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A Lumped Parameter Model of Plasma Focus

José H. Gonzélez, Alejandro Clausse, Horacio Bruzzone, and Pablo C. Florido

Abstract—In this paper, a fast running computer model of
a plasma focus device is presented. The model is based on the
snowplow model constructed with effective parameters validated
against experimental results. A pinch model is included to calcu-
late the temporal evolution of the focal variables. The resulting
neutron yield predictions are compared against available data at
different pressures, electrode length, and capacitor voltages from
experimental measurements, finding good agreements. The model
ultimately calculates the neutron production given the geometric
parameters and the filling deuterium pressure.

Index Terms—Modeling, neutron sources, plasma focus, plasma
pinch, thermonuclear.

1. INTRODUCTION

LASMA focus is a phenomenon occurring at the open end
of coaxial electrodes when an intense electrical discharge
between them is induced by external means [1].

Fig. 1 shows a scheme of the system. Two coaxial electrodes
are located inside a vacuum chamber filled with deuterium gas
at low pressure (neutrons were reported from 0.1 to 10 mbar).
A charged capacitor bank is connected to the closed end of
the electrodes through a switch (spark-gap). After closing the
switch, a gas discharge starts in the gap between the electrodes
forming an umbrella-like plasma layer. The azimuthal magnetic
field located in the toroidal volume enclosed by the current pro-
duces a J x B force that pushes the sheath toward the open
end of the electrodes. The run-down of the current sheet is a
sweeping supersonic shock that propagates collecting, with cer-
tain efficiency &, the gas particles ahead of the front (snowplow
scenario). On its arrival at the open end (some microseconds
after triggering), the magnetic field starts to contract, acceler-
ating the plasma toward the axis (run-over stage). Finally, the
sheath clashes on the axis in the form of a small dense plasma
cylinder (pinch).

Plasma focus (PF) devices have not been commercially devel-
oped as neutron sources, being currently restricted to low-cost
laboratory equipment for the study of dense plasmas [2], [7].

Optimized PF geometric and operation parameters need to be
systematically studied, in order to optimize costs, neutron pro-
duction, and fluxes [3]. At present, there is no available tool
for neutron production design validated with experimental data,
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Fig. 1. Scheme of a plasma focus device.
sufficiently accurate and fast in order to be used in a multipa-
rameter optimization approach [4].

In this work, a fast running computer model is developed in
order to predict the neutron production of PF, specially focused
in parameters optimization. The kinematics of the current sheet
is represented following Lee’s model [19]. The model is based
on a plane, “two-dimensional” (2-D) snowplow [5], [6] model
complemented with sensible estimations for the plasma param-
eters [8] (density n and temperature 7'). Using the derived set
of differential equations with the snowplow approximation for
the breakdown and collapse of the current sheet, and a model
for the pinch compression, the neutron production by thermofu-
sion can be estimated if thermal equilibrium is supposed in the
plasma. These equations are coupled with the electrical circuit.
A powerful numerical integrator for first order differential equa-
tions [9] is used, and the code can perform an estimation of the
neutron production very quickly.

II. DESCRIPTION OF THE MODEL

The evolution of the current sheet is represented by means of
planar (axial and radial) shock waves, as it is shown in Fig. 2.
Inside the current sheet, homogeneous ionized ideal gas is as-
sumed. The whole process is accordingly divided into three
stages: run-down, run-over, and pinch compression.

A. Run-Down

In the run-down, the current sheet is represented by an annular
piston moving forward in the axial direction (Fig. 3). The mass
and momentum equations of the plasma piston are

dM
TX =¢xpor (R — RY) Vx (D
d(MxVx) 1 5
— = </ ]I 2
dt 2 @
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Fig. 3. Run-down stage.

where an axial sweep efficiency £ x is introduced to account for
shape effects, Vi is the axial piston velocity, p, is the density of
the stagnant gas ahead of the piston, R. and R; are the cathode
and anode radii, and [ is the linear inductance of the gun [10]

_ o, (Re
1_27r1n<Ri). 3)

Assuming that the electric current flows at the backside of the
sheet [11], the circuit equation is

d dqQ Q

— L. +1X] == — =0 4

dt{[ + ]dt}+0 @
where X is the position of the piston backside, L. is the induc-
tance of the external circuit, ) is the capacitor charge, and C' is
the capacity.

