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We propose a model-independent parametrization for the one-pion-to-vacuum matrix elements of the
vector and axial vector hadronic currents in the presence of an external uniform magnetic field. It is shown
that, in general, these hadronic matrix elements can be written in terms of several gauge covariant Lorentz
structures and form factors. Within this framework we obtain a general expression for the weak decay
π− → lν̄l and discuss the corresponding limits of strong and weak external magnetic fields.
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I. INTRODUCTION

The effect of intense magnetic fields on the properties of
strongly interacting matter has gained significant interest
in recent years [1–3]. This is mostly motivated by the
realization that strong magnetic fields might play an
important role in the study of the early Universe [4], in
the analysis of high energy noncentral heavy ion collisions
[5], and in the description of physical systems such as
compact stellar objects called magnetars [6]. It is well
known that magnetic fields also induce interesting phe-
nomena like the enhancement of the QCD vacuum (the
so-called “magnetic catalysis”) [7], and the decrease of
critical temperatures for chiral restoration and deconfine-
ment QCD transitions [8].
In this work we concentrate on the effect of a magnetic

field B⃗ on the weak pion-to-lepton decay π− → lν̄l. In fact,
the study of weak decays of hadrons in the presence of
strong electromagnetic fields has a rather long history.
Already in the mid 1960s, the effect of some particularly
simple electromagnetic field configurations on leptonic
decays of charged pions was considered [9,10]. Some
years later, the decay of a neutron in the presence of a
magnetic field was also studied [11,12]. In most of the

existing calculations of the decay rates, however, the
effect of the external field on the internal structure of
the participating particles has not been taken into account.
Only in recent years has the B-dependence of pion masses
actively been investigated from the theoretical point of
view. This has been done using approaches like e.g.,
chiral perturbation theory [13,14], quark effective models
[15–26] and lattice QCD (LQCD) simulations [8,27,28].
In addition, some of these works [13–21] (see also
Refs. [29,30]) considered, for the case of the neutral pion,
the B-dependence of the decay constant fπ0 . For the
charged pion, such an effect has been analyzed in the
context of chiral perturbation theory [14], quark-antiquark
effective chiral models [30] and very recently through
LQCD calculations [31]. An interesting observation was
made in Ref. [29], where it is claimed that, due to the
explicit breaking of rotational invariance caused by the
magnetic field, one can define two different decay con-
stants, one of them associated with the direction parallel to
B⃗ and another one associated with the perpendicular
directions. A further relevant statement has been pointed
out in Ref. [31]. In that work it is noted that the existence
of the background field opens the possibility of a nonzero
pion-to-vacuum transition via the vector piece of the
electroweak current, which implies the existence of a
further decay constant. Taking into account this new
constant, the authors of Ref. [31] obtained an expression
for the decay width under the assumption that the decaying
pion is at rest. However, one should note that in the case of
a charged pion this condition cannot be exactly fulfilled,
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due to the presence of the magnetic field. Even in its lowest
energy level (hence, in the lowest Landau level), the
charged pion still keeps a zero point motion. In this
context, the aim of the present work is twofold. Firstly,
considering an external uniform magnetic field, we deter-
mine the form of the most general model-independent
hadronic matrix elements, written in terms of gauge
covariant Lorentz structures. In particular, we show that
in the presence of a magnetic field several independent
form factors can be in principle defined. Secondly, given
the general form of the hadronic matrix elements, we obtain
an expression for the π− → lν̄l decay width, taking into
account the effect of the magnetic field on both pion and
lepton wave functions.
This paper is organized as follows. In Sec. II we discuss

the structure of the pion-to-vacuum matrix elements in the
presence of a uniform static magnetic field from a general
point of view. We start by identifying the relevant gauge
covariant Lorentz structures, and then we proceed to obtain
the hadronic matrix elements for neutral and charged pions.
In Sec. III we obtain an explicit expression for the π�
leptonic weak decay width. After considering the general
case of an arbitrary magnetic field strength, we discuss the
particular cases of both strong and weak magnetic fields.
Finally, in Sec. IV we present our main conclusions.
We also include Appendixes A, B, C and D to quote
technical details of our calculations.

II. PION-TO-VACUUM AMPLITUDES IN THE
PRESENCE OF AN EXTERNAL UNIFORM

MAGNETIC FIELD: GENERAL STRUCTURE

In this section we analyze the general form of the pion-
to-vacuum matrix elements of vector and axial vector quark
currents. Throughout this work we use the Minkowski
metric gμν ¼ diagð1;−1;−1;−1Þ, as well as the convention
ϵ0123 ¼ þ1 for the totally antisymmetric tensor ϵμναβ.
Let us start by considering the hadronic matrix elements

for the case of a neutral pion in the absence of the external
magnetic field. The amplitudes for the vector and axial
vector quark currents are

H0;μ
V ðx; p⃗Þ ¼ h0jψ̄ðxÞγμ τ3

2
ψðxÞjπ0ðp⃗Þi;

H0;μ
A ðx; p⃗Þ ¼ h0jψ̄ðxÞγμγ5

τ3
2
ψðxÞjπ0ðp⃗Þi; ð1Þ

where ψðxÞ includes the u and d quark fields,

ψðxÞ ¼
�
ψuðxÞ
ψdðxÞ

�
; ð2Þ

and τ3 is a Pauli matrix that acts on flavor space. To deal
with the matrix elements in Eq. (1) it is possible to
hadronize the quark currents, i.e., to consider matrix
elements of hadronic field operators carrying appropriate

Lorentz indices and quantum numbers. In the low energy
limit (typically, below the ρ meson threshold), the relevant
hadronic field is the pion field ϕπ0ðxÞ, and (in absence of
external fields) the only available vectorlike differential
operator is the momentum operator p̂μ ¼ i∂μ. Since the
pion field is pseudoscalar, only the matrix element of the
axial-vector hadronic current can be nonzero. In this way,
one has

h0jψ̄ðxÞγμ τ3
2
ψðxÞjπ0ðp⃗Þi ¼ 0;

h0jψ̄ðxÞγμγ5
τ3
2
ψðxÞjπ0ðp⃗Þi ¼ fðp̂2Þ∂μh0jϕπ0ðxÞjπ0ðp⃗Þi:

ð3Þ

Here, the function fðp̂2Þ contains all the information of
nonperturbative QCD contributions. Using the explicit
form of ϕπ0ðxÞ and the commutation rules for the corre-
sponding creation and annihilation operators [see Eqs. (A1)
and (A2)], one immediately finds

H0;μ
V ðx; p⃗Þ ¼ 0;

H0;μ
A ðx; p⃗Þ ¼ −ifðp2Þpμe−ip·x: ð4Þ

As usual, the four-momentum pμ is defined by pμ ¼
ðEπ; p⃗Þ, with Eπ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π þ jp⃗j2
p

. Similar expressions can
be obtained for charged pions. It can be seen that the
invariance of strong interactions under P, C and T trans-
formations implies that fðp2Þ is a real function. In the
absence of external fields, the pion decay constant is given
by fπ ¼ fðm2

πÞ ≃ 92.3 MeV [32].
We turn now to the situation in which a static external

electromagnetic field is present. In this case, other tensor
structures are possible. For a particle of charge Q the
relevant basic tensors are the gauge covariant derivative Dμ

and the gauge invariant electromagnetic field strength Fμν,
defined as

Dμ ¼ ∂μ þ iQAμ; Fμν ¼ ∂μAν − ∂νAμ: ð5Þ

Taking them as building blocks, one can in principle obtain
an infinite number of differential operators with different
Lorentz tensor structures. However, for the particular case
of a uniform static magnetic field B⃗, it is well known (see
e.g., Ref. [33]) that only a few independent tensors exist.
Noting that F0i ¼ 0 and Fij ¼ Fij ¼ −ϵijkBk, we get

½Dμ;Dν� ¼ iQFμν ¼ −iQϵ0μνkBk; k ¼ 1; 2; 3: ð6Þ

For definiteness, and without losing generality, in what
follows we take Bk ¼ Bδk3. Using the above relations it is
easy to prove that one has only two independent scalars,
apart from the particle electric chargeQ and FμνFμν ¼ 2B2.
These can be taken to be
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D2
jj ¼ ðD3Þ2 − ðD0Þ2; D2⊥ ¼ −ðD1Þ2 − ðD2Þ2: ð7Þ

In addition, it is possible to find four independent four-
vectors. One possible choice is the set

Dμ ¼ ðD0; D⃗Þ;
−iFμνDν ¼ −iBð0;D2;−D1; 0Þ;
FμνFναDα ¼ −B2ð0;D1;D2; 0Þ;

1

2
ϵμναβFναDβ ¼ BðD3; 0; 0;D0Þ ð8Þ

(notice that the last of these tensors transforms in fact as an
axial vector).
From the above expressions for Lorentz scalars and four-

vectors, we can write now a general form for the hadronic
currents we are interested in. We consider first the case of
the neutral pion, for which Q ¼ 0 and the operator Dμ

reduces to the usual derivative ∂μ. Taking into account once
again the intrinsic parity of the pion field, one has

h0jψ̄ðxÞγμ τ3
2
ψðxÞjπ0ðp⃗Þi

¼ f̂ðVÞ
π0

ð∂3; 0; 0; ∂0Þh0jϕπ0ðxÞjπ0ðp⃗Þi; ð9Þ

h0jψ̄ðxÞγμγ5
τ3
2
ψðxÞjπ0ðp⃗Þi

¼ ½f̂ðA1Þ
π0

ð∂0; ∂⃗Þ − if̂ðA2Þ
π0

ð0; ∂2;−∂1; 0Þ
− f̂ðA3Þ

π0
ð0; ∂1; ∂2; 0Þ�h0jϕπ0ðxÞjπ0ðp⃗Þi; ð10Þ

where f̂ðVÞ
π0

and f̂ðAiÞ
π0

are complex functions of the magnetic
field and the scalar differential operators ∂2

jj and ∂2⊥. The
hadronic matrix elements can be readily obtained using
Eqs. (A1) and (A2). We find it convenient to define some
linear combinations of the respective Lorentz components,
namely

H0;ϵ
k;Vðx; p⃗Þ≡H0;0

V ðx; p⃗Þ þ ϵH0;3
V ðx; p⃗Þ

¼ −iϵfðVÞ
π0

ðEπ0 þ ϵp3Þe−ip·x; ð11Þ

H0;ϵ
⊥;Vðx; p⃗Þ≡H0;1

V ðx; p⃗Þ þ iϵH0;2
V ðx; p⃗Þ ¼ 0; ð12Þ

and

H0;ϵ
k;Aðx; p⃗Þ≡H0;0

A ðx; p⃗Þ þ ϵH0;3
A ðx; p⃗Þ

¼ −ifðA1Þ
π0

ðEπ0 þ ϵp3Þe−ip·x; ð13Þ

H0;ϵ
⊥;Aðx; p⃗Þ≡H0;1

A ðx; p⃗Þ þ iϵH0;2
A ðx; p⃗Þ

¼ −i½fðA1Þ
π0

− ϵfðA2Þ
π0

− fðA3Þ
π0

�ðp1 þ iϵp2Þe−ip·x;
ð14Þ

with ϵ ¼ �. Here, fðVÞ
π0

and fðAiÞ
π0

are functions of p2⊥ ¼
ðp1Þ2 þ ðp2Þ2 and p2

k ¼ E2
π0
− ðp3Þ2, with p2

k − p2⊥ ¼
p2 ¼ m2

π0
. Notice that, although it is not indicated explic-

itly, the pion massmπ0 is a function of the magnetic field B.
As in the B ¼ 0 case, it is important to consider the
constraints on the form factors arising from the discrete
symmetries of the interaction Lagrangian in the presence of
the magnetic field. This is discussed in some detail in
Appendix B, where it is shown that these symmetries lead

to fðA2Þ
π0

¼ 0while the remaining form factors turn out to be
real. In this way, we conclude that the most general forms
of the vector and axial vector pion-to-vacuum matrix
elements, in the presence of an external constant and
homogenous magnetic field along the 3-axis, are

