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1. Introduction

In recent years there has been an increasing interest in problems arising in Financial Mathematics and in particular on
option pricing. The standard approach to this problem leads to the study of equations of a parabolic type.

An option is a contract that gives the holder the right to trade in the future at a previously agreed price. A European call
option is a right to buy a particular asset for an agreed amount at a specific time in future. A put option is the right to sell a
particular asset for an agreed amount at a specific time in future.

In Financial Mathematics, usually the Black-Scholes model [1] is used to price these contracts, by means of a reversed-
time parabolic partial differential equation. In this model, an important quantity is the so-called volatility. Volatility is a
measure of the amount of fluctuation in the asset prices: a measure of randomness. It has a major impact on the value of
the option; in mathematical terms, it corresponds to the diffusion coefficient in the Black-Scholes equation.

In the standard Black-Scholes model, a basic assumption is that the volatility is constant. Several models that have been
proposed in recent years, however, allowed the volatility to be non-constant or a stochastic variable. For instance, in [2] a
model with stochastic volatility is proposed. In this model the underlying security S follows, as in the standard Black-Scholes
model, an stochastic process

dS; = uS.dt + 0:S:dz;,
where Z is a standard Brownian motion. Unlike the classical model, the variance v(t) = o?(t) also follows stochastic process
given by
dve = k(6 — v(t))dt + y /v, dW,,
where W is another standard Brownian motion. The correlation coefficient between W and Z is denoted by p:
E(dZ;, dW;) = pdt.
This leads to a generalized Black-Scholes equation:
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If we introduce the change of variables given by y = log S, x =
is obtained:

f, t = T —t the following problem for u(x, y) = U(S, v)

2

2/ dy

in a cylindrical domain £2 x (0, T), with 2 C R?. A similar model has been considered in [3], for which the stationary
equation has been studied in [4].

More general models with stochastic volatility have been considered for example in [5], where the following problem is
derived from the Feynman-Kac relation:

1 9°u 1 au
U, = —yx|Au+2p +—[K(9—yx)—kyx]—+(r
2 axady y ox

1 2
U = 5Tr (M(x, T)D*u) + q(x, 7) - Du,
u(x, 0) = up(x)

for some diffusion matrix M and a payoff function ug.
This discussion motivates us to consider the general parabolic problem

u(x, 0) = up(x) on £2 x {0} (1.1)

{Lu —u =g,x,t) in2 x(0,T)
u(x,t) = h(x, t) onds2 x (0,T).

We shall assume that £2 C R? is an unbounded smooth domain, g : [0, +00) x §2 x [0, T] — [0, +00) is continuous and
continuously differentiable with respect to u, L is a second order elliptic operator in non-divergence form, namely

d d
Lu= Y "d'(x, Dugy + Y b'(x, Duy, + c(x, D,
i= i=1

where the coefficients of L belong to the Holder Space C*%/2 (22 x [0, T]) and satisfy the following conditions

d
APl =) d'x Dvy = AP (A= 4> 0)
ij=1
bl <C,  clxt)<0.

Furthermore, we shall assume that uy € C?*%(2), h e C>*%1%8/2(@2 x [0, T]) and satisfy the following compatibility
condition

h(x,0) =up(x) Vxe0s2. (1.2)

Our main result reads as follows:

Theorem 1.1. Let L be the elliptic operator defined as above, and assume that g(0, x, t) = 0. Then for any T > 0 there exists
0o = 6p(A, d, ||b|lso, T) such that if 6 < 6y, then for any initial and boundary conditions uy and h satisfying

0 <uy(x) < kT’%e%"“2
and
0<h(x,t) <k(T—t)"2em ™ forxecdR,0<t<T
for some constant k, there exists at least one solution u of the problem (1.1) satisfying

0 <u(x,t) < k(T — t)’%e%lxlz.

We give a proof of Theorem 1.1 in Section 2, using the method of upper and lower solutions. We recall that u is called an
upper (lower) solution of problem (1.1) if

Lu—u <(>)g(u,x,t) in2x(0,T)
u(x,0) > (Sug(x) on 2 x {0}
ulx, t) > (=<)h(x, t) onds2 x (0, T).

