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Abstract— In this paper, a model of Plasma Focus without surrounding cathode 
containing the radial expansion of the current sheath is presented. This configuration has 
been increasingly used in recent miniature devices. The model, based on the snowplow 
approximation, was applied to calculate the voltage along the pinch in a small 300 J 
device, showing good agreement with the experiments. The results can be useful in the 
design of x-rays applications of Plasma-Focus devices.
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Introduction

A Plasma Focus in a low pressure gas environment produces a hot (around 0.3-1 keV) 

and dense (around 1025 m-3) transient plasma for some nanoseconds, inducing 

ionization by means of a high pulsed voltage between a pair of coaxial cylindrical 

electrodes. The hot plasma is the result of the time evolution of the electrical 

discharge that travels along the coaxial electrodes. The discharge starts over the 

insulator separating the electrodes, and then the plasma sheath take-off axially 

accelerated by the magnetic field generated by the current itself. After the current 

sheath runs over the open end of the central electrode, the plasma becomes rapidly 

compressed into a small column resulting in very hot and dense plasma (pinch).

Recently, small Plasma-Focus devices were developed aiming to applications 

of the pulsed radiation emissions of the pinch (Soto et. al. 2001, Silva et. al. 2002, 

Moreno et. al 2003, Silva et. al. 2003, Soto et. al. 2008, Rout et. al. 2009). Miniature 

devices were constructed following a special configuration derived from capillary 

discharges, where the surrounding cathode is replaced by a circular plate located at 

the base of the gun (Soto et. al. 2009, Barbaglia et. al 2009). This feature allows the 



current sheath to expand freely during the run down. Often, these devices are 

designed following empirical practices based on accepted scale laws (Lee and Serban 

1996, Soto et. al. 2009).

Several simple models were offered in the past to assist the design of Plasma-

Focus devices. Mathuthu et. al. (1997) proposed a semiempirical model for in which 

the sheath has both radial and axial variation during the rundown phase, and both the 

damped current and pinch length are allowed to vary with time. Moreno et. al. (2000) 

derived a purely algebraic model capable of explaining the relation of the neutron 

production with the gas-filling pressure and the geometrical parameters of the device, 

based in the thermonuclear component of the fusion reaction.

More sophisticated theories were applied to describe in detail the kinematics 

of the current sheath. Moreno et. al. (2003) and Casanova et. al. (2005) presented a 

finite-element approximation of Plasma Focus discharges, which reproduced with 

very precisely the shape evolution of the sheath and the thermodynamics of the shock 

wave. Stepniewski (2004) proposed a numerical code based on the free points method 

to solve a set of non-ideal MHD equations including the kinetics of ionization.

Lumped parameters models were applied with excellent results, providing fast 

tools to assess the dynamic features of Plasma Foci operation. Lee S. (1989) proposed 

a model based in the snow-plow approximation of the MHD equations, which was 

further extended to the simulation of different types of devices. Siahpoush et. al. 

(2005) and Goudarzi et. al (2008) adapted Lee’s model to the Filippov type plasma 

focus geometry. Gonzalez et. al. (2004) presented a lumped parameter model of 

Mather-type Plasma Focus based on plane pistons, which explained the experimental 

neutron production of numerous devices assuming a thermonuclear reaction 

mechanism in the pinch.



In order to predict x-rays and the beam-target component of neutron 

emissions, more complex models taking into account the generation of beams of 

electrons and ions should be developed. An important variable involved in the beam 

generations of charged particles is the voltage acting along the pinch, which can 

exceed several times the charging voltage due to the inductance variation during the 

final compression.

In the present article, an extension of Gonzalez et. al. (2004) lumped 

parameter model is presented, introducing the initial radial expansion of the current 

sheath. This feature is important in the modeling of Plasma Focus without 

surrounding cathode, which is an increasingly used configuration in miniature devices 

(Soto et. al. 2009, Barbaglia et. al 2009). The model is applied to calculate the voltage 

along the pinch in a small 300 J device, showing good agreement against the 

experiments.

