Appl Math Optim (2009) 59: 365-381
DOI 10.1007/s00245-008-9058-5

Some Optimization Problems for p-Laplacian Type
Equations

L.M. Del Pezzo - J. Fernandez Bonder

Published online: 16 September 2008
© Springer Science+Business Media, LLC 2008

Abstract In this paper we study some optimization problems for nonlinear elastic
membranes. More precisely, we consider the problem of optimizing the cost func-
tional J (1) = f aq S (Ou dHN~! over some admissible class of loads f where u is
the (unique) solution to the problem —A ,u + |u |P=2u = 0in Q with |Vu|P~2u, = f
on 0€2.
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1 Introduction

In this paper we analyze the following optimization problem: Consider a smooth
bounded domain  C RY and some class of admissible loads .A. Then we want to
maximize the cost functional

J(f) = f fudHN,
0Q
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for f € A, where H? denotes the d-dimensional Hausdorff measure and u is the
(unique) solution to the nonlinear membrane problem with load f

—Apu+ulP?u=0 ingQ, w1
|Vu|P=23 = f on 9Q2. '
Here, Apu = div(|Vu|P~2Vu) is the usual p-Laplacian and E)d_v is the outer unit nor-
mal derivative.

These types of optimization problems have been considered in the literature due
to many applications in science and engineering, specially in the linear case p = 2.
See for instance [5].

In recent years, models involving the p-Laplacian operator with nonlinear bound-
ary conditions have been used in the theory of quasiregular and quasiconformal map-
pings in Riemannian manifolds with boundary (see [9, 19]), non-Newtonian fluids,
reaction diffusion problems, flow through porus media, nonlinear elasticity, glaciol-
ogy, etc. (see [1-3, 8]).

We want to stress that our results are new, even in the linear case. But since our
arguments are mainly variational, and for the sake of completeness, we decided to
present the paper in this generality.

In this work, we have chosen three different classes of admissible functions A to
work with.

e The class of rearrangements of a given function fj.
e The (unit) ball in some L9.
e The class of characteristic functions of sets of given surface measure.

This latter case is what we believe is the most interesting one and where our main
results are obtained.

For each of these classes, we prove existence of a maximizing load (in the respec-
tive class) and analyze properties of these maximizers.

The approach to the class of rearrangements follows the lines of [6], where a sim-
ilar problem was analyzed, namely, the maximization of the functional

T(g) = / qudHY,
Q

where u is the solution to —A ,u = g in  with Dirichlet boundary conditions.

When we work in the unit ball of LY the problem becomes trivial and we explicitly
find the (unique) maximizer for 7, namely, the first eigenfunction of a Steklov-like
nonlinear eigenvalue problem (see Sect. 4).

Finally we arrive at the main part of the paper, namely, the class of characteristic
functions of sets of given boundary measure. In order to work within this class, we
first relax the problem and work with the weak™* closure of the characteristic functions
(i.e. bounded functions of given L! norm), prove existence of a maximizer within this
relaxed class and then prove that this optimizer is in fact a characteristic function.
Then, in order to analyze properties of this maximizer, we compute the first variation
(or shape derivative) with respect to perturbations on the set where the characteristic
function is supported.
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This approach for optimization problems has been used several times in the liter-
ature. Just to cite a few, see [7, 12, 15] and references therein. Also, our approach to
the computation of the first variation borrows ideas from [13].

The paper is organized as follows. In Sect. 2 we include some preliminary results,
some of which are well known but we choose to include them in order to make the
paper self contained. In Sect. 3 we study the problem when the admissible class of
loads A is the class of rearrangements of a given function fp. In Sect. 4, we study the
simpler case when A is the unit ball in LY. Finally, in Sect. 5, we analyze the case
where A is the class of characteristic functions of sets with given surface measure.

2 Preliminaries

In this section we collect some well known results that will be used throughout the
paper.

2.1 Results on Rearrangements

First, we recall some well known facts on rearrangements that will be needed in
Sect. 3.

Definition 2.1 Suppose f: (X, %, u) > RT and g : (X', ¥/, u') — R are measur-
able functions. We say f and g are rearrangements of each other if and only if

p{xeX: f)zah) =p'(x €X' gx) =), Va=0.