H0;ϵ
k;Vðx; p⃗Þ ¼ −iϵfðVÞ

π0
ðEπ0 þ ϵp3Þe−ip·x; ð15Þ

H0;ϵ
⊥;Vðx; p⃗Þ ¼ 0 ð16Þ

and

H0;ϵ
k;Aðx; p⃗Þ ¼ −ifðA1Þ

π0
ðEπ0 þ ϵp3Þe−ip·x; ð17Þ

H0;ϵ
⊥;Aðx; p⃗Þ ¼ −i½fðA1Þ

π0
− fðA3Þ

π0
�ðp1 þ iϵp2Þe−ip·x; ð18Þ

where all form factors are real. The results in Eqs. (17) and
(18) are in agreement with the observation made in
Ref. [29] that, due to the explicit breaking of rotational
invariance caused by the magnetic field, one can define for
the neutral meson two different form factors related to
the axial current. One of them can be associated with the
direction parallel to B⃗, and the other one with the per-
pendicular directions. In addition, according to Eq. (15) we
find that a further form factor related to the vector current
can be defined as well.
Let us consider now the case of the charged pion πσ , with

σ ¼ � (electric charge Q ¼ σjej). We adopt in this work
the Landau gauge, in which Aμ ¼ ð0; 0; Bx1; 0Þ. Then,
Dμ ¼ ∂μ þ isBex1δμ2, with s ¼ signðσBÞ and Be ¼ jeBj.
One has in this case

Hσ;μ
V ðx; p̆Þ ¼ h0jψ̄ðxÞγμτ−σψðxÞjπσðp̆Þi

¼
ffiffiffi
2

p
ðD3; 0; 0;D0Þf̂ðVÞπσ h0jϕs

πσ ðxÞjπσðp̆Þi ð19Þ

and

Hσ;μ
A ðx; p̆Þ ¼ h0jψ̄ðxÞγμγ5τ−σψðxÞjπσðp̆Þi

¼
ffiffiffi
2

p
½ðD0; D⃗Þf̂ðA1Þπσ − isð0;D2;−D1; 0Þf̂ðA2Þπσ

− ð0;D1;D2; 0Þf̂ðA3Þπσ �h0jϕs
πσ ðxÞjπσðp̆Þi;

ð20Þ
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where τ� ¼ ðτ1 � iτ2Þ=2. Here, f̂ðVÞπσ and f̂ðAiÞπσ are functions
of the scalar operatorsD2

jj andD
2⊥, while p̆ ¼ ðl; p2; p3Þ, l

being a non-negative integer (Landau index), denotes a set
of quantum numbers that characterize the charged pion
state in the presence of the magnetic field (see
Appendix A.2 for details). The sign s in the term carrying

f̂ðA2Þπσ has been conventionally introduced for later conven-

ience. Notice that in Eqs. (19) and (20) the operators f̂ðVÞπσ

and f̂ðAiÞπσ have been placed to the right of the operators
listed in Eq. (8). In fact, the ordering is relevant, since
(contrary to the case of the neutral pion) the operators D1

and D2 do not commute. On the other hand, since the basis
formed by the operators in Eq. (8) is complete, our ordering
choice does not imply a loss of generality (different
orderings just correspond to alternative definitions of the
form factors). The convenience of our election will become
clear below.
To proceed we need the general form of the πσ wave

functions in the presence of the external magnetic field. For
our choice of gauge and magnetic field direction these are
given by Eq. (A10). From this equation, together with the
commutation relations of the associated creation and
annihilation operators given in Eq. (A16), one can obtain
general expressions for the hadronic matrix elements. As in
the case of the neutral pion, these can be conveniently
written in terms of linear combinations of their Lorentz
components. We have

Hσ;ϵ
k;Vðx; p̆Þ≡Hσ;0

V ðx; p̆Þþ ϵHσ;3
V ðx; p̆Þ ¼ ϵ

ffiffiffi
2

p
Dϵ

kf̂
ðVÞ
πσ F s

p̄ðxÞ;
Hσ;ϵ

⊥;Vðx; p̆Þ≡Hσ;1
V ðx; p̆Þþ iϵHσ;2

V ðx; p̆Þ ¼ 0 ð21Þ

and

Hσ;ϵ
k;Aðx; p̆Þ≡Hσ;0

A ðx; p̆Þ þ ϵHσ;3
A ðx; p̆Þ ¼

ffiffiffi
2

p
Dϵ

kf̂
ðA1Þ
πσ F s

p̄ðxÞ;
Hσ;ϵ

⊥;Aðx; p̆Þ≡Hσ;1
A ðx; p̆Þ þ iϵHσ;2

A ðx; p̆Þ
¼

ffiffiffi
2

p
Dϵ⊥ðf̂ðA1Þπσ − sϵf̂ðA2Þπσ − f̂ðA3Þπσ ÞF s

p̄ðxÞ; ð22Þ

where Dϵ
k ¼ D0 þ ϵD3 and Dϵ⊥ ¼ D1 þ iϵD2. We

use here the notation p̄ ¼ ðEπσ ; p̆Þ, with Eπσ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

πσ þ ð2lþ 1ÞBe þ ðp3Þ2
p

(in fact, one has
Eπþ ¼ Eπ− , the charge index σ being kept in order to
distinguish Eπ� from Eπ0). The functions F �̄

p ðxÞ are
eigenfunctions of the charged pion Klein-Gordon equation
in the presence of the magnetic field, for our choices of
gauge and magnetic field direction. Their explicit expres-
sions are given in Eq. (A12). Notice that on the rhs of
Eqs. (21) and (22) we have differential operators acting on
these functions. Using the relations

Dϵ
kF

s
p̄ðxÞ ¼ −iðEπσ þ ϵp3ÞF s

p̄ðxÞ; ð23Þ

Dϵ⊥F s
p̄ðxÞ ¼ −sϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Beð2lþ 1 − sϵÞ

p
F s
p̄−sϵðxÞ ð24Þ

and

D2
jjF

s
p̄ðxÞ ¼ ½E2

πσ − ðp3Þ2�F s
p̄ðxÞ; ð25Þ

D2⊥F s
p̄ðxÞ ¼ ð2lþ 1ÞBeF s

p̄ðxÞ; ð26Þ

where p̄� 1≡ ðEπσ ; p̆� 1Þ, with p̆� 1 ¼ ðl� 1; p2; p3Þ,
we finally obtain

Hσ;ϵ
k;Vðx; p̆Þ ¼ −iϵ

ffiffiffi
2

p
fðVÞπσ ðEπσ þ ϵp3ÞF s

p̄ðxÞ; ð27Þ

Hσ;ϵ
⊥;Vðx; p̆Þ ¼ 0 ð28Þ

and

Hσ;ϵ
k;Aðx; p̆Þ ¼ −i

ffiffiffi
2

p
fðA1Þπσ ðEπσ þ ϵp3ÞF s

p̄ðxÞ; ð29Þ

Hσ;ϵ
⊥;Aðx; p̆Þ ¼ −sϵ

ffiffiffi
2

p
ðfðA1Þπσ − sϵfðA2Þπσ − fðA3Þπσ Þ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Beð2lþ 1 − sϵÞ

p
F s
p̄−sϵðxÞ: ð30Þ

In the above expressions, the form factors fðVÞπσ , fðAiÞπσ arise

from the action of the operators f̂ðVÞπσ , f̂ðAiÞπσ on the functions
F s
p̄ðxÞ. These operators are, in general, gauge-dependent

functions of the operators D2
k and D2⊥. However, for an on-

energy-shell pion, taking into account Eqs. (25) and (26) it

can be seen that the resulting form factors fðVÞπσ and fðAiÞπσ

turn out to be gauge-independent functions of the pion
mass, mπσ ; the third component of the momentum, p3; the
Landau index, l; and the magnetic field, B (both explicitly
and through the charged pion mass). In the so-called
symmetric gauge, Eqs. (25) and (26) should be modified
by changing the functions F σ

p̄ðxÞ by the corresponding ones
in that gauge, which involve associated Laguerre poly-
nomials [34]. On the other hand, notice that the eigenvalues
in Eqs. (25) and (26) are functions of jBj, while the scalar
combination FμνFμν depends on B2. Therefore, taking into
account the form of the four-vectors in Eq. (8), and the

factor s introduced in the term carrying f̂ðA2Þπσ in Eq. (20), it

is seen that the vector form factor fðVÞπσ should be odd under
the exchange B → −B, while the axial vector form factors

fðAiÞπσ should be even functions of B. For definiteness, in
what follows we will take B > 0, and consequently s ¼ σ.
As in the case of the neutral pion, the discrete sym-

metries of the interaction Lagrangian in the presence of the
magnetic field lead to some restrictions on the form factors

fðVÞπσ and fðAiÞπσ . Indeed, as shown in Appendix B, they have
to be real and independent of the sign of the pion charge.

Finally, let us point out that the form factors fðA1Þπσ appearing
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in Eqs. (29) and (30) are the same. In fact, this is a
consequence of our choice of ordering in Eq. (20). Had we

put the operator functions f̂ðAiÞπσ to the left of the other

operators in Eq. (20), the form factor fðA1Þπσ in Eq. (29)

would have arisen from the action of f̂ðA1Þπσ on F σ
p̄ðxÞ, while

the one in Eq. (30) would correspond to the action of f̂ðA1Þπσ

on F σ
p̄−σϵðxÞ. In any case, it should be stressed that this

would also imply a redefinition of fðA2Þπσ and fðA3Þπσ , in such a
way that the contribution of Hσ;ϵ

⊥;Aðx; p̆Þ to any physical
quantity remains unchanged.

III. WEAK DECAY WIDTH OF CHARGED
PIONS UNDER A MAGNETIC FIELD

A. Basic relations and decay kinematics

Let us analyze the decay width for the process π− → lν̄l,
with l ¼ μ, e, in the presence of the external magnetic field.
Following the notation introduced in the previous section,
the initial charged pion state is determined by the quantum
numbers p̆ ¼ ðl; p2; p3Þ, the associated energy being
Eπ− ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π− þ ð2lþ 1ÞBe þ ðp3Þ2
p

. The quantum num-
bers corresponding to the outgoing lepton state are taken to
be q̆ ¼ ðn; q2; q3Þ, together with a polarization index rl. In

this case the energy is given by El ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

l þ 2nBe þ ðq3Þ2
q

(see Appendix A.3). Finally, being electrically neutral,
the outgoing antineutrino is taken to be in a state of
momentum k⃗ ¼ ðk1; k2; k3Þ and polarization rν̄l , with

energy Eν̄l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1Þ2 þ ðk2Þ2 þ ðk3Þ2

p
¼ jk⃗j.

On general grounds, the decay width for the process is
given by

Γ−
l ðBÞ ¼ lim

T→∞

1

nπ−

X
rl

X∞
n¼0

Z
dq2dq3

ð2πÞ32El

×
X
rν̄l

Z
d3k

ð2πÞ32Eν̄l

jðS − 1Þfij2
T

; ð31Þ

where ðS − 1Þfi is the relevant S-matrix element between
the initial and final states, and the particle number nπ−
associated with the initial π− state is given in Eq. (A17).
Thus, one has

Γ−
l ðBÞ ¼ lim

S;T→∞

1

2Eπ−

X∞
n¼0

Z
dq2dq3

ð2πÞ32El

d3k
ð2πÞ32Eν̄l

×
X
rl;rν̄l

jhlðq̆; rlÞν̄lðk⃗; rν̄lÞjLW jπ−ðp̆Þij2
2πST

; ð32Þ

where LW is the usual V − A four-fermion effective weak
interaction Langrangian integrated over space-time, while
T and S are the time interval and the surface on the x2x3

plane in which the interaction is active. At the end of the
calculation, the limit S; T → ∞ will be taken. Let us recall
that, according to our gauge choice, the motion in the x1

axis is bounded. Using the notation introduced in
Appendix A, the matrix element in Eq. (32) is given by

hlðq̆; rlÞν̄lðk⃗; rν̄lÞjLW jπ−ðp̆Þi ¼ −
GFffiffiffi
2

p cos θc

Z
d4xH−;μ

L ðx; p̆ÞŪ−
l ðx; q̆; rlÞγμð1 − γ5ÞVνlðx; k⃗; rν̄lÞ; ð33Þ

where H−;μ
L ðx; p̆Þ stands for the matrix element of the hadronic current [see Eqs. (19) and (20)],

