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ABSTRACT: Industrial dip coating is a simple and easy to access
technique that can be considered as a self-metered coating process.
Practical applications of films obtained by this method include
decorative, protective, and functional purposes. The objective of this
work was to develop a 2D mathematical model of the fluid-dynamic
variables of the dip-coating draining stage of a finite vertical plate,
considering nonevaporative and isothermal conditions. Concen-
trated dispersions were considered, such as those whose rheological
behavior was described by an extension of a theoretical rheological
model proposed by Quemada. As a result, an analytical and simple
mathematical model that relates the main fluid parameters could be
obtained. The model was achieved based upon rigorous mass and
momentum balances applied to the draining stage of a monophasic,
isothermal, and nonevaporative system, where the highest forces are viscous and gravitational. Parameters that were estimated are
the velocity profile, average velocity, flow rate, local thickness, and average thickness of the film. Finally, experimental validation
was performed by using experimental data (rheological properties, densities, and average film thickness values) of several
representative concentrated dispersions (emulsions and suspensions) obtained in this work and from the literature. All the
information achieved in this study can be useful to control and predict the thickness and homogeneity of the film during an
industrial coating process, in order to satisfy the quality requirements of the final product.

1. INTRODUCTION
The industrial dip-coating process is a simple and easy to access
technique that is also considered a profitable method due to its
low-cost, waste-free, and low-energy consumption character-
istics.1 Dip coating can be considered as a self-metered coating
process, in which the final wet film thickness is mostly controlled
by the interaction of the fluid flow with the coating applicator.2,3

In this method, a rigid or flexible solid substrate is dipped into a
reservoir containing a film-forming fluid and then it is withdrawn
from the reservoir vertically (or with a certain inclination angle)
at a controlled speed.4 After that, several phenomena, such as
fluid-draining by gravity, liquid layer-drying by solvent
evaporation, and film-curing by chemical and/or physical
reactions, may occur in order to complete the coating
deposition.5,6 Specifically, the fluid dynamics of the draining
stage and its effect on the final film properties have been studied
due to its technological implications and benefits.7,8

In food engineering, practical applications of films obtained by
dip coating include decorative, protective, and functional
proposes.9−11 Because the film has to satisfy the thickness and
the homogeneity requirements of the final food product, the
optimum combination of substrate characteristics (geometry,
porosity, etc.), environmental factors (temperature, humidity,
etc.), and fluid properties (density, viscosity, etc.) is expected to
be essential variables.12,13

However, the connection of film-forming fluid viscosity and
rheological properties with coating performance is considered

complicated due to difficulties in linking both phenomena.13 In
recent years, efforts have been put forth to mathematically model
the transport phenomena during dip-coating processes in order
to obtain mathematical expressions of several fluid-dynamic
variables (such as velocity and film thickness profiles). In those
studies, a mathematical model that represents the rheological
behavior of the film-forming fluid has been used in the balance
equations to represent in a more adequate and realistic way the
flow performance.3,14,15

In this sense, an interesting theoretical rheological model
proposed by Quemada16 was extensively used in the
literature.17−20 The model was developed according to a
structural approach for monodispersed suspensions, where
dispersions of structural units are based on the concept of the
effective volume fraction that depends on flow conditions.
Dispersions consist of insoluble particles distributed in a
continuous liquid phase, that can be called suspensions,
emulsions, or foams when the particulate phase is solid, liquid,
or gas with a volume fraction less than a maximum packing
value.21 According to Quemada,16 a number of complex fluids
used for industrial applications (for example, slurries, paints,
coatings, concrete, foods, and cosmetics) have rheological
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properties under steady and unsteady conditions that can
approximately be described as those of concentrated dispersions
of structural units.
The theoretical nature of the model proposed by Quemada

allows establishing physical interpretation of its rheological
parameters obtained for several materials.17−20 By choosing
conveniently the model variable values, the model yields some
rheological expressions that can be found extensively in the
literature (for instance, Heinz−Casson,22 Casson,23 and Ellis24

models). Therefore, the Quemada equation could predict a wide
spectrum of rheological behaviors, such as pseudoplastics,
plastics, and dilatants phenomena.16

The theoretical study of the dip coating that includes the
mathematical modeling with their analytical solution in a 2D
system, using concentrated dispersions as film-forming fluids
whose rheological behavior can be described with the expression
proposed by Quemada,16 was not found in the literature. This
information can be useful to control and predict the film
thickness during industrial food coating processes to decrease the
need for trial-and-error predictions. Consequently, the objective
of this work was to develop a mathematical model of the fluid-
dynamic variables of the dip-coating draining stage of a finite
vertical plate using concentrate dispersions, considering non-
evaporative and isothermal conditions. The mathematical model
was validated by using experimental data obtained in this work
and from the literature.

2. THEORETICAL APPROACH
2.1. Equations of Change. A schematic diagram of the

studied dip-coating process is shown in Figure 1. This figure
shows that the present system is similar to the process that was
described and analyzed in a previous work.14,15 However, it is
important to mention that, due to the nature of the constitutive
model adopted later, a detailed description of the steps used to
obtain the balances and the nondimensionalization process is
necessary to understand the resulting expressions for the main
variables. Briefly, the studied phenomena occur far away from the
meniscus formed at the surface of the fluid reservoir. Then, the
equations of change describing the phenomena in an isothermal
and nonevaporative dip-coating process are the following:

• Total mass balance (i.e. continuity equation):

ρ ρ∂
∂
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• Momentum balance:
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The following assumptions were considered: (1) the film-
forming fluid is incompressible (ρ ≠ f(x,̲ t)), (2) the external
forces are mainly gravitational (F̲e = ρg)̲, (3) the surface
interactions are negligible (Ca → ∞), (4) the system is open
(∇P̲ ≅ 0), (5) the system can be represented in Cartesian
coordinates (x ̲ = ex̲x + ey̲y + ez̲z), (6) the problem is mainly 2D
(i.e. vz ≅ 0 and changes in the z-direction are negligible: ∂/∂z ≅
0), and (7) gravity acts in the x-direction (g ̲ = ex̲gx),

∂
∂

+
∂
∂

=
v
x

v

y
0x y

(3)

