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This paper presents a unified motion controller for mobile manipulators which not only solves the

problems of point stabilization and trajectory tracking but also the path following problem. The control

problem is solved based on the kinematic model of the robot. Then, a dynamic compensation is

considered based on a dynamic model with inputs being the reference velocities to the mobile platform

and the manipulator joints. An adaptive controller for on-line updating the robot dynamics is also

proposed. Stability and robustness of the complete control system are proved through the Lyapunov

method. The performance of the proposed controller is shown through real experiments.

& 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Mobile manipulator is nowadays a widespread term that refers
to robots built with a robotic arm mounted on a mobile platform.
This kind of system, which is usually characterized by a high
degree of redundancy, combines the manipulability of a fixed-
base manipulator with the mobility of a wheeled platform. Such
systems allow the most usual missions of robotic systems which
require both locomotion and manipulation abilities. They are
useful in multiple applications in different industrial and produc-
tive fields, such as mining, construction, rescue missions or for
people assistance (Das, Russell, Kircanski, & Goldenberg, 1999;
Khatib, 1999). In recent years, much effort has been done to
develop strategies for solving the motion problem of mobile
manipulators. In most cases, the proposed controllers focus on
only one of the motion problems: point stabilization (Gilioli &
Melchiorri, 2002; Tsakiris, Kapellos, Samson, Rives, & Borrelly,
1997), path following (Chuyan, Zhang, & Sun, 2006; Egerstedt &
Hu, 2000; Mazur & Szakiel, 2009), or trajectory tracking (Chi-wu
& Ke-fei, 2009; Dong, 2002; White & Bhatt, 2009; Xu, Zhao, Yi, &
Tan, 2009). At the very least, the proposed controllers address two
motion problems (Monastero & Fiorini, 2009), but to the best of
our knowledge, no control schemes have been reported to solve
all the three above mentioned motion objectives. The control
schemes can be classified into two categories. The first one is
based on a decentralized control law, which uses a controller for
the mobile platform and another one for the manipulator arm.
ll rights reserved.
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luz).
The second category employs a single control law for the entire
mobile manipulator system.

Regarding the point stabilization problem (Tsakiris et al.,
1997) proposed a visual servoing technique to address the point
stabilization problem. The proposal uses only the visual informa-
tion provided by a camera mounted on the end-effector of the
robotic arm. Another visual servoing technique is proposed in
Gilioli and Melchiorri (2002) for solving the point stabilization
problem. Here, the arm’s joint displacements information is
combined with the visual information in a hybrid control strat-
egy. On the other hand, White and Bhatt (2009) solve the
trajectory tracking problem including obstacles, by using an
algorithm with two reference torque signals, one for the mobile
platform and another for the end-effector of the manipulating
arm. Results are illustrated with real experiments. Ge, Ye, Jiang,
and Sun (2008) use a sliding mode control to solve the tracking
trajectory problem for a mobile manipulator with a four-wheeled
mobile platform. Authors propose a control system decomposed
into two subsystems: a sliding mode control for the mobile
platform and a non-singular terminal sliding mode control for
the manipulator. Xu et al. (2009) propose a neural network-based
sliding mode controller, which uses a neural network to identify
the unstructured system dynamics. The controller is applied to an
omnidirectional wheeled mobile manipulator.

As regarding the path following problem, the work in
Egerstedt and Hu (2000) presents a platform independent control
for mobile manipulation, and a coordinated trajectory following is
proposed and analysed. Given a path for the gripper to follow, the
idea is to plan another path for the mobile base. The proposed
controller is validated by simulation. Chuyan et al. (2006)
presents a controller based on a neural-network for dynamic
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compensation and coordinated control of the mobile manipulator.
Recently, Mazur and Szakiel (2009) addressed the path following
problem for two types of nonholonomic mobile manipulators.
A cascade structure of two controllers is proposed to achieve
the motion along the desired path while preserving an appro-
priate coordination between the mobile platform and the
robotic arm.

