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We investigate the extension to finite temperatures and neutrino chemical potentials of a recently
developed nonlocal chiral quark model approach to the equation of state of neutron star matter.
We consider two light quark flavors and current-current interactions in the scalar-pseudoscalar,
vector, and diquark pairing channels, where the nonlocality of the currents is taken into account
by a Gaussian form factor that depends on the spatial components of the 4-momentum. Within
this framework, we analyze order parameters, critical temperatures, phase diagrams, equations of
state, and mass-radius relations for different temperatures and neutrino chemical potentials. For
parameters of the model that are constrained by recent multi-messenger observations of neutron
stars, we find that the mass-radius diagram for isothermal hybrid star sequences exhibits the thermal

twin phenomenon for temperatures above 30 MeV.

I. INTRODUCTION

The exploration of the QCD phase diagram remains
a focal point of research, drawing considerable atten-
tion due to its implications for understanding the di-
verse phases of strongly interacting matter with tem-
perature and baryon chemical potential [1]. In extreme
conditions, such as those encountered in the early uni-
verse or within neutron stars [2-5], nuclear matter un-
dergoes transitions across various phases, encompassing
the quark-gluon plasma, hadronic matter, and color su-
perconducting phases [5, 6]. Nevertheless, when QCD
transitions to the non-perturbative regime at low ener-
gies, effective models emerge as indispensable tools for
elucidating relevant phenomena in this domain [7-10].
In regimes characterized by low temperatures and high
densities or baryonic chemical potential, it is imperative
that effective models proficiently encapsulate and predict
phenomena within compact stellar environments. Con-
versely, near-zero baryonic chemical potential, effective
models must align with the insights provided by lattice
QCD (LQCD) [11, 12]. This highlights how complex
QCD is, and we need flexible theories to understand it at
various energy and density levels. The growing wealth of
data from different cosmic messengers highlights the need
to thoroughly test effective models. This ensures accu-
rate predictions and descriptions of various phenomena.
In particular, it is important to note that nonlocal quark
effective models, specifically with covariant form factors,

naturally result in the inverse magnetic catalysis effect
under a constant external magnetic field and finite tem-
perature conditions [13, 14]. Additionally, it’s interesting
to explore how temperature and neutrino trapping play a
role, especially when describing objects formed after com-
pact star mergers. This also includes considering thermal
twins [15], which can be crucial in simulating supernovae
for massive stars. Integrating these factors helps us build
more comprehensive models for a better understanding
of astrophysical intricacies. In our prior research [16],
we conducted a thorough analysis of a nonlocal chiral
quark model, incorporating color superconductivity and
vector repulsive interactions at zero temperature. The
primary aim was to leverage the resulting equation of
state (EOS) for quark matter (QM) in conjunction with a
hadronic EOS to comprehensively characterize the prop-
erties of cold, deleptonized neutron stars (NS) within a
hybrid framework. We determined the optimal parame-
ters of the QM model that satisfy modern observational
constraints, including maximum mass, radii, and tidal
deformability [17-20].

In this ongoing investigation, our central objective is
to enhance the model’s versatility at high densities by
extending its applicability to finite temperature condi-
tions. Then, the developed EOS can become part of the
repository CompOSE [21] which comprises EOS for sim-
ulations of astrophysical objects like supernovae, neutron
stars and their mergers.

To maintain consistency with constraints pertinent to



the cold neutron star (NS) scenario, we employ the iden-
tical parameters from the quark matter (QM) model de-
tailed in Ref. [16]. By incorporating temperature, we
consider the presence of trapped neutrinos in compact
star matter, examining their collective impact on the
maximum mass and radii of the compact object configu-
rations.

This paper is organized as follows: In Section II, we
introduce the quark model, extending its application
to finite temperature. Subsequently, in Section III, we
present the results of our hybrid model for astrophysical
applications. Finally, Section IV provides a summary of
our findings and conclusions.

II. INSTANTANEOUS NONLOCAL QUARK
MODEL AT FINITE TEMPERATURE AND
DENSITY, INCLUDING NEUTRINO TRAPPING

We investigate the properties of quark matter (QM) in
the frame of a nonlocal chiral quark model. This model
takes into account interactions involving scalar and vec-
tor quark-antiquark pairs, as well as anti-triplet scalar
diquark interactions. The effective Euclidean Lagrangian
density for two light flavors is expressed as [16]
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In this context, m. denotes the current quark mass,
which is assumed to be the same for both v and d quarks.
The currents jg p(z) are defined using nonlocal operators
based on a separable approximation of the effective one-
gluon exchange (OGE) model within the framework of
Quantum Chromodynamics (QCD). [22, 23]. The cur-
rents read
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where we defined ¢o(z) = yov4¢T(z) and Ty =
(1, iy57), while 7 and \,, with a = 2,5, 7, stand for Pauli
and Gell-Mann matrices acting on flavor and color spaces,
respectively. The functions ¢(z) in Egs. (2) represent
nonlocal “instantaneous” form factors (3D-FF) charac-
terizing the effective quark interaction, which relies on
spatial momentum components.