ρ
τ τ

ρ
∂
∂

+
∂
∂

+
∂
∂

= −
∂
∂

+
∂
∂

+
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

v
t

v
v
x

v
v
y x y

gx
x

x
y

x xx yx
x

(4)

ρ
τ τ∂

∂
+

∂
∂

+
∂
∂

= −
∂
∂

+
∂
∂

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

v

t
v

v

x
v

v

y x y
y

x
y

y
y xy yy

(5)

Due to the complexity of the system expressed by eqs 3−5,
analytical solutions are difficult or impossible to obtain.
Consequently, a dimensional analysis is useful in order to obtain
simpler expressions to eqs 3−5 that are also representative of the
phenomena taking place in the studied process. The following
dimensionless variables are defined:
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Figure 1. Schematic diagram of the dip-coating process showing the draining stage using a dispersion as a film-forming fluid. As an example, the log−log
subfigure shows an adaptation of the structural interpretation of shear-thinning behavior provided by Quemada,16 due to progressive rupturing of large
clusters as the shear rate is increased: (a) macrostructure (network), (b) clusters of mesostructures, (c) mesostructures (small flocs), and (d)
microstructures (small particles).
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ε = h L/L (14)

whereU and V are the reference velocities for the x-direction and
y-direction, respectively [m s−1], L is the length of the plate [m],
hL is the local thickness of the film at L [m], and ηref is an apparent
steady state viscosity at a reference condition. It is important to
mention that the dimensionless form of the stress tensor
components was chosen taking into account that25 τyx =−η(∂vy/
∂x + ∂vx/∂y), τxx = −2η(∂vx/∂x) and τyy = −2η(∂vy/∂y).
Using the assumptions and rationale presented by Peralta et

al.14 and eqs 6−14, the components of the momentum equation
(i.e., eqs 4 and 5) yield:
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where St = Re/Fr is the Stokes number,26 Re = ρUhL/ηref is the
Reynolds number, and Fr = U2/(gxhL) is the Froude number.
Taking into account that the length of the plate is much larger

than the average thickness of the film, that is ε≪ 1, and the flow
is in the laminar regime (usually the viscosity of the coating liquid
is high) so that Reε ≪ 1, then, the set of equations that can be
used to describe the flow of a coating film during the stage of
unsteady draining becomes
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It should be pointed out that the order of magnitude of Re and Fr
have to be similar for obtaining an analytical solution different
than a constant.
2.2. Range of Theoretical Validity of the Approach. An

important feature of the theoretical approach presented here is to
verify the range of validity of the set of eqs 17−19. The following
set of conditions was assumed to be true:

ε ≪ 1 (20)

ε ≪Re 1 (21)

≅ OSt (1) (22)

As stated by Peralta et al.,14 it is noteworthy that in order to
evaluate eqs 20−22, two parameters need to be defined: ηref and
U. The definition of these parameters will depend on the
rheological model adopted.

2.3. Constitutive Equation for the Generalized New-
tonian Fluid. To close the system proposed by eqs 17−19, an
additional equation that relates the rate of deformation
(expressed as a function of the velocity gradients in the material)
to the stress in the film is needed. A simple way to obtain this
relationship is to assume that the fluid material behaves as a
generalized Newtonian fluid:24,25

τ η γ= − ̇ (23)

where τ is the viscous stress tensor [Pa], γ ̇ is the rate-of-strain
tensor (i.e. shear rate tensor) [s−1], η = f(| τ | or | γ |̇, T, P, C) is the
apparent steady state viscosity (scalar quantity) [Pa s], | τ | is the
magnitude of τ , | γ |̇ is the magnitude of γ ̇ [s−1], T is the

temperature [K], P is the thermodynamic pressure [Pa], and C is
the concentration [kg m−3].
Quemada16 proposed a well-known theoretical rheological

model for η based on a structural approach for monodispersed
suspensions. A generalization of their model is

η η
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where Γ is a dimensionless shear variable that could be
conveniently | τ |/τc or | γ |̇/γċ, τc is a characteristic shear stress

[Pa], γċ is a characteristic shear rate [s
−1], η0 = f1(T, P, C) is the

limiting steady state viscosity when Γ → 0 (that is, η η=
Γ→
lim0 0

)

[Pa s], η∞ = f 2(T, P, C) is the limiting steady state viscosity when
Γ→∞ (that is, η η=∞ Γ→∞

lim ) [Pa s], and p = f 3(T, P, C) and q =

f4(T, P, C) are dimensionless coefficients. It is important to
mention that the expression proposed byQuemada16 has q = 2 as
a simplified version of a more general expression implicitly
analyzed in their work (i.e., eq 24). For convenience and
versatility, eq 24 will be used to estimate η in this study.
Themodel selected to estimate η in this work (eq 24) can yield

several well-known rheological models found in the literature by
choosing conveniently the values of η0, η∞, Γ, p, and q. For
example: (1) Quemada model:16 q = 2 then η = η∞[1 + Γp]2/
[(η∞/η0)

1/2 +Γp]2; (2)Berli−Quemadamodel:17,18 q = 2, p = 1,
and Γ = | τ |/τc then η = η∞[1 + (| τ |/τc)]2/[(η∞/η0)1/2 +
(| τ |/τc)]2; (3)Heinz−Casson model:22 q = 1/p, Γ = | γ |̇/γċ, and
η0≫ η∞ then η = η∞[1 + (| γ |̇/γċ)p]1/p/[(η∞/η0)p + (| γ |̇/γċ)p]1/p;
(4)Casson model:23 q = 2, p = 1/2, Γ = | γ |̇/γċ, and η0≫ η∞ then

η = η∞[1 + (| γ |̇/γċ)1/2]2/(η∞/η0)1/2 + (| γ |̇/γċ)1/2]2; (5) Sisko
model:27 q = 1, p = −p, Γ = | γ |̇/γċ, and η0 ≫ η∞ then η = η∞ +

