : [0, +00) — R given by p(x) = pM(x) if0 < x < M is
well-defined. Moreover, p(0) = po, and py, converges uniformly in [0, M] to

alp|”p £ xp + blp|’pp’ + C.
Thus, for any test function £ € C§°(0, M) it is seen that

M M M M
/ (alp|”p £ xp + blp’pp’ + C)& = lim/ pNé = lim/ p~$”=/ pg”,
0 N—oo 0 N—>oo 0 0
whence

p’ =alpl” p£xp+blp°pp' +C

in [0, M], in the weak sense. By construction, p is continuously differentiable; thus, p is a classical solution of (1)* on [0, +00),
and the result follows. ®

3. Application to problems (1)*
The above Theorem 2.2 is now applied to establish the following:

Theorem 3.1. The boundary value problem (1)*—(2) admits at least one solution.
Proof. It suffices to construct an ordered couple («, 8) consisting of a lower and an upper solution of (1)* such that

@0 <po<pO).  lim a) = lim B(x) =0.

Fix a non-increasing function ¥ € C2([0, 1]) such that 0 < ¥ < 1, and
¢|[O’%]E‘l, ¢|[%’HEO.

We shall define an upper solution § in the following way. Let {c,} be a non-increasing sequence such that ¢, — 0, and
define

Bx)=(h— )V (X —1n)+cpy; forn<x<n+1.

It follows that 8 : [0, 4+00) —> [0, +00) is well-defined, non-increasing and twice continuously differentiable, with
B(x) = 0asx — +oo. Moreover,

1B/ ()] = —(ca — ) Y'(x — 1) < (cn — Cry1)Ry

and

:3”()‘) = (Cn - Cn+1)1//”(X - Tl) = (Cn - Cn+1)R2
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for some positive constants R; and R,. On the other hand,

aB(X) !+ xB() + b B + € = acy [+ ncws — bleg ! (e — curn)Ri + C.
Thus, if for every n

acll + (4 K)epr + € > K,

where K = R, + |b|cg“R1, then B is an upper solution. For instance, we may consider ¢, > max{po, 0} such that
ach + C > 0, and fix ng such that

n—+K
Jn+1

for all n > ny. It suffices to define

co+C > coK

Co, n<ngp
— Co
I n > np.

75

In the same way, we may define a lower solution @ < 0, and Theorem 2.2 applies. H

Remark I. If b = 0, then the solution given by Theorem 3.1 is unique. Indeed, if p;, p, are two solutions, define W = p; —p».
Then, W satisfies

W’ = p(X)W + xW, W(0) = lim W() =0,
X— 400

where ¢(x) = a(y + 1)|£€(x)|” for some mean value & (x) between p(x) and p;(x).
If W(x9) > 0 for some xo > 0, we may assume that xq is a maximum, and so W” (xy) < 0, a contradiction. It follows that
W < 0, and in the same way we deduce that W > 0.

Remark IL If § = 0 and y = 2 we recover the two-ion electrodiffusion model set down in Leuchtag [7]. In this case, an
ordered couple («, B) is readily obtained as follows. Set

d

Bx) = m,

for some positive constants K and d, with d large enough that % > po, and that the inequality

d X

1 c
24bd——ad® | —2 — — X 4= <0
[ thd—oa ](x+1<)3 x+K Td=

is satisfied. In the same way, taking d < 0, a lower solution is constructed. The specific choice of the constants a = 2 and
b = 0 yields the well-known Painlevé Il equation

p'=2p>+xp+C.

To conclude, we consider the boundary value problem (1). In this case, it is seen that the construction of the previous
theorem fails; however, existence of solutions can be proved under the weaker condition of sub-linearity at infinity (3). The
following result is established:

Theorem 3.2. Assume that y > max{1, §}. Then the boundary value problem (1)~, (3) admits at least one solution.

Proof. It suffices to construct an ordered couple (¢, 8) consisting of a lower and an upper solution of (1)~ satisfying

w©® <po<pO., lim Y = jim PY _

x—>+00 X x—>+00 X

0.

Let ¢ be defined as in Theorem 3.1, and consider the function given by
BX) = [ca(®¥) — 1 )] (x — 1) + Capq(x) forn <x<n+1,
where ¢, (x) = r,x + s, for some positive numbers
rp=r =0
and

So <$1 <.+ —> +00
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to be chosen. A simple computation shows that if x € [n, n + 1] then
Tnp1X +Sp < B(X) < X + Snp1,
IB' ()| < Ri[(ra — Tng1)X + Sn1 — Sl + T,

and
B" (%) < Ro[(rn — Tag1)X + Sng1 — Sl

for some positive constants Ry, R;.
For convenience, write

ap”t —xp+bp B+ C = B (5B —x)+ B (5870 +bB) +C.

and observe thatif x € [n, n + 1], then

r v r
B > st (—"Hx + 1) > sy (y—':qx—k 1) =5" + yraas) X

Sn n

Thus, we may fix some appropriate value of ny € N to be established and define

s — Mg, N =<Tng
n =
\/Ea n > np,
2
g =ryq, T'nt1 :W
n

Then we have, forx € [n, n + 1],
a
ap’t! —xB+ bR +C > S (Iaax 505 +C,

provided that

B0 b = 0. 5)

If n > ng, a simple computation shows that
_ 1
Sn41 — Sn = m,
and
y —1

=Ty < ——————.
M= Gy

Hence, if ng is large enough, then (5) is satisfied, and moreover
" a 4
=< E(rn—HX +sp)sh +C

on [ng, +00). Enlarging ny if necessary, in order to satisfy

no > pg,

oo Pz,

a 5 2b
7n(()2y s 1)/2+ Do
2 ay

it follows that § is also an upper solution over [0, ngp], and 8(0) = ,/ng > po. Furthermore, for [x] = n > ng

BX) Vn+1
_ Sr
X

wnt———=>0
n

asn — 4-oo0. In a similar way, we define a lower solution « : [0, +-00) — R<( such that «(0) < po, and limy_, « # =0.
The result now follows. =
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