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We study a semilinear second-order ordinary differential equation for a complex valued
function Q which describes the evolution of a generalized RLC system over an interval
[0,7]. We solve the Dirichlet and periodic problems under appropriate conditions.
Moreover, we give conditions in order to ensure that any solution satisfying an initial condition
Q(0) = Qo, O'(0) = Iy is defined over [0, T'].
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1. Introduction

In this article we study the semilinear second-order ordinary differential equation
L(1)Q" (1) + R(HQ' (1) + F(C(1), Q1) = E(t) (1.1)

for a complex valued function Q describing the evolution of a generalized RLC system
over an interval [0, T']. The coefficient L e C([0, T],R") is the inductance, the friction
term R e C([0, T],R") is the resistence, and C e C([0, T'],R) the capacity. The function
F: R x C — C generalizes the linear case for an RLC system, where F(C, Q) = Q(t)/C.

The forcing term E(¢), often a T-periodic function, corresponds to an external electric
field. We recall that usually the line integral of E over the circuit gives the electromotive
force of the system [1-3].
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We study equation (1.1) under Dirichlet conditions, namely:
0(0) = Qo, o(T)=0r (1.2)

or periodic
0(0) = O(T), 0'(0)=0'(T) (1.3)

(1.1)—(1.3) represents the case in which the charge and the current are coincident at the
initial and final times. The corresponding boundary value problems for the real case are
studied by several authors (see [4-6]).

Moreover, we give conditions in order to ensure that any solution satisfying a
Cauchy condition for the initial charge Qq and the initial current 7, is defined over
[0, T']. This ensures the nonexistence of resonant type effects.

In the second section we make a brief review of the RLC model. In the third
section we establish the basic assumptions and results concerning the Dirichlet problem
associated to (1.1).

In the fourth section we define a fixed point operator in order to solve the periodic
problem. From the physical point of view, the existence of a periodic solution of (1.1)
implies that the action of the external force compensates the effect of the dissipative
term. This fact is reflected in the condition (E/L) L p, where the real function p is
constructed uniquely from R.

Finally, in the last section we prove, for fixed Qy, that the set of complex values I
such that a solution of (1.1) under the initial conditions Q(0) = Qy, Q'(0) = I is defined
over the interval [0, 7] is a simply connected subset of C. More precisely, there exists at
least one solution defined over [0, T'] if and only if the equation ¥(s) = I is solvable,
where ¢ : C — C is a continuous function depending on Q. Furthermore, if F is locally
Lipschitz on [0, T'] x C then the disjoint union over Q, of the sets {Qy} x Range(v/g,)
is an open domain of C’.

2. Brief review of the model

If two coils of wire are placed near each other, a changing current in one will induce an
electromotive force (emf) in the other, and according to Faraday’s law, the emf induced
is proportional to the rate of change of flux passing through it. When considering an
isolated single coil of N turns (or solenoid), we will find that a changing current passing
through it will produce a changing magnetic flux inside the coil, and will induce an emf.
This induced emf opposes the change in flux (Lenz’s law). Defining the self-inductance
L = (N®/I), where @ is the magnetic flow, and 7 the current, we can conclude from
Faraday’s law that the emf induced can be computed as:

d/
= _L—
& dt

Any inductor will have some resistance, so it will be represented by its inductance L and
its resistance R. When a DC source of voltage V is connected in series to the LR circuit,
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the emf’s in the circuit are the battery V' and the emf £ = —L(d//d¢) in the inductor,
and applying Kirchhoff’s loop rule to the circuit, we obtain the following differential
equation for the current I:

Ld—l +RI=V
dr
More generally, in any electric circuit there can be three basic components: resistance,
capacitance (C), and inductance. If we consider an LC circuit, at any instant, the
potential difference across the capacitor will be V' = (Q/C), (where Q is the charge
on the capacitor at that instant), and it will be equal to that across the inductor, so:

0 dr
= _ L=
C dt
The current 7 is due solely to the flow of charge from the capacitor and so
1= (dQ/dt). We can conclude that the charge Q will be determined from the differential
equation:
d’0 1
2L 0=0
& Tzc?
This is the differential equation for harmonic motion, with frequency given by:

1
w=,/—
LC
This LC circuit is an idealization, taking account of the resistance R, we obtain the
following differential equation:

&0 do 1
L—=4+R-—=+4—-0=0
d%: * dt + C 0
Thus the RLC circuit will correspond to the damped harmonic oscillator. In more
realistic models, we also have that L, R, and C will not be constant anymore.