(η∞/γċ
p)| γ |̇p; (6) Bingham model:28 q = 1, p = 1, Γ = | γ |̇/γċ, and

η0≫ η∞ then η = η∞ + η∞γċ/| γ |̇; (7)Cross model:29 q =−1 and
Γ = | γ |̇/γċ then η = η∞ + (η0 − η∞)/[1 + (| γ |̇/γċ)p]; (8)Meter−
Bird model:30 q =−1 and Γ = | τ |/τc then η = η∞ + (η0− η∞)/[1
+ (| τ |/τc)p]; (9) Reiner−Phillipoffmodel:24 q = −1, p = 2, and
Γ = | τ |/τc then η = η∞ + (η0 − η∞)/[1 + (| τ |/τc)2]; (10) Peek−
Mclean−Williamsonmodel:31 q =−1, p = 1, and Γ = | τ |/τc then
η = η∞ + (η0− η∞)/[1 + (| τ |/τc)]; (11) Ellis model:24 q =−1, Γ
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= | τ |/τc, and η0 ≫ η∞ then η = η0/[1 + (| τ |/τc)p]; (12)
Newtonian model: η0 = η∞ then η = μ.
2.4. Velocity Profile within the Film. The first step to

obtain the velocity profile of the film described by eq 24, and the
rest of the parameters studied in this work, is to express the
functionality of Γ (i.e., | τ |/τc or | γ |̇/γċ) in terms of system

variables and parameters. The correct derivation of these
functionalities is essential for a rigorous treatment of the
problem. Both quantities, | τ | and | γ |̇ can be defined in terms of

its respective magnitudes as25
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Considering the symmetric nature of τ (i.e. τij = τji) and the
fact that the system can be described as a Cartesian 2D system,
eqs 25 and 26 can be written as
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At this time, a dimensional analysis is necessary to obtain
convenient expressions of eqs 25 and 26. Using eqs 6−14 in eqs
27 and 28:
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where | τ |̃ = | τ |/[ηref(U/hL)] and | γ ̇|̃ = | γ |̇/(U/hL).
According to eq 18, τyx is the unique component in τ that is

necessary to calculate. Therefore, considering that25
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Equations 6−10 were used to nondimensionalize eq 31:
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where η̃ = η/ηref.
Regarding that ε ≪ 1 and ε2 ≪ 1, eqs 29, 30, and 32 yield,

respectively:
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Now, integrating eq 18:

τ ̃ ≅ ̃ +y CStyx 1 (36)

Taking into account that the film will be surrounded at the top
by air and that ηair ≪ ηf ilm, a feasible boundary condition will be
τỹx ≅ 0 in y ̃ ≅ h̃(x ̃), where h̃(x ̃) = h(x)/hL. Thus, eq 36 yields

τ ̃ ≅ − ̃ − ̃h ySt( )yx (37)

This equation predicts a linear profile of the shear stress across
the film with a slope that depends on the ratio between
gravitational and viscous forces. The nature of eq 37 shows that it
is independent of the type of the coating material (i.e.
Newtonian, viscoelastic, etc.), and the maximum shear stress is
expected at the plate surface: τm̃ ≅ −Sth̃.
Now, using previous definitions, the dimensionless forms of eq

24 are
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where τc̃ = τc/[ηref(U/hL)] and γ∼̇c = γċ/(U/hL).
It is important to mention that, as stated by Quemada,16

although the same symbols were adopted for the dimensionless
parameters p and q in eqs 38 and 39, different values are expected
for those parameters when Γ = | τ |̃/τc̃ or Γ = | γ ̇|̃/γ ̇c̃. Also, to
simplify the presentation of the equations, henceforth,
approximately equal signs will be replaced by equal signs, and
the simplification in notation resulting from eqs 33 and 34 (in
dimensional and nondimensional forms) will be used when
necessary.

2.4.1. Velocity Profile for η = η(τ). Using eqs 33 and 35, and
regarding eq 37 to change variables, the velocity profile based on
momentum balance can be written as

∫ τ
η

τ̃ = − ̃
̃

̃
τ

τ

̃

̃
v d

1
Stx

m (40)

Replacing eq 38 into eq 40 and defining a normalized and
dimensionless shear stress parameter ZS = (τ/̃τc̃)
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where ZS,m = (τm̃/τc̃)
p/[1 + (τm̃/τc̃)

p].
Now, to integrate eq 41 and considering some of the work

presented by Srivastava and Hussain,32 the following expression
will be used:
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where F1(α; β, γ; δ; z1, z2) is the Appell hypergeometric function
o f t h e fi r s t k i n d a n d e q 4 2 h o l d s w h e n

> | | | | > ≠ r Z a Z b Zmin{ ( ), (1)} 0; max{ / , / } 1; 0. It is
important to mention that the Appell hypergeometric functions
are special cases of the Lauricella hypergeometric functions and
general cases of the Gauss hypergeometric functions.32

Using eq 42 in eq 41, the velocity profile can be estimated as
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2.4.2. Velocity Profile for η = η(γ)̇. The velocity profile as a
function of the shear rate can be estimated using eqs 34 and 35:
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where γ ̇m̃ = |∂vx̃/∂y|̃y=̃0. Defining a normalized and dimensionless
shear rate parameter ZR = (γ ̇/̃γ ̇c̃)p/[1 + (γ ̇/̃γ ̇ c̃)p] to change
variables in eq 49:
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Using eq 42 to solve eq 50 and obtaining a convenient form of
its solution:
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where ηc is defined in eq 48.
It is important tomention that, for η = η(γ)̇, the velocity profile

is estimated by using parametric equations that relate the velocity
with the position perpendicular to the surface. That is, the
relation between y ̃ and γ∼̇ is obtained by combining eqs 34, 35, 37,
and 39:
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2.5. Flow Rate. The flow rate in the thickness h̃ can be
estimated by

∫̃ = ⟨ ̃ ⟩ ̃ = ̃ ̃
̃

Q v h v dyx y

h

x
0 (58)

where Q̃ = Q/(UhL), Q is the flow rate per unit of plate width
[m2], and ⟨vx̃⟩y is the area-averaged velocity [m s−1].