It is important to mention that the vector current in
Eq. (2) is assumed to be local, and the reason for this
assumption will be provided later. For the extension to
2+1 flavors, see Refs. [24, 25].

In the mean-field (MF) approximation, the only non-
vanishing MF values in the scalar and vector sectors cor-
respond to isospin zero fields, specifically ¢ and @, re-
spectively. Additionally, within the diquark sector, due
to color symmetry, one can perform color space rotations
to set Ay and Ay to zero while maintaining Ay = A.

When distinct chemical potentials, denoted as 4. for
each flavor and color, are introduced, it may initially
appear as though six unique quark chemical potentials
emerge. These correspond to the quark flavors u and d,
as well as the quark colors r, g, and b. However, all p¢.
can be expressed in terms of three independent param-
eters: the baryonic chemical potential pp (calculated as
P + 2/1q), a quark electric chemical potential pg, (de-
fined as p, — p1q), and a color chemical potential pg. The
corresponding relations read
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Note that the particular choice of Ay = A in the space
color introduces an additional » — g symmetry.

When taking into account the vector meson mean field
(0, originated from the term involving o in the local vec-
tor current, the chemical potentials experience a shift
denoted as fifc = pty. — @ [10]. This choice of local in-
teractions in the vector current was made to prevent any
momentum dependence in the chemical potentials, which
are now adjusted due to the presence of the vector mean
field. In addition, following Ref. [26], it is convenient to
define
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Thus, the corresponding mean field grand canonical
thermodynamic potential per unit volume can be written
as
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with



where ¢ denotes quark color and the + for x and A indi-
cate the need to consider two terms for each index, one
for each sign. Considering the red-green symmetry intro-
duced earlier, we have defined
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where

The dispersion relation is given by
E? =2 + M?(p). (10)
Here, the momentum-dependent quark mass function is

M(p) = me + g(p)o- (11)

The mean field values & and A are determined by solv-
ing a system of coupled gap equations, complemented by
a constraint equation for w. This set of equations col-
lectively characterizes the self-consistent behavior of the
system. Additionally, the constraint equation for @ en-
sures that the vector meson mean field remains consistent
with the other field values, contributing to the overall sta-
bility and equilibrium of the system under investigation.
The set of equations is:

8QMFA aQMFA aQ]\/[FA

o6 a0 o 0 (12)
explicitly shown in Eqgs. (A2)-(A4), and using the regu-
larization prescription of Eq. (A5).

As we aim to describe quark matter behavior in the
core of neutron stars, we need to consider the presence
of leptons. In this study, we consider exclusively elec-
trons and electron neutrinos as the leptonic components.
By treating leptons as a free relativistic Fermi gas, the
total pressure of both quark matter and leptons can be
expressed as:

P =P, + Py , (13)
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with €. = 1/p? + m2.

In addition, it is necessary to take into account that

(see Appendix A), and where P,
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quark matter has to be in 8 equilibrium with electrons
and muons through the g-decay reactions

d—u+e+v,, ute—d+uv,. (15)

Thus, we have an additional relation between fermion
chemical potentials, namely,
—He T Mo, (16)
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forc=r,g,b.

Ensuring electric and color charge neutrality within
the system is a crucial requirement in the core of neutron
stars. In this context, two chemical potentials, namely
e and pg, become constrained by the conditions that
electric charge and color charge number densities must
be zero. As we will introduce later, we will consider that
Uy, is a function of the temperature. These conditions
are expressed as follows:
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where the expressions for the different number densities
can be found in Appendix A.

From the thermodynamic potential, we can easily de-
rive several other important quantities. In particular, we
define the quark and lepton densities as follows:
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The quark chiral condensate and chiral susceptibility x
are given by
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In summary, within the context of quark matter in neu-
tron stars, it is possible to determine the values of A, 7,
@, pe, and pg, for each combination of temperature (7"
and baryonic chemical potential (up). This is achieved
through the solution of Egs. (12), accompanied by the
supplementary equations (16) and (17). This compre-
hensive approach enables us to establish the equation of
state (EOS) for quark matter within the specific thermo-
dynamic regime.

To comprehensively define the nonlocal NJL model in
question, it is essential to establish specific parameters
and the instantaneous form factor g(p) at T = 0 and
up = 0. These parameters and form factors are vital for
describing how quarks interact in the ¢q and gq channels.



As in Ref. [16], we consider a Gaussian form factor in
momentum space,

9(p) = exp[-p?/A%] .

In this study, we adopted the identical set of input pa-
rameters as presented in Ref. [16], which includes m, =
2.3 MeV and Gg = 9.9 GeV—2. We introduce the ra-
tios of coupling constants as follows: np = Gp/Gg and
nv = Gy /Gg. We will specifically focus on the ratios ex-
plored in Ref. [16], which were constrained through the
analysis of observational multi-messenger data.