B. Run-Over

On the sheet’s arrival at the anode open end, the magnetic
field accelerates the plasma toward the axis. The radial contrac-
tion is modeled by a planar cylinder whose length is determined
by the axial piston (Fig. 4). The mass and momentum balances
of the radial contraction are

dM
TR :ng02’]T(R - (SR) (X + 6X - ZINT) VR (5)
d(MrVR) _  pol*> X — Zint ©)
dt T R ’

Note that the logarithmic factor, (3), does not appear in (6),
since the magnetic pressure is constant over the radial piston
area.
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Fig. 4. Run-over stage.

The mass and momentum balance of the axial piston are given
by

dMx

“dt =&xpom (Rf - R2) Vx @)
d(Mva) _ ,LL()IQ Re
i - a2\ R ) ®)

The circuit equation during the run-over stage is

d Q1 Q
7 [LTOT%] +—==0 9

C
where LtoT is the total inductance
1o Re
Lror =L+ 1 Zint+ —(X — ZinT)In | — ). (10)
21 R

Sheet Thickness: The thickness of the axial piston (in both
previous stages), 6 x, can be calculated regarding that the mass
fraction trapped in the axial portion of the sheet is

MX:pLUX = pLT™ (Rz—R2) (5)(. (11)

In (11), the sheet density is considered proportional to pg (i.e.,
pr = Kpg, K being the snowplow compression factor), and
R = R; in the run-down stage.

Similarly, the radial thickness during the radial stage can be
calculated from the mass fraction trapped in the radial portion
of the sheet

Mg = prvr = pLW[R2 —(R—- 53)2] (X + 6x — ZinT) -
12)
Energy balance: From the global energy balance of the
system (taking into account kinetic, electromagnetic and in-
ternal energies), it can be shown that the rate of internal energy
gain in the pistons is given by [20]

dENT V3 dMp

- 13

dt 2 di (13)
dEXT  VZdMy

X 14

dt 2 dt (19

it should be stressed that Vy and Vx are time dependent.
Also relevant in the pinch compression are the magnetic en-
ergy and the electric energy remaining in the capacitors

1
Eyviag = §LTOTI2 (15)

1Q?

Ecap = -+

ok (16)



GONZALEZ et al.: A LUMPED PARAMETER MODEL OF PLASMA FOCUS

Nl

T

SR )

Yyt e

Y -
e
‘_:x‘_‘.&“uﬁ

Fig. 5. Diagram of the pinch model.

C. Pinch Compression

The pinch compression starts when the front of the radial
piston reaches the axis (i.e., R — g = 0). In order to calculate
the temporal evolution of the pinch volume (Fig. 5), the mo-
mentum balance inside the pinch cylinder is written as

Ip

o) | 19 (r?)
- — JvB, — £
ot r  Or IxBs or

where p is the mass density, Jx is the axial current density, By
is the azimuthal magnetic field, and p is the pressure.

The pressure is related to the temperature by means of the
ideal gas equation [12]. Here, it is assumed that the number of
ions is equal to the number of electrons (i.e., N, = N;) and
that there is thermal equilibrium between them (i.e., T, = T;),
which leads to

7)

p(z,r, t)v(t) = NokT. + N;kT; = NkT(x,r,t) (18)
where v(t) is the pinch volume and N = N, + N;.

Inside the pinch, the gas heats up due to the transformation
of kinetic energy into internal energy during the collapse in the
axis. The energy balance of the system during the pinch is given
by

Eror = Ecap + Frag + EX T
+EX™ + Epiven + Ebinen- (19)
The total energy, FroT, is invariant during the evolution, and
equals the initial capacitor energy. The first two terms in (19) are
given by (16) and (15). The internal energy of the axial piston,
Effw, is calculated using (14), whereas the corresponding ki-
netic energy is given by
1
EY™N = 5MXV}Q. (20)
The kinetic energy contained in a differential volume, dv, lo-
cated at the point (z, r) inside the pinch is
1
dESNey = §V2(a:./r./ t)pdv 21
where p is the mass density and V' (z, r, t) is the modulus of the
velocity field.

{ |J-":"J‘-
\ Nl
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0 Inside pinch

The local temperature is proportional to the internal energy
per particle, that is

(7 — 1) EIIDI\IIECH(J"?r? t)
k N

where v = 5/3 for deuterium [12], k& is the Boltzmann constant.