H−;μ
L ðx; p̆Þ ¼ H−;μ

V ðx; p̆Þ −H−;μ
A ðx; p̆Þ ¼ h0jψ̄uðxÞγμð1 − γ5ÞψdðxÞjπ−ðp̆Þi: ð34Þ

Thus, from Eqs. (A6), (A20) and (A25), the decay amplitude is given by

hlðq̆; rlÞν̄lðk⃗; rν̄lÞjLW jπ−ðp̆Þi ¼ −
GFffiffiffi
2

p cos θc
X
λ¼�

ū−l ðq̆; rlÞΔλγμð1 − γ5Þvνlðk⃗; rν̄lÞ
Z

d4xH−;μ
L ðx; p̆ÞE−

q̄;λðxÞ�eikx; ð35Þ

where kμ ¼ ðEν̄l ; k⃗Þ and q̄ ¼ ðEl; q̆Þ. Given our gauge choice for the external magnetic field, the electromagnetic
potential depends only on the x1 coordinate. Consequently, the momentum is conserved in the 0, 2 and 3 directions,
leading to the corresponding delta functions when the space-time integration in Eq. (35) is performed. We
obtain

Z
d4xH−;μ

L ðx; p̆ÞE−
q̄;λðxÞ�eikx ¼ ð2πÞ3δðEπ− − El − Eν̄lÞ

Y
i¼2;3

δðpi − qi − kiÞM−;μ
λ ; ð36Þ
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where the M−;μ
λ functions will be explicitly given below. In this way, the amplitude can be written as

hlðq̆; rlÞν̄lðk⃗; rν̄lÞjLW jπ−ðp̆Þi ¼ ð2πÞ3δðEπ− − El − Eν̄lÞ
Y
i¼2;3

δðpi − qi − kiÞMπ−→lν̄l ; ð37Þ

where

Mπ−→lν̄l ¼ −
GFffiffiffi
2

p cos θc
X
λ¼�

ū−l ðq̆; rlÞΔλγμð1 − γ5Þvνlðk⃗; rν̄lÞM−;μ
λ : ð38Þ

Thus, replacing in Eq. (32) and taking the limit of infinite space-time volume, the decay width is given by

Γ−
l ðBÞ ¼

1

4πEπ−

X∞
n¼0

Z
dq2dq3

2El

d3k
2Eν̄l

1

ð2πÞ3 δðEπ− − El − Eν̄lÞ
Y
i¼2;3

δðpi − qi − kiÞjMπ−→lν̄l j2; ð39Þ

where

jMπ−→lν̄l j2 ≡
X
rl;rν̄l

jMπ−→lν̄l j2: ð40Þ

As customary, when putting the expression on the rhs of
Eq. (37) into Eq. (32) we have replaced ½δðEπ− −El −Eν̄lÞ�2
by limT→∞TδðEπ− − El − Eν̄lÞ and ½Πi¼2;3δðpi − qi − kiÞ�2
by limS→∞SΠi¼2;3δðpi − qi − kiÞ.
Now, as it is usually done, we concentrate on the

situation in which the decaying pion is in the state of
lowest energy. This corresponds to the case l ¼ 0 and
p3 ¼ 0. Moreover, as will be shown below, neither the pion
energy nor the decay width depend on the value of p2.
The expression for the decay width can be worked out,
leading to

Γ−
l ðBÞ ¼

1

16πE2
π−

Xnmax

n¼0

Z
d2k⊥
ð2πÞ2

Z
dk3

2π

1

k̄3

× ½δðk3 − k̄3Þ þ δðk3 þ k̄3Þ�jMπ−→lν̄l j2; ð41Þ

where we have used the definitions

nmax ¼
m2

π− −m2
l þ Be

2Be
; ð42Þ

k⃗⊥ ¼ ðk1; k2Þ; ð43Þ

k̄3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E4
π− −2E2

π−ðm2
l þ2nBeþk2⊥Þþðm2

l þ2nBe−k2⊥Þ2
q

2Eπ−
;

ð44Þ

and the integral over k⊥ space is restricted to

jk⃗⊥j ≤ Eπ− −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

l þ 2nBe

q
. In addition, in the amplitude

Mπ−→lν̄l one should take q3 ¼ −k3.

B. Evaluation of the weak decay amplitude

As a second step we concentrate on the evaluation of the
sum of the squared amplitudes for all possible lepton

polarizations, jMπ−→lν̄l j2. Using the properties of electron
and neutrino spinors in Eqs. (A7) and (A23), a somewhat
tedious but straightforward calculation leads to

jMπ−→lν̄l j2 ¼ 2G2
Fcos

2θcfðEl − q3Þ½ðEν̄l − k3ÞjM−;þ
k;þ j2 þ ðEν̄l þ k3ÞjM−;−

⊥;þj2 − 2ReððM−;þ
k;þ Þ�M−;−

⊥;þk
þÞ�

þ ðEl þ q3Þ½ðEν̄l þ k3ÞjM−;−
k;− j2 þ ðEν̄l − k3ÞjM−;þ

⊥;−j2 − 2ReððM−;−
k;− Þ�M−;þ

⊥;−k
−Þ�

þ 2
ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
½ðEν̄l þ k3ÞImððM−;−

k;− Þ�M−;−
⊥;þÞ − ðEν̄l − k3ÞImððM−;þ

k;þ Þ�M−;þ
⊥;−Þ

− ImðM−;þ
k;þ ðM−;−

k;− Þ�k−Þ − ImðM−;−
⊥;þðM−;þ

⊥;−Þ�kþÞ�g; ð45Þ

where we have used the definitions

M−;ϵ
k;λ ¼ M−;0

λ þ ϵM−;3
λ ; M−;ϵ

⊥;λ ¼ M−;1
λ þ iϵM−;2

λ ; kϵ ¼ k1 þ iϵk2: ð46Þ

To proceed we need to calculateM−;ϵ
k;λ andM−;ϵ

⊥;λ, which are related to the matrix elements of the hadronic current through
Eq. (36). Defining
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H−;ϵ
k;L ¼ H−;0

L þ ϵH−;3
L ¼ H−;ϵ

k;V −H−;ϵ
k;A;

H−;ϵ
⊥;L ¼ H−;1

L þ iϵH−;2
L ¼ H−;ϵ

⊥;V −H−;ϵ
⊥;A; ð47Þ

from the expressions in Eqs. (27)–(30) we get

H−;ϵ
k;Lðx; p̄Þ ¼ i

ffiffiffi
2

p
ðfðA1Þπ− − ϵfðVÞπ− ÞðEπ− þ ϵp3ÞF−

p̄ðxÞ;
H−;ϵ

⊥;Lðx; p̄Þ ¼ −ϵ
ffiffiffi
2

p
ðfðA1Þπ− þ ϵfðA2Þπ− − fðA3Þπ− Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Beð2lþ 1þ ϵÞ

p
F−
p̄þϵðxÞ: ð48Þ

Now the integral over space-time variables in Eq. (36) can be carried out as described in Appendix C. In this way one gets

M−;ϵ
k;λ ¼ i

ffiffiffi
2

p
ðfðA1Þπ− − ϵfðVÞπ− ÞðEπ− þ ϵp3ÞG−;λ

l;nðk⊥Þeik
1ðp2þq2Þ=ð2BeÞ;

M−;ϵ
⊥;λ ¼ −ϵ

ffiffiffi
2

p
ðfðA1Þπ− þ ϵfðA2Þπ− − fðA3Þπ− Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Beð2lþ 1þ ϵÞ

p
G−;λ
lþϵ;nðk⊥Þeik

1ðp2þq2Þ=ð2BeÞ; ð49Þ

where the functions G−;λ
l;nðk⊥Þ are explicitly given in

Eq. (C9). Notice that M−;ϵ
k;λ and M−;ϵ

⊥;λ depend on p2 and

q2 only through a global common phase; therefore the
decay width turns out to be p2 and q2 independent.
Let us consider once again the case in which the

decaying pion is in the state of lowest energy. Taking
l ¼ 0, from Eq. (C9) one gets

G−;�
−1;nðk⊥Þ ¼ 0;

G−;−
0;n ðk⊥Þ ¼ 2π exp

�
−

k2⊥
4Be

�
1ffiffiffiffiffi
n!

p
�
−ik−ffiffiffiffiffiffiffiffi
2Be

p
�

n
;

G−;þ
0;n ðk⊥Þ ¼ ð1− δn0ÞG−;−

0;n−1ðk⊥Þ;

G−;−
1;n ðk⊥Þ ¼ 2π exp

�
−

k2⊥
4Be

�
1ffiffiffiffiffi
n!

p
�
−ik−ffiffiffiffiffiffiffiffi
2Be

p
�

n−1
�
n−

k2⊥
2Be

�
;

G−;þ
1;n ðk⊥Þ ¼ ð1− δn0ÞG−;−

1;n−1ðk⊥Þ: ð50Þ

The result obtained for the sum of the squared amplitudes,
taking l ¼ 0 and p3 ¼ 0, can be replaced in the expression
for the partial decay width Γ−

l ðBÞ, Eq. (41). Notice that for a
pion in the lowest energy state the “perpendicular” ampli-
tudes M−;ϵ

⊥;λ vanish for ϵ ¼ −1. Thus, from Eq. (49), it is
seen that the partial decay width will depend on three form
factor combinations, namely

aπ− ¼ fðA1Þπ− − fðVÞπ− ; bπ− ¼ fðA1Þπ− þ fðVÞπ− ;

cπ− ¼ fðA1Þπ− þ fðA2Þπ− − fðA3Þπ− : ð51Þ

We recall that the form factors are in general functions of l,
p3 and B (to be evaluated in this case at l ¼ 0, p3 ¼ 0). In
this way, after some algebra one arrives at

Γ−
l ðBÞ ¼

G2
Fcos

2θc
2πE2

π−
Be

Xnmax

n¼0

Z
xmax

0

dx
1

k̄3
xn−1

n!
e−xAðnÞ

π− ðxÞ;

ð52Þ

where we have introduced the dimensionless variable x ¼
k2⊥=ð2BeÞ and used the definitions

AðnÞ
π− ðxÞ ¼ ½E2

π− − 2Beðn− xÞ −m2
l �
�
m2

l

2
ðnjaπ− j2 þ xjbπ− j2Þ

þ Beðn− xÞðnjaπ− − cπ− j2 þ xjbπ− − cπ− j2Þ
�

þ 2Bex½E2
π−ðnjaπ− − bπ− j2 − ðn− xÞjbπ− − cπ− j2Þ

þ ðn− xÞm2
l jcπ− j2� ð53Þ

and

xmax ¼
�
Eπ− −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nBe þm2

l

q �
2

2Be
: ð54Þ

In addition, from Eq. (44) one has

k̄3 ¼ 1

2Eπ−
f½E2

π− − 2Beðn − xÞ −m2
l �2 − 8BeE2

π−xg1=2;

ð55Þ

while nmax is given by Eq. (42). Notice that for l ¼ 0,
p3 ¼ 0, the π− energy is given by Eπ− ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Be þm2

π−
p

.
It is worth remarking that the above expression for Γ−

l ðBÞ
corresponds to the case B > 0, s ¼ σ ¼ −, in Eqs. (27)–
(30). For B < 0, s ¼ −σ ¼ þ, we obtain an expression for
Γ−
l ðBÞ similar to that in Eq. (52), where in the function

AðnÞ
π− ðxÞ one has to exchange aπ− ↔ bπ− . Recalling that f

ðVÞ
π−

has to be an odd function of B, it is seen that the partial
decay width is invariant under the exchange B → −B, as
expected.

C. Large magnetic field limit

It is interesting to study the case of a large external
magnetic field. As stated, since the pion is built with
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charged quarks, the pion mass will depend in general on the
magnetic field. Now, if the mass growth is relatively mild,
for large magnetic fields one should get Be > m2

π −m2
l . In

fact, this is what is obtained from lattice QCD calculations
[31] as well as from effective approaches like the Nambu–
Jona-Lasinio model [26], for values of Be say≳0.05 GeV2.
According to Eq. (42), this implies nmax ¼ 0; hence the
outgoing muon or electron (assuming that the energy is
below the τ production threshold) has to lie in its lowest
Landau level n ¼ 0. In this case the expression for the
partial width simplifies to

Γ−
l;0ðBÞ ¼

G2
Fcos

2θc
4πEπ−

Z
Eπ−−ml

0

dk⊥k⊥
e−k

2⊥=ð2BeÞ

k̄3

×

�
m2

l

�
Eν̄l jbπ− j2 −

k2⊥
Eπ−

jcπ− j2
�

þ Elk2⊥jbπ− − cπ− j2
�
; ð56Þ

where Eν̄l ¼ Eπ− −El ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k̄3

2 þ k2⊥
q

and El ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k̄3

2 þm2
l

q
,

with

k̄3 ¼ 1

2Eπ−
½ðE2

π− þ k2⊥ −m2
l Þ2 − 4E2

π−k2⊥�1=2: ð57Þ

A further simplification can be obtained in the case
where the squared lepton mass can be neglected in
comparison with Be (or, equivalently, in comparison with
E2
π− , which is expected to grow approximately as Be).