Now, we can begin to analyze the features of the phase
transitions in the T - up plane for the nonlocal chiral
quark model introduced above. In this section, we will
simplify our analysis by neglecting the influence of neu-
trino trapping. The consideration of neutrinos and their
impact, as a function of the temperature, will be incor-
porated in the subsequent section when we investigate
astrophysical applications. This separation allows us to
focus on the specific aspects of the system at hand before
introducing the broader astrophysical context.

To illustrate the behavior of the order parameters and
phase transitions, it is convenient to start by showing
the behavior of the order parameters for representative
values of np and 7y as a function of the baryonic chemical
potential, considering two different fixed temperatures.
Initially, we will consider only electrons as leptons, that
is, without neutrinos trapped in the system. In Fig. 1, we
quote the quark condensate in solid lines and the diquark
MF value in dashed lines as functions of up, for np = 1.1
and ny = 0.5. The critical chemical potentials % are
denoted with thin black vertical lines.

In Fig. 2 we show the behavior of the quark condensate
in solid lines and the diquark MF value in dashed lines
as functions of T for two given values of pup.

In general, it can be seen that the mean field value
of the diquark field vanishes at p%’¢ (T25¢), denoting
a second-order phase transition. On the other hand, at
M’E‘gSB (TX5B) | one finds the peak of the chiral suscepti-
bility, indicating a crossover phase transition to a region
where the chiral symmetry is partially restored. There-
fore, one can define a region, denoted by the gray band
in both figures, where a 2SC phase takes place with a
finite and small value of the diquark gap coexisting with
the chiral symmetry-breaking phase.

Considering the phase diagrams under different model
approximations is valuable. It not only facilitates com-
parisons with other studies but also aids in understand-
ing the impact of each interaction term considered on the
phase transition curves. In Fig. 3, we present the phase
diagrams corresponding to different limiting conditions
of the model, depending on the choice of the coupling
constant ratios.
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FIG. 1: Order parameters chiral condensate (solid line)
and diquark pairing gap (dashed line) as functions of
up for temperatures T'= 40 MeV and T = 80 MeV in

panels (a) and (b), respectively, when np = 1.1,
ny = 0.5 and p,, = 0.

The phase diagram can be sketched by analyzing the
numerical results obtained for the relevant order param-
eters. In general, one can find regions in which the chiral
symmetry is either broken (xSB) or approximately re-
stored, and phases in which the system remains either in
an asymptotically free phase (NQM) or in a two-flavor su-
perconducting phase (2SC). The first-order and crossover
boundaries are depicted by solid and dotted lines, respec-
tively, while second-order phase transitions are indicated
by dashed curves. Solid dots mark critical end point
(CEP) locations, between the crossover and first-order
phase transitions. Each set of lines of the same color rep-
resents the phase diagram for a specific approximation of
the model. Namely, the full model is shown with black
lines, while the blue ones correspond to a system with-
out color and charge neutrality or leptons. In red (green)
lines we plot the phase transition curves for a model with
nv =0 ( np = 0). Finally, the purple curves represent a
model with ny = np = 0. It is evident that diquark in-
teractions promote chiral symmetry restoration, whereas



400
@ |
300 1 . _ 850 Mev ; ]
s T(59) - 855 MeV i
o 200 ]
s TSB) _ 908 MeV
100 ]
- RN
0 |-~ - N ]
400
(b)
300 ¢ 1g = 1200 MeV : ]
= TS0 - 82 Mev
3 200 | ]
= [T
100 | N ]
—_ <qq>1/3 \\\
—_— \
A \
ol ‘ ‘ R
0 25 50 75 100
T [MeV]

FIG. 2: Order parameters chiral condensate (solid line)
and diquark pairing gap (dashed line) as functions of
temperature T for up = 850 MeV and up = 1200 MeV
in panels (a) and (b), respectively, with np = 1.1,
ny = 0.5 and p,, = 0.

vector repulsion appears to delay it. Furthermore, as the
diquark coupling constant ratio increases, the 25C region
is more robust, as expected.

Let us now analyze the structure of the phase diagram
at the mean-field level for several representative cases
in the parameter space of np and 7y, as considered in
Ref. [16]. Specifically, we fix np to 0.9 in Fig. 4 and to
1.1 in Fig. 5. In these figures, the upper, middle, and
lower panels correspond to 7y values of 0.1, 0.5, and 0.9,
respectively. At relatively high temperatures, the critical
chemical potentials are characterized by the positions of
the peaks in the chiral susceptibility, marking the region
where the transition occurs as a smooth crossover (de-
noted by dotted lines in the figures). Conversely, at lower
temperatures, the chiral condensate exhibits a disconti-
nuity, indicating a first-order phase transition (solid lines
in the figures). Traversing the first-order phase transition
curve reveals an ascent in the critical temperature from
zero to a critical end point (CEP) temperature, while
the critical chemical potential decreases as T, increases.
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FIG. 3: Structure of the phase diagram at low
temperatures and finite pp for different
parametrizations of the model: full model with leptons
(black line), version without charge or color neutrality
(blue lines), and the simplest version, a model without
diquarks or vector interactions (violet lines).

