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We introduce a new class of two-dimensional gravity models using ideas motivated by the
Teleparallel Equivalent of General Relativity. This leads to a rather natural formulation of a

theory that has close links with Jackiw{Teitelboim gravity. After introducing the theory and

discussing its vacuum solutions, we present the Hamiltonian analysis. This implies the presence

of a single dynamical degree of freedom, which is in sharp contrast to General Relativity, where
there are no degrees of freedom in two spacetime dimensions. Our approach can be extended to

various other lower-dimensional gravity theories and thus could be of wider interest.
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1. Introduction

Einstein's theory of General Relativity (GR) cannot be formulated directly in 1þ 1

dimensions using either the Einstein{Hilbert action or the related ¯eld equations.

The Einstein{Hilbert action in 1þ 1 dimensions is topological, which means that the

Ricci scalar can be written as a total derivative. Consequently one cannot arrive at

nontrivial ¯eld equations. On the other hand, it is also well known that the

(1þ 1)-dimensional Ricci tensor satis¯es the simple geometrical identity R�� ¼
Rg��=2 which implies that the Einstein tensor G�� :¼ R�� �Rg��=2 � 0 vanishes

identically. This follows from the more general formula which allows one to express

the Riemann curvature tensor via the curvature scalar, namely

R���� ¼
1

2
Rðg��g�� � g��g��Þ: ð1Þ

This identity only holds in two dimensions.

Moreover, all two-dimensional manifolds M are conformally °at. This means,

since the metric tensor in two dimensions has three independent components and one

can make two coordinate transformations, that the metric only contains a single true

degree of freedom. In suitably chosen local coordinates ðt;xÞ the line element or the

metric can always be brought into the following form

ds2 ¼ exp ½2�ðt;xÞ�ðdt2 � dx2Þ; ð2Þ
where �ðt;xÞ is the dilaton ¯eld.

All of thismeans that one has to introduce additional ¯elds or an additional structure

inorder to formulatenontrivial gravitymodels in two spacetimedimensions.Avariety of

models and di®erent approaches were discussed in Ref. 1 and references therein.a

In particular, we couldmention the scheme based onRiemann{Cartan geometry, where

both curvature and torsion are dynamically incorporated into the gravitational action,

see Refs. 4, 5. Another approach is to consider a two-dimensional singular limit of a

higher-dimensional theory, see e.g. Ref. 6 which has found renewed interest in the con-

text of Gauss{Bonnet-type theories.7 However, this has not been without criticism.8{10

Yet another framework has recently been suggested inRef. 11where theRicci scalarwas

decomposed suitably to also allow for a two-dimensional theory to be formulated.

A particularly fruitful approach goes back to Jackiw12,13 and Teitelboim14{16

(JT), who proposed a theory of gravity in 1þ 1 dimensions whose dynamical

equation in vacuum is simply

R� � ¼ 0: ð3Þ
When conformally °at metrics of the form (2) are considered, the ¯eld equation (3)

becomes

W� ¼ � �

2
exp ½2��; W ¼ ���r�r�; ð4Þ

aWe can track allusions to 2D gravity to as far as the 1960s and 70s, see Refs. 2, 3.
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which is Liouville's equation.17 Early works in the subject (see, e.g. Refs. 18.19)

showed that the theory admits black hole solutions with a consistently de¯ned notion

of entropy, very much alike its 4D-counterpart, and that it represents a rich toy

model for quantum gravity.20 Nowadays, the main interest in such a theory is linked

to string theory. For a modern perspective, consult Ref. 21.

While the theory is neat, an undesirable feature of the JT model is that its

dynamics cannot be derived from a variational principle whose (covariant) action

depends exclusively on the metric. As a matter of fact, Jackiw considered the co-

variant action

S/
Z

d2x
ffiffiffiffiffiffiffi�g

p
NðR� �Þ; ð5Þ

which yields Eq. (3) when varying the action with respect to the scalar ¯eld N. This

¯eld plays the role of a Lagrange multiplier in the theory.

However, when varying with respect to the metric, action (5) produces the ad-

ditional equation

2r�r�N þ �g��N ¼ 0: ð6Þ
In this way, Eq. (3) or (4) alone determine the metric's only free function �, while (6)

subsequently determines N with no restriction on g��.

On the other hand, JT theory admits a Hamiltonian formulation similar to that of

higher-dimensional theories, with the main di®erence that the Lagrange multipliers

that accompany the super-Hamiltonian and the super-momentum ��� the lapse

function �? and shift vector �1, respectively, de¯ned below ��� are not variables to be

varied. That is, the super-Hamiltonian and the super-momentum are not constraints,

they generate the temporal and spatial deformations of the ¯eld con¯guration.14{16

Teitelboim's action, which is constructed entirely from the metric but is manifestly

noncovariant, reads

S/
Z

d2x½ð�;0 � �1�;1 � �1;1Þ2 � �?� 2
;1 � 2�?;1�;1 þ ��?exp ½2��=2�: ð7Þ

Here, the coordinates ðx0;x1Þ are such that the metric is written as follows:

g�� ¼ exp ½2�� ð�1Þ2 þ ð�?Þ2 �1

�1 �1

� �
; ð8Þ

which reduces to (2) when the ¯xed external ¯elds are chosen as �1 ¼ 0 and �? ¼ 1.

The fact that �1 and �? are not considered as dynamical variables is re°ected in the

presence of a central charge in the algebra of the generators.

As already mentioned, the Einstein{Hilbert action in two dimensions becomes

trivial, however, when working in the teleparallel setting, one can construct non-

trivial terms for an action. This was recently done in Refs. 22 and 23, where several

points associated to the role played by the breaking of the Lorentz symmetry were

discussed. Here, we further examine this subject by performing a complete

Teleparallel Jackiw{Teitelboim gravity
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Hamiltonian analysis, which leads to a complete characterization of the additional

degree of freedom present in the theory. In particular, we see that JT gravity emerges

as a Lorentz invariant sub-sector of the 2D torsional action in consideration.

Our notation is as follows: Latin indices a; b; . . . denote tangent space indices,

Greek indices �; �; . . . denote spacetime indices. The tangent space metric is �ab, the

spacetime metric is g�� , we work with signature ðþ;�Þ. For explicit tangent space
indices we use a; b; . . . ¼ 0; 1; . . ., and drop the underline for spacetime indices.

2. Torsional Action and Field Equations

2.1. The action

Our ¯rst goal will be to show that JT dynamics can be obtained from a variational

principle formulated in a teleparallel framework. To do this, let us rewrite the dy-

namical equation in terms of the exterior derivative of the vielbein or coframe 1-form

Ea ¼ Ea
�dX

�. In any dimension, one de¯nes the torsion 2-form to be

Ta :¼ dEa ) T a
�� ¼ @�E

a
� � @�E

a
� ¼ �T a

��: ð9Þ
The vielbein has as its dual basis the frame vector ¯elds ea ¼ e�

a@� in the tangent

space. These satisfy the relations

e�
aE

a
� ¼ ��� ; e�

b E
a
� ¼ � ab ; ð10Þ

and are related to the metric tensor through

g�� ¼ �abE
a
�E

b
�;, �ab ¼ g��e

�
ae

�
b : ð11Þ

In fact, the ¯nal relationship describes the orthonormality of the tangent space basis

feag. This framework is said to be teleparallel because Ta is the torsion of a zero (i.e.

curvatureless) spin connection, also called a Weitzenb€ock connection. If the spin

connection is zero, then the parallel transport of vectors become path-independent.

Thus the manifold M is endowed with an absolute notion of parallelism. While

Weitzenb€ock geometries are deprived of curvature, the torsion, instead, becomes the

geometrical quantity that describes gravity. Beyond the interpretation of dEa as a

torsion ¯eld, our interest is focused on rewriting the JT equation (3) in terms of

second derivatives of the diad or zweibein fE0 ;E1g, note that in four dimensions one

generally speaks of a tetrad or vierbein.