Setting ml ¼ 0, one has El ¼ k̄3, and the integral over k⊥
extends up to Eπ− . Thus, the decay width is given by

Γ−
l;0ðBÞjml¼0 ¼

G2
Fcos

2θc
2πEπ−

Z
Eπ−

0

dk⊥k3⊥e−k
2⊥=ð2BeÞjbπ− − cπ− j2

¼ G2
Fcos

2θc
π

B2
e

Eπ−

�
1−
�
1þ E2

π−

2Be

�
e−E

2
π−=ð2BeÞ

�
× jbπ− − cπ− j2; ð58Þ

where, according to the definitions in Eq. (51),

bπ− − cπ− ¼ fðVÞπ− − fðA2Þπ− þ fðA3Þπ− : ð59Þ

It is worth stressing that the decay width does not vanish
in the limit ml ¼ 0; i.e., it does not show the helicity
suppression found in the B ¼ 0 case. In fact, it turns
out to grow with the magnetic field as B2

e=Eπ− , with some
suppression due to the factor in square brackets. Moreover,
it is seen that the contributions of the usual pion decay form

factor, fðA1Þπ− , get canceled in Eq. (59); hence the decay
width is proportional to a combination of form factors that
do not contribute to the hadronic amplitude in the absence
of the external magnetic field. Clearly, the relevance

of Eq. (58) depends on whether these form factors are
non-negligible for magnetic fields that are much larger than
the lepton mass squared. While this is likely to happen for
the π− decay to eν̄e, in the case of the muon (and of course,
the tau) the situation is less clear, and the corrections arising
from a finite lepton mass should be taken into account.
Interestingly, it is possible to obtain relatively simple
expressions for the π− → lν̄l decay width at leading order
in the ratio ml=Eπ− . From Eq. (56) one gets

Γ−
l;0ðBÞ ¼ Γ−

l;0ðBÞjml¼0 þ
G2

Fcos
2θc

2π

Bee−E
2
π−=ð2BeÞ

Eπ−

× ½f1jbπ− j2 − 2f2Reðb�π−cπ−Þ þ f3jcπ− j2�m2
l

þO
�
m3

l

E3
π−

�
; ð60Þ

where

f1 ¼ ð1þ αÞ2 − ð1þ 2αÞeα þ 2α2
�
IðαÞ− ln

ml

Eπ−

�
; ð61Þ

f2 ¼ αð2þ αÞ− 2αeα þ 2αðα− 1Þ
�
IðαÞ− ln

ml

Eπ−

�
; ð62Þ

f3 ¼ α2 þ 2α − 2þ 2ð1 − αÞeα

þ 2αðα − 2Þ
�
IðαÞ − ln

ml

Eπ−

�
; ð63Þ

with α ¼ E2
π−=2Be and IðαÞ ¼ R 10 dxðeαx − 1Þ=x. It is seen

that for ml ¼ mμ ¼ 105.65 MeV and Be ≳ 0.3 GeV2,
Eq. (60) approximates the full result in Eq. (56) within
15% accuracy.
It is also interesting at this point to compare our result in

Eq. (56) with the expression quoted in Eq. (5) of Ref. [31],
which also corresponds to the limit of a large external
magnetic field. The authors of that work make some
approximations for the motion of a charged pion in the
presence of the magnetic field, concluding that only one of
the two possible antineutrino polarizations can contribute to
the decay amplitude. Moreover, based on considerations of
angular momentum conservation, they assume that the
antineutrino momentum in the perpendicular plane k⃗⊥
vanishes. In fact, it can be seen that if one imposes such
a condition in Eq. (56), the result quoted in Ref. [31] can be
recovered. However, we find that if one takes full account
of the effect of the magnetic field on charged pion wave
functions, conservation laws do not imply k⃗⊥ ¼ 0; there-
fore one should integrate over all possible values of the
antineutrino momentum, as in Eq. (56). Another main
difference between our work and the analysis in Ref. [31] is
that our calculations include a perpendicular piece of the
hadronic amplitude (related to cπ−), which arises due to the
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presence of a π− zero point motion in the perpendicular
plane, even in the l ¼ 0 state.
The study of angular momentum in the presence of

magnetic fields has been addressed in the recent literature
(see e.g., Ref. [34]) and deserves some discussion. As
suggested in Ref. [34], the consequences of the axial
symmetry of the problem, as well as the physical
meaning of angular momenta, can be better understood
if one works in the symmetric gauge. Having this in
mind, we have rederived the π− → lν̄l decay width in this
gauge, considering for simplicity the case of a charged
pion in its lowest energy state and a charged lepton in the
lowest Landau level. For the spatial wave functions of the
pion and charged lepton states we have used the
functions given e.g., in Eq. (17) of Ref. [34] (see also
Ref. [35]). These functions are eigenstates of the z
component of the orbital angular momentum operator,
L3, with eigenvalues say Mp and Mq for the pion and the
charged lepton, respectively. If the particles are in the
lowest Landau level, it is found that Mp and Mq can take
any integer value ≤ 0. In order to deal with right-handed
antineutrino states we have used spinors that are eigen-
states of the z component of the total angular momentum,
J3, with eigenvalue j3. Replacing in the corresponding
weak decay matrix element and performing the integral
over space-time coordinates we obtain

hlðq3; n ¼ 0;MqÞν̄lðk3; k⊥; j3ÞjLW jπ−ðp3;l ¼ 0;MpÞi
¼ ð2πÞ3δðEπ− − El − Eν̄lÞδðp3 − q3 − k3ÞδMp;Mq−1

2
þj3M;

ð64Þ

where M is a function that depends on the pion decay

form factors fðV;AiÞ
π− and on particle quantum numbers.

Hence, in this gauge it is clearly seen that angular
momentum conservation leads to the selection rule Mp ¼
Mq − 1=2þ j3, without requiring k⊥ ¼ jk⃗⊥j ¼ 0. Using
the explicit form of M and taking p3 ¼ 0, we have
then calculated the sum/integral over all allowed out-
going states. The outcome (which, as expected, does not
depend on Mp), leads to an expression for the decay
width that coincides exactly with the one quoted in
Eq. (56), confirming the gauge independence of our
result. It is also worth mentioning that, in addition to
the usual “canonical” angular momentum, one can
define “mechanical” angular momenta replacing particle
momenta Pμ by Pμ

mech ≡ Pμ −QAμ (a detailed compari-
son of both quantities for various gauge choices is given
in Ref. [34]). Interestingly, for the π− → lν̄l decay in the
limit of large B (when only the n ¼ 0 state contributes) it
is found that the third components of mechanical angular
momenta of incoming and outgoing states only coincide
when the transverse antineutrino momentum vanishes,
i.e., for jk⊥j ¼ 0.

D. B → 0 limit

In the B → 0 limit our expressions should reduce to the
well-known result for the π− → lν̄l decay width obtained in
the absence of external fields. For simplicity we consider
the decay of a π− in its fundamental state, taking l ¼ 0 and
p2 ¼ p3 ¼ 0. Then, in the B → 0 limit the decay width
should reduce to that of a π− at rest, namely

Γ−
l ð0Þ ¼

1

2mπ

Z
d3k

ð2πÞ32Eν̄l

d3q
ð2πÞ32El

ð2πÞ4δð4Þðp − q − kÞ

× ðGF cos θcfπÞ28m2
πðElEν̄l þ q⃗ · k⃗Þ ð65Þ

¼ ðGF cos θcfπÞ2
4π

mπm2
l

�
1 −

m2
l

m2
π

�
2

; ð66Þ

where pμ ¼ ðmπ; 0⃗Þ; qμ ¼ ðEl; q⃗Þ; and kμ ¼ ðEν̄l ; k⃗Þ stand
for the pion, lepton and antineutrino four-momenta, respec-
tively. It can be checked that for a given value of the lepton
mass the numerical results for Eqs. (66) and (52), in the
limit Be → 0, nmax → ∞, aπ− ¼ bπ− ¼ cπ− ¼ fπ , are
coincident. However, the comparison between Eqs. (39)
and (65) still leads to the question of how one can arrive at
four-momentum conservation in the limit of vanishing
external magnetic field. Hence, the goal of this section
is to recover analytically the Dirac deltas of momentum
conservation, obtaining Eq. (65) from Eq. (39) in the
B → 0 limit.
The presence of a magnetic field implies the existence

of a characteristic time and a characteristic length of the
system, given in natural units by B−1=2

e , which is usually
called the “magnetic length.” In the B → 0 limit these have
to be much larger than the time T and the distance 2L along
which the interaction is active, i.e.,

ffiffiffiffiffiffi
Be

p
L ≪ 1;

ffiffiffiffiffiffi
Be

p
T ≪ 1: ð67Þ

In addition, we assume that T and L are large enough so
that the product of any momentum of the system times L or
any energy of the system times T turns out to be much
larger than 1. In particular,

ffiffiffiffiffiffiffiffi
nBe

p
L ≫ 1; kxL ≫ 1; ElT ≫ 1; Eν̄T ≫ 1: ð68Þ

We recall that the lepton energy is given by El ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

l þ 2nBe þ ðq3Þ2
q

, which implies that the magnetic

field will contribute significantly to the energy only for
very large values of n. In fact, from this expression we can
infer that the term 2nBe will lead to the ðq⊥Þ2 contribution
to the energy in the B → 0 limit. As B decreases, the
contributing leptonic states will have increasingly larger
values of n, in such a way that nB remains finite.
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From Eqs. (8), (19) and (20), we observe that in the B → 0 limit the only nonvanishing pion decay form factor is fðA1Þπ− .
Thus, from Eqs. (45)–(48) we have

jMπ−→lν̄l j2jl¼p3¼0 ¼ 4G2
Fcos

2θcjfðA1Þπ− j2fE2
π−ðEl − q3ÞðEν̄l − k3ÞjI−;þ

0;n j2 þ E2
π−ðEl þ q3ÞðEν̄l þ k3ÞjI−;−

0;n j2

þ 2BeðEl þ q3ÞðEν̄l − k3ÞjI−;−
1;n j2 − 2

ffiffiffiffiffiffiffiffi
2Be

p
Eπ−ðEl þ q3ÞImððI−;−

0;n Þ�I−;−
1;n k

−Þ
þ 2

ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
Eπ− ½

ffiffiffiffiffiffiffiffi
2Be

p
ðEν̄l − k3ÞImððI−;þ

0;n Þ�I−;−
1;n Þ − Eπ−ImðI−;þ

0;n ðI−;−
0;n Þ�k−Þ�g; ð69Þ

where the functions I−;�
l;n are given by

I−;�
l;n ¼ NlNn∓

Z
L

−L
dx1eik

1x1Dlð
ffiffiffiffiffiffiffiffi
2Be

p
x1ÞDn∓

 ffiffiffiffiffiffiffiffi
2Be

p
x1 þ

ffiffiffiffiffiffi
2

Be

s
q2
!
: ð70Þ

In fact, the latter correspond to the functions I−;λ
l;nðk⊥; p2; q2Þ defined in Eq. (C3), taking p2 ¼ 0 and restricting the integral

over x1 to the interval ð−L;LÞ in order to take into account the conditions in Eqs. (67) and (68).
Owing to the restriction of the integration interval in Eq. (70), in the B → 0 limit one has

ffiffiffiffiffiffiffiffi
2Be

p
x1 → 0. Thus, the factors

NlDlð
ffiffiffiffiffiffiffiffi
2Be

p
x1Þ, where l ¼ 0 or 1, satisfy

N0D0ð
ffiffiffiffiffiffiffiffi
2Be

p
x1Þ →ffiffiffiffiffiffi

2Be

p
x1→0

ð4πBeÞ1=4; ð71Þ

N1D1ð
ffiffiffiffiffiffiffiffi
2Be

p
x1Þ →ffiffiffiffiffiffi

2Be

p
x1→0

ð4πBeÞ1=4
1

2

ffiffiffiffiffiffiffiffi
2Be

p
x1 ∼ 0; ð72Þ

and the terms with I−;−
1;n in Eq. (69) can be neglected. We obtain

jMπ−→lν̄l j2jl¼p3¼0 ¼ 4G2
Fcos

2θcjfðA1Þπ− j2E2
π−fðEl − q3ÞðEν̄l − k3ÞjI−;þ

0;n j2

þ ðEl þ q3ÞðEν̄l þ k3ÞjI−;−
0;n j2 − 2

ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
ImðI−;þ

0;n ðI−;−
0;n Þ�k−Þg: ð73Þ

The detailed calculation of the functions I−;λ
0;n and their contributions to the expression in Eq. (73) is given in Appendix D.