Beyond this CEP, the chiral restoration phase transition
proceeds smoothly as a crossover.

With increasing vector coupling, the CEP is moved to
lower temperatures and is absent above a critical vector
coupling, as was found already in [27]. As previous in-
vestigations of the QCD phase diagram with color super-
conductivity within chiral quark models at the mean-field
level have revealed (see, e.g., Refs. [24, 25, 28]), the chi-
ral symmetry breaking and color superconducting phases
expel each other when vector and diquark couplings are
not too strong. Then, the first-order phase transition of
partial chiral symmetry restoration for T, < Tcgp entails
a first-order transition for the onset of color superconduc-
tivity with increasing pp. Should vector and/or diquark
coupling be sufficiently strong, then a coexistence phase
of chiral symmetry breaking and color superconductivity
can exist. This has been observed and discussed in the
three-flavor case in the work [29] as a result of the mixing
between diquark pairing condensates and chiral conden-
sates by the Fierz-transformed 't Hooft determinant in-
teraction, i.e. as a consequence of the U4 (1) anomaly of
QCD. This coexistence phase is also related to the possi-
bility of a BEC-BCS crossover in low-temperature quark
matter [30-33]. Note that a crossover nature of the de-
confinement transition at low temperatures has also been
suggested based on arguments for a quark-hadron conti-
nuity [34, 35].

As mentioned above, there is an intermediate region of
coexistence where the chiral symmetry remains broken
with a nonvanishing diquark mean-field value. The size



of the coexistence region becomes larger with increasing
values of ny and np. In contrast, elevated ny values lead

to a reduction in the coordinates of the CEP.
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FIG. 4: Phase diagrams for np = 0.9 and (a) ny = 0.1,
(b) nv = 0.5 and (c) nv = 0.9 with y,, =0

Moreover, in the case of extreme np values and very
low temperatures, there is a sharp increase in the critical
chemical potential for diquark condensation. This phe-
nomenon, resulting from particularly large np values, has
been previously observed within the framework of these
effective models [23].

III. ASTROPHYSICAL APPLICATIONS

The primary objective of this study is to assess the ap-
plicability of the proposed QM model in the context of
astrophysics, in particular to the study of effects of the
quark-hadron phase transition in (proto-)neutron stars as
well as simulations of supernova explosions and neutron
star mergers. In this context, the appearance of thermal
twins [15] signals a softening of the EOS which may in-
hibit the possibility of a second shock that was obtained
as an explosion mechanism for the DD2F-SF model class
of hybrid EOSs [36, 37] and rather lead to a failed su-
pernova. The possibility that thermal twins might serve
as an indicator for the (non-)explodability property of a
class of hybrid EOSs warrants a detailed study of this
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FIG. 5: Phase diagrams for np = 1.1 and (a) ny = 0.1,
(b) ny = 0.5 and (c¢) ny = 0.9 with p,_ = 0.

phenomenon. To achieve this goal, we adopt a two-phase
model framework for the construction of isothermal first-
order phase transitions from hadronic matter to QM un-
der the constraints met in the interiors of compact stellar
objects.

A. QM EOS

In Ref. [16] we considered a pp-dependent bag pres-
sure given by the equation

B(ug) = Bo f<(1B) (20)

with

Felm) = [ 1= rann (222<) | 2

that was first introduced in [38] in order to mimic the
string-flip QM EOS of Ref. [39] and later applied also
for other aspects of hybrid neutron star phenomenology
[40-42].

Here we have set . = 895 MeV, I' = 180 MeV and

By = 35 MeV /fm?, being the optimal values to reproduce
the astrophysical observables.



Also, it is important to remark that a pp-dependent
bag pressure will affect the value of ng = OP/dug, pro-
ducing a noticeable effect on the Gibbs free energy and
therefore also on the energy density, both of them defined
below. The energy density can be written as

e=—-P"+Ts+G (22)

where s = —0Q/0T. Here, G is Gibbs free energy, which
depends on conserved charges

G = Zﬂana

W Np + e+ pg ng + ps ns. (23)

where nj; =np — % and P* = P — B(u) and
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By imposing electric charge and color charge neutral-
ity, the last two terms of Eq. (23) are zero; then, after
reordering terms, G can be written as

G =np pp + (N, + 1) pu, (25)

where ng = (1/3)(n, + nq) with ny = >~ _ny. and the
chemical potentials ¢, are defined in Egs. (3).