On the other hand, we obtain a uniqueness result, which can be deduced immediately from the following version of the
maximum principle.
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Theorem 1.2. In the situation of Theorem 1.1, let T < T and let u be a lower solution of (1.1) in the domain V = §2 x (0, T)
suchthat0 <u <K A for some constants A and K. Furthermore, assume that g is nondecreasing in u. Then

supu = sup u,
v Fa%

where 3’V = (2 x {0}) U (082 x [0, T]) denotes the parabolic boundary of the domain V.

A proof of Theorem 1.2 is given in Section 3.

2. The method of upper and lower solutions

In order to prove Theorem 1.1, we shall apply the method of upper and lower solutions. More precisely, we shall consider

d 2] 2
a=0and B = k(T — t)’ieﬁ"“ . Indeed, from the hypothesis it is clear that « is a lower solution, and a straightforward
computation shows that 8 satisfies:

20 \* < 20 Ko 20 d 0
LB — — Ui' ii bli _ 2 .
B — Bt ﬂ{(T—t) Zaxx,-F—T_ti:]a +—T_t; X+ ¢ |:2(T—t)+(T—t)2|x|}

ij=1

From our assumptions, and using the fact that ZL] a’ < A, and that 2 Zle bix; < elx|® + g||b||(2,0, we deduce that

1(L,B Br) < (40A —14¢e(T —1t)) Ol + ! 20A d + 19||b||2 +
—(LB — - &(T — — - =+ - cl.
B Y= (T—02 T-—t 2 g @
Taking ¢ < #,and
o [1—-Te de
6 < min s s
4A " 2||bliZ, +44

it follows that
LB —B: <0=<g(B).

Asug(x) < B(x,0)and h(x,t) < B(x, t) for x € 982, we conclude that 8 is an upper solution of the problem.

Remark 2.1. If U is a smooth and bounded subset of §2, by [6, Thm. 10.4.1], and the compatibility condition (1.2), there
exists a unique function ¢y € C**%1+3/2(U x [0, T]) such that

Loy — (¢u): =0,
wu(x,0) =up(x) xeU
oux, t) = h(x,t) (x,t) € 0U x [0, T].

By the standard maximum principle,
0 =< QDU(Xv t) = ﬂ(x7 t)
for (x,t) € U x [0, T].

First, we solve an analogous problem in a bounded domain.

Lemma 2.1. Let U C R? a bounded smooth domain, let T < T and let ¢u be defined as in Remark 2.1. Then the problem

Lu—u =g(u,x,t) inU x (0, 'T)
u(x, 0) = up(x) inU x {0} (2.1)
ux, t) = gu(x,t)  indU x (0,T)

admits at least one solution u with0 < u(x,t) < B(x,t)forx e U,0 <t < T.

Proof. Set A > 0 such that the function g(u, x, t) — Au is non-increasing on u for 0 < u < maxycyu B (X, T). Setu® = 0 and
V = U x (0, T). By standard results, we may define u™*' € W2'!(V) as the unique solution of the problem

W™ — ™ ™ =g, x, t) — au  inU x (0, T)
u™ (x, 0) = ug(x) inU x {0} (2.2)
U (X, t) = gu(x, t) inau x (0, T).
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We claim that
0<u"(x,t) <u™'(x,t) < B(x,t) VY (x,t) €U x[0,T],Vn e No.
Indeed, by the maximum principle it follows that u' > 0; moreover,
' —u! — 2’ =g0,xt) >g(B,x,t) —Af > LB — B — AB
and hence u! < 8. Inductively,
L™ — ™t = g x, ) — A" < gl x, t) — au!
= Lu" —uj —au".

Thus u™*! > u". In the same way as before it follows that u"*! < 8.
We define

u(x, t) = lim u"(x, t).
n—00
By the standard LP-estimates [7, Thm 7.17],
ID* " — u™) [l + W — u™llpwy < ¢ (IL@" —u™) — @" —u™)llpe) + 1" —u"[lpw)) -
By construction,
Lw" —u™) — @ —u™), =g@" ', x,t) —g@™ !, x, t) — A —u™ ).

