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A method to infer the current density distribution in the current sheath of a plasma focus discharge
from a magnetic probe is formulated and then applied to experimental data obtained in a 1.1 kJ
device. Distortions on the magnetic probe signal caused by current redistribution and by a
time-dependent total discharge current are considered simultaneously, leading to an integral
equation for the current density. Two distinct, easy to implement, numerical procedures are given to
solve such equation. Experimental results show the coexistence of at least two maxima in the current
density structure of a nitrogen sheath. © 2010 American Institute of Physics.
�doi:10.1063/1.3480556�

I. INTRODUCTION

Plasma focus devices offer excellent opportunities for
conducting research on dense plasmas and their applications.
Essentially, such devices operate by generating an intense
electrical discharge between two cylindrical coaxial elec-
trodes located in a low pressure chamber. Under suitable
conditions, a hypersonic current sheath is produced that is
accelerated by the Lorentz force toward the open end of the
electrodes. The sheath ultimately collapses radially on the
electrodes axis of symmetry generating a dense plasma focus
from which different radiations are profusely emitted. Many
important applications such as microlithography and micro-
machining,1–4 surface technology,5–8 and flash radiogra-
phy,9–15 among others, were proposed and developed for
those radiations. When used with deuterium or deuterium-
tritium mixtures, fusion neutrons are also emitted, widening
the field of potential applications.11,15,16

Since the device performance is strongly influenced by
the formation and evolution of the current sheath, it is of
interest to investigate its structure and dynamics. Several ex-
perimental methods were developed to measure the plasma
sheath properties during the different stages of the discharge.
Optical techniques such as shadowgraph and Schlieren pho-
tography, interferometry, and Faraday rotation, for instance,
are attractive since they are nonperturbative, but their draw-
back is that they integrate the plasma behavior along the
sight line, and therefore numerical methods are needed to
infer local information from the measured data.

Magnetic probes, in turn, although being intrusive, pro-
vide local information about the magnetic field associated
with the current sheath and can give useful information on
the current density structure, provided that the appropriate
corrections are made. Current redistribution due to the pres-

ence of the probe and the fact that the probe itself can even-
tually sense the temporal variation of the magnetic field re-
lated to the time varying discharge current are among those
perturbations that need to be corrected.

The distortions on the probe signal caused by current
redistribution were examined in Refs. 17 and 18 under the
assumption of a time independent discharge current, and the
effect of a time dependent discharge current was investigated
in Ref. 19 assuming a negligible current redistribution.

In the current article, a method that considers both ef-
fects simultaneously and that allows to infer the current den-
sity structure of a plasma sheath during the run down phase
of a plasma focus discharge is presented. It is afterward ap-
plied to a 1.1 kJ plasma focus, taking the output signals of a
magnetic probe and a nonintegrating Rogowski coil as input
data.

II. INFERRING THE CURRENT DENSITY
FROM THE PROBE SIGNAL

The current density profile can be inferred from the mag-
netic probe signal according to a model of a planar current
sheath of thickness D moving at constant axial velocity u
along the z-axis. The probe is at rest in the laboratory frame
of reference �see Fig. 1�. Further hypotheses are that all the
discharge current circulates through the sheath and that there
are no external sources of magnetic field affecting the sens-
ing coil.

Considering that the coil radius is much smaller than the
characteristic scale of the spatial variation of the magnetic
field, the voltage ��t� induced on the probe can be expressed
as

��t� = − A
dB�t�

dt
, �1�

where A is the coil effective area concatenating the magnetic
flux and B�t� is the magnetic field component parallel to thea�Electronic mail: pablotk@df.uba.ar.
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magnetic normal of the coil. Let us write the unperturbed
current density j as

j�z,t� = a�t�jx�z�x̂ , �2�

which represents a frozen profile jx�z� modulated by a time
dependent amplitude a�t�. While the density profile is un-
known, the current amplitude can be directly evaluated from
the signal of a Rogowski coil placed so as to sense the total
discharge current or its time derivative.