B. Hadronic phase

The interactions between baryons in the hadronic
phase of nuclear matter are modeled using the density-
dependent relativistic mean-field (DDRMF') theory. This
theory is based on the exchange of scalar (o), vector (w),
and isovector (p) mesons. The Lagrangian density of this
model is a function of the meson and baryon fields, given
by
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where n = ) pnp the total baryon number density,
while g,5(n), gur(n) and g,5(n) are density-dependent
meson-baryon coupling constants, whose functional form
is usually given by [43, 44]
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for 7 = o,w and
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where the parameters a,, b;, ¢, dr and a, are fixed by
the binding energies, charge and diffraction radii, spin-
orbit splittings, and the neutron skin thickness of finite
nuclei [45, 46].

The meson mean-field equations following from Eq.
(26) are given by
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where I3p is the 3-component of isospin for each baryon,
while n% and np are the scalar and particle number den-
sities for each baryon B, which are given by
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Here fp+ denotes the Fermi-Dirac distribution function
and B stands for the effective baryon energy given by
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v = 2Jp + 1 is the spin degeneration factor, mj =
mp — gop(n)d is the effective baryon mass and p7; is the
effective chemical potential, given by

fB:F (p) =
exp [
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where R is the rearrangement term given by
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which is important for achieving thermodynamical con-
sistency [47]. This term also contributes to the baryonic
pressure,
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Note that in this work, neglecting the effects of
strangeness, B runs only for nucleons, i.e., B= N, P.

Lepton particles can be included in the hadronic mat-
ter as free Fermi gases in the relativistic mean-field
(RMF) theory. The pressure contribution of these parti-
cles is given by

3 2
P=3 % [ G e 0+ S 6)

where fr+(p) are the corresponding Fermi-Dirac distri-
bution functions for leptons and antileptons, respectively.
The degeneracy factor of the spin-1/2 leptons is v, = 2.

The sum over L in Eq. (35) usually runs over e~ with
mass m, and, when corresponding, massless electron neu-
trinos, v,.

The energy density, €, is determined by the Gibbs re-
lation:

e=—P+TS+Y un, (36)
J
where P = P+ P, S = ?T; and n; = 8%3]- (j stands for
all the particles of this phase, including leptons).

As previously shown in the T' = 0 calculation by Contr-
era et al. [16], our study incorporates a neutron star crust,
utilizing the Baym-Pethick-Sutherland (BPS) model [48]
to comprehensively characterize the hadronic equation
of state (EOS) at densities below the nuclear saturation
density.

C. Exploring the hybrid EOS and astrophysical
observables

To obtain the mass-radius relations of the proto-
neutron stars we use a two-phase description to account
for the transition from nuclear matter to quark matter
(QM). For QM we use the nonlocal NJL model presented
in Sec. IT and studied at 7" = 0 in Ref. [16], which in-
cludes a density-dependent bag pressure and whose free
parameters have been chosen to better reproduce mod-
ern astrophysical constraints. On the other hand, to de-
scribe nuclear matter at finite temperature, we use the
DD2 density-dependent model parametrization described
in Sec. III B.

The phase transition between nuclear and quark mat-
ter is described by a Maxwell construction, where it is re-
quired that the pressure and Gibbs free energy per baryon
of the two phases coincide at the phase transition. Note
that, at 7' = 0 without neutrino trapping, the Gibbs free
energy per baryon becomes the baryon chemical poten-
tial, as shown in Eq. (25). Outside the phase transition,
the phase with higher pressure and lower Gibbs free en-
ergy per baryon has to be chosen as the physical one.

To assess and compare the hybrid equation of state
(EOS) with astrophysical observations, it is necessary
to solve the Tolman-Oppenheimer-Volkoff (TOV) equa-
tions for a static, non-rotating, spherically symmetric
star. Specifically, to compute the internal energy density
distribution of compact stars and thus derive the mass-
radius relation we utilize the TOV equations for a static
and spherical star in the framework of general relativity:

dP(r) _ G(e(r)) + P(r))(M(r) + 473 P(r)) (37)
dr r(r —2GM(r)) ’
d]\fl:r) = d7re(r), (38)

with P(r = R) = 0 and P(r = 0) = P. as boundary
conditions for a star with mass M and radius R.

In a neutron star at finite temperature, neutrinos are
trapped in the stellar core. In this work, we neglect
muons and muon neutrinos due to their low fractions
and negligible impact on global stellar properties [49-53].
Therefore, we will consider only electrons and the cor-
responding (anti)neutrinos as leptons for both hadronic
and quark phases. We consider that the neutrino chem-
ical potential is a linear function of the temperature,
where three different scenarios can be identified (fol-
lowing Ref. [54]): (i) NS with extremely low tempera-
tures and no trapped neutrinos, (ii) proto-NS (PNS) ex-
hibiting low temperatures and a significant quantity of
trapped neutrinos, and (iii) post-merger object (PMO)
could reach high temperatures, with the significant neu-
trino trapping amount.