For this purpose, we need to state the relationship between the curvature scalar R

of the Levi-Civita connection, which depends on second derivatives of the metric, and

the ¯rst derivatives of torsion T a
�� . As is well known, in any dimension this relation is

(see, e.g. Ref. 24)

R ¼ �T þ 2E�1@�ðET ��
� Þ; ð12Þ

where T ¼ S ��
� T �

�� , E ¼ detEa
� ¼ j detðg��Þj1=2 is the determinant of the co-frame

components, and the torsion tensor in spacetime components is given by

C. G. B€ohmer, R. Ferraro and F. Fiorini
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T �
�� ¼ e�

aT
a
��. The tensor S �

�� is de¯ned by

S �
�� ¼

1

4
ðT �

�� � T �
�� þ T �

��Þ þ
1

2
ð� ��T �

�� � � ��T
�
��Þ ¼ �S �

��; ð13Þ

and is often referred to as the superpotential. Since S �
�� is antisymmetric in the last

pair of indices, in two dimensions the only independent components are S �
01

S�01 ¼
1

4
ðT�01 � T01� þ T10�Þ þ

1

2
ðg0�g��T�1� � g1�g

��T�0�Þ

¼ 1

4
ðT�01 � T01� þ T10�Þ þ

1

2
T�10ðg0�g0� þ g1�g

1�Þ

¼ 1

4
ðT�01 � T01� þ T10�Þ þ

1

2
T�10�

�
� ¼ 1

4
ð�T�01 � T01� þ T10�Þ: ð14Þ

Setting � ¼ 0 gives �T001 � T010 þ T100 ¼ T010 � T010 ¼ 0, likewise for � ¼ 1 we ¯nd

�T101 � T011 þ T101 ¼ �T101 þ T101 ¼ 0. Therefore, the superpotential vanishes

identically when working in two dimensions. Thus, in two dimensions Eq. (12) takes

the form

R ¼ 2E�1@�ðET ��
� Þ: ð15Þ

As we mentioned previously, this takes the form of a total derivative when multiplied

by E as it does for the Einstein{Hilbert action, thus leading to trivial ¯eld equations.

Let us now go back to the JT equation (3), which will resemble an electromagnetic

equation if R is replaced by the divergence of the vector T ��
� , so that

2E�1@�ðET ��
� Þ � � ¼ 0: ð16Þ

It should be noted that this ¯eld equation is linear in the ¯rst derivatives of the

torsion tensor. When ¯eld equations contain linear ¯rst derivatives, it is natural to

seek an action which is quadratic in the relevant variables, generally called the ¯eld

strengths. This is the case of electromagnetism, other Yang{Mills theories or elas-

ticity theory. This suggests to consider an action of the formb

S½Ea� ¼ k

Z
Eð�abT a

��T
b�� � �Þdx0dx1 ¼ k

Z
EðT� �Þdx0dx1; ð17Þ

where we have de¯ned T ¼ �abT
a
��T

b�� ¼ Tb��T
b��, and k is an arbitrary constant

which one can think of as the two-dimensional coupling constant. This action will be

our starting point for what follows, it will lead to nontrivial ¯eld equations and a

gravitational toy model containing a true dynamical degree of freedom. This is a

particularity of the torsion tensor in two dimensions. It contains two free functions

and one can construct a unique scalar out of this quantity. Compared with GR and

its standard formulation, the Riemann curvature tensor only contains one free

function (determined by the metric) and we can again construct a unique scalar, the

bAs an historical remark, we mention that (17) is the 2D version of the Einstein's uni¯ed ¯eld theory, an

early tentative to unify gravitation and electromagnetism under the same geometrical setting. See Ref. 25

for a compendium of works in the ¯eld.
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Ricci scalar. It just so happens that this scalar can be written as a total derivative

term, hence making it unsuitable for an action principle.

2.2. Field equations ��� variations with respect to the diad

To vary this action with respect to the diad, we recall the identity

�E ¼ Ee�
a�E

a
� : ð18Þ

Next, we consider the quadratic torsion term

�ðTÞ ¼ �ð�abT a
��T

b��Þ ¼ �ð�abT a
��T

b
��g

��g��Þ
¼ 2�ab�T

a
��T

b
��g

��g�� þ 2�ebT
e
��T

b
��g

���g��

¼ 4�abT
b��@��E

a
� þ 4�ebT

e
��T

b�
� �cd�e�

c e
�
d : ð19Þ

We will now rewrite the second term

T e
���

cd�e�
c e

�
d ¼T e

���
�
��

cd�e�
c e

�
d ¼ T e

��e
�
aE

a
��

cd�e�
c e

�
d

¼ � T e
��e

�
a�

cde�
c e

�
d�E

a
� ¼ �T e

��e
�
ag

���Ea
� : ð20Þ

Therefore, the complete variation of the quadratic term is

�ðTÞ ¼ 4�abT
b��@��E

a
� � 4�ebT

e
��T

b��e�
a�E

a
� : ð21Þ

Combining this with (18) we arrive at the result

�S/
Z

½�4@�ðE�acT
c��Þ � 4E�ebe

�
aT

e
��T

b�� þ Ee�
aðT� �Þ��Ea

� ; ð22Þ

where we left out a boundary term. The vacuum ¯eld equations of the theory are thus

�4@�ðE�acT
c��Þ � 4E�ebe

�
aT

e
��T

b�� þ Ee�
aðT� �Þ ¼ 0: ð23Þ

To show that these equations indeed contain the JT model, let us contract with Ea
� .

By doing so we compute the trace of the ¯eld equations, namely

�4Ea
�@�ðE�acT

c��Þ � 2EðTþ �Þ ¼ 0: ð24Þ
Since in two spacetime dimensions we have T ¼ 2�ac@�E

a
�T

c��, the trace turns out to

be

�4@�ðE�acE
a
�T

c��Þ � 2E� ¼ 0;

, 2E�1@�ðEEa
�T

��
a Þ þ � ¼ 0;

, �2E�1@�ðET ��
� Þ þ � ¼ 0:

ð25Þ

As we had hoped, this is indeed Eq. (16), i.e. the JT model, derived from a natural

and well-de¯ned variational principle.c Moreover, this did not require the intro-

duction of somewhat arbitrary Lagrange multipliers. By starting from an action that

cThe � ¼ 0 version of Eq. (25) was previously derived in Ref. 26.

C. G. B€ohmer, R. Ferraro and F. Fiorini
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is not built from the metric but rather from the diad, we can provide a new approach

to this model.

The fact that we are working in two dimensions allows for further simpli¯cations

in the dynamical equations (23). Let us consider the second term for each value of the

index �. For � ¼ 0 one ¯nds

�4E�ebe
�
aT

e
��T

b�0 ¼ �4Ee0
a�ebT

e
10T

b10 ¼ �2Ee0
aT; ð26Þ

and similarly for � ¼ 1. Thus the ¯eld equations (23) simplify to

4@�ðE�acT
c��Þ þ Ee �

aðTþ �Þ ¼ 0: ð27Þ
The two equations � ¼ 1 contain second time derivatives and can therefore be seen as

dynamic. Instead, the two equations � ¼ 0 constrain the initial values of the dy-

namical variables and their velocities.

2.3. Solving the ¯eld equations

We begin with the conformally °at form of the metric tensor (2), whose scalar

curvature is

R ¼ �2exp ð�2�ÞW�: ð28Þ
Since the metric relates to the diad through Eq. (11), we can use the diad

E0 0 ¼ exp ð�Þdt; E1 0 ¼ exp ð�Þdx: ð29Þ
As the metric is invariant under local Lorentz transformations, there exists an entire

family of admissible diads. Let us consider a local Lorentz transformation (simply a

boost, in 1þ 1 dimensions), then the diads

Ea ¼ �a
a0 ðt;xÞEa0 ; �a

a0 ¼
cosh	ðt;xÞ sinh	ðt;xÞ
sinh	ðt;xÞ cosh	ðt;xÞ

� �
; ð30Þ

constitute the entire set of diads giving the same conformally °at metric tensor (2).

Henceforth we denote by 	 to the booston ¯eld. Note that the ¯eld equations (27)

govern both the dilaton and the booston ¯elds. This follows since the action (17)

depends on the diad and not just on the metric.d

In particular, the dilaton ¯eld is directly obtained from the trace of the dynamical

equations (16). Recall that this trace equation is the JT equation and that it does not

involve the booston because the curvature scalar R depends only on the metric. The

JT equation, then, comes out from this formalism as the local Lorentz invariant

sector of the theory. The divergence E�1@�ðET �Þ of the vector part of the torsion

tensor

T � :¼ T �
�� ¼ g��e�

aT
a
�� ð31Þ

dThe action is invariant under global Lorentz and conformal transformations.
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is also not sensitive to the booston, since both R and E in Eq. (15) are invariant under

local Lorentz transformations of the diad.

Therefore, T � can only depend on the booston through a divergence-free term.

In fact, when computed from the diad (30) it results ine

ET �@� ¼ � @�

@t
þ @	

@x

� �
@t þ

@�

@x
� @	

@t

� �
@x; ð32Þ

where we recall that E ¼ exp ð2�Þ. Once the dilaton is found by solving the trace

equations, we will replace it in the rest of the equations to determine the booston.