To reduce performance degradation, on-line parameter adap-
tation is relevant in applications where the mobile manipulator
dynamic parameters may vary, such as load transportation. It is
also useful when the knowledge of the dynamic parameters is
limited. Some of the most relevant works addressing the motion
adaptive control problem of mobile manipulators are now com-
mented. Phuong, Duy, Jeong, Kim, and Kim (2007) presents an
adaptive tracking control method for a welding mobile manip-
ulator with a kinematic model in which several dimensional
parameters are unknown. The design of the controller is based
on the Lyapunov method. Wu, Feng, and Hu (2005) presents the
output tracking control problem of a general mobile manipulator,
including motor dynamics with uncertain parameters in the
generalized coordinate space. A dynamical adaptive sliding mode
controller is designed. Liu and Li (2005) presents a sliding mode
adaptive neural-network controller for trajectory following of
non-holonomic mobile modular manipulators in the task space.
Multilayered perceptrons (MLP) are used as estimators to
approach the dynamic model of the mobile modular manipulator.
Sliding mode control and a direct adaptive technique are com-
bined to suppress bounded disturbances and modelling errors
caused by parameter uncertainties. A torque compensation con-
trol is proposed for the motion control of a mobile manipulator in
Chi-wu and Ke-fei (2009). By considering the modelling uncer-
tainty and existing uncertainties disturbances, compensation
is adopted for the proposed control law. Compensation is
designed using the Lyapunov method. The design is validated
using simulation.

In this paper, a robotic arm mounted on a non-holonomic
mobile platform is considered. To solve the problems of point
stabilization, trajectory tracking and path following for the mobile
manipulator within a unified structure, a robust adaptive con-
troller based on the mobile manipulator dynamics is presented.
The controller design is based on a dynamic model of the mobile
manipulator which accepts velocity inputs, as it is usual in
commercial robots. The controller also maximizes the manipul-
ability (Bayle & Fourquet, 2001) and provides the robot with the
capability to avoid obstacles on its path. The controller design is
based on two parts, each one being a controller itself. The first one
is a minimum norm kinematic controller with saturation of
velocity commands, which is based on the mobile manipulator’s
kinematics; and the second one is an adaptive dynamic compen-
sation controller in which inputs are the velocities calculated by
the kinematic controller. The adaptive dynamic compensation
controller updates the estimated parameters, which are directly
related to the physical parameters of the mobile manipulator. It is
worth noting that in this work a single reference for the end-
effector is determined, thus treating the mobile manipulator as a
single coordinated system. Additionally, both stability and robust-
ness properties to parametric uncertainties in the dynamic
model are proved through Lyapunov’s method. To validate the
proposed control algorithms, experimental results are included
and discussed.

The main contribution of this paper is the proposal of a unified
controller for point stabilization, trajectory tracking and path
following control of mobile manipulators. The unified controller,
differently from the ones available in the references, has the
advantage of solving any of the motion problems only by an
adequate definition of references. The controller receives a single
reference for the end-effector of the robot, and calculates the
control commands as velocity references for both the platform
and the arm achieving a coordinated movement of the whole
system. The controller is complete, in the sense of including
kinematic main and secondary motion control objectives, as well
as an adaptive parameter compensation.

The paper is organized as follows: in Section 2 the kinematic
and dynamic models featuring the manipulator velocities as
inputs are obtained. The problem formulations both for trajectory
tracking and path following are presented in Section 3. Section 4
presents the design of the kinematic controller and the adaptive
dynamic compensation controller, including the stability and
robustness analyses. The experimental results are presented and
discussed in Section 5. Finally, conclusions are given in Section 6.
2. Mobile manipulators models

In this section, both the kinematic and the dynamic models of the
mobile manipulator are presented. These two models are constructed
by considering both the mobile platform and the robotic arm as parts
of a unique system, according to the proposed control strategy. For
this purpose, the mobile manipulator configuration is defined by a

vector q¼ ½ q1 q2 . . . qn �
T ¼ ½ q

T
p qT

a �
T of n independent coordi-

nates, called generalized coordinates of the mobile manipulator, where
qa represents the generalized coordinates of the arm, and qp the

generalized coordinates of the mobile platform. Notice that
n¼ npþna, where na and np are, respectively, the dimensions of

the generalized spaces associated to the robotic arm and to the
mobile platform. The configuration q is an element of the mobile

manipulator configuration space, denoted by N . The location of the
end-effector of the mobile manipulator is given by the m-dimensional

vector of operational coordinates h¼ ½h1 h2 � � � hm �
T ¼

½hT
pos hT

or �
T , where hpos and hor define the position and the orienta-

tion, respectively, of the end-effector in the operational space,

denoted by N . The location of the mobile manipulator end-effector
can be defined in different ways according to the task, i.e., only the
position of the end-effector or both its position and its orientation can
be considered.