3. Basic assumptions and unique solvability of the Dirichlet problem

Let Q =(0,7) and S: H*(Q,C) — L*(2, C) be the semilinear operator given by
$0=0"+ 10 +1HC.Q)
B L L ’

We shall assume throughout the article that F is continuous and satisfies the growth
condition
(F1) There exists a positive function u such that

(F(CaQQ):i(C’P))+E§c<M

m
R
¢ 2

L
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for any CeR and Q # PeC, where it = u' — (R/L) and A, is the first eigenvalue
of the problem

(—nQ') =10, Olso =0

Writing SQ = Q" + (R/L)Q’ + (1/L)F(C, Q), a simple computation shows that (F1)
implies, for any Q, P e H*(Q,C) such that Q = P on 3Q:

T 12
(ﬂ MQ“—PV> = A (o~ Pl G.1)

THEOREM 3.1  Assume that (F1) holds. Then the Dirichlet problem

{ L(HQ"(t) + R(HQ'(1) + F(C(1), O(1)) = E(t) in Q
000) =00, O(T)=0r

is uniquely solvable in H*(Q,C) for any E e L*(,C), Qy, Q7 €C.

Proof Let us consider 4 = [0,1] x By, where By c H(2,C) is the open ball of
radius M centered at 0, and 7: A — H'(Q,C) given by T(0,Q) = Q, with Q the
unique solution of the linear problem

L0Q" () +o(ROQ'(0) + FC(1), 01)) = E() in @
00) =0, O(T)=0r

As (3.1) holds for the operators S,Q = Q" +o(R/L)Q"+ (1/L)F(C,Q)), it is
immediate that 7 is compact. Moreover, 7y = 7(0, -) is constant and for 7(c, Q) = Q
we have that

10 — Tl < éo <K

12

w(R_, 1
—\=T —FC, T
L(L 0+L (C7 0))

Hence, choosing M large enough we conclude that 7{(o, Q) #+ Q for any QEBBM.
By definition of the Leray—Schauder degree (see [7]),

deg; ¢(id — Ty, By, 0) = degg(id — Toly, B N X, 0)

where X =span{7)}, and hence deg;s(id — Ty, By,0) =1 for M > ||Tyll;n. By
homotopy invariance, we conclude that deg;¢(id — T1, By, 0) =1, proving that
7(1, Q) = Q for some Q € By,. |

THEOREM 3.2 Assume that (F1) holds. Let EelL*(Q,C) and denote by
Tr: SY(E) — C? the restriction of the usual trace function, i.e. Tr(Q) = (0(0), O(T)).
Then Tr is an homeomorphism.
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Proof  From the previous theorem, 77 is bijective, and its continuity is clear. Conversely,

if(Q0), — 0o and (07), — Q7 set 0, = Tr—(Qo),. (Q1),). © = Tr—(Qp. O7) and then
T T
0= / (50, — 50)@, - 0) = (@, — )@, - 0)|" - / 0, - 0P
0 0

TR / NI - Tl - -
+ [ 1€ -00@, -0+ [ 1(c.0) - HC.0)@, -0

Then
T o o TR - o
[ 1e. -0 < o, - 0@, - 2|+ [ Fre(, - 0@, - 0)
0 0
"1, (FC.0)~FAC.0) 2
+ [ pre(MELIZTED)i0, - g
As

"Reor —one oy L(R r_ ["(RY
[ Fre@, - 00, -0 =5 (Fie. - 0fl; - [(7) 10~ o).

by (F1) and Poincaré’s inequality it suffices to prove that |Q), — Q'| is bounded
on 9Q2. As

1
10) — @z = H%(Q; ~ Q)+ (F(C.0,) = FIC.0))

12

it is easy to conclude that Q, — Q is bounded in H?($2, C) and the result follows. M

4. Applications to the periodic problem

In this section we apply the previous results to the periodic problem (1.1)—(1.3):

{ L(H)Q" (1) + R(HQ'(1) + F(C(1), Q(1)) = E(1) in Q
O(T)—Q0)=0(T)-Q(0)=0

Let F satisfy (F1). By Theorem 3.1, for any z€ C we may define Q. as the unique
solution of the problem

{ L(nQ"(1) + R(NQ'(1) + F(C(n), (1) = E() in L
00)=0(T) ==

By Theorem 3.2, C ={Q.: ze€C} is an embedded curve for the H?mnorm. Clearly C
is unbounded for || - || ;.
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Remark 4.1 Let us note that there exists a unique (up to a constant factor) positive p
such that

, R
pr=yp—k  p0)=pT)
for some constant k.