Thus the action (17) provides dynamics to both of our variables: � and 	. The JT

equation (16) for any diad is

2exp ð�2�ÞW�þ � ¼ 0: ð33Þ
It turns out to be convenient to solve this equation using null coordinates. These are

given by

u ¼ tþ x

2
; v ¼ t� x

2
;) dt2 � dx2 ¼ 4dudv: ð34Þ

In these coordinates Eq. (33) becomes

@2�

@u@v
¼ � �

2
exp ð2�Þ: ð35Þ

Its general solution was given by Liouville in his seminal paper.17 It can be written in

terms of two arbitrary chiral functions, UðuÞ and V ðvÞ, such that

exp ð2�ðu; vÞÞ ¼ U 0ðuÞV 0ðvÞ
1þ �

2 UðuÞV ðvÞ� �2 : ð36Þ

The freedom left in this solution does not re°ect the existence of dilatonic waves,

since such freedom can be completely absorbed in a change of chart, without altering

the metric structure given in Eq. (2). In fact, by writing the obtained metric in

coordinates ðU ;V Þ, one obtains

ds2 ¼ 4exp ð2�Þdudv ¼ dUdV

1þ �
2 ðU � U0ÞðV � V0Þ

� �2 : ð37Þ

Here U0 and V0 are two arbitrary constants which can be eliminated by changing the

origin of coordinates.

One has to be somewhat careful about the interpretation of � as a true scalar ¯eld

invariant under coordinate transformations. If we simply view � as the global pre-

factor of the metric tensor, then clearly it cannot be seen as scalar as the metric picks

up various contributions when making a coordinate transformation. This is clear

eThe respective covector is T�dx
� ¼ �d�þ Hd	. Besides, in action (17) we have

ETdx0 ^ dx1 ¼ 2 ðd�� Hd	Þ ^ Hðd�� Hd	Þ. In two dimensions, the Hodge star operator is not sensitive

to the conformal factor; thus the dilaton is not present in Hd	.

C. G. B€ohmer, R. Ferraro and F. Fiorini
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when considering the transformation ðu; vÞ 7! ðU ;V Þ, for the conformal factor has

lost the piece U 0ðuÞV 0ðvÞ, compare Eqs. (36) and (37).f The conformal factor in the

new chart ðU ;V Þ implies that one should identify the dilaton as follows:

�ðU ;V Þ ¼ � log 1þ �

2
UV

	 

: ð38Þ

The coordinates ðU ;V Þ can be transformed into Cartesian coordinates ð
; �Þ taking a
null-like form

ds2 ¼ d
2 � d�2

1þ �
8 ð
2 � �2Þ� �

2
; ð39Þ

where U ¼ ð
 þ �Þ=2, V ¼ ð
 � �Þ=2. Metric (39) can also be associated with the

diad

E0 0 ¼ d


1þ �
8 ð
2 � �2Þ ; E1 0 ¼ d�

1þ �
8 ð
2 � �2Þ ; ð40Þ

or any other diad linked to the previous one through a local Lorentz transformation

�a
a0 depending on the booston 	ð
; �Þ. Once the diad Ea ¼ �a

a0 ð	ÞEa0 is substituted

into Eqs. (23), the trace of the equations will be identically zero, since this diad is

already associated with a metric satisfying the JT equation.

The remainder of the ¯eld equations will determine the booston. It is useful to

write the diad (40) in the chart ðU ;V Þ which becomes

E0 0 ¼ dðU þ V Þ
1þ �

2 UV
; E1 0 ¼ dðU � V Þ

1þ �
2 UV

: ð41Þ

By replacing Ea ¼ �a
a0 ð	ÞEa0 into the ¯eld equations (27), one obtains that 	 must

satisfy the equations

@2	

@U@V
¼ 0;

@	

@U

� �
2

� @2	

@U2
¼ 0 ¼ @	

@V

� �
2

þ @2	

@V 2
: ð42Þ

These has the general solution

	 ¼ log
v0V � �

u0U � 


����
����; ð43Þ

with u0, v0, 
 and � being constants of integration.

If the integration constants u0 and v0 are chosen to be zero, then 	 becomes a

global boost as it is now coordinate independent. In particular we ¯nd 	 ¼ 0

whenever 
 ¼ �. No boost means that the solution is the diad (40){(41). However, in

the general solution (43) the booston is zero only along the straight lines

u0U � 
 ¼ �ðv0V � �Þ. Thus the integration constants represent the freedom to

fAccording to Eq. (2), � is a scalar under local Lorentz transformations of the chart ðt;xÞ. Instead,
� ! �þ 1=2 log ju0ðUÞv0ðV Þj under transformations u ! uðUÞ, v ! vðV Þ. Thus, � does not change only if

uðUÞ ¼ e�U , vðV Þ ¼ e��V .

Teleparallel Jackiw{Teitelboim gravity

2430001-9

In
t. 

J.
 M

od
. P

hy
s.

 D
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 1

81
.1

66
.2

14
.3

0 
on

 0
8/

19
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



choose two (related) straight lineswhere the booston is zero.gAlong these lines the ¯eld

Ea ¼ �a
a0 ð	ÞEa0 coincides with the diad Ea0 of Eq. (41). Therefore, the choice of the

integration constants characterizing the booston ¯xes a boundary condition for Ea.

For instance, the choice 
 ¼ 0 ¼ �, u0 ¼ v0 6¼ 0, implies that Ea will be equal

to (41) along the straight lines U ¼ �V , this means on the axes associated with the

coordinates 
 , �. According to (43) the function 	 takes in this case the simple form

	 ¼ log
V

U

����
����: ð44Þ

Using the two well-known identities cosh log z ¼ ðzþ z�1Þ=2 and

sinh log z ¼ ðz� z�1Þ=2, the Lorentz transformation (30) takes the form

�a
a0 ¼

1

2

zþ z�1 z� z�1

z� z�1 zþ z�1

� �
; z ¼ V

U
: ð45Þ

When this is put into the appropriate boosted diad, we ¯nd the following

E0 ¼
V
U dU þ U

V dV

1þ �
2 UV

; E1 ¼
V
U dU � U

V dV

1þ �
2 UV

: ð46Þ

In this case, the booston will cover the entire range ð�1;1Þ in each quadrant of the

ðU ;V Þ plane. In the coordinates 
; � the diad (46) becomes

E0 ¼ ð
2 þ �2Þd
 � 2
�d�

1þ �
8 ð
2 � �2Þ� �ð
2 � �2Þ ; E1 ¼ ð
2 þ �2Þd�� 2
�d


ð1þ �
8 ð
2 � �2ÞÞð
2 � �2Þ : ð47Þ

Leaving aside the conformal factor, the basis is �ðd
;d�Þ on the Cartesian axes


 ¼ 0 and � ¼ 0, while being singular on the light cone U ¼ 0 or V ¼ 0 which cor-

responds to ð
 þ �Þð
 � �Þ ¼ 0. The meaning of this solution can be more clearly

understood by computing the torsion vector (31). Note that the diad in the ac-

tion (17) can be seen as the potential of the ¯eld T a
��. The vector T � in two

dimensions has two independent components which matches the number of inde-

pendent components of the full torsion tensor T a
��. This property is unique to two

dimensions, one can see this as follows. In n dimensions the torsion tensor has n2ðn�
1Þ=2 independent components, for this to be equal to n one has nðn� 1Þ=2 ¼ 1 or

n2 � n� 2 ¼ 0, which has the unique positive solution n ¼ 2.

Therefore the torsion vector is su±cient to capture the nature of the entire ¯eld. It

should also be noted that T � is the dynamical ¯eld in the JT equation (16), which is

perhaps not surprising now. The solution (40){(41), which satis¯ed 	 ¼ 0, gives the

torsion vector ¯eld

T �@� ¼
�

4
1þ �

2
UV

� �
U

@

@U
þ V

@

@V

� �
; ð48Þ

where we recall that T � ¼ 0 for Minkowski space using the trivial frame.

g
; � and u0; v0 cannot be absorbed into the coordinates U ;V because the scale and the coordinate origin

were already ¯xed at the level of the dilaton.

C. G. B€ohmer, R. Ferraro and F. Fiorini
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On the other hand, the solution (46){(47) implies

T �@� ¼ � 1

2UV
1þ �

2
UV

� �
U

@

@U
þ V

@

@V

� �
: ð49Þ

The ¯eld lines of T � are radial with respect to the origin of coordinates, and T � is

singular on the light cone U ¼ 0 or V ¼ 0. If 
; � were di®erent from zero, and

u0 ¼ v0 ¼ 1 to keep the slope of the lines ¯xed where 	 ¼ 0, all these ¯eld lines would

be centered at ðU ;V Þ ¼ ð
; �Þ. This matches our previous discussion of the meaning

of the integration constants.