2.1. Mobile manipulator kinematic model

The kinematic model of a mobile manipulator gives the location
of the end-effector h as a function of the robotic arm configura-
tion and the platform location (or its operational coordinates as
functions of the robotic arm’s generalized coordinates and the
mobile platform’s operational coordinates) (Bayle, Fourquet, &
Renaud, 2003)

f : N a �Mp-M

ðqp,qaÞ/h¼ f ðqp,qaÞ

where N a is the configuration space of the robotic arm, Mp is the
operational space of the platform.

The instantaneous kinematic model of a mobile manipulator

gives the derivative of its end-effector location as a function of
the derivatives of both the robotic arm configuration and the
location of the mobile platform

_hðtÞ ¼ JðqÞvðtÞ ð1Þ

where _h ¼ ½ _h1
_h2 � � � _hm �

T is the vector of the end-effector

velocity, v¼ ½v1 v2 � � � vdn �
T ¼ ½v

T
p vT

a �
T is the vector of

mobile manipulator velocities in which vp contains the linear

and angular velocities of the mobile platform and va contains the
joint velocities of the robotic arm. The dimension of vector v is
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dn ¼ dnpþdna, where dnp and dna are respectively the dimensions

of the vector of velocity associated to the mobile platform and the
robotic arm. Matrix

JðqÞ ¼
@f ðqÞ

@q
TðqÞ

is the Jacobian matrix that defines a linear mapping between the
vector of the mobile manipulator velocities vðtÞ and the vector of

the end-effector velocity _hðtÞ; and TðqÞ is the transformation

matrix that relates joints velocities _q with mobile manipulator

velocities vðtÞ such that _q ¼ TðqÞvðtÞ. Note that T includes the non-
holonomic constraints of the mobile platform. Those configura-
tions where JðqÞ is rank-deficient are termed singular kinematic

configurations. Finding the manipulator singularities is of great
interest due to the following main reasons:
(1)
 Singularities represent configurations where the mobility of
the structure is reduced, i.e., it is not possible to impose an
arbitrary motion to the end-effector.
(2)
 In the neighbourhood of a singularity, small velocities in the
operational space may cause large velocities in the q space.
It is to be noticed that, in general, the dimension of the
operational space m is smaller than the degree of mobility dn of
the mobile manipulator. Therefore, the system is redundant, and
this characteristic should be taken into account when designing
the controller to achieve some desired performance.

2.2. Mobile manipulator dynamic model

The dynamic equation of the mobile manipulator can be
represented as follows (Hu & Guo, 2004):

MðqÞ _vþCðq,vÞvþGðqÞþd¼ BðqÞs ð2Þ

where MðqÞARdn�dn is a symmetrical positive definite matrix that
represents the system’s inertia, Cðq,vÞvARdn represents the com-
ponents of the centripetal and Coriolis forces, GðqÞARdn represent
the gravitational forces, d denotes bounded unknown distur-
bances including the unmodeled dynamics, sARdn is the torque
input vector, BðqÞARdn�dn is the transformation matrix of the
control actions. For more details on model (2) see Hu and Guo
(2004).

Most of the commercially available robots have low level PID
controllers in order to follow the reference velocity inputs, thus
not allowing controlling the motors directly. Therefore, it
becomes useful to express more appropriately the dynamic model
of the mobile manipulator by considering the rotational and
longitudinal reference velocities as the input signals. With this
aim, low level velocity controllers are included in the model
(Andaluz, Roberti, & Carelli, 2010; De La Cruz & Carelli, 2008; De
La Cruz, Freire Bastos, & Carelli, 2011)

MðqÞ _vþCðq,vÞvþGðqÞþd¼ vref ð3Þ

where, MðqÞ ¼H�1
ðMþDÞ, Cðq,vÞ ¼H�1

ðCþPÞ, GðqÞ ¼H�1GðqÞ,

d¼H�1d, vref ¼ ½uref oref
_y1ref

_y2ref
� � � _ynaref �

T .

Thus, MðqÞARdn�dn is a positive definite matrix representing
the system’s inertia, Cðq,vÞvARdn represents the centripetal and
the Coriolis forces, GðqÞARdn is the gravitational vector, d denotes
bounded unknown disturbances including unmodeled dynamics
and vref ARdn is the vector of velocity control signals, HARdn�dn ,
DARdn�dn and PARdn�dn are the positive definite constant diag-
onal matrices containing the physical parameters of the mobile
manipulator, motors, and velocity controllers of both the mobile
platform and the manipulator.
According to the properties of mobile manipulator model (2)
(Dong, 2002; Li et al., 2008; Li, Yang, & Li, 2010), and recalling that
H, D and P are the positive definite constant diagonal matrices,
the following properties for the dynamic model (3) can be
straightforwardly established.