We finally arrive at

jMπ−→lν̄l j2jl¼p3¼0 ¼ 8G2
Fcos

2θcjfðA1Þπ− j24πLð4πBeÞ1=2θ
�
1 −

jq2jffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
�
Be

q̄n
× E2

π−fðElEν̄l þ q2k2 þ q3k3Þ½δðk1 − q̄nÞ þ δðk1 þ q̄nÞ�
þ k1q̄nδðk1 þ q̄nÞ − k1q̄nδðk1 − q̄nÞg; ð74Þ

where q̄n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nBe − ðq2Þ2

p
. We recall that n has to be a large number, in such a way that nBe is kept finite for small B.

We introduce now a new variable q1, in the following way:

jMπ−→lν̄l j2jl¼p3¼0 ¼ 8G2
Fcos

2θcjfðA1Þπ− j22Lð4πBeÞ1=2θ
�
1 −

jq2jffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
�
Be

q̄n

×
Z

dq12πδðq1 þ k1Þ½δðq1 − q̄nÞ þ δðq1 þ q̄nÞ�

× E2
π−ðElEν̄l þ q1k1 þ q2k2 þ q3k3Þ: ð75Þ

Next, let us consider the decay width in Eq. (39). We need to treat with some care the pion density nπ−, which appears in the
definition of the width in Eq. (31). In fact, for a finite space length 2L, taking into account the approximation in Eq. (71), the
pion density will be given by

nπ− ¼ S
Z

L

−L
dx12Eπ−ð4πBeÞ1=2 ¼ 4LSEπ−ð4πBeÞ1=2: ð76Þ
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This result can be understood by writing the pion density
in the form nπ− ¼ V2Eπ−ð4πBeÞ1=2, where V is the
volume in which the interaction occurs. It is seen that
Eq. (76) recovers the pion density in the absence of the
magnetic field [see Eq. (A3)] times a factor ð4πBeÞ1=2.
The latter compensates the fact that in the limit of
small B, according to our normalization of charged pion
states, the spacial wave function of a pion in a zero

three-momentum state is N0D0ð
ffiffiffiffiffiffiffiffi
2Be

p
x1Þ → ð4πBeÞ1=4,

instead of 1. Now, comparing the result in Eq. (76) with
the expression nπ− ¼ 4πSEπ− quoted in Eq. (A17), it
comes out that the width in the rhs of Eq. (39) has to be
modified by a factor π=½Lð4πBeÞ1=2�. In addition, in the
limit of small B one can change the sum over n in
Eq. (39) by an integral over a variable ϰ ≡ 2nBe. Hence,
for p2 ¼ p3 ¼ 0 we get

Γ−
l ðB → 0Þ ¼ 2G2

Fcos
2θc

πEπ−

1

2Be

Z
dϰ
Z

dq2dq3

ð2πÞ32El

Z
d3k

ð2πÞ32Eν̄l

ð2πÞ3

× δðEπ− − El − Eν̄lÞ
Y
i¼2;3

δðqi þ kiÞ π

Lð4πBeÞ1=2

×
Z

dq1jfðA1Þπ− j22πδðq1 þ k1Þ2Lð4πBeÞ1=2θ
�
1 −

jq2jffiffiffi
ϰ

p
�

Beffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϰ − ðq2Þ2

p
×
h
δ
�
q1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϰ − ðq2Þ2

q �
þ δ
�
q1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϰ − ðq2Þ2

q �i
× E2

π−ðElEν̄l þ q1k1 þ q2k2 þ q3k3Þ: ð77Þ

Finally, we can perform the integral over ϰ. The delta
functions fix q1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϰ − ðq2Þ2

p
, leading to the expected

result ϰ ¼ 2nBe ¼ q2⊥. Identifying fðA1Þπ− with fπ in the
B → 0 limit, we arrive at the expression in Eq. (65).

IV. CONCLUSIONS

In this work we present a general method to parametrize
the one-pion-to-vacuum matrix elements of the vector and
axial vector hadronic currents in the presence of an external
uniform static magnetic field B⃗. Choosing this field to be
orientated along the 3-axis, we show that for the case of the
neutral pion the matrix elements of the parallel (0- and 3-)
components of the vector current can be expressed in terms

of one single real form factor, fðVÞ
π0

, while the perpendicular
(1- and 2-) components vanish identically. For the matrix
elements of the axial vector current, two real form factors

fðA1Þ
π0

and fðA3Þ
π0

can be defined. Alternatively, the latter can
be written in terms of a parallel and a perpendicular form
factor, in consistency with the result obtained in Ref. [29].
In the case of the charged pion, the situation is similar in
what concerns the vector current. Namely, the matrix
elements of the parallel components can be expressed in

terms of a real (in general, nonvanishing) form factor fðVÞπσ ,
common to both πþ and π−, while the perpendicular (i.e., 1-
and 2-) components vanish. This is in agreement with the
statement made in Ref. [31]. On the other hand, we find that

three form factors, fðA1Þ
π� ; fðA2Þ

π� and fðA3Þ
π� , are in general

required to parametrize the matrix elements of the axial
vector hadronic current. Once again, the three of them are

real, and they are equal for both pion charges. The matrix
elements of the charged pions in Eqs. (27)–(30) can be
viewed as a proper generalization of the corresponding
expressions given in Ref. [31]. We have included here all
possible gauge covariant structures, taking fully into
account the effect of the magnetic field on the charged
pion wave functions. It should be noticed that in the
particular case of a charged pion lying in the lowest
Landau level, only two combinations of these three form
factors contribute to the decay width.
Using the above results we introduce a general,

model-independent framework to study the weak decay
π− → lν̄l in the presence of an arbitrary large external
magnetic field. For the case in which the decaying pion lies
in its state of minimum energy (i.e., in the lowest Landau
level, with zero momentum along the 3-direction), we
obtain an explicit expression for the π− → lν̄l decay width.
The limits of this expression for the cases of strong and
weak magnetic fields are also studied, checking that in the
limit of B ¼ 0 it reduces to the usual result. It is interesting
to note that the expression obtained in the limit of large
magnetic field, Eq. (56), is valid in most cases of physical
interest. Namely, we estimate its range of validity to be
0.05 GeV2 < eB < m2

τ ≈ 3 GeV2. It is seen that our result
shows some differences with the one given in Ref. [31],
also obtained in the limit of large B. We understand that the
discrepancies arise from some approximations made in
Ref. [31] concerning the motion of a charged pion in the
presence of the magnetic field. It is also worth noticing that
the decay width does not vanish in the limit ml ¼ 0; i.e., it
does not show the helicity suppression found in the absence
of the external magnetic field.
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Wefinallymention that an obvious applicationof ourwork
would be to study howweak decay rates of charged pions get
modified due to the presence of the magnetic field. To reach
this goal, however, the behavior of the decay form factors as
functions of the magnetic field should be determined. This
would require either the use of LQCD simulations, as
proposed in Ref. [31], or to rely on some hadronic effective
model. We expect to report soon on such a calculation in the
framework of Nambu–Jona-Lasinio-like models.
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APPENDIX A: PION AND FERMION FIELDS
IN A CONSTANT MAGNETIC FIELD

In this appendix we quote expressions for the different
fields used in our work, written in terms of creation and
annihilation operators. As in the main text, we assume
B⃗ ¼ Bx̂3 and make use of the Landau gauge, in which
Aμ ¼ ð0; 0; Bx1; 0Þ.

1. Neutral pion and neutrino fields

The expressions for neutral fields do not get changed by
the presence of the external magnetic fields. Thus, they can
be written in terms of the usual creation and annihilation
operators of definite momentum states. Following the
conventions given e.g., in Ref. [36], the neutral pion field
is given by

ϕπ0ðxÞ ¼
Z

d3p
ð2πÞ32Eπ0

½aðp⃗Þe−ip·x þ a†ðp⃗Þeip·x�; ðA1Þ

where x¼ ðt; x⃗Þ and p¼ ðEπ0 ; p⃗Þ, with Eπ0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π0
þ jp⃗j2

q
(it is worth mentioning that, in the presence of an external
field, one could also take into account corrections leading
to an anisotropic dispersion relation [29]). The operators
aðp⃗Þ and a†ðp⃗Þ satisfy the commutation rule

½aðp⃗Þ; a†ðp⃗0Þ� ¼ 2Eπ0ð2πÞ3δð3Þðp⃗ − p⃗0Þ: ðA2Þ

For a finite volume V, the particle number nπ0 associated
with the momentum eigenstate jπ0ðp⃗Þi ¼ a†ðp⃗Þj0i is
given by

nπ0 ¼
Z
V
d3xhπ0ðp⃗Þjj0

π0
ðt; x⃗Þjπ0ðp⃗Þi ¼ 2Eπ0V; ðA3Þ

where

j0
π0
ðxÞ ¼ i½ϕ†

π0
ðxÞ∂0ϕπ0ðxÞ − ∂0ϕ†

π0
ðxÞϕπ0ðxÞ�: ðA4Þ

The neutrino field can be written as

ψνlðxÞ ¼
X
r¼1;2

Z
d3k

ð2πÞ32Eνl

½bðk⃗; rÞUνlðx; k⃗; rÞ

þ dðk⃗; rÞ†Vνlðx; k⃗; rÞ�; ðA5Þ
where

Uνlðx; k⃗; rÞ ¼ uνlðk⃗; rÞe−ik·x; Vνlðx; k⃗; rÞ ¼ vνlðk⃗; rÞeik·x:
ðA6Þ

Here k ¼ ðEνl ; k⃗Þ, with Eνl ¼ jk⃗j, while uνlðk⃗; rÞ and
vνlðk⃗; rÞ are the usual Dirac spinors with polarization states
r ¼ 1 or 2. They satisfyX
r¼1;2

uνlðk⃗; rÞūνlðk⃗; rÞ ¼
X
r¼1;2

vνlðk⃗; rÞv̄νlðk⃗; rÞ ¼ =k: ðA7Þ

Note that we are assuming that neutrinos are massless. The
corresponding creation and annihilation operators satisfy
the relations

fbðk⃗; rÞ; bðk⃗0; r0Þ†g ¼ fdðk⃗; rÞ; dðk⃗0; r0Þ†g
¼ 2Eνlð2πÞ3δrr0δð3Þðk⃗ − k⃗0Þ; ðA8Þ

fbðk⃗; rÞ; dðk⃗0; r0Þg ¼ fbðk⃗; rÞ; dðk⃗0; r0Þ†g ¼ 0: ðA9Þ

2. Charged pion field

The charged pion fields can be written as

ϕs
πσ ðxÞ¼ϕs

π−σ ðxÞ†

¼
X∞
l¼0

Z
dp2dp3

ð2πÞ32Eπσ
½aσðp̆ÞF s

p̄ðxÞþa−σðp̆Þ†F−s
p̄ ðxÞ��;

ðA10Þ
where Qπσ ¼ σjej is the pion charge with σ ¼ �, s ¼
signðQπσBÞ and Be ¼ jQπσBj. Note that if B > 0 then
s ¼ σ. As defined in the main text, p̄ ¼ ðp0; p̆Þ, where
p̆ ¼ ðl; p2; p3Þ and the pion energy is given by p0 ¼
Eπσ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