Description of the model

Let us consider the coaxial plasma gun configuration shown in Fig. 1. The anode is a 

cylindrical bar whereas the cathode is a plate with a central circular hole. This 

configuration has been used with good results in recent miniature Plasma-Focus 

devices (Soto et. al. 2009, Barbaglia et. al 2009). Following Lee’s snowplow 

approximation (Lee 1989), the discharge process is partitioned in three stages, run-

down, run-over, and pinch compression, and the evolution of the current sheath is 

idealized by means of axial and radial shock-waves (Fig. 2).

In the run-down stage, the current sheet is represented by an annular piston 

moving forward in the axial direction and a planar cylinder moving outwards from the 

insulator. The length of the latter is variable and it is determined by the position of the 



axial piston (Fig. 2). The mass and momentum equations of the axial plasma piston 

are:
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where a parameter x is introduced to account for shape effects, vx is the axial 

piston velocity, o the density of the stagnant gas ahead of the piston, R the position of 

the plasma cylinder moving outwards in the radial direction, and l is the linear 

inductance of the expanding current sheath:
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The radial expansion is modeled by a planar cylinder whose length is 

determined by the axial piston (Fig. 2). The mass and momentum balances of the 

radial expansion are:
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Note that the logarithmic factor of Eq. (3) does not appear in Eq. (5), since the 

magnetic pressure is constant over the radial piston area. In Eq. (4), the parameter R

is introduced to account for shape effects.

Assuming that the electric current flows at the backside of the sheet, the circuit 

equation is:
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where x is the position of the piston backside, Le is the inductance of the 

external circuit, Q and C are the capacitor charge and capacity, and Vsg is the voltage 

drop on the spark gap that is modeled as (Bruzzone et. al. 1989):
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where  and to are constant parameters characteristic of the switch, and Q0 the 

initial capacitor charge.

The run-over stage occurs after the sheath arrival at the anode’s open end, 

where the magnetic field accelerates the plasma toward the axis. The radial collapse is 

modeled by a radially imploding cylinder whose length is the difference between the 

axial piston and the anode length (Fig. 2). The mass and momentum balances and the 

electrical circuit equation of the radial contraction are analogous to the corresponding 

radial expansion during the breakdown.

The thickness of the axial piston, X, can be calculated regarding that the mass 

fraction trapped in the axial portion of the sheath is:
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In Eq. (8), Rext and Rint are the corresponding internal and external radii of the 

sheath, and the current sheath density cs is calculated assuming the Rankine-

Hugoniot relation (Anderson 2006):
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where M is the Mach number.
Similarly the thickness of the imploding piston, R, is related to its mass by:
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Pinch model

The pinch compression starts when the front of the imploding cylinder reaches the 

axis (i.e., R-R=0). The resulting cylinder can be treated as a small plasma column 

compressed by the Lorentz force, which adiabatically increases its internal pressure 

and temperature until a minimum radius is reached (Fig. 3). Representing the pinch as 

a rigid cylinder should be interpreted as an effective model of a train of micropinches 

caused by m=0 instabilities, which is what experimental observations suggest. The 

momentum balance inside the pinch cylinder is written as (Gonzalez et. al. 2004):
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where p is the pinch mass density, Rp and vr are the pinch radius and its 

temporal derivative, pM is the magnetic pressure:
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and pi the internal pinch pressure, which can be related to the pinch radius 

(Gonzalez et. al. 2004).