Now, given fo € L?(A), where A C R with H4(A) < oo, the set of all rearrange-
ments of fp is denoted by R ;. Thus, for any f € R 4,, we have

Hi{xeA: f)zah =H'(Ux €A: fox) =a}), Va>0.
We will need the following lemma, the proof of which can be found in [4].

Lemma 2.2 Let fo € LP(3S2) and v € LP' (32) such that fo, v > 0. Then there exists
f € Ry, such that

fodHN—! = sup / hvdHN L
IQ heR, 709

The following result can be easily deduced from [17] (Theorem 1.14 p. 28).
Theorem 2.3 (Bathtub Principle) Let (2, X, i) be a measurable space and let f be
a real-valued, measurable function on Q such that p({x : f(x) > t}) is finite for all

t € R. Let the number G > 0 be given and define the class C of measurable functions
on Q by

C:{g: Ogg(x)glforallxand/g(x)du:G}.
Q
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Then the maximization problem

I= Sup/Qf(X)g(X)dM

geC
is solved by
8(x) = X(f>sy(X) + cx{f=s5)(x), 2.1
where
s=inf{t: u({f = t}) <G}
and

cu{f=sH=G—nul{f >sh.
The maximizer given in (2.1) is unique if G = u({f > s}) orif G = u({ f = s}).

2.2 Results on Differential Geometry

Now we state without proof some results on differential geometry that will be used
in the last section. The proof of these results can be found, for instance, in [14].

Definition 2.4 (Definition of the tangential Jacobian) Let 2 C RY be a smooth open
set of RV, Let ® be a C! field over RY. We call the tangential Jacobian of ®

T (@) :="[®]'v[J (@),

where v is the outer unit normal vector to 92, ®’ denotes the differential matrix of @,
J(®) is the usual Jacobian of ® and TA is the transpose of the matrix A.

The definition of the tangential Jacobian is suited to state the following change of
variables formula

Proposition 2.5 Let f € L'(®(3S)). Then f o ® € L'(32) and
/ fdHN! =/ (f o ®)Jo (D) dHN L.
DN I

Definition 2.6 (Definition of the tangential divergence) Let W be a C! vector field
defined on R" . The tangential divergence of W over 9<2 is defined as

div, W :=divW — (W'v, v),

where v is the outer unit normal vector to d€2 and (-, -) is the usual scalar product in
RV,

With these definitions, we have the following version of the divergence theorem.
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Theorem 2.7 Let Q be a bounded smooth open set of RN, D C 92 be a (relatively)
open smooth set. Let W be a [W1(dQ) 1N vector field. Then

/divTWdHN”:/ (W,vr)dHN_z—i-/ H(W,v)dHN 1,
D oD D

where vy is the outer unit normal vector to D along 02 and H is the mean curvature

of Q2.

3 Maximizing in the Class of Rearrangements

Given a domain  c RV (bounded, connected, with smooth boundary), first we want
to study the following problem

3.1
|Vu|P=23 = £ on 9Q2. @1

{—A,,u S P u=0 ing,
Here p € (1,00), Apu = div(|Vu|P~2Vu) is the usual p-Laplacian, aa_u is the outer
normal derivative and f € L9(3Q) with g > £, .
We say u € WP (Q) is a weak solution of (3.1) if

/ IVulP2VuVo + [u|P 2uvdH"N = fodHN!
Q a0
for all v e WP (Q).

The restriction g > [’\’,—/, is related to the fact that % = pl where p, = p(N —
1)/(N — p) is the critical exponent in the Sobolev trace imbedding wlr(Q) —
L"(9€2). So, in order for that the right side of last equality to make sense for f €
L7(02) we need v to belong to L4 (). This is achieved by the restriction ¢’ < py.

It is a standard result that (3.1) has a unique weak solution u s, for which the
following equations hold

/fufd’HN_l= sup  Z(u), (3.2)
0 ueWlr(Q)

where
I(u)=;{p/ fudHNfl—/ IVuIP—IrIqudHN}.
p—1 IQ Q

Let fo € L9(092), withg = p/(p — 1), and let R 7, be the class of rearrangements
of fo. We are interested in finding

sup / fuypdHNTL (3.3)
fERfO Q2
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Theorem 3.1 There exists f € Ry, such that
j(f):f fadHN "' = sup J(f)= sup fupdHNTL
191 fERf() fER/O R
where i = .