2.5.1. Flow Rate for η = η(τ).Taking into account eq 47, eq 58
can be rewritten as
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Now, using eqs 42 and 43−48 in eq 59, the expression for the
flow rate is
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From eq 60 the average velocity profile can be estimated as
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and the ratio of the average velocity profile to the maximum
velocity is given by
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2.5.2. Flow Rate for η = η(γ)̇. Using eq 34 in eq 58 to change
variables and considering eq 55:
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Taking into account eqs 42 and 51−55 in eq 63, the expression
for the flow rate is
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Now, from eq 64, the average velocity profile can be estimated as
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and the ratio of the average velocity profile to the maximum
velocity is given by
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2.6. Estimation of the Film Thickness. A mass balance of
the film will be used to obtain the local film thickness:14

∂ ̃
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=h

t
Q
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0
(67)

where the quantity that is differentiated with respect to x ̃ is the
volumetric flow per unit width. Regarding h̃(t,̃ 0) = 0 (the contact
line is pinned), the solution of eq 67 as shown by Peralta et al.14 is

̃
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Q
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Now, applying the derivative of eq 68 into eqs 60 and 64, the
expressions for the local film thickness are as follows:
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When η = η(γ)̇:
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2.7. Estimation of the Average Thickness. As stated by
Peralta et al.,14 the uniformity of the film is one of the main
properties to be evaluated. This quantity can be estimated by the
ratio of the average thickness to the local thickness.33 The
average dimensionless film thickness at a distance x ̃ is defined by

∫⟨ ⟩̃ =
̃

̃ ̃
̃

h
x

hdx
1

x

x

0 (71)

where ⟨h̃⟩x = ⟨h⟩x/hL.
To integrate eq 71 and solve the problem of the implicit nature

of eqs 69 and 70 in terms of h̃, the method presented by
Gutfinger and Tallmadge33 will be used.
When η = η(τ):
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where ZS,m is defined by eq 46.
When η = η(γ)̇:
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where ZR,m is defined by eq 54.
2.8. Experimental Validation. The mathematical model

developed in this work was validated by using experimental data
(rheological properties, densities, and average film thickness
values) of several representative concentrated dispersions as film-
forming fluids (emulsions and suspensions) obtained in this
work and from the literature.

2.8.1. Experimental Data Obtained in This Work.
Commercial pasteurized milk cream (Milkaut S.A., Santa Fe,
Argentina) and condensed sweet milk (Nestle S.A., Buenos
Aires, Argentina) were purchased at local markets. The
composition of both materials supplied by manufacturers was
as follows: (1) cream: 46.0% fat, 2.5% carbohydrate, and 1.6%
proteins; (2) condensed milk: 60.0% carbohydrate, 7.5% protein,
and 4.0% fat. In addition, microparticulated whey proteins
powder (Simplesse Dry100, CPKelco US Inc., Atlanta, GA) was
used. The composition supplied by the manufacturer was as
follows: 52.9% protein, 4.8% fat, and 2.9% moisture. In this case,
a suspension was obtained by dissolving the appropriate amount
of powder in distilled water with constant agitation in order to
obtain a microparticulated whey protein suspension (MWPS)
with 30% total solids content.
Rheological measurements at 20 ± 0.5 °C were carried out in

triplicate using a Brookfield rheometer model DV3TLVCP
(Brookfield Engineering Laboratories Inc., MA) with cone and
plate geometry (CPA-51Z and CPA-52Z). Rotational rheometry
was performed in the shear rate range of 0.2−192 s−1 depending
on the sample, and values of the apparent viscosity as a function
of shear rate were determined. Experimental density values at 20

Table 1. Physical Properties of Film-Forming Fluids and Model Parameters Fitted to a Dimensional Form of Eq 38 Using Data
Obtained in This Work and from the Literature

Film-forming fluid
T

[°C] C [%] γ ̇ [s−1] τ [Pa] ρ [kg m−3] ref η0 [Pa s]
η∞

[Pa s] τc [Pa] p [-]
qg

[-]
MAPE
[%]

Creama 20 0.2−5.4 7.7−18.6 986 ± 15e f 175.79 3.22 11.06 5.89 2 7.44
Condensed milka 20 0.2−3.0 1.4−17.5 1367 ± 17e f 27.94 3.30 3.03 0.30 2 0.24
Microparticulated whey protein
suspensiona

20 30 0.4−192.0 0.1−11.4 1088 ± 17e f 0.47 0.01 33.63 0.50 2 1.58

Glaze suspensiona 20 0.6−13.0 30.0−202.0 1336 35 200.00 2.50 600.00 0.65 2 4.65
30 0.6−50.0 14.0−255.0 1334 35 100.00 1.10 451.52 0.65 2 4.86
40 0.6−50.0 9.9−162.0 1331 35 81.40 0.91 191.31 0.57 2 2.62
50 0.6−50.0 4.8−108.0 1327 35 80.00 0.90 30.00 0.55 2 8.08

Milk chocolate + Lecithin 20 0b 1.9−50.0 50.9−332.9 1216 9 230.33 5.48 76.72 1.35 2 1.20
20 0.1b 1.9−50.0 22.2−195.5 1216 9 119.23 3.81 21.66 1.43 2 1.52
20 0.2b 1.9−50.0 16.3−160.2 1216 9 84.45 3.06 15.14 1.53 2 1.62
20 0.3b 1.9−50.0 15.4−124.9 1216 9 69.49 2.42 16.29 1.68 2 2.95
20 0.4b 1.9−50.0 15.6−127.4 1216 9 69.49 2.42 16.29 1.69 2 2.79
20 0.5b 1.9−50.0 15.4−124.7 1216 9 69.49 2.42 16.29 1.69 2 3.20

Milk chocolate + Polyglycerol 20 0c 1.9−50.0 52.3−332.4 1216 9 228.43 5.15 82.07 1.27 2 1.26
20 0.1c 1.9−50.0 31.4−296.8 1216 9 160.00 5.10 32.46 1.10 2 3.60
20 0.2c 1.9−50.0 17.2−247.9 1216 9 103.87 4.97 7.99 0.97 2 1.75
20 0.3c 1.9−50.0 12.4−229.4 1216 9 72.00 4.50 3.31 0.85 2 2.35
20 0.4c 1.9−50.0 9.8−218.9 1216 9 50.00 4.40 0.76 0.76 2 1.50
20 0.5c 1.9−50.0 8.4−240.8 1216 9 40.50 4.14 0.09 0.76 2 0.81