3. Hamiltonian Formalism

In the following we will perform the Hamiltonian analysis of the action (17) and

demonstrate that this theory contains a single dynamical degree of freedom. To

begin, we compute the canonical momenta

��
a :¼ @L

@ð@0E
a
�Þ

¼ @L

@T a
0�

; ð50Þ

where L is the Lagrangian density, as implied by action (17). Making the time

derivatives explicit yields

L=k ¼Eð�abT a
��T

b�� � �Þ ¼ 2E�abT
a
01T

b01 � E�

¼ 2E�abT
a
01g

0�g1�T b
�� � E�

¼ 2E�abðg00g11 � g01g10ÞT a
01T

b
01 � E�

¼ � 2E�1�abT
a
01T

b
01 � E�: ð51Þ

Since this Lagrangian does not contain the generalized velocity @0E
a
0 (E

a
0 is deprived

of dynamics), two primary constraints will appear. The momenta (50) conjugated to

Ea
0 are zero

G ð1Þ
a :¼ �0

a ¼ 0: ð52Þ

Due to the fact that the Lagrangian contains time derivatives of Ea
1 , we ¯nd that its

conjugated momenta are

�1
a ¼ � 4k

E
�abT

b
01 ¼ � 4k

E
Ta01: ð53Þ

This relation shows, in passing, that parts of the torsion tensor are the conjugated

momenta of this theory. This is of course expected since torsion contains the ¯rst

derivatives of the diads which are the dynamical variables of the theory. It also shows

that the torsion plays an important role in the Hamiltonian analysis of any tele-

parallel-formulated theory of gravity.

Teleparallel Jackiw{Teitelboim gravity
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The next step is to state the primary Hamiltonian density, which is given by

HP ¼HC þ �b�0
b ¼ �1

b@0E
b
1 � Lþ �b�0

b

¼ �1
bðT b

01 þ @1E
b
0Þ � Lþ �b�0

b ; ð54Þ
where we used the de¯nition of the torsion tensor in the ¯nal step. HC is the ca-

nonical Hamiltonian, and the Lagrange multipliers �aðt;xÞ account for the dynam-

ically undetermined velocities @0E
a
0 . By substituting T a

01 ¼ �E=ð4kÞ�ab�1
b into (54),

the primary Hamiltonian density turns out to be

HP ¼ � E

8k
�cb�1

c�
1
b þ �1

b@1E
b
0 þ kE�þ �b�0

b : ð55Þ

In the Dirac{Bergmann formalism for constrained Hamiltonian systems, the

primary constraints are subjected to be consistent with the evolution. Sometimes this

condition is achieved through a suitable choice of the Lagrange multipliers �a. If this

is not the case, additional (secondary) constraints should be imposed. The knowledge

of the complete constraint algebra allows the determination of the number of genuine

degrees of freedom and the gauge freedom of the system.

In the Hamiltonian formalism this consistency condition takes the form

d

dt
G ð1Þ

a ðt;xÞ ¼: _G
ð1Þ
a ðt;xÞ ¼ �

: 0
aðt;xÞ ¼

�
�0
aðt;xÞ;

Z
dx0HP ðt;x0Þ



¼ 0; ð56Þ

where f; g stands for the Poisson bracket de¯ned by

fAðxÞ;Bðx0Þg ¼
Z

dy
�AðxÞ
�Eb

�ðyÞ
�Bðx0ÞÞ
��

�
b ðyÞ

� �AðxÞ
��

�
b ðyÞ

�Bðx0Þ
�Eb

�ðyÞ

 !
: ð57Þ

A dot above a quantity will denote its time derivative. Then

_G
ð1Þ
a ðt;xÞ ¼ �

Z
dy�ðx� yÞ �

�Ea
0ðyÞ

Z
dx0HP ðt;x0Þ ¼ 0: ð58Þ

To be completely general, let us compute the variation of the Hamiltonian with

respect to each component Ea
�. According to Eq. (55),HP depends on Ea

� through its

determinant E. We will use Eq. (18) to compute �E=�Ea
�. Moreover HP depends on

Ea
0 through the term �1

b@1E
b
0. Therefore we arrive at

�

�Ea
�ðyÞ

Z
dx0HP ðx0Þ

¼ e�
aðyÞEðyÞ �

�EðyÞ
Z

dx0Hpðx0Þ þ ��0
�

�Ea
0ðyÞ

Z
dx0�1

bðx0Þ@1E
b
0ðx0Þ

¼
Z

dx0e�
aE

�
� 1

8k
�dc�1

d�
1
c þ k�

�
�ðx0 � yÞ þ ��0

Z
dx0�1

aðx0Þ@x0�ðx0 � yÞ

¼ e�
aE � 1

8k
�dc�1

d�
1
c þ k�

� �
� ��0@1�

1
a

	 

y

: ð59Þ

C. G. B€ohmer, R. Ferraro and F. Fiorini
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Thus the consistency condition (58) for the evolution of the primary constraints

forces the introduction of secondary constraints because _G
ð1Þ
a does not vanish iden-

tically. Hence, we de¯ne G
ð2Þ
a to be

G ð2Þ
a :¼ e0

aE � 1

8k
�dc�1

d�
1
c þ k�

� �
� @1�

1
a ¼ 0: ð60Þ

We see that the secondary constraints are indeed a part of the Lagrangian dynamics,

Eqs. (27) for � ¼ 0. In fact, the ¯eld equations for � ¼ 0 are

@1

@L

@ð@1E
a
0Þ

� @L

@Ea
0

¼ 0; ð61Þ

because @0E
a
0 is absent in L. Since the derivatives of the diad in L appear in the

antisymmetric combination @0E
a
1 � @1E

a
0 , one veri¯es that

@1

@L

@ð@1E
a
0Þ

¼ �@1

@L

@ð@0E
a
1Þ

¼ �@1�
1
a: ð62Þ

In addition, by using results from Sec. 2 we obtain

@L

@Ea
0

¼ �kEe 0
að�bcT b

��T
c�� þ �Þ ¼ �e0

aðLþ 2kE�Þ; ð63Þ

which coincides with the second term in Eq. (60) once the momenta (53) are

substituted back into the Lagrangian (51). Thus the solutions of Sec. 2.3 satisfy the

constraints (60).

In electromagnetism, for example, the secondary constraint is Gauss' law. In

teleparallel gravity the term @L=@Ea
0 additionally appears in the constraint (60).

This happens because teleparallel Lagrangians, even if they resemble the electro-

magnetic Lagrangian, depend not only on the derivatives of the vielbein but on the

vielbein itself. Nonetheless, we can recombine the two constraints G
ð2Þ
a to separate

Gauss' law from the other contributions. Let us de¯ne G
ð2Þ
� :¼ Ea

�G
ð2Þ
a , so that

G ð2Þ
� ¼ � 0�E � 1

8k
�dc�1

d�
1
c þ k�

� �
�Eb

�@1�
1
b : ð64Þ

In the above, G
ð2Þ
0 and G

ð2Þ
1 are, respectively, the super-Hamiltonian and the super-

momentum constraints, using the familiar ADM language. In particular, G
ð2Þ
0 is equal

to

G
ð2Þ
0 ¼ HC � @1ðEa

0�
1
aÞ: ð65Þ

To complete the analysis, we need to check further consistency conditions.

3.1. Consistency of the secondary constraints

The Dirac{Bergmann algorithm is not complete until all the constraints are con-

sistent with the evolution. So, we have to impose the consistency of G
ð2Þ
a , this means

Teleparallel Jackiw{Teitelboim gravity
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_G
ð2Þ
a must be zero at least on the constraint surface. We say it is weakly zero:

_G
ð2Þ
a � 0.

Before computing _G
ð2Þ
a , let us investigate what the Lagrangian dynamics imply.

Consider the divergence of the Euler{Lagrange equations

@�@�

@L

@ð@�E
a
�Þ

� @�

@L

@Ea
�

¼ 0; ð66Þ

where the ¯rst term is identically zero since the operator @�@� is symmetric but the

dependence of L on @�E
a
� is antisymmetric. Then the solutions to the

Euler{Lagrange equations satisfy the equations

0 ¼ @�

@L

@Ea
�

¼ @0

@L

@Ea
0

þ @1

@L

@Ea
1

: ð67Þ

As was mentioned below Eq. (63), @L=@Ea
0 ¼ �G

ð2Þ
a � @1�

1
a. Moreover, on-shell we

have

@L

@Ea
1

¼ @�

@L

@ð@�E
a
1Þ

¼ @0

@L

@ð@0E
a
1Þ

¼ @0�
1
a: ð68Þ

Therefore one can arrive at the desired result

0 ¼ �@0ðG ð2Þ
a þ @1�

1
aÞ þ @1@0�

1
a ) @0G

ð2Þ
a ¼ 0: ð69Þ

We can conclude that the Lagrangian dynamics implies the consistent evolution of

the secondary constraints, meaning that no further constraints will appear.