Proof Let

I = sup / fufd'HNfl.
feRy, JoQ

We first show that [ is finite. Let f € Ry . By Holder’s inequality and the trace
embedding we have

/ \Vuygl? + ug|? dHY < Cll fllLaoe lusllwe ).
Q

then
lufllwir =C VfeRy 3.4

since || fllLaa) = l follLaag) for all f € R g . Therefore I is finite.

Now, let { f;};>1 be a maximizing sequence and let u; = u s,. From (3.4) it is clear
that {u;};>1 is bounded in WLP(Q), then there exists a function u € W7 () such
that, for a subsequence that we still call {u;},

ui — u weakly in WP (),
u;j — u strongly in L? (),

u;j — u strongly in L” (32).

On the other hand, since {f;};>1 is bounded in L?(9€2), we may choose a subse-
quence, still denoted by { f;}i>1, and f € L9(92) such that

fi = f weaklyin L7(3%2).

Then

I[=1lim [ fu;dHN!
Q

i—00 Jy

p—1liooo

1
_—{p fudHN_l—/ |Vu|”+|u|”dHN}.
p—1 a0 Q

lim{p/ ﬁu,-dHN—l—/ |Vui|"’~|—|ui|”dHN}
Q2 Q

A

Furthermore, by Lemma 2.2, there exists f € R £, such that

fudHN ' < | fudrN~L
Q2 Q2
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Thus

1 .
15—{,;/ fudHN_l—/ |vu|P+|u|PdHN}.
1 a0 Q

As a consequence of (3.2), we have that

1 .
15—{,9/ fudHN_l—f |Vu|”+|u|"dHN}
p—1 a0 Q
1

5—{,; fﬁdHN‘l—f |Vﬁ|p+|ﬁ|deN}
1 P19 Q

fadrN !

Q
I.

IA

Recall that it = u 7 Therefore f is a solution to (3.3). This completes the proof. [

Remark 3.2 With a similar proof we can prove a slighter stronger result. Namely, we
can consider the functional

Ji1(f, ) Z=/ gqudHN +/ fudHN!,
Q R
where u is the (unique, weak) solution to

—Apu+ ulP"2u=g inQ,
|VulP=20 = f on 92,

and consider the problem of maximizing J; over the class Rg, X R 7, for some fixed

go and fy.
We leave the details to the reader.

4 Maximizing in the Unit Ball of L9

In this section we consider the optimization problem

max J (f)

where the maximum is taken over the unit ball in L9 (9£2).

In this case, the answer is simple and we find that the maximizer can be computed
explicitly in terms of the extremal of the Sobolev trace embedding.

So,welet f € L9(02), withg > 11\',—/,, and || flLe39) < 1, we consider the problem

sup / fupdH, 4.1
feLd (0R) IR
17l a e)y=!
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where u ¢ is the weak solution of

—Apu+ulP2u=0 ingQ, @)
29 .
[Vul|P za—ﬁ:f on 9%2.
The restriction g > % is the same as in the previous section.
A I_
In this case it is easy to see that the solution becomes f = v;’, ! Where vy €

WLP(Q) is a nonnegative extremal for S, normalized such that [|vg||; Q) = 1
and S, is the Sobolev trace constant given by

s . Jo IVVIP + [v|P dHN
q/ =

VWL @) ([ jola’ dHN 1T

Furthermore . = u F= WU(I’- Observe that, as ¢’ < p, there exists an extremal

q
for §,/. See [11] and references therein.
In fact

j(f):/ fﬁdHN*:/ \Val? + i) dHN
02 Q

1
T ))
Sq,

1

p PAHN = —
17 g = <
q/

On the other hand, given f € L9(9S2), such that || |l ¢30) < 1, we have

T = /a fup a2 sl g

< 1 / ) b N 1/p 1 Vol 1/p
<\— | |Vusl? +|usl?dH ) =—</ furdH _) ,
Sy Jo f f S;,/p 20 f

from which it follows that

J(f)fm-
q/

This completes the characterization of the optimal load in this case.