Batter Dorothy Dawson 20 50d 0.1−50.0 2.3−81.3 1160 10 135.92 0.18 507.53 0.46 2 0.52
Batter Drakes 20 50d 0.1−50.0 2.1−78.3 1140 10 136.55 0.20 375.07 0.45 2 0.60
Batter Golden Dipt 20 50d 0.1−50.0 14.8−463.5 1160 10 300.00 2.50 583.11 0.65 2 1.40
Batter Kikkoman tempura 20 50d 0.1−50.0 6.9−119.3 1140 10 173.52 1.56 157.76 0.68 2 0.88
Batter Tung−I tempura 20 50d 0.1−50.0 9.4−196.3 1150 10 213.42 2.73 254.26 0.61 2 0.75
Batter Newly Wed tempura 20 50d 0.1−50.0 5.4−72.7 1110 10 167.76 0.73 123.04 0.74 2 0.88
aExperiments were carried out in triplicate, showing the parameters of eq 38 (dimensional) fitted to one of these repetitions. bConcentration of
lecithin (w/w). cConcentration of polyglycerol (w/w). dConcentration of solids (w/w). eAverage ± standard deviation. fThis work. gFittings were
carried out setting q = 2 for computational convenience.
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°C were determined gravimetrically (5 replicates) by weighing a
recipient with known volume (1.83 cm3) containing an aliquot of
each sample.35 Details of the physical properties of the film-
forming fluids are shown in Table 1.
Average film thickness values at 20 °C of cream, condensed

milk, and MWPS were obtained by quintuplicate using the dip-
coating methodology proposed by Cisneros-Zevallos and
Krochta34 with modifications.35 Glass plates (L = 40 mm)
were used as substrate with different draining times depending
on samples (cream: 10 and 30 s, condensed milk: 5, 10, 30, and
60 s, MWPS: 30 s).
2.8.2. Experimental Data from the Literature. Rheological

properties, densities, and average film thickness values of several
food-grade film-forming fluids obtained from the literature were
used (Table 1): a commercial food glaze suspension35 (substrate:
glass plates, L = 40 mm, draining time: 30 s), milk chocolate with
different percentages of lecithin and polyglycerol9 (substrate:
acrylic plates, L = 44.5 mm, draining time: 20 s), and six
trademarks of adhesion and tempura deep-fat frying commercial
batters10 (substrate: poly methyl methacrylate plates, L = 40mm,
draining times: 60 and 120 s).
2.8.3. Validation Procedure. Fluid physical properties and

model parameters fitted to the dimensional form of eq 38 are
summarized in Table 1. This data are considered important
ready-to-use information useful as quick reference for further
analysis in the Results and Discussion section.
The validation process was performed taking into account the

adjustment capacity of the viscosity in a wide range of shear stress
values and the ability of the mathematical model to predict values
of ⟨h⟩x. As a first step, prior to the calculation of the theoretical
values of ⟨h⟩x, the parameters of eq 24 were found by minimizing
the mean absolute percentage error (MAPE) presented in eq 76
using the viscosity data for each suspension:

∑= −
=

⎡
⎣⎢

⎤
⎦⎥MAPE

N
a

a
100

1
(theoretical)

(experimental)i

N
i

i1

2

(76)

whereN is the number of viscosity data points in each suspension
presented in Table 1 and ai are the theoretical and experimental
values of η. Then, viscosity data were conveniently rearranged as
reduced viscosity η* using eq 77.

η
η η

η η τ τ
* =

−
−

=
+

−
∞
−

−
∞
−

1
1 ( / )

q q

q q
c

p

1/ 1/

0
1/ 1/

(77)

The model prediction level of the values of ⟨h⟩x was calculated
using eq 76. In this case, N is the number of suspensions
presented in Table 1 and ai are the theoretical (estimated with eq
84) and experimental values of ⟨h⟩x.

3. RESULTS AND DISCUSSION
3.1. Theoretical Range of Validity of the Approach. As

stated in Section 2.2, some assumptions need to bemade in order
to obtain useful forms of eqs 20−22. First, a natural and
conservative way to estimate U is to define (from eq 22) St =
ρghL

2/(ηrefU) = 1 and, consequently, U = ρghL
2/ηref. Second, the

minimum (and conservative) value for ηref in a shear-thinning
fluid estimated by eq 24 is η∞. Therefore, ηref = η∞. Taking into
account eq 20 and replacing the definitions ofU and ηref in eq 21,
the set of equations that represents the conditions assumed to be
true to verify the range of validity of the approach is

≪
h
L

1L
(78)

ρ

η
≤

∞

g h
1x L

2 3

2
(79)

3.2. Model Validation. One step of the validation process
was the analysis of the viscosity adjustment capacity of the
extended Quemada model (dimensional form of eq 38) in a wide
range of shear stress. The comparison of the experimental and
theoretical values of reduced viscosity η* as a function of (τ/τc)

p

for the representative concentrated dispersions used as film-
forming fluids is shown in Figure 2a. According to the obtained
results, values of theoretical η* obtained by using eq 77 fitted
satisfactorily to all experimental viscosity data in a considerable
range of shear stress values, obtaining MAPE errors lower than
8% (Table 1). The level of data description obtained by using the
conveniently rearranged eq 77 indicates a good capability to be
used as a viscosity model for describing the behavior of several
complex concentrated dispersions in a wide range of viscosities
(0.01−228 Pa s), shear stresses (0.1−463 Pa), temperatures
(20−50 °C), and ingredient concentrations or total solids
contents (Table 1). Moreover, the complex nature of each film-
forming fluid used in this work must be taken into account to