πσ þ ð2lþ 1ÞBe þ ðp3Þ2
p

.
The functions F s

p̄ðxÞ are solutions of the eigenvalue
equation

DμDμF s
p̄ðxÞ ¼ −½ðp0Þ2 − ð2lþ 1ÞBe − ðp3Þ2�F s

p̄ðxÞ;
ðA11Þ
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where Dμ ¼ ∂μ þ isBex1δμ2. Their explicit form is
given by

F s
p̄ðxÞ ¼ Nle−iðp

0x0−p2x2−p3x3ÞDlðρsÞ; ðA12Þ

where Nl ¼ ð4πBeÞ1=4=
ffiffiffiffiffi
l!

p
, ρs ¼

ffiffiffiffiffiffiffiffi
2Be

p
x1 − s

ffiffiffiffiffiffiffiffiffiffi
2=Be

p
p2

and DlðxÞ are cylindrical parabolic functions. The latter
are defined as

DlðxÞ ¼ 2−l=2e−x
2=4Hlðx=

ffiffiffi
2

p
Þ; ðA13Þ

HlðxÞ being the Hermite polynomials, with the standard
convention H−1ðxÞ ¼ 0. It can be seen that the functions
F s
p̄ðxÞ satisfy the orthogonality relations

X∞
l¼0

Z
dp0dp2dp3

ð2πÞ4 F s
p̄ðxÞF s

p̄ðx0Þ� ¼ δð4Þðx − x0Þ; ðA14Þ

Z
d4xF s

p̄0 ðxÞ�F s
p̄ðxÞ ¼ ð2πÞ4δll0δðp0 − p00Þ

× δðp2 − p02Þδðp3 − p03Þ: ðA15Þ

In addition, the creation and annihilation operators in
Eq. (A10) satisfy the commutation relations

½aσðp̆Þ; aσðp̆0Þ†� ¼ ½a−σðp̆Þ; a−σðp̆0Þ†�
¼ 2Eπσ ð2πÞ3δll0δðp2 − p02Þδðp3 − p03Þ:

ðA16Þ

Note that with these conventions the operators aσðp̆Þ and
a−σðp̆Þ turn out to have different dimensions from the
creation and annihilation operators that are usually defined
in the absence of the external magnetic field [and also from
those corresponding to the π0 field; see Eq. (A2)].
It is also useful to calculate the particle number asso-

ciated with the state jπσðp̆Þi ¼ a†ðp̆Þj0i in a volume V.
Given our choice of the Landau gauge, in this case it is
convenient to consider an infinite cylinder of section S
lying along the x1 axis. We obtain

nπσ ¼
Z

∞

−∞
dx1
Z
S
dx2dx3hπσðp̆Þjj0πσðxÞjπσðp̆Þi ¼ 2Eπσ2πS;

ðA17Þ

where the current is defined in a similar way to that
corresponding to the neutral pion; see Eq. (A4). Note that
we are normalizing to 4πE particles per unit surface, which
differs from the usual normalization ρ ¼ n=V ¼ 2E.

3. Charged lepton field

Assuming the same conventions for the magnetic field
and considering the Landau gauge, for the charged lepton
fields we have

ψ s
l ðxÞ ¼

X
r¼1;2

X∞
n¼0

Z
dq2dq3

ð2πÞ32El
½bðq̆; rÞUs

l ðx; q̆; rÞ

þ dðq̆; rÞ†V−s
l ðx; q̆; rÞ�: ðA18Þ

Here, s ¼ signðQlBÞ with Ql ¼ −jej. As indicated in the

main text, q̆ ¼ ðn; q2; q3Þ and El ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

l þ 2nBe þ ðq3Þ2
q

,

with Be ¼ jQlBj. The creation and annihilation operators
satisfy

fbðq̆; rÞ; bðq̆0; r0Þ†g ¼ fdðq̆; rÞ; dðq̆0; r0Þ†g ¼ 2Elð2πÞ3
× δrr0δnn0δðq2 − q02Þδðq3 − q03Þ;

fbðq̆; rÞ; dðq̆0; r0Þ†g ¼ fdðq̆; rÞ†; bðq̆0; r0Þ†g ¼ 0: ðA19Þ

In Eq. (A18) we have also used the definitions

Us
l ðx; q̆; rÞ ¼ Es

q̄ðxÞusl ðq̆; rÞ;
V−s
l ðx; q̆; rÞ ¼ Ẽ−s

q̄ ðxÞv−sl ðq̆; rÞ; ðA20Þ

where q̄ ¼ ðq0; q̆Þ, with q0 ¼ El. The spinors usl and v−sl
are given in the Weyl basis by

usl ðq̆; rÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðEl þmlÞ
p
×

� ðEl þml þ s
ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
τ2 − q3τ3ÞϕðrÞ

ðEl þml − s
ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
τ2 þ q3τ3ÞϕðrÞ

�
;

ðA21Þ

v−sl ðq̆; rÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðEl þmlÞ

p
×

� ðEl þml − s
ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
τ2 − q3τ3Þϕ̃ðrÞ

−ðEl þml þ s
ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
τ2 þ q3τ3Þϕ̃ðrÞ

�
;

ðA22Þ

where ϕð1Þ† ¼ −ϕ̃ð2Þ† ¼ ð1; 0Þ and ϕð2Þ† ¼ ϕ̃ð1Þ† ¼ ð0; 1Þ.
They satisfy the relationsX

r¼1;2

usl ðq̆; rÞūsl ðq̆; rÞ ¼ q̂s þml;

X
r¼1;2

v−sl ðq̆; rÞv̄−sl ðq̆; rÞ ¼ q̂−s −ml; ðA23Þ

where q̂μs ¼ ðEl; 0;−s
ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
; q3Þ. In Eq. (A20), Es

q̄ðxÞ and
Ẽ−s
q̄ ðxÞ are Ritus functions that satisfy the eigenvalue

equation

=D2Es
q̄ðxÞ ¼ −½ðq0Þ2 − 2nBe − ðq3Þ2�Es

q̄ðxÞ; ðA24Þ

where =D ¼ =∂ − isBex1γ2. They can be written as
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Es
q̄ðxÞ ¼

X
λ¼�

Es
q̄;λðxÞΔλ; Ẽ−s

q̄ ðxÞ ¼
X
λ¼�

E−s
q̄;−λðxÞ�Δλ;

ðA25Þ

where Δ� ¼ ð1� iγ1γ2Þ=2, and

Es
q̄;λðxÞ ¼ F s

ðq0;nsλ;q2;q3ÞðxÞ; ðA26Þ

F s
q̄ðxÞ being the function defined in Eq. (A12). Here the

integer index nsλ is related to the quantum number n by

ns� ¼ n −
1 ∓ s
2

: ðA27Þ

It can be seen that the spinors in Eq. (A20) satisfy

Z
d3xUs†ðx; q̆; rÞUsðx; q̆0; r0Þ ¼

Z
d3xV−s†ðx; q̆; rÞV−sðx; q̆0; r0Þ ¼ 2Elð2πÞ3δq̆;q̆0δrr0 ðA28Þ

Z
d3xUs†ðx; q̆; rÞV−sðx; q̆0; r0Þ ¼

Z
d3xV−s†ðx; q̆; rÞUsðx; q̆0; r0Þ ¼ 0 ðA29Þ

Z
d3xŪsðx; q̆; rÞUsðx; q̆0; r0Þ ¼ −

Z
d3xV̄−sðx; q̆; rÞV−sðx; q̆0; r0Þ ¼ 2mlð2πÞ3δq̆;q̆0δrr0 ðA30Þ

Z
d3xŪsðx; q̆; rÞV−sðx̃; q̆0; r0Þ ¼

Z
d3xV̄−sðx; q̆; rÞUsðx̃; q̆0; r0Þ ¼ 0; ðA31Þ

where δq̆;q̆0 ¼ δnn0δðq2 − q02Þδðq3 − q03Þ and x̃ ¼ ðx0;−x⃗Þ.
Following the same steps that led to Eq. (A17), it is

found that the number of particles in an infinite cylinder
of section S lying along the x1 axis is given by
nl ¼ 2El2πS.

APPENDIX B: DISCRETE SYMMETRIES

In the Landau gauge, the electromagnetic interaction
term between the light quarks and the external field (chosen
to be orientated along the z axis) is given by

LðxÞ ¼ −
X
f

QfBx1ψ̄fðxÞγ2ψfðxÞ; ðB1Þ

where the sum extends over f ¼ u, d, and Qf are the
corresponding electric charges. It is easy to see that the
action is separately invariant under P, CT and PCT , where

P, C and T stand for parity, charge conjugation and time
reversal transformations acting on the quark fields.
Moreover, it can be seen that the Lagrangian density in
Eq. (B1) is invariant under the transformation CR1, where
R1 is a spatial rotation by angle π about the x axis (i.e., a
rotation that inverts the orientation of the magnetic field B⃗).
The existence of these symmetries imposes constraints

on the form factors in the pion-to-vacuum hadronic matrix
elements discussed in our work. As in the case of no
external field, parity is responsible for selecting which
Lorentz structures in Eq. (8) contribute to the matrix
elements of the vector and axial-vector currents, as quoted
in Eqs. (9), (10), (19), and (20). Moreover, it is possible to
use CT and CR1 symmetries to show that the form factors
are real and equal for both charged pions.
We start by using CT symmetry to show that the form

factor fðVÞ
π0

in Eq. (11) is real. One has

h0jψ̄fðxÞγμψfðxÞjπ0ðp⃗Þi ¼ h0jðCT Þ†CT ψ̄fðxÞγμψfðxÞðCT Þ†CT jπ0ðp⃗Þi
¼ ηTh0jC†Cψ̄fð−x̃Þγμψfð−x̃ÞC†Cjπ0ð−p⃗Þi�
¼ h0jψ̄fð−x̃Þγμψfð−x̃Þjπ0ð−p⃗Þi�; ðB2Þ

where x̃μ ¼ ðx0;−x⃗Þ, and the phase ηT , arising from the action of the time reversal operator on the pion state, has been taken

to be equal to −1 due to PCT invariance. From Eqs. (11) and (B2) it can be easily seen that fðVÞ
π0

is real. For example, from

the definition of H0;μ
V ðx; p⃗Þ, Eq. (B2) implies H0;0

V ðx; p⃗Þ ¼ H0;0
V ð−x̃;−p⃗Þ�, which according to the relations in Eqs. (11)

leads to

−ifðVÞ
π0

p3e−ip·x ¼ ð−ifðVÞ
π0

Þ�ð−p3Þeip̃·ð−x̃Þ; ðB3Þ

i.e., fðVÞ
π0

¼ fðVÞ
π0

�.
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In the case of the matrix elements of the axial vector
current, a similar analysis leads to fðAiÞ

π0
¼ fðAiÞ

π0
�, for i ¼ 1,

2 and 3. On the other hand, taking into account the
invariance of the action under CR1 one has

H0;ϵ
⊥;Aðx; p⃗Þ ¼ h0jðCR1Þ†CR1ψ̄fðxÞðγ1 þ iϵγ2Þ

× γ5ψfðxÞðCR1Þ†CR1jπ0ðp⃗Þi
¼ h0jC†Cψ̄fðx0Þðγ1 − iϵγ2Þγ5ψfðx0ÞC†Cjπ0ðp⃗0Þi
¼ h0jψ̄fðx0Þðγ1 − iϵγ2Þγ5ψfðx0Þjπ0ðp⃗0Þi
¼ H0;−ϵ

⊥;A ðx0; p⃗0Þ; ðB4Þ

where x0μ ¼ ðx0; x1;−x2;−x3Þ and p⃗0 ¼ ðp1;−p2;−p3Þ.
From Eq. (14), this leads to

− iðfðA1Þ
π0

− ϵfðA2Þ
π0

− fðA3Þ
π0

Þðp1 þ iϵp2Þe−ip·x

¼ −iðfðA1Þ
π0

þ ϵfðA2Þ
π0

− fðA3Þ
π0

Þðp01 − iϵp02Þe−ip0·x0 ; ðB5Þ

which implies fðA2Þ
π0

¼ 0.
We consider next the matrix elements with charged pion

initial states. Proceeding in a similar way as in the neutral
case, from Eq. (19) we get