5 Maximizing in L*
Now we consider the problem

sup [ guydHN !, (5.1)
peBJOQ
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where B:={¢:0<¢(x) <1 forall x € 92 and fasz ¢ dHN-1 = A}, for some fixed
0 <A <HN=1(3Q), and uy is the weak solution of

—Apu+ulP?u=0 ing,

5.2
|Vu|p2 =¢ on 3%2. (52)

This is the most interesting case considered in this paper.
5.1 Existence of Optimal Configurations

In this case, we have the following theorem:

Theorem 5.1 There exists D C 32 with HN~1(D) = A such that

/ xDuDdHN”:sup/ qbud,dHN*l,
Q peB JoQ

where up =uy,,.
Proof Let

I=sup | pusgdH"™".
peBJOQ

Arguing as in the first part of the proof for Theorem 3.1 we have that [ is finite.

Next, let {¢; };>1 be a maximizing sequence and let u; = uy, . Itis clear that {u; };>1
is bounded in WP (), then there exists a function u € W7 () such that, for a
subsequence that we still call {u;};>1,

ui — u weakly in WP (),
u;j — u strongly in L? (),

u;j — u strongly in L (32).

On the other hand, since {¢;};>1 is bounded in L*°(d€2), we may choose a subse-
quence, again denoted {¢;};>1, and ¢ € L*>°(9<2) and such that

*
¢i — ¢ weakly* in L*(3).
Then

I = lim oiu; dHN !

i—00 IR

1
- hm{ / Giu; dHN T — f|w,|l’+|u |deN}

p— i—00
5—{;;/ qdeN*l—/ |Vu|p+|u|”dHN}.
p—1 IQ Q
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Furthermore, by Theorem 2.3, there exists D C 92 with HN-1 (D) = A such that

¢udHN_1§/ xpudHN 1,
Q2 Q2
and
{t<uycDcC{t<u}, t:=infls:H" s <u}) <A}

Thus

1
15—{,;/ XDudHN—l—/ |Vu|"’~|—|u|1’dHN}.
p—1 FYe Q

As a consequence of (3.2), we have that

1
1< —{p/ xpudHN ! —/ |Vu|p+|u|PdHN}
p—1 BT Q

=

{pf xDuDdHN—‘—/ |VuD|P+|uD|PdHN}
1 aQ Q

D —

/ xpupdHN !
a0

1.

IA

Recall that up = uy,,. Therefore xp is a solution to (5.1). This completes the
proof. U

Remark 5.2 Note that in arguments in the proof of Theorem 5.1, using again the
Theorem 2.3, we can prove that

{t<up}lC DC{t<up}

where ¢ ;= inf{s : HN~1({s <up}) < A}. Therefore up is constant on 3 D.
5.2 Domain Derivative

In this subsection we compute the shape derivative of the functional J (xp) with
respect to perturbations on the set D. We will consider regular perturbations and
assume that the set D is a smooth subset of 9€2.

Then, by using the formula for the shape derivative, we deduce some necessary
conditions on a (regular) set D in order for it to be optimal for 7 in the L* setting.

Also, this formula could be used to derive algorithms in order to compute the
actual optimal set (cf. with [10]).

For the computation of the shape derivative, we use some ideas from [13].

We begin by describing the kind of variations that we are considering on the set D.
Let V be a regular (smooth) vector field, globally Lipschitz, with support in a neigh-
borhood of 32 such that (V, v) =0 and let ¥; : RY — R¥ be defined as the unique
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solution to

i%wx) =V (x) >0, 5

Yolx) =x xeRV.
We have
Y (x) =x +1V(x)+o(t) VYxeRN.

Now, if D C 02, we define D; := (D) C 992.
First, we compute the derivative at r = 0 of the surface measure of the set D,. That
is, we want to compute

d N-1
— D
ot (D)

Lemma 5.3 With the previous notation, if D C 02 is a smooth (relatively) open set,
then

d_ o ; N-1
— D = .
HY f)‘,:o /dev dH

Proof We will use the following asymptotic formulae, for which the proofs can be
found in [14]:

JY(x) =1+1tdivV(x) 4+ o(2), 5.4
W, ') =1d—1V(x) +0(t). (5.5)