Figure 2.Comparison of experimental and theoretical values of (a) reduced viscosity η* as a function of (τ/τc)
p and (b) average film thicknesses ⟨h⟩x for

several suspensions. Suspensions are codified as follows: C: cream, CM: condensed milk, 30% MWPS: microparticulate whey protein suspension with
30% total solids content, GS: glaze suspension, MC x.x%L: milk chocolate with different percentages of lecithin,MC x.x%P: milk chocolate with different
percentages of polyglycerol, B DD: batter Dorothy Dawson, B D: batter Drakes, B GD: batter Golden Dipt, B KT: batter Kikkoman tempura, B TIT:
batter Tung-I tempura, B NWT: batter Newly Wed tempura. Dashed lines correspond of 10% error in (a) and 15% of error in (b).
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emphasize the adjustment capacity of the extended Quemada
model. For example, cream can be considered a concentrated
emulsion, where milk fat globules are dispersed in the aqueous
phase. Condensed milk is a complex dispersion (emulsion/
suspension), where colloidal particles (caseins), solid sugar
particles, and milk fat globules are dispersed in a continuous
aqueous phase. In the microparticulated whey protein and glaze
suspensions, a high concentration of solid particles (30% and
83.33% of total solids content, respectively) is dispersed in the
aqueous phase.35 Milk chocolate can be considered a complex
suspension, where solid particles (cocoa, sugar, and milk) are
dispersed in a continuous lipid phase (cocoa butter, milk fat, and
emulsifier).9 Adhesion and tempura deep-fat frying batters are
highly complex dispersion (aerated suspension), because solid
particles (50% total solids content, mainly wheat flour) are
dispersed in a continuous aqueous phase with mixing (270−300
rpm during 3−4 min).10

The other step of the validation process was the study of the
mathematical model ability to predict values of ⟨h⟩x. The
comparison between experimental and theoretical average film
thickness values for the representative concentrated dispersions
used in this work is shown in Figure 2b. Theoretical values of ⟨h⟩x
were estimated by using eq 84 and physical properties and
rheological parameters of the film-forming fluids presented in
Table 1. The range of experimental ⟨h⟩x values used for each
dispersion was as follows: cream, 0.89−1.06 mm; condensed
milk, 0.38−1.01 mm; MWPS, 0.14 mm; glaze suspension, 0.53−
1.52 mm; milk chocolate with different percentages of lecithin
and polyglycerol, 0.60−4.60 mm; deep-fat frying batters, 0.20−
2.00 mm (Figure 2b). According to the obtained results, a
satisfactory agreement was observed between experimental and
theoretical average film thickness values, with the prediction
errors lower than 15%. It is interesting to notice that the
mathematical model developed in this work can predict a wide

Figure 3. Dimensionless velocity vx* as a function of the nondimensional position y/h for different values of (a) τm/τc, (b) p, (c) q, and (d) η∞/η0. The
condition adopted as reference is represented by a dashed line and has the values of τm/τc = p = q = 1 and η∞/η0 = 0.01.

Figure 4. Reduced flow rateQ* as a function of the normalized and dimensionless shear stress parameter ZS,m for different values of (a) p, (b) q, and (c)
η∞/η0. The condition adopted as reference is represented by a dashed line and has the values of p = q = 1 and η∞/η0 = 0.01.
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range of average film thicknesses (0.14−4.6 mm) that can be
obtained during a dip-coating draining stage (with several

substrates, plate lengths, and draining times) using concentrated
dispersions.

Figure 5. Film thickness h as a function of the nondimensional space−time variable x/t for different values of (a) η∞, (b) η0, (c) p, (d) q, (e) ρ, and (f) τc.
The condition adopted as reference is represented by a dashed line and has the values of η∞ = 0.01 Pa s, η0 = 1 Pa s, p = 1, q = 1, ρ = 1000 kg m

−3, and τc =
100 Pa.

Figure 6. Average film thickness ⟨h⟩x as a function of time t for different values of (a) η∞, (b) η0, (c) p, (d) q, (e) ρ, and (f) τc. The condition adopted as
reference is represented by a dashed line and has the values of η∞ = 0.01 Pa s, η0 = 1 Pa s, p = 1, q = 1, ρ = 1000 kg m−3, and τc = 100 Pa.
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3.3. Model Sensitivity Analysis. A sensitivity analysis was
performed to assess the effect of varying parameters in the
mathematical model on the main predicted variables. It is
important to mention that this analysis is only partial and further
studies need to be made to show the full capabilities of eq 24. For
economy reasons, only the expressions resulting from using eq
38 (i.e. η = η(τ)) were presented and studied in the analysis.
However, a priori, the results can be used to estimate qualitatively
the behavior of the model when η = η(γ)̇. Also, Figures 3−Figure
7 were presented using a reference condition to help in the
analysis. This reference (dashed lines) corresponds to a fluid with
a similar behavior shown by an aqueous suspension of locus
beam gum and sucrose36,37 (described by η∞ = 0.01 Pa s, η0 = 1
Pa s, p = 1, q = 1, ρ = 1000 kg m−3, and τc = 100 Pa).
3.3.1. Velocity Profile. Figure 3 shows the normalized velocity

(vx*) as a function of the dimensionless position (y/h) for several
expected values of τm/τc, p, q, and η∞/η0. These profiles were
obtained by using eq 38 to estimate η. For all cases, the velocity
values exhibit smooth profiles where the minimum and
maximum values are located at y/h = 0 (surface of the substrate)
and y/h = 1 (interface film−air), respectively. First, an increment
in τm/τc produces an increment in vx* (Figure 3a). This behavior
is observed regardless of whether τm/τc is greater or less than 1.
The effect of τm/τc on the velocity profiles is less pronounced as it
moves away from 1 due to the asymptotic behavior of η as τm/τc
→ 0 (i.e. η→ η0) or τm/τc→∞ (i.e. η→ η∞). Second, Figure 3b
shows that an increment in p produces a decrease in vx*. This is
due to the effect that p has on η (eq 38). An increment in p
produces a decrease in η and consequently an increase in vx*. The
results show that the effect of p on vx* decreases as y/h→ 0. This
is because of the values of τm/τc, q, and η∞/η0, chosen for the
comparison. The slope of vx*|y=0 is −2{[1 + (η∞/η0)

−1/q(τm/
τc)

p]/[1 + (τm/τc)
p]}q, and for τm/τc = q = 1 and η∞/η0 = 0.01,

[∂vx*/∂(y/h)]y=0 =−101 (i.e., constant). Third, similarly as in the
case of p, an increment in q produces a decrease in vx* (Figure 3c).
This time, there is no evidence of constancy for the slope of vx* as
y/h → 0. Fourth, an increment in η∞/η0 (within the expected
range for a shear-thinning type of fluid) produces a marked
decrease in vx*. Figure 3, which shows that the parameter that
most affected vx* is η∞/η0, followed by τm/τc, q, and finally p.
3.3.2. Flow Rate. The dimensionless flow rate Q* profiles as a

function of the normalized and dimensionless shear stress
parameter ZS,m for selected values of p, q, and η∞/η0 are shown in
Figure 4. In general, an increase in ZS,m produces an increase in
the flow rate. This behavior can be explained by analyzing eq 46.