Property 1. Matrix MðqÞ is positive definite, additionally it is known

that

:MðqÞ:okM

Property 2. The following inequality is satisfied:

:Cðq,vÞ:okc1:v:þkc2

Property 3. Vector GðqÞ and d are bounded

:GðqÞ:okG; :d:okd

where kc , kM ,kG and kd denote some positive constants.

Property 4. The dynamic model of the mobile manipulator (3) is

linear in terms of a suitable selected set of parameters

MðqÞ _vþCðq,vÞvþGðqÞþd¼Uðq,v,rÞv

where Uðq,v,rÞARdn�l and v¼ ½w1 w2 � � � wl �
T is the vector of l

unknown parameters, which are non-linear functions of the mobile

manipulator’s physical parameters, i.e., mass of robot, motors’

constants, etc.
For more detail about dynamic model (3) refer to Andaluz et al.

(2010).
3. Problem formulation

Fundamental problems of motion control of autonomous
mobile robots can be roughly classified in three groups
(Soeanto, Lapierre, & Pascoal, 2003)
�
 point stabilization: the goal is to stabilize the vehicle at a given
target point, with a desired orientation;

�
 trajectory tracking: the vehicle is required to track a time

parameterized reference, and

�
 path following: the vehicle is required to converge to and

follow a path, without any time specification.

In this work it is proposed a unified solution for the above
motion control problems applied to a mobile manipulator. In this
proposal it is necessary to define at any control instant both, the
desired location hdðt,s,hÞ and the desired velocity vhdðt,s,hÞ of the
end-effector of the mobile manipulator, which in general depend
on the time t, the path variable s, and the current location of the
end-effector h. These can be represented as

hdðt,s,hÞ ¼ ½h
T
dpos hT

dor �
T ð4Þ

vhdðt,s,hÞ ¼ ½ v
T
hdpos vT

hdor �
T ð5Þ

where hT
dposand hT

dor are the desired position and orientation of
the end-effector, and vT

hdpos and vT
hdor represent the desired linear

and angular velocities of the end-effector. In the following
sections, these references hdðt,s,hÞ, vhdðt,s,hÞ will be defined for
each particular motion control objective.

3.1. Point stabilization

The problem of point stabilization of mobile manipulators is to
drive the robot to a fixed target location. This control problem is
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represented in Fig. 1. The target location is defined by the final

desired position and orientation of the end-effector hd ¼

½h
T
dpos hT

dor �
T . Hence, the desired location (4) and desired velocity

(5) for point stabilization are defined as,

hdðt,s,hÞ ¼ hd ðConstantÞ

vhdðt,s,hÞ ¼ _hd � 0

The point stabilization problem is to find a feedback control law

vref ðtÞ ¼ f ð ~hðtÞÞ

where ~hðtÞ ¼ hd�hðtÞ, such that

lim
t-1

~hðtÞ ¼ 0:

3.2. Trajectory tracking

The trajectory tracking control problem of an autonomous
robot consists of following a given time-varying trajectory ydðtÞ

and its successive derivatives _YdðtÞ, €YdðtÞ which respectively
describe the desired velocity and acceleration (Canudas de Wit,
Siciliano, & Bastin, 1997). That is, the desired trajectory for the

mobile manipulator is defined by a vector hdðt,sÞ ¼ ½h
T
dpos hT

dor �
T

of (5). The desired trajectory does not depend on the instanta-
neous position of the robot, but it is defined only by the time
varying trajectory profile alone. The desired velocity vhd is defined

for this control problem as the time derivative of hdðt,sÞ, that is

vhd ¼
_hdðt,sÞ ¼ ½ _h

T

dpos
_h

T

dor �
T . Fig. 2 illustrates the above descrip-

tion of the problem. Therefore, the desired location and velocity of
the end-effector (4), (5) for trajectory tracking can be defined as

hdðt,s,hÞ ¼ hdðt,sÞ, vhdðt,s,hÞ ¼ _hdðt,sÞ
Z

Y

X
{Oo}

h(t)

hdpos
hdor

Fig. 1. Point stabilization problem. The mobile manipulator and the desired final

position hd are represented in the world framework {O0,X,Y,Z}.