The instantaneous voltage drop along the pinch is produced by the inductance 

variation during the compression of the plasma column. Knowing the voltage drop 

between electrodes, Ve, the current and the inductance of the current sheath, Lcs, the 

pinch voltage is calculated as:

dt

ILLd
VV cse

ep

)( 
 (13)

Results

In order to validate the model, the numerical results were compared with experimental 

measurements in a Plasma Focus with open cathode. Table I details the geometric and 

electrical parameters of the device (Barbaglia et. al. 2009). Systematic measurements 

of the pinch voltage dependence with the charging voltage were reported, including a 

study of the influence of the anode length, z. The experimental pinch voltage was 

obtained indirectly by processing the signals of current and interelectrode voltage, 

combined with estimations of the gun inductance.

The equations were solved using the FORTRAN LSODE subroutine package 

(Hindmarsh 1983). Fig. 4 shows the pinch evolution calculated for a 25 kV discharge 

over a 28 mm anode, where the velocity of the pinch radius, vR, and the voltage along 

the pinch are depicted.

Fig. 5 shows the peak voltage along the pinch as function of the charging 

voltage, for each of the anode length used in the reference experiment. In spite of the 

dispersion of the data, it can be seen that the model follows quite well the trend using 



a single set of shape parameters, X = 0.5 and R = 0.6, which was sufficient to explain 

the data measured on three different anode lengths.

The sensitivity of the results to variations of the shape parameters X and R

was studied for the reference case (z = 28 mm, Vo = 25 kV), resulting:
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which indicates that the model is robust respect to uncertainties of the shape 

parameters.

Figs. 6 and 7 show the calculated pressure dependence of the pinch voltage 

and pinch current, for different anode lengths. It can be seen the pinch current 

presents a maximum, which corresponds to the coincidence of the pinch with the peak 

discharge current. In turn, the pinch voltage always decreases with the charging 

pressure.

Fig. 8 shows the variation of the pinch voltage with the anode length, 

keeping constant the charging pressure. It can be seen that there is an optimum anode 

length for each pressure, which maximizes the pinch voltage. Finally, Fig. 9 shows 

the maximum voltage and the corresponding optimum anode length as function of the 

charging pressure. Both magnitudes decrease as the pressure increases. These results 

can be useful in the design of Plasma Focus devices for applications of the x-ray 

emissions, which are known to be associated with the acceleration of electrons in the 

pinch.



Conclusions

A model of an open-cathode Plasma-Focus device was presented. The calculations of 

the pinch voltage have been tested with available data at different charging voltages 

and anode lengths, showing good agreement. It should be noted that the numerical 

pinch duration should be interpreted as an effective value, since the present model 

represents the pinch as a single rigid cylinder, whereas experimental observations 

suggest the occurrence of a train of micropinches caused by m=0 instabilities 

(Liberman et. al. 1999). A two dimensional model capable to describe the axial 

structure of the pinch would be required for a systematic description of these effects.

The model set out here offers a useful tool to calculate and design of open-cathode 

Plasma-Focus devices applied to production of pulsed beams of charged particles.
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TABLE I
PARAMETERS OF THE EXPERIMENT AND THE MODEL

Symbol Parameter Value

C Bank capacity 0.8 F
V Charging voltage 18-28 kV
Le External inductance 65 nHy
z Anode length 2.3 to 3 cm

Ra Anode radius 0.31 cm
po Filling pressure 1.8 mbar
 Characteristic frequency of the spark gap 350 ns-1

to Characteristic delay of the spark gap 400 ns
x Axial shape parameter 0.5
R Radial shape parameter 0.6



Figure 1. Diagram of an open-cathode Plasma Focus.



Figure 2. Lumped parameter model of an open-cathode Plasma Focus (1. Breakdown 
and run-down, 2. Run-over, 3. Pinch).



Figure 3. Diagram of the pinch model.
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Figure 4. Numerical evolution of the velocity of the pinch and voltage-drop along the 
pinch.
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Figure 5. Peak voltage along the pinch measured and calculated for different charging 
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Figure 6. Charging-pressure dependence of the peak voltage along the pinch 
calculated for different anode lengths.
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Figure 9. Optimum pinch voltage and the corresponding optimum anode length.