In order to account for the signal distortion caused by the
probe’s body, Bruzzone et al.17 showed that, considering Eq.
�2�, the magnetic field at the coil position is given by

B�t� = �oa�t��
0

zf

jx�z − zf,t�M� zo − z

r�z� �dz , �3�

where zf and zo are the distances from the probe tip to the
sheath front and to the probe coil, respectively �see Fig. 1�.
The expression r�z� describes the radius of the hole produced
on the sheath by the probe as a function of the z-coordinate
and M��� is the function

M��� =
1

�
�cot−1��� −

�

1 + �2� − � � � � � �4�

derived by Malmberg20 to express the magnetic field induced
by a planar current sheath of infinitesimal width, on the axis
of a circular hole produced on the sheath by the probe’s
body. The �-coordinate is measured along the axis in terms
of the hole radius. Hence, in the case depicted in Fig. 1,
�= �zo−z� /r�z�. For a hemispherical probe tip of radius R, the
function r�z� is given by

r�z� = 	0 if z � 0


2Rz − z2 if 0 � z � R

R if z 	 R .
� �5�

Differentiating Eq. �3� and combining with Eq. �1�, the
current distribution jx�z−zf , t� results to be related with the
probe signal ��t� as

�̃�t�
a�t�

−
ȧ�t�
a2�t��0

t

�̃�
�d
 = �
0

zf

jx�z − zf,t�M̃dz , �6�

where ȧ�t�=da�t� /dt and the following two quantities were
introduced for the sake of notation simplicity

�̃�t� =
��t�

�oAu
M̃ =

d

dz
M� zo − z

r�z� � . �7�

The left hand side of Eq. �6� distinguishes two contribu-
tions: the first term is independent of the time variation of the
discharge current amplitude, whereas the second one takes
account for such temporal variation.

Equation �6� is valid as long as the current amplitude
a�t� is not null, that is, after the dielectrical breakdown of the
filling gas and before the first half of period of the discharge
current. These conditions are clearly met for cases of practi-
cal interest during the rundown phase.

Expression �6� is an integral equation for the current
density profile jx, which is a Volterra equation of the first
kind that can be solved numerically.21,22 Two numerical
schemes for inferring discrete values of jx from measured
values of ��t� and a�t� are given in the Appendix.

III. DEVICE, SENSORS, AND MEASURED SIGNALS

The plasma focus capacitor bank is formed by eight
units �0.7 �F each� connected in parallel surrounding both
the spark gap and the discharge chamber, totalizing a con-
nection inductance of 167 nH. The bank is charged up to
20 kV �1.1 kJ of stored energy� and delivers a peak current of
200 kA in a quarter period of 1.6 �s. The discharge chamber
is a 5 l cylindrical cross, made of Pyrex glass of 10 mm thick
wall. The anode is a cylindrical solid titanium bar,
9.4�0.1 mm diameter, and 100.0�0.1 mm length. The
cathode is an aluminum disk drilled at its center, coaxially

FIG. 1. Sketch of a magnetic probe of radius a with a hemispherical tip. The
sensing coil is located at a distance zo from the probe’s tip. The probe is
considered to be at rest in the laboratory frame of reference and that a
current sheath of thickness D moving with velocity u impinges on it.

FIG. 2. Sketch of the experimental setup.
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placed with respect to the anode �see Fig. 2�. Both electrodes
are isolated by a 1.3�0.1 mm thick Pyrex tube, 10 mm
high, and 12.8�0.1 mm outer diameter �OD�. A noninte-
grating Rogowski coil and an inductive magnetic probe were
used as measuring devices.

The magnetic probe case is a Pyrex glass tube,
6.0�0.2 mm OD, with hemispherical tip. A 12-turns sens-
ing coil, 1.00�0.05 mm radius, is placed inside the tube
close to the tip. The probe was positioned and oriented such
that the sensing coil concatenates the azimuthal component
of the magnetic field generated by the discharge current
nearby the anode. The coil center was located at a radius of
15.5�0.5 mm measured from the symmetry axis. Experi-
ments were conducted placing the coil at axial positions of 2,
4, 6, and 8 cm, respectively, measured from the cathode sur-
face. The Rogowski coil was set to monitor the time deriva-
tive of the discharge current. Signals were recorded using a
TDS 540A Textronix digital oscilloscope which has a sam-
pling rate of 1 GS/s and an analog bandwidth of 500 MHz.