Fig. 2. Trajectory tracking problem. The mobile manipulator and the desired

trajectory hdðt,sÞ are represented in the world framework {O0,X,Y,Z}. The initial

instant to is used to represent the initial point of the trajectory.
Now, the trajectory control problem is to find the control actions
for the mobile manipulator as a function of the control errors
(position and orientation of the end-effector) and the desired
velocities of the end-effector

vref ðtÞ ¼ f ð ~hðt,sÞ, _hdðt,sÞÞ

such that

lim
t-1

~hðt,sÞ ¼ 0:
3.3. Path following

The solution of the path following problem for mobile robots
derived in Micaelli and Samson (1993) admits an intuitive
explanation. A path following controller should aim at reducing
to zero both: (i) the distance from the vehicle to a point on the
path, and (ii) the angle between the vehicle velocity vector and
the tangent to the path at this point.

Now, it will be considered the path following problem for a
mobile manipulator. As represented in Fig. 3, the path to be
followed is denoted as P. The actual desired location

P ¼ ½pT
pos pT

or �
T is defined as the closest point on P to the

end-effector (ppos) with a desired orientation (por), and therefore

depends on both the robot position and the path. In Fig. 3, r
represents the distance between the end-effector position hpos

and ppos, and ~b ¼ por�hor is the error orientation vector between

por and hor . The orientation associated both to the end-effector
and to the location P can be represented by the Euler classical
angles (Paul, 1981). The desired velocity of the end-effector is
defined as a velocity vector tangent to the path at the point P, and
with arbitrary module. Hence, the desired position and orienta-
tion (4), and desired velocity (5) of the end-effector of the mobile
manipulator on the path P, are defined as

hdðt,s,hÞ ¼ Pðt,hÞ

vhdðt,s,hÞ ¼ tPðs,hÞ

where tP is the desired velocity of the end-effector at location P.
Note that the tPpos component of tP (20) has to be a tangent to the

trajectory due to kinematics compatibility.
Given a path P in the operational space of the mobile manipulator

and the desired velocity module u of the end-effector, the path
following control problem for mobile manipulators consists in finding
a feedback control law:

vref ðtÞ ¼ ðs,u,r, ~bÞ
Fig. 3. Path following problem. The mobile manipulator and the desired path

Pðt,hÞ are represented in the world framework {O0,X,Y,Z}.
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such that

lim
t-1

rðtÞ ¼ 0 and lim
t-1

~bðtÞ ¼ 0

The error vector of position and orientation between the end-effector
of the mobile manipulator and the point P can be represented as

~h ¼ P�h

therefore, if limt-1
~hðtÞ ¼ 0 then limt-1rðtÞ ¼ 0 and limt-1

~b
ðtÞ ¼ 0.

It is important to note that, different from the trajectory
tracking and point stabilization problems, in the path following
problem vhd and _hd are not always equal. This is because hd in
not an external reference but depends on the actual robot
position (the closest point on the path criterion). Therefore, if a
position error exists ( ~ha0), then the robot will perform a move-
ment with a velocity different from vhd. Thus hd will move on the
path but with a velocity different from vhd which means that
vhda _hd. Therefore, vhd and _hd will be equal only when ~h ¼ 0.

4. Controllers design

The proposed control scheme to solve the motion control problem
is shown in Fig. 4. This controller can be applied to solve any of the
motion control problems, that is point stabilization, trajectory track-
ing and path following, by an appropriate selection of the control
references hdðt,s,hÞ and vhdðt,s,hÞ, as has been described in Section 3.
The design of the controller is based on two cascaded subsystems:
(1)
 Minimum norm kinematic controller with saturation of velocity
commands, where its inputs are hdðt,s,hÞ and vhdðt,s,hÞ which
describe the desired location and velocity of the end-effector of
the mobile manipulator. The control error is defined as
~h ¼ hd�h. Therefore, the control aim is expressed as

lim
t-1

~hðt,s,hÞ ¼ 0ARm
(2)
 Dynamic compensation controller, which main objective is to
compensate the dynamics of the mobile manipulator thus
reducing the velocity error. This controller receives as inputs
the desired velocities vc calculated by the kinematic control-
ler, and generates velocity references vref for the mobile
manipulator. The velocity control error is defined as
~v ¼ vc-v. Hence, the control aim is to ensure that

lim
t-1

~vðtÞ ¼ 0ARdn
4.1. Minimal norm kinematic controller

The design of the kinematic controller is based on the kine-
matic model of the mobile manipulator robot (1)