Then we have, by the change of variable formula, Proposition 2.5,
HN (D)) = / dHY ! = / YT @l T g () dHV
D, D
Hence by (5.4), (5.5) and the definition of J; we get, using that (V,v) =0,
HN V(D) =HN"1 (D) + t/ divV dHN ! + 0(r).
D
Therefore, we arrive at

d_~va1
— D
dtH (Dr)

=f divv dHN 1L,
D

t=0
This is what we wanted to show. O
Now, let

1) = / o, dHY
02
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where u; € W7 () is the unique solution to

i_Aput + |ue|P2u; =0 inQ, (5.6)

-29
[V P ﬁ=XD, on 9§2

and assume that D C 9€2 is again a smooth (relatively) open set.
We have the following lemma:

Lemma 5.4 Let ug and u; be the solution of (5.6) witht =0 and t > 0, respectively.
Then

Uy —>ug in WhP(Q), ast — 0.

Proof The proof follows exactly as the one in Lemma 4.2 in [6]. The only difference
being that we use the trace inequality instead of the Poincaré inequality. g

Remark 5.5 It is easy to see that, as ¥, — Id in the C' topology, then from
Lemma 5.4 it follows that

Wy i=u; oYy — ug  strongly in WP ().
Now, we arrive at the main result of the section.

Theorem 5.6 With the previous notation, if D C 02 is a smooth (relatively) open
set, we have that I (t) is differentiable at t = 0 and

=L | upv.ve)anN2,

dI(I)
dr = P—1Jsp

where uy is the solution of (5.6) with t = 0 and v, stands for the exterior unit normal
vector to D along 02.

Proof By (3.2) we have that

1
I(t)=sup —{pf UXD,dHN_l—/|Vv|p+|v|pd’HN}.
vewlr) P —1 a0 Q

Given v € WP(Q) we consider u = v o ¥, € WP(Q), then, by the change of vari-
ables formula, Proposition 2.5,

/vxD,dHN”:/ u)(DJTtp,dHN*1
Q 0

:/ uXDdHN71+t/ uXDdivadHN71+o(t).
a0 a0
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Also, by the usual change of variables formula, we have
/ |Vol? dHY = / Ty 17 o vaT 1Py, dHY
Q Q
= / (I =TV + o) Vul |P{1 + tdivV + o(1)} dHN
Q

= f (IVul? = tp|VuP2(Vu,” V'VuT) + o(1)}
Q
x{1 +tdivV + o(r)} dHN

=/ |Vu|deN+tf |Vu|PdivV dHN
Q Q

—tp/ IVu|P2(Vu,T V'VulYydHN + o(r),
Q

and
/ |v|PdHN=/ |u|PJ¢,dHN=f |u|deN+t/ luPdivV dHN + o(1).
Q Q Q Q
Then, for all v € W17 (Q) we have that
p/ vyp,dHN ! —f |Vu|? + |v|? dHY
I Q
:p/ uXDdHN_l—/ IVul? + |u|? dHN
Q2 Q
+t|:p/ uXDdivTVdHN—/(|Vu|p+|u|p)dideHN
Q2 Q

+p/ IVu|P~2(Vu,’ V/VuT)dHN] +o(1).
Q

Therefore, we can rewrite I () as

1
I(t)= sup —l{fp(u)+l¢(u)+0(l)},
uewlr(Q) P —

where

go(u)=p/ udeHN*I—/ Vul? + u)? dHY
02 Q

and
) =p/ uypdive VdHN ! —/(|Vu|p+|u|p)diVVdHN
Q2 Q

+p/ \VulP~2(Vu,” v'VuTydH".
Q
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If we define w; = u; o ¥, for all + we have that wg = ug and
1
1(t) = ﬁ{w(wz) +1¢(wy) +o(1)}

for all ¢. Thus

1
I(t)—1(0) > {p(uo) +td(uo) + o(t)} — ——p(uo),
p—1 p—1
then
liming 70— 1O 1 é (uo).
t—0t p— 1
On the other hand
1 1
1) —1(0) = ——{p(w,) + 1 (wy) + o(D)} — ——p(wy),
p—1 p—1
hence,

TO=10 - 14w+ Lo,
t p—1 t

By Remark 5.5,
¢(w;) — pug) ast— 0%,

therefore,

1 — 10 1
plO 1O 1 00
p—1

lim su
t—07t t

From (5.7) and (5.8) we deduced that there exists 1’(0) and

1
1'(0) = ——¢(ug)
p—1

1

(5.7)