Measurements were performed in nitrogen at filling
pressures of 0.5 and 1 mbar, respectively. Typical measured
signals are illustrated in Fig. 3 for 0.5 �left� and 1 mbar
�right�.

The corresponding speeds were calculated through linear
fits of the measured arrival times �i.e., the time of maximum
magnetic probe signal�. The mean axial speed of the current
sheath u was determined for each filling pressure by
measuring the arrival time of the sheath to different axial
positions of the magnetic probe. The typical velocities were
about 6.2�0.1 and 5.7�0.1 cm /�s for 0.5 and 1 mbar,
respectively.

IV. INFERRED CURRENT DENSITY PROFILES

Figure 4 shows, with full lines, typical current density
profiles obtained from magnetic probe signals recorded for
0.5 �left� and 1 mbar �right�, respectively. The four vertical
subplots in each column correspond to the tested vertical
positions of the sensing coil �2, 4, 6, and 8 cm, from top to
bottom, respectively�. In each case, the probe signal is shown
in dashed lines. All the signals were normalized to their cor-
responding maximum for ease of comparison. The results
show how the current density structure change as the sheath
moves toward the anode tip.

A remarkable feature is that, for both pressures, the cur-
rent distribution presents two distinct peaks that change their
relative amplitude during the evolution of the discharge.

Figure 5 shows the uncertainty in the inferred current
density due to geometrical uncertainties in the probe’s radius
�estimated as 10% of its nominal value�, the coil position
with respect to the probe tip zo �7%�, and the plasma sheath
velocity u �2%�, for the second subplot of the second column
of Fig. 4 �filling pressure p=1 mbar and probe position
h=4 cm�. The error bands were determined by means of the
Monte Carlo method,22 which comprises the following steps.
Once all the mentioned geometrical quantities are randomly
perturbed within their corresponding uncertainties, a new
current density is calculated and stored. This process is re-
peated 1000 times and then the resulting current densities are
plotted together. The error bands reported in Fig. 5 are the
borders of such plot.

FIG. 3. �Color online� Measured magnetic probe and
Rogowski signals �blue and green, respectively� for N2

at 0.5 �left� and 1 mbar �right�. The calculated total
current for each case is also shown �red�.
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Figure 6 shows the uncertainty in the same case of Fig. 5
due to uncertainties of 5% in the recorded probe signal. The
corresponding error bands were determined following the al-
ready mentioned Monte Carlo method. Finally, Fig. 7 shows
the errors bands due to all the considered uncertainties,
which are within 15% of the calculated current density,
being the error in the recorded probe signal the dominant
contribution.

V. FINAL REMARKS

The current density structure of the running sheath in
plasma focus discharges was studied by means of the voltage
signal of an inductive probe, while the circuit current deriva-
tive was recorded by a Rogowski coil. The signals were ana-
lyzed using a theoretical model accounting for the temporal
variation of the discharge current and the perturbations
introduced by the probe’s encasing body. Since the model
includes both effects simultaneously, it can be used in a
wide variety of experimental situations avoiding the
necessity of making specific approximations to ignore such
effects.

Although the probe signal gives a qualitative estimation
of the general current density structure and width, the calcu-
lated profile resolves more adequately the diverse features of
the current density structure.

The results show that the width of the current density
distribution decreases as the sheath evolves toward the open
end of the electrodes. Furthermore, a complex structure was
found in the current density distribution profile, presenting at
least two spatial maxima.
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APPENDIX: NUMERICAL SCHEMES

The current density jx can be numerically inferred from
expression �6�, discretizing the integral on the right member
of the equality. The implemented methodology on this paper,
as well as an alternative procedure, are briefly discussed on
this section.