Considering the parameters associated with the quark
model, we establish the values for the ratios of the cou-
pling constants as np = 1.1 and 7y = 0.5. In our analy-
sis, we delineate the phase diagram for QM, considering
the assumption that trapped neutrinos demonstrate a lin-
ear dependency on temperature. This ansatz is precisely
described by p,, = 27. We considered the impact of
trapped neutrinos by including their chemical potential
in Eq. (16). It’s essential to use Eq. (16) together with
the chemical potentials provided in Eq. (3).

In Fig. 6, we compared the phase diagrams with and
without neutrinos, shown as blue and black lines, respec-
tively. As expected, at very low temperatures, both dia-
grams overlap, owing to our ansatz for the temperature
dependence of the neutrino chemical potential which im-
plies that at T" = 0 neutrino trapping effects are absent.
At higher temperatures, with the inclusion of neutrinos
in the model, we observed a slight reduction of the chi-
ral critical temperature, accompanied by a marginally
expanded 2SC phase, see also Refs. [55, 56].

In Fig. 7, the mass-radius plot for the hadronic mat-
ter is presented, using the DD2 EOS with a BPS
crust. Three distinct relevant temperatures are consid-
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FIG. 6: Phase diagram for quark matter model with
ny = 0.5 and np = 1.1 with and without neutrino

trapping.

ered alongside various selections of neutrino chemical
potentials. It can be seen that the maximum mass of
hadronic compact stars increases with both temperature
and neutrino chemical potential. An expansion in the
radii accompanies this trend. As the temperature rises,
possibly indicating a post-merger state, a second maxi-
mum is noticeable, characterized by a larger radius. This
observation may suggest the emergence of an additional
family of expanded (twin) neutron stars at high temper-
atures.

Now, we will analyze the hybrid EOS configurations,
composed of a DD2 hadronic phase + BPS crust and a
nonlocal 3DFF model for the QM phase with input pa-
rameters gy = 0.5 and np = 1.1. First, in Fig. 8 (a), we
present the Gibbs free energy per baryon as a function
of pressure to illustrate the transitions from the hadronic
to quark matter phase. We examined a range of 7" and
y, values, which are linked, as previously mentioned, by
ty,, = 2T. Subsequently, in Fig. 8 (b), we depict the
Gibbs free energy per baryon concerning pressure while
considering an alternative linear relation for u,, = oT.
As an illustrative example, we consider values of o equal
to 2.4 and 2.8. It is apparent that with an increase in «,
the crossing between the hadronic and QM EOS disap-
pears, resulting in the absence of hybrid configurations.

In Fig. 9 (a), we show the hybrid EOS resulting from
a Maxwell construction of the phase transition as shown
in Fig. 8 (a). We observe that as the temperature in-
creases, the jump in energy density at the transition from
hadronic to quark matter is enlarged. As expected, at
high densities all the QM EOSs tend to have the same
linear relation between P and e. In Fig. 9 (b), we il-
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FIG. 7: Mass-Radius relations for pure hadronic matter
EOS (with a BPS crust). Different values of T' and the
corresponding p,,, = 2T are highlighted with thicker
lines. In addition to the existing data points, for T" =
30, 40, and 50 MeV we added thinner lines
corresponding to additional fixed values of
t, = 60,80,100,120,140 MeV, from bottom to top.

lustrate the behavior of the squared speed of sound as a
function of energy density for the hybrid EOS. It is evi-
dent that the peaks consistently remain within the causal
regime.

We note that the strong first-order phase transition
occurs for energy densities € ~ 0.2 — 0.35 GeV /fm3, just
below the position of the peaks at ~ 0.4 GeV/fm3. This
finding is supported by the recent result within an inde-
pendent hybrid neutron star description based on a rela-
tivistic confining density functional model of color super-
conducting quark matter with an asymptotic approach to
the conformal limit [57]. Interestingly, the range of en-
ergy densities where the crossover transition is seen in
lattice QCD simulations at finite temperature lies in the
same range, see Fig. 1 of Ref. [58]. Indications for a dip
in the squared speed of sound just below the peak po-
sition have been found also by model-agnostic Bayesian
analyses of the mass and radius constraints from modern
astrophysical observations of neutron stars, see [59-61].