Hσ;μ
V ðx; p̆Þ ¼ h0jðCT Þ†CT ψ̄ðxÞγμτ−σψðxÞðCT Þ†CT jπσðp̆Þi

¼ −h0jC†Cψ̄ð−x̃Þγμτ−σψð−x̃ÞC†Cjπσðp̆0Þi�
¼ h0jψ̄ð−x̃Þγμτσψð−x̃Þjπ−σðp̆0Þi�
¼ gμνH

−σ;ν
V ð−x̃; p̆0Þ�; ðB6Þ

where we have used Cjπ�ðp̄Þi ¼ jπ∓ðp̄Þi and defined
p̆0¼ðl;−p2;−p3Þ. Since Fσ

p̄ðxÞ ¼ F σ
p̄0 ð−x̃Þ�, taking μ ¼ 0

and σ ¼ − one obtains [see Eq. (27)]

−ifðVÞπ− p3F−
p̄ðxÞ ¼ ð−ifðVÞπþ p03Fþ

p̄0 ð−x̃ÞÞ� ¼ −ifðVÞπþ
�p3F−

p̄ðxÞ;
ðB7Þ

which leads to the relation fðVÞπþ
� ¼ fðVÞπ− . Here, p̄0 ¼

ðEπ− ; p̆0Þ. Now, from the invariance of the action under
CR1 one has

Hσ;0
V ðx; p̆Þ ¼ h0jðCR1Þ†CR1ψ̄ðxÞγ0τ−σψðxÞðCR1Þ†

× CR1jπσðp̆Þi
¼ h0jC†Cψ̄ðx0Þγ0τ−σψðx0ÞC†Cjπσðp̆0Þi
¼ −h0jψ̄ðx0Þγ0τσψðx0Þjπ−σðp̆0Þi
¼ −H−σ;0

V ðx0; p̆0Þ: ðB8Þ

Since Fþ
p̄ ðxÞ ¼ F−

p̄0 ðx0Þ, taking μ ¼ 0 and σ ¼ − one

obtains fðVÞπ− ¼ fðVÞπþ , and then ImðfðVÞπσ Þ ¼ 0.
For the matrix elements of the axial vector current, the

analysis of the zeroth and third components of the pion-to-

vacuum amplitude leads to fðA1Þπ− ¼ fðA1Þπþ and ImðfðA1Þπσ Þ¼0,

while to constrain the form factors fðA2Þπσ and fðA3Þπσ one
needs to study the first and second components. Taking into
account the invariance under CT one has (ϵ ¼ �)

Hσ;ϵ
⊥;Aðx; p̆Þ ¼ h0jðCT Þ†CT ψ̄ðxÞðγ1 þ iϵγ2Þγ5τ−σψðxÞðCT Þ†CT jπσðp̆Þi

¼ −h0jC†Cψ̄ð−x̃Þðγ1 − iϵγ2Þγ5τ−σψð−x̃ÞC†Cjπσðp̆0Þi�
¼ þh0jψ̄ð−x̃Þðγ1 − iϵγ2Þγ5τσψð−x̃Þjπ−σðp̆0Þi�
¼ ðH−σ;1

A ð−x̃; p̄0Þ − iϵH−σ;2
A ð−x̃; p̆0ÞÞ� ¼ ðH−σ;−ϵ

⊥;A ð−x̃; p̆0ÞÞ�: ðB9Þ

In this way, taking σ ¼ − in Eqs. (30) and (B9) one obtains

ðfðA1Þπ− þ ϵfðA2Þπ− − fðA3Þπ− ÞF−
p̄þϵðxÞ ¼ ðfðA1Þπþ þ ϵfðA2Þπþ − fðA3Þπþ Þ�Fþ

p̄0þϵð−x̃Þ�; ðB10Þ

which implies fðA2Þπ− ¼ fðA2Þπþ
� and fðA3Þπ− ¼ fðA3Þπþ

� (we have used the fact that fðA1Þπ− ¼ fðA1Þπþ
�). Finally, considering CR1

transformations, one has

Hσ;ϵ
⊥;Aðx; p̆Þ ¼ h0jðCR1Þ†CR1ψ̄ðxÞðγ1 þ iϵγ2Þγ5τ−σψðxÞðCR1Þ†CR1jπσðp̆Þi

¼ h0jC†Cψ̄ðx0Þðγ1 − iϵγ2Þγ5τ−σψðx0ÞC†Cjπσðp̆0Þi
¼ h0jψ̄ðx0Þðγ1 − iϵγ2Þγ5τσψðx0Þjπ−σðp̆0Þi
¼ H−σ;1

A ðx0; p̆0Þ − iϵH−σ;2
A ðx0; p̆0Þ ¼ H−σ;−ϵ

⊥;A ðx0; p̆0Þ; ðB11Þ

which leads to fðA2Þπ− ¼ fðA2Þπþ and fðA3Þπ− ¼ fðA3Þπþ , together with ImðfðA2Þπσ Þ ¼ ImðfðA3Þπσ Þ ¼ 0.
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APPENDIX C: SPATIAL INTEGRAL

We are interested in the calculation of the integral

Is;λ
p̆;q̆;k⃗

¼
Z

d4xF s
p̄ðxÞEs

q̄;λðxÞ�eik·x; ðC1Þ

where s; λ ¼ �: Here, F s
p̄ðxÞ comes from the pion, eik·x from the neutrino and Es

q̄;λðxÞ from the lepton. We use the notation
already defined in Appendix A, namely q̄¼ðEl;q̆Þ and p̄ ¼ ðEπ− ; p̆Þ, with q̆ ¼ ðn; q2; q3Þ and p̆¼ ðl; p2; p3Þ,
respectively. Since jQπ�Bj ¼ jQlBj ¼ jeBj ¼ Be and we are interested in the situation where signðQπ�BÞ ¼
signðQlBÞ ¼ s, after integration over x0, x2 and x3 we obtain

Is;λ
p̆;q̆;k⃗

¼ ð2πÞ3δðEπ− − Eνl − ElÞδðp2 − k2 − q2Þδðp3 − k3 − q3ÞI s;λ
l;nðk⊥; p2; q2Þ; ðC2Þ

with

Is;λ
l;nðk⊥; p2; q2Þ ¼ NlNnsλ

Z
∞

−∞
dx1e−ik

1x1Dl

 ffiffiffiffiffiffiffiffi
2Be

p
x1 − s

ffiffiffiffiffiffi
2

Be

s
p2

!
Dnsλ

 ffiffiffiffiffiffiffiffi
2Be

p
x1 − s

ffiffiffiffiffiffi
2

Be

s
q2
!
; ðC3Þ

where, as also defined in Appendix A, nsλ ¼ nþ ðsλ − 1Þ=2. Changing variables according to

8<
:

ψ ¼ ffiffiffiffiffiffiffiffi
2Be

p
x1 − sffiffiffiffiffiffi

2Be

p ðp2 þ q2Þ
η ¼ sffiffiffiffiffiffi

2Be

p ðp2 − q2Þ ;

8>><
>>:

ffiffiffiffiffiffiffiffi
2Be

p
x1 − s

ffiffiffiffi
2
Be

q
p2 ¼ ψ − η

ffiffiffiffiffiffiffiffi
2Be

p
x1 − s

ffiffiffiffi
2
Be

q
q2 ¼ ψ þ η

; ðC4Þ

and using Dlðψ − ηÞ ¼ ð−1ÞlDlðη − ψÞ, we find

Is;λ
l;nðk⊥; p2; q2Þ ¼ NlNnsλ

ð−1Þlffiffiffiffiffiffiffiffi
2Be

p e−i
sk1ðp2þq2Þ

2Be

Z
∞

−∞
dψe

−i k1ffiffiffiffiffi
2Be

p ψ
Dlðη − ψÞDnsλðηþ ψÞ: ðC5Þ

Next, we make use of the following property:

Z
dψeiγψDlðη − ψÞDnðηþ ψÞ ¼

8<
: ð−1Þl ffiffiffiffiffiffi

2π
p

l!e−
γ2þη2

2 ðiγ þ ηÞn−lLn−l
l ðη2 þ γ2Þ if n ≥ l

ð−1Þn ffiffiffiffiffiffi
2π

p
n!e−

γ2þη2

2 ð−iγ þ ηÞl−nLl−n
n ðη2 þ γ2Þ if l ≥ n:

ðC6Þ

In our case, γ ¼ −k1=
ffiffiffiffiffiffiffiffi
2Be

p
. Owing to one of the delta functions in Eq. (C2), one has η ¼ sk2=

ffiffiffiffiffiffiffiffi
2Be

p
and therefore

η2 þ γ2 ¼ k2⊥=2Be. Then,

I s;λ
l;nðk⊥; p2; q2Þ ¼ NlNnsλ

ffiffiffiffiffiffi
π

Be

r
e−isk

1ðp2þq2Þ=ð2BeÞe−k2⊥=ð4BeÞ

8>><
>>:

l!
�
−ik1þsk2ffiffiffiffiffiffi

2Be

p
�
nsλ−lLnsλ−l

l

�
k2⊥
2Be

�
if nsλ ≥ l

nsλ!
�
ik1þsk2ffiffiffiffiffiffi

2Be

p
�
l−nsλLl−nsλ

nsλ

�
k2⊥
2Be

�
if l ≥ nsλ:

ðC7Þ

Writing the explicit expression of Nl, Nnsλ and canceling some terms, we finally arrive at

I s;λ
l;nðk⊥; p2; q2Þ ¼ e−isk

1ðp2þq2Þ=ð2BeÞGs;λ
l;nðk⊥Þ; ðC8Þ

where

Gs;λ
l;nðk⊥Þ ¼ 2πe−

k2⊥
4Be

8>>><
>>>:

ffiffiffiffiffiffi
l!
nsλ!

q �
−ik1þsk2ffiffiffiffiffiffi

2Be

p
�
nsλ−lLnsλ−l

l

�
k2⊥
2Be

�
if nsλ ≥ lffiffiffiffiffiffi

nsλ!
l!

q �
−ik1−sk2ffiffiffiffiffiffi

2Be

p
�
l−nsλLl−nsλ

nsλ

�
k2⊥
2Be

�
if l ≥ nsλ:

ðC9Þ
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APPENDIX D: B → 0 LIMIT

We provide here the explicit calculation of the integrals
I−;λ
0;n appearing in Eq. (73). Let us consider the integral in

Eq. (C3) extended to a finite length, in the limit of a weak
external magnetic field. We find it convenient to define

I−;λ
l;n ¼ NlNn−λ

Z
L

−L
dx1eik

1x1Dlð
ffiffiffiffiffiffiffiffi
2Be

p
x1Þ

×Dn−λ

 ffiffiffiffiffiffiffiffi
2Be

p
x1 þ

ffiffiffiffiffiffi
2

Be

s
q2
!
; ðD1Þ

where we have taken p2 ¼ 0, and L is assumed to
satisfy the conditions in Eqs. (67) and (68). It is worth
noticing that NlDlð

ffiffiffiffiffiffiffiffi
2Be

p
x1Þ comes form the pion field,

Nn−λDn−λð
ffiffiffiffiffiffiffiffi
2Be

p
x1 þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffið2=BeÞ

p
q2Þ comes from the lepton

field, and the exponential comes from the antineu-
trino field.
As discussed in Sec. III D, in the B → 0 limit one hasffiffiffiffiffiffiffiffi
2Be

p
x1 → 0; therefore the l ¼ 0 and l ¼ 1 pion wave

functions satisfy

N0D0ð
ffiffiffiffiffiffiffiffi
2Be

p
x1Þ ⟶ffiffiffiffiffiffi

2Be

p
x1→0

ð4πBeÞ1=4;

N1D1ð
ffiffiffiffiffiffiffiffi
2Be

p
x1Þ ⟶ffiffiffiffiffiffi

2Be

p
x1→0

ð4πBeÞ1=4
1

2

ffiffiffiffiffiffiffiffi
2Be

p
x1 ∼ 0: ðD2Þ

For the lepton contribution, we have to analyze the
behavior of the product Nn−λDn−λð

ffiffiffiffiffiffiffiffi
2Be

p
x1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffið2=BeÞ

p
q2Þ

in the limit of small B and large n, keeping nB finite. Using
Eqs. (12.7.2), (12.10.35), (9.7.5) and (9.7.9) of Ref. [37]
we obtain

ð4πBeÞ1=4ffiffiffiffiffiffiffiffiffi
n−λ!

p Dn−λ

 ffiffiffiffiffiffiffiffi
2Be

p
x1 þ

ffiffiffiffiffiffi
2

Be

s
q2
!