In order to calculate the kinetic energy inside the pinch, the
velocity distribution should be provided. After the sheet front
reaches the axis, a shock wave reflection starts at » = 0 pro-
ceeding toward the pinch external face (r = R), which in turn is
moving toward the axis. The detailed modeling of this phenom-
enon would involve the solution of the compressible MHD equa-
tions. An alternative lumped parameter approach to this problem
is to postulate a family of velocity distributions, which satisfy
the expected boundary conditions, namely:

T(x,rt) =

(22)

a) zero radial velocity at the axis;

b) at the pinch external face (r = R), the radial velocity is

the radial velocity of the current sheet, V' (¢);

c¢) since there is no external magnetic pressure in the axial

direction, the pinch expands in this direction at sound ve-
locity C' [13].

Assuming for simplicity a constant power law dependence of
the radial component with the radial coordinate satisfying con-
ditions (a) and (b), the expression of the velocity profile results
in

vp(z, 7, t) = <%) V(t)
vp(z, 1) = %C(t) (23)

where h is the pinch height, C' is the average sound velocity at
x = h, R is the pinch radius, V the velocity of the radial piston,
and a is an effective constant parameter.

Replacing (23) in (21) and integrating over the pinch volume,
the kinetic energy of the pinch results in

Nm,; [C? V2
Efincn = I [?‘F a—i—l} .

In (24), the mass of the electrons was neglected, and m; is the
mass of the ions.

Combining (17)—(24) and assuming for simplicity uniform
mass density and electrical current concentrated in the external

(24)
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TABLE 1
PARAMETERS OF EXPERIMENT [17]

Symbol Parameter Value

C Capacity 32.7 uF
4 Charge voltage 11kV

L. External inductance 80 nHy
Zint Anode length 11to21 cm
R Anode radius 0.9 cm
R. Cathode radius 5cm

border, (17) can be integrated over the pinch volume, leading to
[14]

d
a( VR?) = (a+2)R [pesr — pr] (25)
where pj; is the magnetic pressure [15]
_ pol?
Py = (26)

and peg is an effective counterpressure given by

9 EINT EKIN
= —(y—1 PINCH PINCH
Peft = (v )p{ N TN

m; |2 1

- |=0?P+ ——V? 27

2 [3 +4a+2 }} @7)
INT

(2
where Fpiyey 18 calculated from (19).
Neutron production: The neutron production is calculated
assuming a thermonuclear model. Accordingly, it is given by

ay  [1,
o _/vin (ov)dV

where V is the volume of the pinch column and n is the number
density of deuterons, n = N/V. The average fusion cross sec-
tion {(ov) depends on the temperature according to [16]

(28)

1/3

<O"U> = 1.168 10—18T—2/3e—187.6T7 (29)

where T is expressed in electronvolts, and (ov) in m?/s.
Using (19)—(29), the integral in (28) is numerically calculated
by means of the trapezium method.

III. MODEL VALIDATION

The complete system of ordinary differential equations that
describe the operation of a plasma focus are (1) and (2), (4)—(9),
(13) and (14), (25) and (28). The equations were solved using
the FORTRAN LSODE subroutine package [9].

In order to validate the model, the numerical results were
compared against experimental measurements of the neutron
pulses generated in two Mather-type plasma focus available in
the open literature [17], [18]. Tables I and II detail the geometric
and electrical parameters of the devices. Systematic measure-
ments of the neutron yield dependence with the deuterium pres-
sure were reported in [17], including a study of the influence of
the anode length on the neutron yield and the optimum pressure.
In [18] the time to the pinch, the maximum current and the neu-
tron yield as functions of the filling pressures are provided.
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TABLE 11
PARAMETERS OF EXPERIMENT [18]

Symbol Parameter Value
C Capacity 10.5 uF
v Charge voltage 30 kV
L. External inductance 39 nHy
Zinr Anode length 8.7cm
R Anode radius 1.9cm
R. Cathode radius 3.6cm
12+ g
10+ E
sl ]
~
o
_ 6f E
>_
41 ]
2k i

mbar

Fig. 6. Neutron emission versus deuterium filling pressure for experiment
[17]. Experimental data (points) and numerical calculation (curve).
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Fig. 7. Optimum filling pressure versus the anode length for experiment [17].
Experimental data (points) and numerical calculation (curve).

Fig. 6 compares the dependence of the neutron yield with
the deuterium pressure in discharges over a 14.8-cm anode for
[17]. The value of the effective parameters £x, g, and a (see
Table IV) were adjusted to minimize the discrepancies between
the experimental data and the numerical results. The compres-
sion factor K was set in 4, which is a typical value for planar
supersonic shock waves.