In Fig. 10, the mass-central energy density relations
of the hadronic (short dashed lines) and hybrid (solid
lines) configurations are displayed. The regions of unsta-
ble configurations, where the slope of the lines is zero or
negative, are represented by thinner short dotted lines
for all the cases.
by triangular or star-like symbols for hadronic or hybrid
configurations, respectively. Finally, the pure QM onsets
are located by solid dot symbols. It is relevant to mention

The maximum masses are indicated
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FIG. 8: (a) Hadron-Quark phase transition points for
finite temperature EOS considering the relation
ty, /T =2 and (b) p,, /T = a, with o = 2.4 and 2.8.

that at T" > 30 MeV, immediately after the phase transi-
tion plateau, an unstable region appears which increases
with T

In Fig. 11, we present the mass-radius relationships for
the hybrid compact object configurations (solid lines).
For comparison, the corresponding pure hadronic config-
urations are included (dashed lines). As mentioned ear-
lier, various temperatures have been considered, along
with their corresponding g, values. The initial config-
uration for hybrid compact objects, represented by solid
dots, shows an increase in both, radius and mass with
rising temperature and pu,,. We observe that configu-
rations with low radii and maximum mass are located
around 2.3Mg for hybrid stars (star-like symbols) and
around 2.5M¢, for pure hadronic stars (triangular sym-
bols). Additionally, it can be seen that the M., loca-
tions exhibit a marginal variation for different 7" and p,,
values. The corresponding radii, however, increase by a
few kilometers with 7" and p,,,. It is important to note
that at T ~ 30 MeV and above, thermal twin config-
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FIG. 9: (a) Hybrid EOS constructed from the phase
transitions shown in Fig. 8 (a). (b) Squared speed of
sound as a function of the energy density, for several T
(and the related p,, ).

urations appear, consisting of a hybrid compact object
and a corresponding hadronic counterpart with the same
mass but a significantly larger radius. Similar results
have been obtained earlier in Ref. [15] for the class of
hybrid EOS where the hadronic phase is described by
the STOS EOS [62, 63] and for the quark matter phase,
a bag model has been adopted [64, 65]. Based on the pre-
viously mentioned stability criteria, we can observe (indi-
cated by thinner, short, dotted lines) regions of unstable
configurations for 7' > 30 MeV in the initial portion of
the hybrid star regions. Similarly, for purely hadronic
configurations at 7' 2 50 MeV.

IV. SUMMARY AND CONCLUSIONS

In this study, we have conducted a comprehensive anal-
ysis of the low-temperature QCD phase diagram and hy-
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FIG. 10: Mass-central density relations from hybrid
EoS for different values of T" and p,,. Short-dashed
lines correspond to crust+DD2 EoS while solid lines
also include QM. For all the cases, dotted lines show the
unstable regions. Solid dots display the QM onsets and
stars (triangle) symbols indicate the M,,q, locations for
hybrid (hadronic) EoS.

brid protoneutron star configurations including the pos-
sibility of neutrino trapping.

The hadronic phase is characterized by the DD2 EOS,
incorporating in addition to the density dependence on
both temperature and a chemical potential of electron
neutrinos trapped within the system. The quark mat-
ter phase is described by a nonlocal quark model with
an ‘instantaneous’ form factor, as previously introduced
in [16] at zero temperature. The model’s input parame-
ters were carefully selected to align with modern multi-
messenger observational data. Initially, we meticulously
examined the quark matter phase diagram, both with
and without the influence of trapped neutrinos. Our
analysis led us to the conclusion that neutrinos have a
minimal impact on the phase diagram. We assumed a
linear relationship between the neutrino chemical poten-
tial and temperature, alongside the ansatz p,, = oT),
with @ = 2. Our findings indicate that up to a = 2.4
hybrid configurations persist consistently for tempera-
tures up to 50 MeV. Nevertheless, when considering a
slightly steeper linear relationship between T' and pu,,
characterized by a greater « value, the hybrid configu-
rations can not be obtained at this temperature, giving
rise to pure hadronic stellar objects. We also observed
that the temperature has no significant influence on the
maximum mass of the hybrid star sequence. However,
the radius of the ‘hot’ compact object increases. An ad-
ditional effect related to the temperature and neutrinos

11

T T
----DD2

-DD2+3DNJL ——DD2+3DNJL
Unstable configurations |

N
o
T
!
[ N 2
]
==
]

@ QM onsets

——T=50 MeV - u, =100 MeV/
o —

— T=40 MeV - p, =80 MeV N
— T=30 MeV - p, =60 MeV B
—— T=20 MeV - p, =40 MeV |—
—— T=10 MeV - p, =20 MeV
T=0MeV -p, =0 MeV |

0-0 1 1 1 1 1 1
10 15 20 25 30 35 40 45

R [km]
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unstable regions. Solid dots display the QM onsets and
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hybrid (hadronic) EoS.

is observed for temperatures above 30 MeV: stable ther-
mal twin branches emerge, with one component of the
equal-mass pair exhibiting a significantly larger radius.
The occurrence of thermal twins in the mass-radius di-
agram indicates a softening of the quark matter phase
which in a dynamical scenario of supernova collapse or
neutron star mergers may result in black hole formation,
i.e. a “failed supernova”.