≃ θð1 − rn−λÞ½ð−1Þn−λθð−q2Þ þ θðq2Þ�

×
ffiffiffiffiffiffi
Be

p
jðq2Þ2 − Beð2n−λ þ 1Þj1=4

× ½eiðϕn−λ−qn−λx
1Þ þ e−iðϕn−λ−qn−λx

1Þ�; ðD3Þ

where

ϕn−λ ¼
�ð2n−λ þ 1Þ

2

�
arccos rn−λ − rn−λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2n−λ

q �
−
π

4

�
;

qn−λ ¼
jq2j
q2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Beð2n−λ þ 1Þ − ðq2Þ2

q
;

rn−λ ¼
jq2jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Beð2n−λ þ 1Þp : ðD4Þ

Here, all quantities have a smooth behavior in the limit of
small B, large n and finite nB, except ϕn−λ .
The above equations lead to

I−;λ
0;n ¼ 2πð4πBqÞ1=4θ

�
1 −

jq2jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Beð2n−λ þ 1Þp �

× ½ð−1Þn−λθð−q2Þ þ θðq2Þ�

×
ffiffiffiffiffiffi
Be

p
jðq2Þ2 − Beð2n−λ þ 1Þj1=4

× ½eiϕn−λ δðk1 − qn−λÞ þ e−iϕn−λ δðk1 þ qn−λÞ�; ðD5Þ

from which we can easily calculate the quantities jI−;λ
0;n j2

appearing in Eq. (73). We are also interested in the product
I−;þ
0;n ðI−;−

0;n Þ�, which involves the divergent phases ϕn− and
ϕnþ . These appear through the finite difference

ϕn−þ − ϕn−− ≃ − arccos
jq2jffiffiffiffiffiffiffiffiffiffiffi
2nBe

p ; ðD6Þ

which leads to

eiðϕn−þ−ϕn−− Þ ¼ jq2j þ iq̄nffiffiffiffiffiffiffiffiffiffiffi
2nBe

p ; ðD7Þ

with q̄n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nBe − ðq2Þ2

p
. We obtain in this way

I−;þ
0;n ðI−;−

0;n Þ�

≃ 4πLð4πBeÞ1=2θ
�
1−

jq2jffiffiffiffiffiffiffiffiffiffiffi
2nBe

p
�
Be

q̄n

1ffiffiffiffiffiffiffiffiffiffiffi
2nBe

p

× f½−θð−q2Þð−q2 þ iq̄nÞ þ θðq2Þðq2 − iq̄nÞ�δðk1 þ q̄nÞ
þ ½−θð−q2Þð−q2 − iq̄nÞ þ θðq2Þðq2 þ iq̄nÞ�δðk1 − q̄nÞg:

ðD8Þ

[1] D. E. Kharzeev, K. Landsteiner, A. Schmitt, and H. U. Yee,
Lect. Notes Phys. 871, 1 (2013).

[2] J. O. Andersen, W. R. Naylor, and A. Tranberg, Rev. Mod.
Phys. 88, 025001 (2016).

[3] V. A. Miransky and I. A. Shovkovy, Phys. Rep. 576, 1
(2015).

[4] D. Grasso and H. R. Rubinstein, Phys. Rep. 348, 163
(2001).

PION-TO-VACUUM VECTOR AND AXIAL VECTOR AMPLITUDES … PHYS. REV. D 99, 054031 (2019)

054031-17

https://doi.org/10.1007/978-3-642-37305-3
https://doi.org/10.1103/RevModPhys.88.025001
https://doi.org/10.1103/RevModPhys.88.025001
https://doi.org/10.1016/j.physrep.2015.02.003
https://doi.org/10.1016/j.physrep.2015.02.003
https://doi.org/10.1016/S0370-1573(00)00110-1
https://doi.org/10.1016/S0370-1573(00)00110-1


[5] D. E. Kharzeev, L. D. McLerran, and H. J. Warringa, Nucl.
Phys. A803, 227 (2008); V. Skokov, A. Y. Illarionov, and V.
Toneev, Int. J. Mod. Phys. A 24, 5925 (2009); V. Voronyuk,
V. Toneev, W. Cassing, E. Bratkovskaya, V. Konchakovski,
and S. Voloshin, Phys. Rev. C 83, 054911 (2011).

[6] R. C. Duncan and C. Thompson, Astrophys. J. 392, L9
(1992); C. Kouveliotou et al., Nature (London) 393, 235
(1998).

[7] V. P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Phys.
Rev. Lett. 73, 3499 (1994); 76, 1005(E) (1996).

[8] G. S. Bali, F. Bruckmann, G. Endrődi, Z. Fodor, S. D. Katz,
S. Krieg, A. Schafer, and K. K. Szabo, J. High Energy Phys.
02 (2012) 044; G. S. Bali, F. Bruckmann, G. Endrődi, Z.
Fodor, S. D. Katz, and A. Schafer, Phys. Rev. D 86, 071502
(2012).

[9] A. I. Nikishov and V. I. Ritus, Zh. Eksp. Teor. Fiz. 46, 776
(1964) [Sov. Phys. JETP 19, 529 (1964)].

[10] A. I. Nikishov and V. I. Ritus, Zh. Eksp. Teor. Fiz. 46, 1768
(1964) [Sov. Phys. JETP 19, 1191 (1964)].

[11] J. J. Matese and R. F. O’Connell, Phys. Rev. 180, 1289
(1969).

[12] L. Fassio-Canuto, Phys. Rev. 187, 2141 (1969).
[13] N. O. Agasian and I. A. Shushpanov, J. High Energy Phys.

10 (2001) 006.
[14] J. O. Andersen, J. High Energy Phys. 10 (2012) 005.
[15] S. Fayazbakhsh, S. Sadeghian, and N. Sadooghi, Phys. Rev.

D 86, 085042 (2012).
[16] S. S. Avancini, W. R. Tavares, and M. B. Pinto, Phys. Rev. D

93, 014010 (2016).
[17] R. Zhang, W. j. Fu, and Y. x. Liu, Eur. Phys. J. C 76, 307

(2016).
[18] S. S. Avancini, R. L. S. Farias, M. Benghi Pinto, W. R.

Tavares, and V. S. Timóteo, Phys. Lett. B 767, 247 (2017).
[19] S. Mao and Y. Wang, Phys. Rev. D 96, 034004 (2017).
[20] D. Gomez Dumm, M. F. Izzo Villafañe, and N. N. Scoccola,

Phys. Rev. D 97, 034025 (2018).

[21] M. A. Andreichikov and Y. A. Simonov, Eur. Phys. J. C 78,
902 (2018).

[22] V. D. Orlovsky and Y. A. Simonov, J. High Energy Phys. 09
(2013) 136.

[23] M. A. Andreichikov, B. O. Kerbikov, E. V. Luschevskaya,
Y. A. Simonov, and O. E. Solovjeva, J. High Energy Phys.
05 (2017) 007.

[24] Z. Wang and P. Zhuang, Phys. Rev. D 97, 034026
(2018).

[25] H. Liu, X. Wang, L. Yu, and M. Huang, Phys. Rev. D 97,
076008 (2018).

[26] M. Coppola, D. Gomez Dumm, and N. N. Scoccola, Phys.
Lett. B 782, 155 (2018).

[27] E. V. Luschevskaya, O. E. Solovjeva, O. A. Kochetkov, and
O. V. Teryaev, Nucl. Phys. B898, 627 (2015).

[28] G. S. Bali, B. B. Brandt, G. Endrődi, and B. Gläßle, Phys.
Rev. D 97, 034505 (2018).

[29] S. Fayazbakhsh and N. Sadooghi, Phys. Rev. D 88, 065030
(2013).

[30] Y. A. Simonov, Yad. Fiz. 79, 277 (2016) [Phys. At. Nucl. 79,
455 (2016)].

[31] G. S. Bali, B. B. Brandt, G. Endrődi, and B. Gläßle, Phys.
Rev. Lett. 121, 072001 (2018).

[32] M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98,
030001 (2018).

[33] W. Dittrich and H. Gies, Springer Tracts Mod. Phys. 166, 1
(2000).

[34] M. Wakamatsu, Y. Kitadono, and P.-M. Zhang, Ann. Phys.
(Amsterdam) 392, 287 (2018).

[35] A. A. Sokolov, I. M. Ternov, and C. W. Kilmister, Radiation
from Relativistic Electrons (AIP, New York, 1986).

[36] M. E. Peskin and D. V. Schroeder, An Introduction
to Quantum Field Theory (Westview Press, Reading,
1995).

[37] Digital library of mathematical functions, NIST, https://dlmf
.nist.gov.

COPPOLA, GOMEZ DUMM, NOGUERA, and SCOCCOLA PHYS. REV. D 99, 054031 (2019)

054031-18

https://doi.org/10.1016/j.nuclphysa.2008.02.298
https://doi.org/10.1016/j.nuclphysa.2008.02.298
https://doi.org/10.1142/S0217751X09047570
https://doi.org/10.1103/PhysRevC.83.054911
https://doi.org/10.1086/186413
https://doi.org/10.1086/186413
https://doi.org/10.1038/30410
https://doi.org/10.1038/30410
https://doi.org/10.1103/PhysRevLett.73.3499
https://doi.org/10.1103/PhysRevLett.73.3499
https://doi.org/10.1103/PhysRevLett.76.1005
https://doi.org/10.1007/JHEP02(2012)044
https://doi.org/10.1007/JHEP02(2012)044
https://doi.org/10.1103/PhysRevD.86.071502
https://doi.org/10.1103/PhysRevD.86.071502
https://doi.org/10.1103/PhysRev.180.1289
https://doi.org/10.1103/PhysRev.180.1289
https://doi.org/10.1103/PhysRev.187.2141
https://doi.org/10.1088/1126-6708/2001/10/006
https://doi.org/10.1088/1126-6708/2001/10/006
https://doi.org/10.1007/JHEP10(2012)005
https://doi.org/10.1103/PhysRevD.86.085042
https://doi.org/10.1103/PhysRevD.86.085042
https://doi.org/10.1103/PhysRevD.93.014010
https://doi.org/10.1103/PhysRevD.93.014010
https://doi.org/10.1140/epjc/s10052-016-4123-8
https://doi.org/10.1140/epjc/s10052-016-4123-8
https://doi.org/10.1016/j.physletb.2017.02.002
https://doi.org/10.1103/PhysRevD.96.034004
https://doi.org/10.1103/PhysRevD.97.034025
https://doi.org/10.1140/epjc/s10052-018-6384-x
https://doi.org/10.1140/epjc/s10052-018-6384-x
https://doi.org/10.1007/JHEP09(2013)136
https://doi.org/10.1007/JHEP09(2013)136
https://doi.org/10.1007/JHEP05(2017)007
https://doi.org/10.1007/JHEP05(2017)007
https://doi.org/10.1103/PhysRevD.97.034026
https://doi.org/10.1103/PhysRevD.97.034026
https://doi.org/10.1103/PhysRevD.97.076008
https://doi.org/10.1103/PhysRevD.97.076008
https://doi.org/10.1016/j.physletb.2018.04.043
https://doi.org/10.1016/j.physletb.2018.04.043
https://doi.org/10.1016/j.nuclphysb.2015.07.023
https://doi.org/10.1103/PhysRevD.97.034505
https://doi.org/10.1103/PhysRevD.97.034505
https://doi.org/10.1103/PhysRevD.88.065030
https://doi.org/10.1103/PhysRevD.88.065030
https://doi.org/10.7868/S0044002716030181
https://doi.org/10.1134/S1063778816030170
https://doi.org/10.1134/S1063778816030170
https://doi.org/10.1103/PhysRevLett.121.072001
https://doi.org/10.1103/PhysRevLett.121.072001
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1007/3-540-45585-X
https://doi.org/10.1007/3-540-45585-X
https://doi.org/10.1016/j.aop.2018.03.019
https://doi.org/10.1016/j.aop.2018.03.019
https://dlmf.nist.gov
https://dlmf.nist.gov
https://dlmf.nist.gov