Higher values of ZS,m represent higher values of h or ρ (i.e., more
mass flowing) and lower values of τc (i.e., a higher fraction of the
shear stress is higher than τc, which results in η → η∞ for shear-
thinning type of fluids). Also, profiles show concavity for the
selected values of p, q, and η∞/η0. That is, high increments in Q*
were obtained for low values and increments in ZS,m. Figure 4a
shows that an increment in p results in a decrease in the values of
Q* (higher values of p produce more viscous films). Similar
results on Q* were observed for selected values of q (Figure 4b).
In general, as q increased, higher values of η were produced. In
the case of the third parameter (Figure 4c), an increase in η∞/η0
(selected values lower or equal to 1) produced a decrease in Q*.
The maximum value of Q* obtained at ZS,m = 1 is an inverse
function of η∞/η0. Then, for example using η∞/η0 = 0.01,
Q*|ZS,m = 1 = 100 is obtained. Finally, comparing the effect of the
parameters, the one that most affected Q* was η∞/η0, followed
by q, and finally p.

3.3.3. Local Film Thickness. Local film thickness h profiles as a
function of the space−time x/t variable for selected values of η∞,
η0, p, q, ρ ,and τc are shown in Figure 5. These profiles were
obtained using a dimensional form of eq 69. In general, an
increment in x or a decrement in t causes a parabolic-like
increment in h. In the case of η∞, an increment in this parameter
produces an increase in the local film thickness. This is due to the
increased resistance of the film to drain from the substrate. A
similar behavior is observed for an increment in η0. In this case, an
asymptotic profile is observed for η0 > 10. This performance can
be explained by observing the asymptotic nature of η for a given
value of h. Particularly for the set of values adopted for η∞, η0, p, q,
ρ, and τc, values of η0 higher than 10 produce negligible changes
in η. Figure 5 shows that an increment in p (Figure 5c) and q
(Figure 5d) produces an increment in h. This is because higher
values of those parameters (within the range of the selected
values) result in higher viscosity values (higher resistance to
drain) and consequently more film on the substrate at any time.
In the rest of the variables, a decrease in density of the film
(Figure 5e) and an increase in τc (Figure 5f) resulted in thicker
films. On one hand, higher density values result in higher
gravitational forces acting on the film to produce draining. On
the other hand, higher values of τc, for a given film thickness,
result in higher viscosities and consequently lower draining
velocities. The parameters that most affected hwere η∞, p, and τc.

3.3.4. Average Film Thickness. Profiles of the average film
thickness as a function of time for selected values of η∞, η0, p, q, ρ,
and τc are shown in Figure 6. In this figure, profiles were obtained

Figure 7. Ratio of the average film thickness to the local film thickness ⟨h⟩x/h as a function of the normalized and dimensionless shear stress parameter
ZS,m for different values of (a) p, (b) q, and (c) η∞/η0. Red dotted line represents maximum points in profiles. The condition adopted as reference is
represented by a dashed line and has the values of p = q = 1 and η∞/η0 = 0.01.
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at x = 40mm. In general, a convex functionality of the type ⟨h⟩x∼
at−b (where a, b > 0) is observed. Similar functionality was
obtained by Peralta et al.15 It is important to note that as t→ 0 the
⟨h⟩x → ∞. This is because of the initial conditions imposed for
this example. The effect of η∞, η0, p, q, ρ, and τc produced on ⟨h⟩x
was similar to the one observed for h (Figure 5). Briefly, an
increase in η∞, η0, p, q, and τc and a decrease in ρ produced an
increase in ⟨h⟩x. Also, the magnitude of the effect of the
parameters on ⟨h⟩x is conserved compared to the one observed
for h. It is important to keep in mind that these effects may not be
observed for another combination of the parameter values.
3.3.5. Film Thickness Homogeneity. Figure 7 shows the ratio

of the average film thickness to the local film thickness ⟨h⟩x/h
profiles as a function of the normalized and dimensionless shear
stress parameter ZS,m for selected values of p, q, and η∞/η0. It is
important to mention that ⟨h⟩x/h can be regarded as a degree of
thickness homogeneity of the film.14 A high value in thickness
homogeneity can be a desirable attribute in a given film
depending on the characteristics of the final product. Therefore,
the quantification of this parameter could be very important to
characterize a coating material or a process.
In general, ⟨h⟩x/h profiles show a concave functionality with

respect to ZS,m. All profiles presented a maximum and a value of
⟨h⟩x/h =

2/3 at the extremes (i.e. ZS,m = 0 and ZS,m = 1). Values of
2/3 in ⟨h⟩x/h are obtained for shear-independent viscosity
materials (for example: Newtonian materials).14,15 This is
explained due to the fact that as | τ | → 0 (i.e. ZS,m = 0) and | τ |
→∞ (i.e. ZS,m = 1), the viscosity approaches the constant values
of η0 and η∞, respectively.
In all cases, an increment in p and q, and a reduction in η∞/η0,

produced higher values of ⟨h⟩x/h (i.e., more homogeneous films)
for 0 < ZS,m < 1.
As mentioned before, a material described by eq 38 produces a

maximum in ⟨h⟩x/h as a function of ZS,m. These extrema (red
dotted lines in Figure 7) can be found by differentiating eq 73
with respect to ZS,m and equating to zero the resulting expression.
This procedure yields

η
η

η

−
− − + −

−

× + − + =

+

⎛
⎝⎜

⎞
⎠⎟

Z qp Z Z

Z

F
p p

q
p

Z Z

3
(1 ) {3 [3 (1 )] }

(1 )

3
;

3
1, ;