Indeed, from the equation p’ = (R/L)p — k we obtain that

1 3 4
plt) = <co - k/ efﬂ(R/L>ds)e‘ftJ(R/L)
0

Without loss of generality we may assume that p(0) = ¢ = 1, and as p(0) = p(T) we
deduce that
-
e Jy®RiD _
o I()TeﬂT(R/L)dS
As k > 0, if p vanishes in Q there exists 7y € Q2 such that p(zp) = 0 and p'(#9) > 0. Then
k = —p'(ty) <0, a contradiction.

In particular, if (R/L) L 1 then p(¢) = e/;(R/ L), and if (R/L) is constant then p = 1.
Let Int : H*(22,C) — C given by Int(Q) = fOT(p/L)F(C, Q). Then we have:

TueoreM 4.1 Let F satisfy (F1) and E € L*(2, C). Then the following statements are
equivalent:

(1) (1.1)—(1.3) admits at least one solution
(i1) There exists Q € C such that Int(Q) = fOT(p/L)E

Proof By construction of p it holds that Q € C if and only if
/ P p
(pQ) +kQ' + ZF(C’ 0) = ZE

and Q(0) = O(T). Integrating over €2, we obtain that

T
pQ'|y +Int(Q) :/0 %E

and the result follows since p(0) = p(T') = 1. |

Remark 4.2 By the previous theorem, solutions of (1.1)—(1.3) may be regarded as the
zeroes of the continuous mapping ¢ : C — C given by ¥(z) = Int(Q,) — fOT(p/L)E.
Thus, if we define Q7 as the unique solution in z + H> N H)(RQ) of the equation

E

" R / 1 _
0 +G<ZQ +ZF(c,Q>) =2,

we may use a degree argument in order to obtain solutions of (1.1)—(1.3).
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THEOREM 4.2 Assume that (F1) holds, and let a = fOT@/L)E and

T
To(z) = /0 %F(C,z+<p)

where ¢ is the function given by

t SE t T SE
(p(l):/ / —ds——/ /—ds
0oJo L TJ)y Jo L

Further, assume that there exists a bounded set A C[0,1] x C such that
Ay :={z€C: (0,2) € A}
is nonempty for every o €[0, 1], and that
ny(Q?) # a
for any z € dA,. Then, if
degy(To, Ao, a) # 0,

the periodic problem (1.1)—(1.3) admits at least one solution with Q(0) € A;.

Proof Let T:]0,1] x C — C be the continuous mapping given by
1(o, z) = Int(Q?)

A simple computation shows that Qg(t) = z + ¢(t), which implies that 70, ) = Ty. As
T(o,z) # a for any z € d4,, the result follows from the homotopy invariance of the
Brouwer degree. |

CoROLLARY 4.3  Let (F1) hold and assume, using the notation of the previous theorem,
that degy(To, By(0),a) # 0 for M large. Then (1.1)~(1.3) is solvable in the following
cases:
(1) a=0 and

e liminfj._ o |[Re(F(C, 2))| + liminf|. |, o IMm(F(C, 2))| > 0

e limsup._ ., (IF(C,2))/Llz| < (inf; / (D)(A1 — )/~ M T |l
(i) a # 0 and

. |al
N (779

Proof From (3.1) we have, for any o €[0, 1]:

- JT r e /2>1/2 VT B
107 2l = " MUO T R ] VA GG

12
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Hence in both cases we obtain, for |z| = M large, that
Q7 > yM — 4

for some positive constants y, 8.
Using (i), we obtain

[IRe(F(C,Q2)| >r>0 or [ImFC,QI)>r=>0

This proves that Int(Q?) # 0 = a.
On the other hand, if (ii) holds, for large M it follows that

Hnt(Q7)[ # |4l

and the proof is complete. [ |

THEOREM 4.4 Let (F1) hold, and assume that there exists a constant M > 0 such that

Re(F(C, z) — E(t))sgn(Re 7)< 0 if |Rez|> M,
Im(F(C,z) — E(1))sgn(Imz) < 0 if |Imz|>M

Then, if E L (p/L), (1.1)~(1.3) has at least one solution Q with |Re Q|, |Im Q| < M.
In particular, if

Re F(C, z)sgn(Re z), Im F(C, z)sgn(Imz) - —oc0 as |z| - oo

then (1.1)—(1.3) has at least one solution for any E 1 (p/L).