Fig. 7 compares the pressure at which the optimum neutron
production occurs, for several anode lengths. Although there
are no error bars available for these data, there is a very good
agreement between calculated and measured values.

Fig. 8 compares the influence of the anode length on the max-
imum neutron yield at the optimum deuterium pressure. It can be
seen that there is a good agreement between the model and the
experiments, regarding that the same set of effective parameters
was used in all the calculations.

Finally, Fig. 9 shows the dependence of neutron production
with anode length and deuterium filling pressure, where the po-
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Fig. 9. Contour map of the neutron yield in the parameter plane (p,, Z) for
experiment [17].

TABLE III
MAIN VARIABLES FOR OPTIMUM NEUTRON PRODUCTION IN EXPERIMENT [17]

Symbol Quantity Value
yorr Optimum neutron production 1.0 10°
Zorr Znar for YO'! [em] 15
" po for YO 3.7
Dy Maximum electric current [A] 153660
Ipven Electric current at pinch compression [A] 152066
tpiven Time elapsed to pinch occurrence [us] 227

sition of the optimum neutron production can be observed. The
main variables of this maximum are in Table III.

The effective parameters required to numerically reproduce
the experiments reported in [18] are shown in Table I'V. Fig. 10
compares the measured time to focus in [18] with the calcu-
lations of the present model. Figs. 11 and 12 show the corre-
sponding pressure dependence of the maximum current and the
neutron yield. The agreement found in Figs. 10 and 11 supports
the modeling of the current sheet dynamics, whereas the model
performance in describing the neutron production (Fig. 12) sug-
gests that the pinch model is valid over a wide pressure range.

IV. STUDY OF A REFERENCE CASE

In order to study the behavior of the relevant variables during
simulation of plasma focus discharges, a reference case based in
the experiment [17] was studied (see Table I), using the model
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Fig. 10. Pressure dependence of the time to pinch for experiment [18].
Experimental data (points) and numerical calculation (curve).
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Fig. 11. Pressure dependence of the maximum electric current for experiment
[18]. Experimental data (points) and numerical calculation (curve).
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Fig. 12. Pressure dependence of the neutron yield for experiment [18].
Experimental data (points) and numerical calculation (curve).

parameters shown in the third column of Table IV. The reference
case assumes the following operating conditions.

Filling pressure: 3.7 mbar.
Anode length: 150 mm.
Charging voltage: 12 kV.

Fig. 13 shows the temporal evolution of the electrical current.
Basically, it follows a quarter of period of an LC circuit, shaped
by the inductance variation of the coaxial gun [(4) and (9)]. The
current drop at 2.27 us is caused by the inductance jump during
the pinch, when the pinch radius, R, reaches the minimum value
[see (10)].

Fig. 14 shows the evolution of the total mass of the current
sheet (i.e., accumulated in all the pistons). After an initial tran-
sient, the accumulation rate remains constant. The velocity of
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TABLE 1V
EFFECTIVE PARAMETERS

Symbol Quantity Experiment [17] Experiment [18]
Ex Axial sweep efficiency 0.08 0.4
&r Radial sweep efficiency 0.16 0.015
a Radial velocity profile exponent 0.07 0.5
' ' | =153660 A 900 ' ' N
150 o N s00k ‘ ]
300 [
100 - E
$ 2 of — 1
x T ~—
50 i -300 ‘\\ <
-600 | Vo
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Fig. 13. Temporal evolution of the electrical current. Fig. 16. Velocity of the radial piston.
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Fig. 17. Average pinch temperature.
Fig. 14. Evolution of the mass accumulated in all the pistons.
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Fig. 15. Velocity of the axial piston during the run-down.
Fig. 18. Evolution of the neutron rate.

the axial piston is shown in Fig. 15. It can be seen that the axial
velocity basically accompany the current behavior [(2)].

Fig. 16 shows the velocity of the radial piston. At 2.172 us,
the axial piston begins to run over the anode. Then the radial
piston is strongly accelerated toward the axis. At 2.2 us, the ra-
dial front touches the axis, and the pinch begins. The minimum
radius is reached at 2.2225 pus.

Fig. 17 shows the temperature evolution of the radial piston.
There is a slight increase during the radial collapse, followed
by the temperature excursion during the pinch compression.
The maximum predicted temperature is 4.8 keV, whereas the

time-average pinch temperature is 887.94 eV. Finally, Fig. 18
shows the evolution of the neutron rate. The total neutron pro-
duction calculated by the model agrees with the experimental
data. However, the calculated duration of the pinch (5 ns) is
much shorter than what was measured in other experiments
(about 100 ns). This effect requires further investigation.