_h ¼ Jv: ð6Þ
Fig. 4. Block diagram of the motion cont
Now, v can be expressed in terms of _h by using the right pseudo-
inverse Jacobian matrix J

v¼ Jþ _h

where Jþ ¼W�1JT
ð JW�1JT

Þ
�1, W being a definite positive matrix

that weighs the control actions of the system

v¼W�1JT
ð JW�1JT

Þ
�1 _h ð7Þ

The control law of Eq. (8) is proposed for the mobile manipulator
system, which takes into account the redundancy characteristic of
the robot system. The controller is based on a minimal norm
solution, which means that, at any time, the mobile manipulator
will attain its navigation target with the smallest number of
possible movements (Sciavicco & Siciliano, 2000)

vc ¼ Jþ ðvhdþLKtanhðL�1
K K ~hÞÞþðI�Jþ JÞLD tanhðL�1

D D v0Þ ð8Þ

where the control action is defined as vc ¼

½uc oc
_y1c

_y2c � � �
_ynac �

T . Also, in (8), vhd is the desired

velocity vector of the end-effector h; ~h is the vector of control errors

with ~h ¼ hd�h; I is the identity matrix; K ,D, LK and LD are the
definite positive diagonal gain matrices; and v0 is an arbitrary vector
which contains the velocities associated to the mobile manipulator.
The first term of the right hand side in (8) describes the primary task
of the end effector. The second term defines self-motion of the mobile

manipulator in which matrix ðI�Jþ JÞ projects the vector v0 onto the

null space of the manipulator Jacobian N ðJÞ such that the secondary
control objectives do not affect the primary task of the end-effector.
Therefore, any value given to v0will affect the internal structure of the
manipulator only, but not the final control of the end-effector at all.
Thus, the redundancy of the mobile manipulators can be effectively
used for the achievement of additional performances such as:
avoiding obstacles in the workspace, avoiding singular configurations,
or to optimize various performance criteria. In this work two different
secondary objectives are considered: the obstacles avoidance by the
mobile platform and the singular configuration prevention through
the system’s manipulability control. These secondary objectives are
described below.

In order to include an analytical saturation of control velo-
cities, the tanhð U Þ functions are included. Thus Eq. (8) remains
bounded, and gains in LK and LD are selected such that the control
action vc be guaranteed to remain lower than the maximum
admissible velocity values in the robot. On the other hand, K and
D are selected as adequate gains for a good performance with
small control errors. The expressions tanhðL�1

K K ~h Þ and
tanhðL�1

D Dv0 Þ denote a component by component operation.

4.2. Manipulability

It can be observed that one of the main requirements for an
accurate task execution by the robot is a good manipulability,
defined as the robot configuration that maximizes its ability to
manipulate a target object. Therefore, one of the secondary
rol system for mobile manipulators.
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objectives of the control is to maintain maximum manipulability
of the mobile manipulator during task execution. Manipulability
is a concept useful to measure the ability of a fixed manipulator to
move in certain directions (Yoshikawa, 1985). Bayle and Fourquet
(2001) present a similar analysis for the manipulability of mobile
manipulators and extend the concept of manipulability ellipsoid
as the set of all end-effector velocities reachable by robot
velocities v satisfying :v:r1 in the Euclidean space. A global
representative measure of manipulation ability can be obtained
by considering the volume of this ellipsoid which is proportional
to the quantity w called the manipulability measure,

w¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det ð JðqÞJT

ðqÞ Þ
q

ð9Þ

Therefore, the mobile manipulator will have maximum manipul-
ability if its internal configuration is such that it maximizes the
manipulability measure w. This way, if the mobile manipulator
maintains a high manipulability while performing its movements,
then the possibility of attaining a singular configuration is
reduced.
4.3. Obstacle avoidance