Proof With the previous notations, assume that Re(Q.(7)) > Rez for some z with
Rez > M. We may suppose that ¢ is a maximum, and then

Re(pQ!(1) = Re( £ [E() - AC.Q.)]) > 0,
a contradiction. It follows that Re(Q.(#)) < Rez, and hence
Re(Q(T)) — Re(QL(0)) > 0
In the same way, if Rez < —M we have that
Re(QL(T)) — Re(QL(0)) <0,

and a similar result holds for Imz. By the generalized intermediate value theorem
there exists z with |Rez|,|[Imz| < M such that Q.(7") — Q.(0) = 0, and so completes
the proof. |
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5. Some results concerning the initial value problem

In this section we study the behavior of the solutions of the initial value problem

{ L(n)Q"(1) + R(NQ'(1) + F(C(1), Q(1) = E(r)  in Q 5.1)

000)=0, Q)=1

As in the previous section, for every z € C we define Q. € H*(R2, C) as a solution of a
two-point boundary value problem. In this case, we may consider ¢.(f) = zt + Qp and
Q. the unique solution of

{ L(nQ"(1) + R(NQ'(1) + F(C(1), (1) = E(r)  in Q
000) = Qo. QOT) = ¢AT)

Then we have:

THEOREM 5.1 Let (F1) hold and consider o, : C — C given by

Tl _
Vo) ==+ [ (B~ RQL = F6.Q) " a8

Then (5.1) admits a solution defined over 2 if and only if I, € Range(g,).
Proof Let Qe H*(Q,C) be a solution of (5.1) and let z = (Q(T) — Qy)/T. Then

T
Q) — )= [ 7 (E~ RQL~ F6.Q)G(1.0)d6

where G is the Green’s function given by

—T)  pisy
_ T -
o= (= T)s ifs<t
T 0=

By simple computation we obtain that QL(0) = v,(z), which proves that
Iy € Range(vg,). Conversely, if Iy = ¥g,(z), then the corresponding Q, is a solution
of (5.1). |

COROLLARY 5.2 Let (F1) hold and define

Z(Qo) = {Iy € C: (5.1) admits a solution in H*(S, C)}

Further, assume that F is locally Lipschitz on Q x C with respect to Q. Then Z(Qy) is a
simply connected open subset of C.
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Proof 1t follows immediately from the previous theorem that Z(Qyp) is simply
connected. Moreover, if ¥g,(z1) = ¥g,(z2) then Q;l 0) = QQZ(O), and by uniqueness
we conclude that z; = z,. Then v, is injective and hence v/o,(C) is open. |

THEOREM 5.3 Let (F1) hold and assume that F is locally Lipschitz on Q x A, where
A is an open domain of C. Then

LJ (@0} x Z(Q0)

QoeA

is an open domain of C*.

Proof Let Sy = {ue H*(Q,C): SO = (E/L),0(0) € A}, and consider the continuous
mapping p:S4 — C? given by p(Q) = (0(0), 0'(0)). As F is locally Lipschitz, p is
injective, and hence p o Tr~'(4 x C) is open and connected. |

Acknowledgment

This work was partially supported by ADVANCE-NSF and UBACYT X202.

References

[1] Jackson, J.D., 1975, Classical Electrodynamics, 185-192 (New York: John Wiley & Sons).

[2] Landau, L.D. and Lifshitz, E.M., 1971, The Classical Theory of Fields (New York: Pergamon, Oxford:
Addison-Wesley).

[3] Panofky, W.K.H. and Phillips, M., 1962, Classical Electricity and Magnetism (New York: Addison-
Wesley).

[4] Amster, P., Mariani, M.C. and Pinasco, D., 2001, Nonlinear periodic-type conditions for a second order
ODE. Nonlinear Studies, 8, 2.

[5] Dolph, C.L., 1949, Nonlinear integral equations of the Hammerstein type. Transactions of the American
Mathematical Society, 66, 289-307.

[6] Mawhin, J. 1994, Boundary value problems for nonlinear ordinary differential equations: from successive
approximations to topology. Development of Mathematics 1900-1950 (Luxembourg, 1992), 443-477,
Birkhauser, Basel.

[7] Lloyd, N.G., 1978, Degree Theory (London, New York, Melbourne: Cambridge University Press).