(5.8)

- —{p/ uoxpdiv, VdHN ! —i—pf |VuolP~2(Vuo,” V'Vul'ydHV
0 Q

p—1

—/(|Vuo|p + |ug|?)divV dHN}.
Q

Now we try to find a more explicit formula for 1'(0).
In the course of the computations, we require the solution u( to

—Aug + |luglP2up=0 inQ,
VuolP 250 =xp  ondQ,

to be C2. However, this is not true. As it is well known (see, for instance, [19]), uo

belongs to the class C!»? for some 0 < § < 1.

@ Springer



Appl Math Optim (2009) 59: 365-381 379

In order to overcome this difficulty, we proceed as follows. We consider the regu-
larized problems

{—div((qu8|2 +e)PD2YuE) 4 ub|P2uE =0 inQ, 5.9

(Vus2 +62)(r=2/220 — 5 ) on 9.

It is well known that the solution ug to (5.9) is of class C%P forsome 0 < p < 1 (see
(16)).

Then, we can perform all of our computations with the functions u and pass to
the limit as € — 0+ at the end.

We have chosen to work formally with the function u( in order to make our ar-
guments more transparent and leave the details to the reader. For a similar approach,

see [13].
Now, since
div(luo|” V) = pluol?~*uo{Vuo, V) + luo|"divV,
div(|Vuo|P V) = p|Vuo|’~>(VugD?ug, V) + |Vuo|PdivV,
we obtain

1
1'(0) = ﬁ{p/m uoxpdive VdHN ! J”p/Q |VuolP~(Vuo,” V'VulydHN

—/ div((|Vuo|? + |u0|P)V)dHN+p/ |Vuo|?~2(VugD*ug, V) dH"
Q Q

+p/ luo| P~ uo(Vuo, V>dHN}.
Q

Hence, using that (V, v) = 0 in the right hand side of the above equality we find

1’(0)=L{/ uoxpdive V dHN !
p—11Jsa

+/ |VuolP~2(Vuo,” V'Vul + D*ugvTydH"
Q
+/ luolP2uo(Vuo, V)dHN}

Q

= {/ uoxpdive V dHN ! 4 / [VuolP~*(Vuo, V((Vuo, V))) dH™
r—11Jsg Q2

+/ luo|P " 2uo(Vuo, V)dHN}.
Q

Since ug is a week solution of (5.6) with t = 0 we have

1'(0) = L{/ uoXDdiVTVdHN*%/ (VuO,V)XDdHNl}
p—11Jse P19
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_P_ div; (uoV)xp dHN!
Q

Cp—1J,

=L | uov. vy dHN 2,
p—1Jsp

This completes the proof. g
The following corollary is a result that we have already observed, actually under
weaker assumptions on D, in Remark 5.2.

Nevertheless, we have chosen to include this remark as a direct application of the
Lemma 5.3 and Theorem 5.6.

Corollary 5.7 Let xp be a maximizer for J over the class B and assume that D C
02 is a smooth (relatively) open set. Let up be the solution to the associated state
equation

—Apu+ulP2u=0 inQ,
|Vu|1”zg—l’f=)(p on 0L2.

Then, up is constant along o D.

Proof Recalling the formula for the derivative of the volume, that is,
d
— Nt (D,)‘ = / div, VdHN ! = / (V,vr)dHN 2,
dr t=0 D oD
and the fact that D is a critical point of /, we derive
/ d N—1
1'(0) :CEH (D,)’ o < u=constant, onaD.
t=
As we wanted to prove. O
5.3 Final Comments

It would be interesting to say more about optimal configurations. For instance:

e What is the topology of optimal sets? Are optimal sets connected?

e What about the regularity of optimal sets? Is it true that the boundary of optimal
sets are regular surfaces?

e Where are the optimal sets located?

These questions, we believe, are difficult ones and we can only give an answer
in the trivial case where the domain €2 is a ball. In this case, by symmetrization
arguments (by means of the spherical symmetrization, cf. with [12, 18]) it is straight
forward to check that optimal sets are spherical caps.

This example also shows that the uniqueness problem is far from obvious.
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