Let us check that very same result using the Hamiltonian approach to compute

the time evolution _G
ð2Þ
a . We have

_G
ð2Þ
a ¼

�
G ð2Þ

a ;

Z
dx0HC



þ
�
G ð2Þ

a ;

Z
dx0�c�0

c



: ð70Þ

First we will consider the second Poisson bracket in Eq. (70) and check whether the

Lagrange multipliers �c will be determined by the consistency condition _G
ð2Þ
a � 0,

which gives�
G ð2Þ

a ;

Z
dx0�c�0

c



¼ e0

aE � 1

8k
�dc�1

d�
1
c þ k�

� �
;

Z
dx0�c�0

c

� 

: ð71Þ

In two dimensions we have the simple identity

e�
b E ¼ �bc�

��Ec
�: ð72Þ

This implies the simple result fe0
aE; �0

dg ¼ �bcfEc
1; �

0
dg ¼ 0. Therefore, no Lagrange

multipliers are present in the consistency condition, which turns out to be

0 �
�
G ð2Þ

a ;

Z
dx0HC



¼
�
e0
a HC � �1

b@1E
b
0

� �� @1�
1
a;

Z
dx0HC



; ð73Þ

C. G. B€ohmer, R. Ferraro and F. Fiorini
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where we have chosen for G ð2Þ
a a convenient form to compute the Poisson bracket,

since �
HC ;

Z
dx0HC



¼ 0; ð74Þ

and recall that HC does not depend on �0
c. The proof that Eq. (73) is satis¯ed on the

constraint surface is left to Appendix A.1, as the complete calculation is rather

cumbersome.

Consequently, the Dirac{Bergmann algorithm has terminated without deter-

mining the Lagrange multipliers �cðt;xÞ taking part in the Hamiltonian HP in the

terms of �c�0
c . This means that the evolution of the variables Ea

0 is left undetermined

by the Hamiltonian HP . Therefore these are pure gauge variables, similar to what

happens to the component A0 of the electromagnetic potential. This also means that

the Ea
0 in the solution of Sec. 2.3 has been gauge ¯xed.

3.2. Symmetries of the action

General relativity is covariant under coordinate transformation or di®eomorphisms.

When considering in¯nitesimal coordinate transformations, the metric transforms

according to g 7! gþ L»g, where L» is the Lie derivative along the in¯nitesimal

vector ». This form is a common feature for all the theories displaying an invariance

under reparametrizations.

In the Arnowitt{Deser{Misner (ADM) Hamiltonian formulation of GR, the

components g0� are not canonical variables, they play the role of Lagrange multi-

pliers, the lapse function and the shift vector. The canonical variables are the dðd�
1Þ=2 components of the spatial block of the metric where d is the dimension of

spacetime. In standard GR one ¯nds six canonical variables. The spacetime trans-

lations of ðd�1Þg are generated by the super-Hamiltonian and super-momenta con-

straints. These constraints are 1st class, each commutes with all constraints.

According to the Dirac{Bergmann formalism, 1st class constraints generate gauge

transformations, each one reveals the presence of a spurious degree of freedom (d.o.f.)

among the canonical variables. Since there are d� 1 super-momenta constraints plus

one super-Hamiltonian constraint, they eliminate d d.o.f. Therefore ðd�1Þgij contains
just dðd� 1Þ=2� d ¼ dðd� 3Þ=2 genuine d.o.f. Thus, GR has no (local) d.o.f. in

d ¼ 3, since the dynamical equations R�� ¼ 0 leaves no room for a nonzero Riemann

tensor. It is well known that the Riemann tensor in d ¼ 3 is completely determined

by the Ricci tensor.

The teleparallel formulation of Jackiw{Teitelboim theory also displays the in-

variance under spacetime translations. Let us ¯rst notice that the Lagrangian (51)

can be written as follows:

L ¼ kE
1

2
f a
cef

b
dfM

cdef
ab � �

� �
; ð75Þ

Teleparallel Jackiw{Teitelboim gravity
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where f a
ce are the anholonomy coe±cients,

½ea; eb� ¼ f c
abec: ð76Þ

Moreover, the supermetric Mcdef
ab is given by

Mcdef
ab ¼ 2�ab�

c½d�f�e: ð77Þ
The brackets ½� stand for skew-symmetrization over the indices. In fact, we have

f c
ab ¼ Ec

�ðe�
a@�e

�
b � e�

b@�e
�
aÞ ¼ �2e�

ae
�
b@½�E

c
�� ¼ �e�

ae
�
b T

c
��; ð78Þ

so that one can verify

f a
cef

b
dfM

cdef
ab ¼ e�

ce
�
eT

a
��e

�
de

�
fT

b
��2�ab�

c½d�f�e ¼ �abT
a
��T

b
��2g

�½�g���

¼ 2�abT
a
��T

b��: ð79Þ
It is easy to prove that the Lagrangian is (pseudo) invariant under spacetime

translations of the diad, namely

Ea 7! Ea þ L»E
a: ð80Þ

Using the previous result from Ref. 27, we have

�»E
a ¼ L»E

a ) �»f
a
bc ¼ ��@�f

a
bc; �»E ¼ @�ðE��Þ: ð81Þ

We thus obtain that the change of the Lagrangian (75) is

�»L ¼ k@� E��
1

2
f a
cef

b
dfM

cdef
ab � �

� �	 

¼ @�½��L�: ð82Þ

Then, the Lagrangian is pseudo-invariant under spacetime translations of the diad.

By this we mean invariant up to a divergence. So, the ¯eld equations have a local

invariance, since the functions ��ðt;xÞ are arbitrary, and the translation (80) maps a

solution into another solution for all in¯nitesimal vector ¯elds �. Since any solution

has curvature scalar R equal to �, one concludes that the spacetime translations

preserve the geometry, at ¯rst order in �. This is expected since the two-dimensional

geometry is completely characterized by R. Therefore, the translated solution cor-

responds to the same geometry using a di®erent diad, and we emphasize that the

chart is not being changed however the diad is. At this point we wonder whether the

theory can distinguish these two related solutions, or whether they di®er in

pure gauge variables only. This means we are interested in understanding

whether or not those changes of the diad that do not change the geometry re°ect

genuine d.o.f.

Before moving forward with this topic, let us explore the Hamiltonian counterpart

of the symmetry transformation (80). Just as in GR, the transformation (80) can be

regarded as generated by the constraints. While the super-momentum and super-

Hamiltonian constraints generate the transformation of the space sector of the diad,

the transformation of the (pure gauge) timelike sector of the diad is generated by the

C. G. B€ohmer, R. Ferraro and F. Fiorini
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primary constraints. For this, let us compute

�Ea ¼
�
Eaðt;xÞ;

Z
dx0ð�bG

ð1Þ
b þ ��G ð2Þ

� Þ


; ð83Þ

which yields

�Ea
0ðt;xÞ ¼ �aðt;xÞ; ð84Þ

�Ea
1ðt;xÞ ¼

Z
dy�ðx� yÞ

Z
dx0 ��0

E

4k
�ac�1

c�ðx0 � yÞ � ��Ea
�@x0�ðx0 � yÞ

	 


¼ ��0
E

4k
�ac�1

c þ @xð��Ea
�Þ ¼ �0T a

01 þ @xð��Ea
�Þ

¼ ��@�E
a
1 þ Ea

�@1�
� ¼ ðL»E

aÞ1: ð85Þ
Therefore, the spacetime translation (80) is obtained if the parameters �a are ¯xed to

beh

�aðt;xÞ ¼ ðL»E
aÞ0: ð86Þ

To complete our understanding on how the spacetime translations act in the

phase space, let us now look at the transformation of the momenta:

�a 7! �a þ ��a ¼
�
�aðt;xÞ;

Z
dx0ð�bG

ð1Þ
b þ ��G ð2Þ

� Þ


: ð87Þ

Note that we can ignore the ¯rst Poisson bracket even if �b were replaced by (86),

because it would be weakly zero. Then

��0
a � ��0ðt;xÞ e0

aE � 1

8k
�dc�1

d�
1
c þ k�

� �
� @1�

1
a

� �
¼ ��0G ð2Þ

a � 0; ð88Þ

so that �0
a remains zero after the transformation. Moreover we have

��1
a � � �0ðt;xÞe 1

aE � 1

8k
�dc�1

d�
1
c þ k�

� �
þ �1ðt;xÞ@1�

1
a

¼ � e1
a�

�G ð2Þ
� þ ���e

�
a�

�Eb
0@1�

1
b � ���e

�
a�

�Eb
0@1�

1
b : ð89Þ

We are now ready to complete this discussion by considering the constraint algebra.