3
1; , 0

e
p

e c e

c e
q

e c e

S,m
3/

S,m S,m

S,m
1

1 S,m S,m
(80)

where ZS,me is the normalized and dimensionless shear stress
parameter that produces a maximum value in ⟨h⟩x/h.
Specifically, in the case of p, the maxima (red dotted line) were

obtained at 0.1 < ZS,m < 0.3 for 0.25 < p < 10. The maximum
values of ⟨h⟩x/h increased as p increased. Similar results were
obtained for q. In this case maximum values of ⟨h⟩x/h were
obtained in a broader range: 0 < ZS,m < 0.5. These maximum
values were in the range of 0.666 < (⟨h⟩x/h)max < 0.758.
Conversely, the extrema of ⟨h⟩x/h decreased as η∞/η0 increased
(red dotted line in Figure 7c). In this case, the maximum value of
the extrema is 0.75, which is obtained at ZS,m→ 0 when η∞/η0→
0.
3.4. Dimensional Forms of the Main Variables and

Special Cases. Similarly to the model presented by Peralta et
al.,14 the expressions obtained in this work were simplified using
the well-known and important special cases of the generalized
Quemada model (eq 24) mentioned in Section 2.3. These
expressions are novel analytical solutions resulting from a
thorough simplification procedure using mathematical identities

from Peralta et al.14 and Weisstein.38 Also, it is important to
mention that their presentation would usually require separate
studies.

3.4.1. Generalized Quemada.
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• When η = η(γ)̇:
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3.4.2. Quemada.

• When η = η(τ):
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where F2 1[a,b;c;s] is the Gauss hypergeometric function.
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• When η = η(γ)̇:
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3.4.3. Berli−Quemada − η = η∞[1 + (τ/τc)
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3.4.4. Heinz−Casson η = η∞[1 + (γ/̇γċ)
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3.4.5. Casson η= η∞[1 + (γ/̇γċ)
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3.4.6. Sisko  η = η∞ + (η∞/γċ
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3.4.7. Bingham  η = η∞ + η∞γċ/γ.̇
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3.4.8. Cross  η = η∞ + (η0 − η∞)/[1 + (γ/̇γċ)
p].
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3.4.9. Meter−Bird  η = η∞ + (η0 − η∞)/[1 + (τ/τc)
p].
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3.4.10. Reiner−Philippoff η = η∞ + (η0− η∞)/[1 + (τ/τc)
2].
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3.4.11. Peek−Mclean−Williamson η = η∞ + (η0 − η∞)/[1

+ (τ/τc)].
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3.4.12. Ellis  η = η0/[1 + (τ/τc)
p].
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3.4.13. Newtonian.
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4. CONCLUSIONS
In this work, an analytical and simple 2D mathematical model of
the fluid-dynamic variables of the dip-coating draining stage of a
finite vertical plate was developed. Concentrated dispersions
were considered as film-forming fluids, whose rheological
behavior was described by an extension of the theoretical
rheological model proposed by Quemada.16 The proposed
model has been obtained based upon rigorous mass and
momentum balances applied to the draining stage of a
monophasic, isothermal, and nonevaporative system, where the
highest forces are viscous and gravitational. The considered
phenomena occur far away from the meniscus formed at the
surface of the fluid-forming reservoir. Parameters that were
estimated are the velocity profile (eqs 43−48 and 51−55), flow
rate (eqs 60 and 64), average velocity (eqs 61 and 65), local
thickness (eqs 69 and 70), and average thickness (eqs 73 and 75)
of the film. Finally, the mathematical model was validated
(prediction errors <15%) by using experimental data of average
film thickness values of several representative concentrated
dispersions obtained in this work and from the literature. These
film-forming fluids were milk cream, condensed milk, 30%

microparticulated whey protein suspension, food glaze suspen-
sion, milk chocolate, and deep-fat frying batters. The information
published in this study can be useful to control and predict the
homogeneity and thickness of the film during an industrial
coating process, in order to decrease the trial-and-error
predictions and satisfy the quality requirements of the final
product.
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■ NOMENCLATURE
ai = theoretical and experimental values of η or ⟨h⟩x
C = concentration, kg m−3

Ca = capillary number (ηU σ−1)
ei̲ = unit vector in the ith-direction
F̲e = external forces vector, N m−3

F1[α; β, γ; δ; z1, z2] = Appell hypergeometric function
2F1[a, b; c; s] = Gauss hypergeometric function
Fr = Froude number (U2 gx

−1 hL
−1)

g ̲ = gravity acceleration vector, m s−2

g = gravity acceleration component, m s−2

h = local thickness of the film, m
hL = h evaluated at L, m
L = length of the plate, m
N = number of data points in each studied suspension or
number of studied suspensions
P = pressure, Pa
q, p = dimensionless coefficients used in eq 24
Q = flow rate per unit width, m2 s−1

Re = Reynolds number (ρUhL ηref
−1)

St = Stokes number (ρgxhL
2 ηref

−1 U−1)
T = temperature, K
t = time, s
U = reference velocity for the x-direction, m s−1

V = reference velocity for the y-direction, m s−1

v ̲ = velocity vector, m s−1

v = velocity component, m s−1

x ̲ = position vector, m
x, y, z = Cartesian coordinates
ZR = normalized and dimensionless shear rate parameter
defined by eq 55
ZS = normalized and dimensionless shear stress parameter
defined by eq 47

Greek Symbols
Γ = dimensionless shear variable that could be | τ |/τc or | γ |̇/γċ
γ ̇ = rate-of-strain tensor, s−1
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| γ |̇ = magnitude of γ ,̇ s−1

γi̇j = rate-of-strain tensor component, s−1

γċ = characteristic shear rate, s−1

ε = dimensionless ratio (hL L
−1)

η = apparent viscosity, Pa s
η0 = limiting steady state viscosity when Γ→ 0 is used in eq 24,
Pa s
η∞ = limiting steady state viscosity when Γ→∞ is used in eq
24, Pa s
ρ = density, kg m−3

σ = surface tension coefficient, N m−1

τ = viscous stress tensor, Pa
| τ | = magnitude of τ , Pa
τij = viscous-stress tensor component acting in the jth-direction
on a plane with a normal vector acting in the ith-direction, Pa
τc = characteristic shear stress used in eq 24, Pa

Subscripts
ref = reference state
x = in the x-direction
y = in the y-direction
z = in the z-direction

Special symbols
⟨⟩i = averaged quantity in the ith-direction
□̃ = dimensionless quantity
O() = “of the order of”
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