The main idea is to avoid obstacles where maximum height
does not interfere with the robotic arm. Therefore the arm can
follow the desired path while the mobile platform avoids the
obstacle by resourcing to the null space configuration. Fig. 5
shows the obstacle avoidance strategy. The angular velocity and
the longitudinal velocity of the mobile platform will be affected
by a fictitious repulsion force. This force depends on the incidence
angle on the obstacle a, and the distance d to the obstacle. This
way, the following control velocities of the mobile platform are
proposed when the robot enters the interaction zone

uobs ¼ Z�1
ðkuobsðr�dÞ½p=2�9a9�Þ ð10Þ

oobs ¼ Z�1
ðkoobsðr�dÞsignðaÞ½p=2�9a9�Þ ð11Þ

where r is the radius of the interaction zone which determines the
distance at which the obstacle starts to be avoided, ku obs and
ko obs are positive adjustment gains, the sign function allows
defining to which side the obstacle is to be avoided being
sign(0)¼1. Z represents the mechanical impedance characterizing
the robot–environment interaction, which is calculated as
Z ¼ Ip2þBpþK; with p the derivative operator and I, B and K

being positive constants representing, respectively, the effect of
the inertia, the damping and the elasticity. The closer the platform
is to the obstacle, the bigger the values of oobs and uobs.
ψ
α r

d

Z
Y
X{Oo}

Fig. 5. Obstacle evasion scheme. The mobile manipulator and the obstacle are

represented in the world framework {O0,X,Y,Z}. The interaction zone of radius r,

distance d, and incidence angle a are also represented.
Taking into account the maximum manipulability (9) and the
obstacle avoidance (10) and (11), the vector v0 is now defined as

v0 ¼ ½�uobs oobs kv1ðy1d�y1Þ kv2ðy2d�y2Þ � � � kvnaðynad�ynaÞ �
T

ð12Þ

where kviðyid�yiÞ with i¼ 1,2,. . .,na and kvi40 are the joint
velocities proportional to the configuration errors of the mobile
robotic arm, in such a way that the manipulator joints will be
pulled to the desired yid values that maximize manipulability.
Note that �uobs represents a reduction value of the linear velocity
in order to obtain a cautious behaviour. For this reason, uobs must
be subtracted from the linear velocity component obtained in the
first term of (8).

4.4. Stability analysis of the kinematic controller
Theorem 1. Let us consider the kinematic model for the mobile

manipulator (6) and the proposed control law (8), and assume

perfect velocity tracking, i.e. v� vc. Then, ~hðtÞ-0 with t-1 for

all motion problems.

Proof. By considering the hypothesis of perfect velocity tracking,
that is v� vc, (8) can be substituted in (6) to obtain the following
close loop equation:

ðvhd�
_hÞþLK tanhðL�1

K K ~hÞ ¼ 0 ð13Þ

Remember that, in general, the desired velocity vector vhd is
different from the time derivative of the desired location _hd. Now,
defining the difference signal U

U¼ _hd�vhd ð14Þ

and remembering that
_~h ¼ _hd�

_h, (13) can be written as

_~hþLK tanhð L�1
K K ~h Þ ¼ U ð15Þ

Note that vhd is collinear to _hd (tangent to the path), then U is also
a collinear vector to vhd and _hd.

Now, for the stability proof, the following Lyapunov candidate

function is considered:

Vð ~hÞ ¼ 1
2
~h

T ~h ð16Þ

Its time derivative on the trajectories of the system is

_V ð ~hÞ ¼ ~h
T
U� ~h

T
LK tanhð L�1

K K ~h Þ ð17Þ

A sufficient condition for _V ð ~hÞ to be negative definite is

9 ~h
T
LK tanhðL�1

K K ~hÞ949 ~h
T
U9 ð18Þ

For large values of ~h, the condition in (18) can be reinforced as

: ~h
T

L0K:4: ~h::U: ð19Þ

with L0K ¼ LK tanhðkauxiÞ, where kaux is a suitable positive constant

and iARm is the vector of unity components (see Fig. 6). Then, _V

will be negative definite only if

:LK:4
:U:

tanh kauxð Þ
ð20Þ

Hence, (20) establishes a design condition to make the errors ~h to

decrease.

Now, for small values of ~h, condition (18) will be fulfilled if (see

Fig. 6)

: ~h
T

K
tanhðkauxÞ

kaux

~h:4: ~h::U: ð21Þ
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which means that a sufficient condition for _V to be negative

definite is

: ~h:4kaux
:U:

lminðKÞtanhðkauxÞ
ð22Þ

Thus implying that the error ~h is ultimately bounded by

: ~h:r
kaux:U:

BlminðKÞtanhðkauxÞ
with 0oBo1 ð23Þ

Let us now analyse the bound in (23) for the different control

objectives.
Case 1. For the case of point stabilization, the desired velocity is
vhd ¼

_hd � 0 then U� 0, which implies by condition (23) that the
location error of the end-effector verifies ~hðtÞ-0 asymptotically.