1. Numerical method

Redefining the variable z as z=zf −�, the expression �6�
can be conveniently rewritten as

�̃�t�
a�t�

−
ȧ�t�
a2�t��0

t

�̃�
�d
 = �
0

zf

jx�− ��M̃�zf − �,zo�d� , �A1�

where the variable � is positive defined on the ẑ direction,
and the function jx�−�� represents the undisturbed current
density. For the sake of notation simplicity, the left member
of Eq. �A1� will be referred hereafter as ���t�

���t� = �
0

zf

jx�− ��M̃�zf − �,zo�d� . �A2�

2. The matrix approach

To solve Eq. �A2�, the integration interval �0,zf� was
divided into N equal subintervals z= �zk−1 ,zk�; being

FIG. 4. �Color online� Measured magnetic probe signal
�dashed lines� and their corresponding current densities
�full lines� for N2 at 0.5 �left� and 1 mbar �right�.
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k=1, ¯ ,N. Assuming the unknown current density to be
constant on the kth element, the expression �A2� becomes

�i
� = �

k=1

i

jk�
zk−1

zk

M̃�zi − ��d� , �A3�

where 1� i�N, since ��0� = 0 and jk represents the cur-
rent density of the kth considered element. Equation �A3�
establishes k� i∀1� i�N, therefore the coefficients Mik of
a N�N lower triangular matrix can be defined as follows

Mik  �
zk−1

zk

M̃�zi − ��d� . �A4�

Considering the variable �=�−zk−1 in Eq. �A4�, it is pos-
sible to verify that the unknown matrix elements are N and
that they are related by

Mik = Mi+1−k1 ∀ k � i, 1 � i � N . �A5�

Finally, Eqs. �A3�–�A5� set leads to the following linear
system:

�i
� = �

k=1

i

jkMi+1−k1 �A6�

which can be equivalently solved either by an iterative
method or by inverting matrix M.23

From Eq. �A6�, and under the assumption that M11�0,
the current density results to

ji =
�i

� − �k=1
i−1 �k

�Mi+1−k1

M11
. �A7�

3. The least-squares approach

A least-squares method is also suitable to invert the first
kind Volterra equation presented in Eq. �A2�. The function to
be minimized, �2, is

�2 = �
zi

��i
� − �

0

zi

jx�− ��M̃�zi − �,z0�d��2

, �A8�

where the first term inside the parenthesis corresponds to
experimental data and the second one represents the theoret-
ical description of them.

Again, the current density is assumed to be constant on
each element z= �zk−1 ,zk�. Since zi= iz for 1� i�N, Eq.
�A8� can be written as follows

�2 = �
i=1

N ��i
� − �

0

zi

jx�− ��M̃�zi − �,z0�d��2

. �A9�

From the discretization of the integral on Eq. �A9�, the
expression �A10� is obtained.

�2 = �
i=1

N ��i
� − �

k=1

i

jkMi+1−k1�2

. �A10�

Considering the jr derivative of the above equation, a set
of N homogeneous linear equations can be constructed. The
system of linear algebraic equations to be solved to infer the
current density is

�
i=r

N ��i
�Mi+1−r1 − �

k=1

i

jkMi+1−k1Mi+1−r1� = 0. �A11�

Since, under the assumption that M11�0, M has a non-

FIG. 5. �Color online� Errors due to the following uncertainties: 10% in the
probe’s radius, 7% in zo, and 2% in the plasma sheath velocity u. The
discharge was performed in N2 at 1 mbar and the probe’s coil was located at
Z=4 cm.

FIG. 6. �Color online� Errors due to uncertainties of 5% in the recorded
signal. Same conditions as in Fig. 5.

FIG. 7. �Color online� Total error. Same conditions as in Fig. 5.
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zero determinant, it verifies that �MTM�−1=M−1�MT�−1. Con-
sidering this property in Eq. �A11�, the obtained expression
for jk is in agreement with expression �A7�. Therefore, the
least-squares formulation is an alternative to the above dis-
cussed matrix approach.
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