Summarizing our investigation, we find that the hybrid
EOS model with color superconducting quark matter ex-
hibiting thermal twin stars falls in the same class of hy-
brid EOS as, e.g., the STOS-B EOS with B-parameters
in the range of B139 and B165 [15], where the entropy per
baryon in an isothermal transition decreases. Following
the discussion in [66], this behavior at the deconfinement
transition is called enthalpic transition (see also Fig. 10
of Ref. [37]), which was also found for the phase diagram
of hybrid EOS [66] constructed with the confining rela-
tivistic density functional model for color superconduct-
ing quark matter [67]. Such models are likely to produce
thermal twins. We want to conjecture that the property
of thermal twin configurations is a necessary (but not
sufficient) condition for the deconfinement transition at
finite temperatures being enthalpic.

On the other hand, as has been discussed in [36, 37],
the entropic transition, which is found for the class of
DD2F-SF models without color superconductivity, leads
to a rather stiff quark matter core in the hot protoneutron



4.0 “ T T \s T T T T T T
N R DD2
LN N ——3DNJL
351 N\ [an=-0615L i~
= N ——T=50 MeV - p, =100 MeV
Ay N, ©
30F ——————— ™\ ——T=40MeV-y,=80MeV | |
. N : S =
N ; ~ ——T=30 MeV - , =60 MeV
251 . : S [ T=20 MeV - 1, =40 MeV | |
’ h ——T=10 MeV - 1, =20 MeV

0.0 ! ! l ] !
6 8 10 12 14 16 18 20 22 24
P [MeV/fm?]

FIG. 12: Entropy per baryon vs pressure in the region
of critical pressures obtained from Fig. 8 (a), indicated
by vertical lines. Dashed lines are for the hadronic
(DD2) phase while solid lines are for the QM (3DNJL)
phase of the present work.

star which entails a strong second shock in a supernova
simulation due to the deconfinement transition. It was
shown, e.g., in [36, 68] this triggers the successful explo-
sion of massive progenitor stars. With this in mind, we
have conducted a comparison of the entropy per baryon
in the vicinity of the QM onsets shown in Fig. 12 and
observed that at T' = 50 MeV, the disparity between
the hadronic and QM entropy per baryon, as denoted by
Ag/ny = [8/nBlom — [s/nBlum, has a negative value.
This corresponds to an enthalpic transition, consistent
with the proposed conjecture that the thermal twins ap-
pear to be linked to the enthalpic transition (see Ref. [37]
for details). However, at T = 30 and 40 MeV, where we
observed thermal twin configurations, the phase transi-
tion was not enthalpic.

Further detailed investigations should be performed to
pin down the possible relationship between the entropic
or enthalpic character of the deconfinement transition in
the QCD phase diagram and the explodability of super-
novae. The thermal twin star property of a hybrid EOS
is a facet of this challenging task.
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Appendix A: Details of the nonlocal model for quark
matter

In this Appendix, we show some explicit expressions
corresponding to the nonlocal chiral quark model consid-
ered in Sec. II.

From Egs. (12) the gap equations for the mean fields
& and A together with the constraint equation for the
mean-field @w read

5 = 20, / (;l‘”’z;g(ﬁ) éwm (A1)
3 B e () o (5]

A= ﬂhg/kZZ;g%ﬁ)A (A2)

27 o) <& —8jir

{2 P (25 e (52)] ).

and

o a0 [ 2F )
e () o ()]

where np(x) = (1 + exp(z))~! is the Fermi distribution
function. The solutions for Eqs. (A2)-(A4) in the vac-
uum, at T'= p = 0, are denoted with the subscript 0 as
&0, Ao and @y, respectively. In the vacuum Ay and @
are zero, so the vacuum thermodynamic potential reads

,2 d3—'
QMFA=J—0—12/ P g, /2.
0 2Gs (27)? o/

(A4)

Notice that in the above expression E3 = § 2 + MZ(p)
where My(p) = m. + g(p)do. The integral in Eq. (6)
turns out to be ultraviolet divergent because of the zero-
point energy terms. Since this is exactly the divergence
of Eq. (A4), a successful regularization scheme consists
just in the vacuum subtraction

MFA _ oMFA MFA
QMEA — QMFA _ QMFA,

(A5)

Finally, using Eq. (18) the quarks and electron number
densities, ns. and n. respectively, are given by

-
v = = [ oy
5 { e (5585 ) e (<5585)] s — )

K==
er+dfic er—dfic
-T | F - T 9

(A6)

X

En
K —< [1 —ng
€¢



and

(A7)

we 2 gk

<[ () e (7))

Note that the fermion density has only the contribution
of the first term of the regularized thermodynamic po-
tential (A5), since the second one has no dependence on
the chemical potentials.

Let us explicitly show the entropy density s = s, + 5i¢p
contribution both for quarks

(A8)
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(remember that for ¢ = b: A = 0 and ¢ = Ef) and
leptons

o — o / &’p
lep — (271_)3

A=+
et e €e+ A fe et fe
X{ln{lJre T ]+ T nF( +T“)
2 2 3
py, T Tn= T
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