3.3. The algebra of constraints

Now that the complete set of consistent constraints has been established in Sec. 3.1,

we can continue and compute the algebra of constraints. This is needed for

the determination of the number of genuine d.o.f. We will make repeated use of

@E=@Ea
� ¼ Ee�

a in the following calculations. The commutators between primary

hThe Ea
0 -sector in Eq. (83) would be avoided if it were removed from phase space. This can be achieved by

promoting the Ea
0 variables to the role of (nondynamical) Lagrange multipliers through a part integration

in the Lagrangian action, as used in the ADM formalism of GR (cf. Eq. (7)).

Teleparallel Jackiw{Teitelboim gravity
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constraints are zero,

fG ð1Þ
a ðxÞ;G ð1Þ

b ðx0Þg ¼ 0; ð90Þ
while the commutators between the primary and secondary constraints are zero or

weakly zero. We have

fG ð1Þ
a ðxÞ;G ð2Þ

� ðx0Þg ¼ �0
aðxÞ; � 0�E � 1

8k
�dc�1

d�
1
c þ k�

� �
� Eb

�@1�
1
b

� 


¼ � 0�
�E

�Ea
0

1

8k
�dc�1

d�
1
c � k�

� �
þ �Eb

�

�Ea
0

@1�
1
b

	 

�ðx;x0Þ

¼ � 0� e0
aE

1

8k
�dc�1

d�
1
c � k�

� �
þ @1�

1
a

	 

�ðx;x0Þ

¼ � � 0�G
ð2Þ
a �ðx;x0Þ: ð91Þ

Thus the primary constraints G
ð1Þ
a are 1st class, since they commute with all the

constraints. First class constraints generate gauge transformations. In our case

G
ð1Þ
a ¼ �0

a, so the gauge transformations they generate a®ect Ea
0 . Thus Ea

0 can be

chosen by means of a gauge ¯xing condition.

Let us now consider the algebra of secondary constraints. We might expect to

recognize the so-called algebra of di®eomorphisms.28{30 However, if this is were the

case, not only would the primary constraints be 1st class, but the secondary con-

straints would be 1st class too. In that case no genuine d.o.f. would remain in this

theory. In fact, four 1st class constraints would imply four gauge freedoms, since this

theory has only four dynamical variables Ea
� and all of them would be pure gauge

variables. Therefore the algebra of super-momentum and super-Hamiltonian should

evidence that they are instead 2nd class constraints. This will now be shown.

The commutator of the super-momenta constraints is

fG ð2Þ
1 ðxÞ;G ð2Þ

1 ðx0Þg ¼ fEc
1@1�

1
c ;E

d
1@1�

1
dg

¼ ½@1�
1
a�x½Ea

1 �x0@x0�ðx0;xÞ � ½Ea
1 �x@x�ðx;x0Þ½@1�

1
a�x0

¼G
ð2Þ
1 ðx0Þ@x�ðx;x0Þ �G

ð2Þ
1 ðxÞ@x0�ðx0;xÞ; ð92Þ

where ½ �x stands for `evaluated at x' (see Appendix A.2 for more details). As can be

seen, the super-momenta constitute a closed subalgebra, whose form is shared with

other theories of gravity.

The commutator between super-Hamiltonian constraints is

fG ð2Þ
0 ðxÞ;G ð2Þ

0 ðx0Þg

¼ E
1

8k
�dc�1

d�
1
c � k�

� �
þ Ea

0@1�
1
a;E

1

8k
�fe�1

f�
1
e � k�

� �
þ Eb

0@1�
1
b

� 
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¼ e1
aE

1

8k
�dc�1

d�
1
c � k�

� �	 

x

E

4k
�ae�1

e

	 

x0
�ðx0;xÞ þ ½Ea

0 �x0@x0�ðx0;xÞ
� �

� E

4k
�ac�1

c

	 

x

�ðx;x0Þ þ ½Ea
0 �x@x�ðx;x0Þ

� �
e1
aE

1

8k
�fe�1

f�
1
e � k�

� �	 

x0
¼ 0:

ð93Þ
Here we used that e1

aE
a
0 ¼ � 10 ¼ 0, again, for more details see Appendix A.2.

Finally, the commutator between the super-Hamiltonian and the super-momen-

tum is

fG ð2Þ
0 ðxÞ;G ð2Þ

1 ðx0Þg

¼ E
1

8k
�dc�1

d�
1
c � k�

� �
þEa

0@1�
1
a;E

b
1@1�

1
b

� 


¼ e1
bE

1

8k
�dc�1

d�
1
c � k�

� �	 

x

½Eb
1�x0@x0�ðx0;xÞ � 1

4k
�bc½E�1

c �x½@1�
1
b �x0�ðx;x0Þ

� ½Ea
0 �x@x�ðx;x0Þ½@1�

1
a�x0 ¼ G

ð2Þ
0 @x�ðx;x0Þ � E

8k
@1ð�ac�1

a�
1
cÞ�ðx;x0Þ: ð94Þ

In this calculation the ¯rst term is characteristic of the algebra of di®eomorphisms.

However, the second term prevents the closure of the algebra. Thus the super-

momentum and the super-Hamiltonian do not weakly commute, as would be

expected in higher dimensions, and hence they are 2nd class constraints (cf. the

central charge in Ref. 16). A pair of 2nd class constraints eliminates one d.o.f.; so a

genuine d.o.f. still remains. In fact, we started with four dynamical variables Ea
�, two

of which are eliminated by the two 1st class primary constraints G
ð1Þ
a , and another

one is eliminated by the pair of 2nd class, secondary constraints G
ð2Þ
� .

3.4. Nature of the genuine degree of freedom

The fact that neither the super-momentum nor the super-Hamiltonian constraints

are 1st class means that spacetime translations are not gauge transformations in two

dimensions. This is true despite the theory being invariant under di®eomorphisms.

Thus translations map solutions to physically di®erent solutions, that can be dis-

tinguished by the values the sole genuine d.o.f. takes at each such solution.i Con-

sequently, we should investigate the physical nature of this remaining degree of

freedom. It cannot be a magnitude related exclusively to Riemannian geometry, since

Jackiw{Teitelboim theory completely ¯xes the two-dimensional Riemannian geom-

etry by ¯xing the curvature scalar.j The d.o.f. manifests itself through the integration

constants of the booston ¯eld.

i In general relativity, instead, the result of the translation g 7! gþ L»g does not yield a physically new

solution, rather it is the same geometry in di®erent coordinates.
jThe teleparallel framework is not based on a Riemannian geometry, even though both can be linked by
means of the metric introduced in Eq. (11). Teleparallel theories focus on the vielbein as a potential for the

torsion ¯eld. Therefore, what we are really meaning in this sentence is that the genuine d.o.f. is not

(exclusively) related to the divergence of vector T � (see Eq. (15)).

Teleparallel Jackiw{Teitelboim gravity
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Let us examine the magnitude Q ¼ �ab�1
a�

1
b appearing in the central charge of

Eq. (94). Q does not belong to the pure gauge sector ðEa
0 ; �

0
aÞ since it is constructed

using variables of the dynamical sector ðEa
1 ; �

1
aÞ. Moreover, Q is a®ected by space-

time translations, as implied by Eq. (89). Therefore, Q is a scalar quantity able to

distinguish physically di®erent solutions. Consequently it has to be related to the

remaining d.o.f.

According to Eq. (53) we have

Q ¼ �ab�1
a�

1
b ¼ 16k2E�2�abT

a
01T

b
01 ¼ �8k2T ¼ �8k2T�T

�; ð95Þ
where the de¯nition of T in Eq. (17) was used. It is becoming clear that the remaining

d.o.f. can be traced back to the Lagrangian density itself, see the action equation

(17). This is not surprising after all, due to the fact that T is sensitive (not invariant)

to local Lorentz transformations of the diad.