As g is continuous, and using that 0 < u" < g, by dominated convergence it follows that {u"} is a Cauchy sequence in
W;J (V).Henceu" — uinthe W?'-norm, and then u is a strong solution. Moreover, by the Morrey imbedding and Schauder
estimates, it follows that u is a classical solution. O

Proof of Theorem 1.1. We approximate the domain §2 by an non-decreasing sequence (£2y)nen of bounded smooth sub-
domains of §2, which can be chosen in such a way that 942 is also the union of the non-decreasing sequence 2y N £2.
Then, define u" as a solution of the problem

1
Lu—u, =gu,x,t) in2y X O’T_N>
u(x, 0) = ug(x) in 2y x {0} (2.3)

1
u(x,t) = h(x, t) indR2y x (O, T — N)

suchthat0 < u¥ < BinQ2y x (0,T — ﬁ). Define Vy = 2y x (0, T — %) and choose p > d. For M > N, we have that

ID* W) Iy + 1@ el < ¢ (ILu™ — @)l + 117 lpwy) < c (lg@™, lwwy + 1Bllpwy) < C

for some constant C depending only on N. By Morrey imbedding, there exists a subsequence that converges uniformly on Vy.
Using a standard diagonal argument, we may extract a subsequence (still~denoted {uM }~) such that u™ converges uniformly
to some function u over compact subsets of £2 x (0, T).ForV =U x (0,T),U CC £2,T < T, taking M, N large enough we
have that

ID? @ — u™) ey + 1@ = u™)llpw) < e (IL@" —u™) — @ —u")illpe) + 10" — u™llp)) .
By construction,
L —u™) — @ — My =g x 0 —g@ T x o) — AT — UM,

As before, using that g is continuous, and that 0 < u™ < B, by dominated convergence it follows that {u"} is a Cauchy
sequence in W>'(V). Hence u¥ — u in the W '-norm, and then u is a classical solution in V. It follows that u satisfies
the equation on £2 x (0, T). Furthermore, it is clear that u(x, 0) = ug(x). For M > N we have that uy (x, t) = uy(x, t) for
Xx€d2Naf2y,t € (0, T— %). Thus, it follows that u satisfies the boundary condition u(x, t) = h(x, t) on9£2 x [0, T). O

3. A maximum principle for problem (1.1)

In this section we give a proof of Theorem 1.2. For ¢ > 0 set
v(x,t) = u(x,t) — eB(x,t).
As B is non-decreasing in t,

v(x, t) < KeAX? _ sT’%egmz.
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Choosing 6 > TA, we conclude that

lim | sup v(x,t)| = —o0.
|x]— 00 OSISf

We may choose R large enough such that

v(x,t) <M = supu(x,t)
Fa%

forx € 2 with |[x| > Rand0 <t < T. On the other hand,
Lv—v —g,x,t) > Lu—u —gu,x,t) — el — B) = 0.

As in the proof of Theorem 1.1, we approximate the domain §2 by an non-decreasing sequence ($2y)nen of bounded smooth
sub-domains of §2, which can be chosen in such a way that 92 is also the union of the non-decreasing sequence 2y N £2.
For N large enough, we may assume that ifx € 92y thenx € 92 or |x| > R.

Hence, by the classical maximum principle for bounded domains,

v(x,t) < supv(x,t) <M.
32y

Letting ¢ — 0, we conclude that u(x,t) <M for0 <t < T.

References

[1] F.Black, M. Scholes, The pricing of options and corporate liabilities, J. Political Econ. 81 (1973) 637-659.

[2] S.L.Heston, A closed-form solution for options with stochastic volatility with applications to bond and currency options, Rev. Financial Studies 6 (1993)
327.

[3] M. Avellaneda, Y. Zhu, Risk neutral stochastic volatility model, Int. ]. Theor. Appl. Finance 1(2) (1998) 289-310.

[4] P. Amster, C. Averbuj, M.C. Mariani, Solutions to a stationary nonlinear Black-Scholes type equation, J. Math. Anal. Appl. 276 (2002) 231-238.

[5] H.Berestycki, J. Busca, I. Florent, Computing the implied volatility in stochastic volatility models, Commun. Pure Appl. Math. (2004).

[6] N.V.Krylov, Lectures on Elliptic and Parabolic Equations in Holder Spaces, in: Graduate Studies in Math., vol. 12, AMS, 1996.

[7] G.M. Lieberman, Second Order Parabolic Differential Equations, World Sc. Publ., 1996.



	A parabolic problem arising in Financial Mathematics
	Introduction
	The method of upper and lower solutions
	A maximum principle for problem (1.1)
	References