V. SENSIBILITY ANALYSIS

Since the numerical results depends on the value of three ef-
fective parameters (¢ x, g, a) that should be estimated by com-
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Fig. 21. Sensibility of the pinch current to the parameter £ x .

parison against experimental data, it is important to study the
sensibility of the model to variations of these parameters. First,
the impact of the effective parameters on the dependence of
the main observable variables with the filling pressure was an-
alyzed. Figs. 19-22 show the sensibility of the neutron produc-
tion, the maximum current, the pinch current, and the time to the
focus, to variations of ¢ x. Reducing £, the neutron yield de-
creases and the optimum pressure increases. Similarly, the cur-
rents and the pinch time increases with .

On the other hand, changes in g and a only affects substan-
tially the neutron yield. Figs. 23 and 24 show the sensibility of
Y to &g and a. Reducing &g, the neutron yield and the optimum
pressure decrease. Increasing a reduces the neutron yield, but
does not affect the optimum pressure.

Figs. 25-27 show the effect of the effective parameters on
the optimum plasma-focus design (i.e., the value of the main
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Fig. 24. Sensibility of the neutron emission curve to the pinch parameter a.
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Fig. 25. Sensibility analysis to variations of the parameter £ x .

variables in the maximum of Fig. 9). The largest impact was
observed in the sensibility of the optimum neutron production
and the optimum pressure to variations of ¢g.
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VI. CONCLUSION

A lumped parameter model for the operation and neutron pro-
duction of plasma-focus devices was presented. The resulting
neutron yield predictions have been tested with available data at
different pressures and cathode length. The model explains very
well the dependence of the experimental data with the filling
pressure and anode length in two different devices.

The results show that the hypothesis of thermonuclear reac-
tions as the main source of the neutrons seems to be sufficient
for obtaining most of the measured features of the neutron yield.

It is true that there is a significant literature, especially from
Europe, that clearly shows the existence of beam-driven fusion
reactions in the plasma focus. However, it is also clear that the
devices in this paper are being operated in the high pressure
regime. Thus, a better comparison is with the Mather group lit-
erature from Los Alamos. That group clearly showed a scaling
dependence of the fusion yield proportional to the current to the
fourth.

A possible interpretation of what happened with the beams
inside the focus can be obtained by observing that the ion—elec-
tron and ion-ion equilibrium times go as 1/I. Therefore, as
the current increases, beam contributions to the fusion yield via
beam-hot target interactions become heating contributions to the
core pinch.

The sensibility study showed that the effective kinetic pa-
rameters {x and £p impact on the neutron production as well
as the pressure dependence. Decreasing £ x shifts the optimum
pressure to higher values, whereas the opposite occurs with £p.
Higher values of {x and lower values of £ increase the sensi-
bility of the neutron yield to pressure variations. The parameter

IEEE TRANSACTIONS ON PLASMA SCIENCE, VOL. 32, NO. 3, JUNE 2004

a (effective velocity profile) modifies only the level of neutron
emission.

In order to identify proper correlations of the parameters with
geometries and electrical parameters, more experimental data
should be confronted. Some efforts were recently directed to-
ward that end, with the comprehensive characterization of new
small plasma focus devices [21]-[24]. For future experiments,
we suggest systematic measurements of the pressure depen-
dence of neutron yield, maximum and pinch currents, and time
to focus. In addition, it would be useful to characterize as accu-
rate as possible the electrical parameters, such as inductances,
resistances, and spark gap response curves.

The numerical pinch duration was about 5 ns, which is much
shorter than the corresponding experimental measurements
(about 50-100 ns). A possible explanation of this discrepancy
is that the present model calculates the pinch as a single rigid
cylinder, whereas actual observations suggest the occurrence
of a train of micropinches caused by m = 0 instabilities.

The dependence of the optimum neutron yield with the
anode length was fairly reproduced by the numerical results
(Fig. 8). However, some discrepancy persisted that could not
be overcome by tuning the effective parameters. Probably this
is caused by the impossibility to model correctly the mass
expulsion through the cathode bars. The extension of the model
to account for the latter and other effects not included in the
present description would be an interesting issue for further
investigations.

The supporting evidence presented in this paper does not pre-
clude interpretation by other models, but the model set out here
does at least facilitate the raising of hypothesis, and offers a
simple and complete model for the evaluation and design of the
dynamics and neutron production of plasma focus devices.
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