In the general solution we have shown in Sec. 2.3 ��� see Eqs. (29), (30), (38) and

(43) ��� the pure gauge variables Ea
0 have been gauge-¯xed to be

E
0
0 ¼ E

1
1 ; E

1
0 ¼ E

0
1 : ð96Þ

On the other hand, the two dynamical variables Ea
1 have been written in terms of the

two functions � and 	

E
0
1 ¼ exp ½�� sinh	; E

1
1 ¼ exp ½�� cosh	: ð97Þ

In this form the volume E depends exclusively on � since E ¼ exp ½2��. The scalar Q
takes the form

Q ¼ 16k2exp ½�2�� @	

@t
� @�

@x

� �
2

� @	

@x
� @�

@t

� �
2

	 


¼ 16k2exp ½�2�� @ð	� �Þ
@u

@ð	þ �Þ
@v

: ð98Þ

Using the general solution (38){(43) we arrive at

Q ¼ �16k2
u0 þ �

2 
V
� �

v0 þ �
2 �U

� �
ðv0V � �Þðu0U � 
Þ : ð99Þ

The sole genuine d.o.f. is expressed in Q through the di®erent values that the inte-

gration constants 
; �, u0; v0 can have in the solution (43) for the booston ¯eld.

Remember they represent the origin U ¼ 
=uo, V ¼ �=vo around which the booston

	 performs its action, and the two straight lines of di®erent slopes where the booston

is zero.

We note, by examining Eq. (94) that a nonconstant Q is responsible for the

nonclosure of the algebra in order for the d.o.f. to be active. Otherwise, the secondary

constraints become 1st class, and no genuine d.o.f. would be left. Thus, it is worth

exploring the case when Q is constant. This happens under the condition

2u0v0 þ 
�� ¼ 0 ) Q ¼ 8k2�: ð100Þ

C. G. B€ohmer, R. Ferraro and F. Fiorini
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Then the momenta (53) for the solution (38){(43) also become constant. In fact, let

us satisfy the condition (100) by choosing

u0 ¼ �signð�Þ e��
ffiffiffiffiffiffiffiffiffi
2j�j

p
; v0 ¼ e��


ffiffiffiffiffiffiffiffiffi
2j�j

p
; ð101Þ

where � is an arbitrary parameter. Thus the momenta �1
a become

�1
0 ¼ signð�Þ2k

ffiffiffiffiffiffiffiffiffi
2j�j

p
cosh �; �1

1 ¼ signð�Þ2k
ffiffiffiffiffiffiffiffiffi
2j�j

p
sinh �: ð102Þ

Since the momenta �1
a are constant they are not a®ected by spacetime translations,

as can be checked in Eq. (89), where one ¯nds ��1
a � 0. More importantly, the second

term in the super-Hamiltonian,

@1ðEa
0�

1
aÞ ¼ k

2u0v0 þ 
��

ðu0U � 
Þðv0V � �Þ 1þ �
2 UV

� � ; ð103Þ

becomes zero if Eq. (100) is satis¯ed. Therefore the super-Hamiltonian is equal to the

canonical Hamiltonian density, which is typical of theories where the spacetime

translations return to be part of the di®eomorphisms. This conclusion seems to be

con¯rmed by the form the booston (43) acquires after using the substitution (101).

This gives

	 ¼ log
1� ffiffiffiffiffiffiffiffiffiffiffij�j=2p

e��V 
=�

1þ signð�Þ ffiffiffiffiffiffiffiffiffiffiffij�j=2p
e�U�=


�����
�����: ð104Þ

Despite the apparent freedom associated with the choice of the integration constants

�, 
=�, the booston is completely determined, because these constants can be

absorbed by the only null-coordinate transformations we are allowed to make (see

Note 6 for details)

e�U�=
 ! U ; e��V 
=� ! V : ð105Þ
Therefore no genuine d.o.f. is left when Q is constant, since no free integration

constants remain in the booston, which is the result we wished to establish.

Note that Q will be null if and only if � ¼ 0, in which case at least one of u0 or v0
must also be zero in Eq. (100). This is ful¯lled not only by the global booston having

u0 ¼ vo ¼ 0, but also by the in and out modes

E
0
in ¼ dU þ dV

2ðv0V þ �Þ ; E
1
in ¼ dU � dV

2ðv0V þ �Þ ; ðu0 ¼ 0;� ¼ 0Þ; ð106Þ

E
0
out ¼

dU þ dV

2ðu0U þ 
Þ ; E
1
out ¼

dU � dV

2ðu0U þ 
Þ ; ðv0 ¼ 0;� ¼ 0Þ: ð107Þ

According to Eq. (95), the value of Q as coming from Eq. (100), implies T ¼ 0

(if � ¼ 0), or T ¼ �� otherwise. In the ¯rst case, the on-shell action is identically

null, whereas in the second it becomes

S½Ea� ¼ k

Z
EðT� �Þdx0dx1 ¼ �2k

Z
E�dx0dx1: ð108Þ
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Because of the JT ¯eld equation R ¼ �, the right-hand side of the previous action

can be understood in terms of the Euler characteristic of the manifold which is

de¯ned by

�E :¼ 1

4�

Z
M
R

ffiffiffiffiffi
jgj

p
d2x; ð109Þ

so that our action takes the topological form

S½Ea� ¼ �8�k�E: ð110Þ
Therefore, the absence of the degree of freedom, captured in the condition

Q ¼ constant, is consistent with the fact that the action becomes purely topological,

regardless of the di®erent values of the integration constants that can be combined to

satisfy the condition (100). This matches the standard discussions in GR where the

two-dimensional action is topological.

4. Conclusion

General Relativity is an intrinsically four-dimensional theory formulated using the

language of di®erential geometry. It gives 10 coupled nonlinear equations which

contain two propagating degrees of freedom which are associated with the two

polarizations of gravitational waves. Direct attempts at quantizing the theory have

not yielded success, which motivated the study of models in lower dimensions where

the equations are considerably simpler. Neither three-dimensional nor two-dimen-

sional gravity contain propagating degrees of freedom. 2D GR is well-known to be

topological and some extra structure needs to be introduced to make the theory

nontrivial.

We present a new approach to this problem by starting out from the Teleparallel

Equivalent of GR, known as TEGR. In three and four spacetime dimensions this

theory is completely equivalent to GR but is formulated using tetrads instead of

metric as the fundamental ¯eld, and employs the Weitzenb€ock connection instead of

the standard Levi-Civita one. When similar ideas are considered in two dimensions,

one arrives naturally at a nontrivial two-dimensional theory based on the torsion

produced by the Weitzenb€ock connection, which constitutes the ¯rst result reviewed

in this work. That this is indeed possible is a quirk of the torsion tensor and its

irreducible composition. In two dimensions, only a vector torsion part is allowed and

the norm of this vector can naturally be considered as the action of a gravitational

toy model, which, in general, has no direct link to a topological quantity.

We demonstrate, using the Hamiltonian constraint analysis, that the resulting

theory has one genuine degree of freedom, in general. We identify the corresponding

quantity Q ¼ �8k2T and discuss some of its properties.

It is particularly interesting to note that the starting action is invariant under

arbitrary coordinate transformations and global Lorentz transformations, while the

Hamiltonian analysis shows that the spacetime translations are symmetries of the
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theory, but they are not gauge transformations (they are not 1st class). Normally

they are incorporated into the general coordinate transformations, but the theory

here discussed seems to link the breaking of the local Lorentz invariance with the

appearance of translations mapping one solution into a physically di®erent solution,

i.e. translations are not part of di®eomorphisms in two spacetime dimensions. This

¯nding, revealed through the Hamiltonian analysis, constitutes the core of our paper.

Our approach yields a theory that has close links with Jackiw{Teitelboim gravity.

In particular, our theory is naturally derived using a variational approach, something

that is lacking in the standard JT formulation. Since our action is quadratic in the

torsion vector, and recalling that the torsion vector contains ¯rst derivatives of

the tetrad ¯elds, we are dealing with a Yang{Mills type theory. In such theories the

action always contains squares of ¯eld strengths, and ¯eld strengths are the ¯rst

derivatives of the potentials. JT gravity appears, then, as a local Lorentz invariant

sector of the torsion-based theory proposed here.

Given that our toy model contains a single d.o.f., it is rather natural to consider

generalized models based on the simplest one discussed here. The key quantity in the

action is the torsional scalar T. Consequently, as brie°y mentioned in Ref. 22, one

can consider

Sf /
Z

fðTÞEd2x; ð111Þ

which contains our model when choosing fðTÞ ¼ T� �. One can now speculate that

this model will contain at least one additional degree of freedom due to the presence

of the function f. However, this is merely a lower bound for the following reason. Just

as in GR, in TEGR one ¯nds two d.o.f., however, fðT Þ gravity in four dimensionsk

has up to ¯ve d.o.f., which is considerably more than one might expect by simply

including a new function. This has to do with the fact that fðTÞ, just as the par-

ticular choice fðTÞ ¼ T� � here considered, also breaks local Lorentz invariance and

it becomes a nontrivial task to establish the number of propagating degrees of

freedom according to the Hamiltonian analysis. One can also relate this to the hardly

understood remnant symmetries, which are local Lorentz transformations leaving T

invariant up to boundary terms.32 Thus two-dimensional fðTÞ gravity is an excellent

toy model to be considered further.

Since the quantity T ¼ T �T� is constructed from the torsion vector, one can also

consider other gravitational toy models using, for example, the symmetric matrix

F ¼ F
� :¼ T
T�. This is motivated by torsional Born{Infeld detrimental gravity

models, which are of the form

SBI /
Z 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

detðIþ 2��1FÞ
q

� �



Ed2x; ð112Þ

kWe recall that T is the Weitzenb€ock scalar introduced in Eq. (12). For a review of many of the vast

number of results in the area, including some discrepancies in the counting of d.o.f., we refer the reader to

Ref. 31.
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see Refs. 33 and 34. Here I stands for the identity matrix and � is the Born{Infeld

parameter. Of course, one could consider arbitrary functions depending on the de-

terminant as an argument. As mentioned before, when considering such models it is

not clear how many d.o.f. such a theory will have. We can speculate that the lower

bound is again one, and remind the reader that the upper bound is four, the number

of independent components of the diad, which is the dynamical variable of the

theory.

It is rather remarkable that two-dimensional gravitational models based on the

teleparallel framework o®er such a rich dynamical structure not seen in its GR

counterpart. This route to study such models has been largely overlooked and it is

hoped that this contribution will help to initiate some progress in the ¯eld.
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A. Additional Details for the Hamiltonian Analysis

A.1. Consistent evolution of G ðð2ÞÞ
a

To prove the consistency of the evolution of the secondary constraints G
ð2Þ
a , we have

to compute the Poisson bracket�
e0
aðHC � �1

b@1E
b
0Þ � @1�

1
a;

Z
dx0HC



; ðA:1Þ

which enters in Eq. (73). We will use e�
bE

c
� ¼ � cb to obtain �e0

a=�E
c
�, this is

�e�
bE

c
� ¼ �e�

b �E
c
� ) �e�

b

�Ec
�

¼ �e�
b e

�
c : ðA:2Þ

Then, by using Eq. (59) we get

0 �
�
e0
aðHC � �1

b@1E
b
0Þ � @1�

1
a;

Z
dx0HC




¼ �
Z

dy�ðx� yÞe1
ae

0
cðHC � �1

b@1E
b
0Þ � E

4k
�dc�1

d þ @1E
c
0

	 

y

þ
Z

dy�ðx� yÞe0
a@1E

b
0 e1

bE � 1

8k
�dc�1

d�
1
c þ k�

� �	 

y

þ
Z

dy@x�ðx� yÞ e1
aE � 1

8k
�dc�1

d�
1
c þ k�

� �	 

y
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¼ � e1
ae

0
cE � 1

8k
�eb�1

e�
1
b þ k�

� �
� E

4k
�dc�1

d þ @1E
c
0

� �

þ e0
ae

1
b@1E

b
0E

�
� 1

8k
�dc�1

d�
1
c þ k�

�
þ @1 e 1

aE � 1

8k
�dc�1

d�
1
c þ k�

� �	 

:

ðA:3Þ
This result should be examined on the constraint surface where, according to

Eq. (64), it is

E � 1

8k
�dc�1

d�
1
c þ k�

� �
¼ Eb

0@1�
1
b ; 0 ¼ Eb

1@1�
1
b : ðA:4Þ

In particular, we have

@1�
1
a ¼ � ba@1�

1
b ¼ ðe0

aE
b
0 þ e1

aE
b
1Þ@1�

1
b � e 0

aE
b
0@1�

1
b :

Thus the ¯rst term in Eq. (A.3) is

� e1
ae

0
cE

b
0@1�

1
b � E

4k
�dc�1

d þ @1E
c
0

� �

� �e 1
a@1�

1
c � E

4k
�dc�1

d þ @1E
c
0

� �

¼ E

8k
e1
a@1ð�dc�1

c�
1
dÞ � e1

a@1�
1
c@1E

c
0: ðA:5Þ

The second term in Eq. (A.3) is

e0
ae

1
b@1E

b
0E

�
� 1

8k
�dc�1

d�
1
c þ k�

�
� e0

ae
1
b@1E

b
0E

c
0@1�

1
c

� e1
b@1E

b
0@1�

1
a ¼ �Eb

0@1e
1
b@1�

1
a: ðA:6Þ

The third term in Eq. (A.3) is

@1 e1
aE � 1

8k
�dc�1

d�
1
c þ k�

� �	 


¼ � E

8k
e1
a@1ð�dc�1

c�
1
dÞ þ � 1

8k
�dc�1

d�
1
c þ k�

� �
@1ðe 1

aEÞ

� � E

8k
e1
a@1ð�dc�1

c�
1
dÞ þ Eb

0@1�
1
bE

�1@1ðe1
aEÞ

¼ � E

8k
e1
a@1ð�dc�1

c�
1
dÞ þ Eb

0@1�
1
bð@1e

1
a þ e1

ae
�
c@1E

c
�Þ: ðA:7Þ

Therefore, Eq. (A.3) is

0 � �e1
a@1�

1
c@1E

c
0 � Eb

0@1e
1
b@1�

1
a þ Eb

0@1�
1
bð@1e

1
a þ e1

ae
�
c@1E

c
�Þ: ðA:8Þ

To verify that these equations do not lead to new constraints but they are satis¯ed on

the constraint surface, let us contract them with Ea
�:

0 � �� 1�@1�
1
c@1E

c
0 �Eb

0@1e
1
bE

a
�@1�

1
a þ Eb

0@1�
1
bðEa

�@1e
1
a þ � 1�e

�
c@1E

c
�Þ: ðA:9Þ
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For � ¼ 0 we have an identity. For � ¼ 1, one obtains

0 � � @1�
1
c@1E

c
0 � Eb

0@1e
1
bE

a
1@1�

1
a þ Eb

0@1�
1
bðEa

1@1e
1
a þ e�

c@1E
c
�Þ

� � @1�
1
c@1E

c
0 þ Eb

0@1�
1
be

0
c@1E

c
0 � �@1�

1
c@1E

c
0 þ @1�

1
c@1E

c
0 ¼ 0: ðA:10Þ

Therefore, the Poisson bracket (A.1) is weakly zero.

A.2. Commutators

The commutators fG ð2Þ
� ðxÞ;G ð2Þ

� ðx0Þg in Sec. 3.3 are distributions antisymmetric in

ðx;x0Þ. They contain combinations of terms with the generic form

½ga�x½ha�x0@x�ðx;x0Þ � ½ga�x0 ½ha�x@x0�ðx0;xÞ: ðA:11Þ
To understand how this distribution works, let us apply it to a function fðx0Þ to getZ

dx0fðx0Þð½ga�x½ha�x0@x�ðx;x0Þ � ½ga�x0 ½ha�x@x0�ðx0;xÞÞ

¼ ½ga�x@x

Z
dx0½fha�x0�ðx;x0Þ þ ½ha�x

Z
dx0@x0 ½fga�x0�ðx0;xÞ

¼ ½ga@xðfhaÞ þ ha@xðfgaÞ�x ¼ ½2gaha@xf þ f@xðgahaÞ�x: ðA:12Þ
Therefore, it is licit to rewrite the distribution (A.11) as follows:

½ga�x½ha�x0@x�ðx;x0Þ � ½ga�x0 ½ha�x@x0�ðx0;xÞ ¼ ½gaha�x0@x�ðx;x0Þ � ½gaha�x@x0�ðx0;xÞ;
¼ ½gaha�x@x�ðx;x0Þ � ½gaha�x0@x0�ðx0;xÞ;

as can be easily veri¯ed by repeating the procedure to obtain the same result.

In the case of fG ð2Þ
0 ðxÞ;G ð2Þ

0 ðx0Þg, gah
a is zero because it involves the factor

e1
aE

a
0 ¼ � 10 ¼ 0. Besides, fG ð2Þ

0 ðxÞ;G ð2Þ
0 ðx0Þg also contains a combination of the form

½ga�x½ha�x0�ðx;x0Þ � ½ga�x0 ½ha�x�ðx0;xÞ; ðA:13Þ
that results in zero when applied to an arbitrary function:Z

dx0fðx0Þð½ga�x½ha�x0�ðx;x0Þ � ½ga�x0 ½ha�x�ðx0;xÞÞ

¼ ½ga�x
Z

dx0½fha�x0�ðx;x0Þ � ½ha�x
Z

dx0½fga�x0�ðx0;xÞ ¼ 0: ðA:14Þ
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