Case 2. For the case of trajectory tracking, the desired velocity is
vhd �

_hd then U� 0, thus the location error of the end-effector
verifies ~hðtÞ-0 asymptotically.
Case 3. For the case of path following, the desired velocity is
vhd ¼

_hd�U. Once the control error is inside the bound (23), that is
with small values of ~h, LK tanhð L�1

K K ~h Þ �K ~h. Now, it is proved
Fig. 7. Block diagram of the proposed

Fig. 6. Saturation function tanhð U Þ as solid line, and linear functions below

tanhð U Þ as dash line.
by contradiction that this control error tends to zero. The closed
loop Eq. (15) can be written as

_~hþK ~h ¼ U ð24Þ

or after the transient, in Laplace transform

~hðsÞ ¼ ðsIþKÞ�1UðsÞ ð25Þ

According to (25) and recalling that K is a diagonal positive
definite, the control error vector ~h and the velocity vector U
cannot be orthogonal. Nevertheless both vectors are orthogonal
by definition (see Note 1 and remember the minimum distance
criteria for hd on P). Therefore the only solution for steady state is
that ~hðtÞ-0 asymptotically. &

4.5. Dynamic compensation

The objective of the dynamic compensation controller is to
compensate for the dynamics of the mobile manipulator robot,
thus reducing the velocity tracking error. This controller receives
as inputs the desired velocities vc calculated by the kinematic
controller, and generates velocity references vref for the mobile
manipulator robot (see Fig. 4). Hence, if there is no perfect
velocity tracking, the velocity error is defined as

~v ¼ vc�v ð26Þ

This velocity error motivates the dynamic compensation process,
which will be performed based on the inverse dynamics of the
mobile manipulator. The uncertainties in the dynamic parameters
of the robot motivate to design an adaptive dynamic compensa-
tion controller with a robust parameter updating law, Fig. 7.

With this aim, the following control law is proposed:

vref ¼ M̂ðqÞrþ Ĉðq,vÞvcþ ĜðqÞ ð27Þ

where vref ¼ ½uref oref
_y1ref

_y2ref � � �
_yna ref �

T is the control
action and

r¼ _vcþLv tanhðL�1
v Kv ~vÞ ð28Þ

with Kv and Lv as the diagonal positive definite matrices.
For the sake of simplicity, from now on the following will be

written M¼MðqÞ, C¼ Cðq,vÞ and

G¼ GðqÞ

Considering Property 4, the control law (27) can be written as

vref ¼Uv̂¼UvþU ~v ¼MrþCvcþGþU ~v ð29Þ

where Uðq,v,rÞARdn x l and v, v̂ are the real and estimated
parameters of the mobile manipulator, respectively, whereas
~v ¼ v̂�v is the vector of parameter errors.

Also, the following parameter-updating law is proposed. It is
based on a leakage term, or s-modification (Kaufman et al., 1998;
adaptive dynamic control system.



Fig. 8. Mobile manipulator used in the experiments. Mobile platform Pioneer

3-AT, and robotic arm Cyton Alpha 7 dof.
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Sastry and Bodson, 1989). Nasisi and Carelli (2003) presented an
adaptive visual servo controller with s-modification applied to a
robot manipulator. By including such term, the robust updating
law is obtained

_̂v¼ c�1UTH ~v�c�1Cv̂ ð30Þ

where CARl x l is a diagonal positive gain matrix. Eq. (30) is
rewritten as

_̂v¼ c�1UTH ~v�c�1C ~v�c�1Cv ð31Þ

Theorem 2. Let us consider the control law (29) and the update law

(31) in closed loop with the robot’s dynamic model (3). Then, the

velocity error ~vðtÞ and the parameter errors ~vðtÞ are ultimately

bounded.

Proof. Equating (3) and (29), the closed-loop equation is
obtained:

M _vþCvþG¼MrþCvcþGþU ~v Mðr� _vÞ ¼�C ~v�U ~v ð32Þ

Substituting (28) in (32)

_~v ¼�M�1U ~v�M�1C ~v�Lv tanhðL�1
v Kv ~vÞ ð33Þ

A Lyapunov candidate function is proposed as

Vð ~v, ~vÞ ¼ 1
2
~vTHM ~vþ1

2
~vTc ~v ð34Þ

where cARl x l is a positive definite diagonal matrix and HM is a
symmetric and positive definite matrix. The time derivative of the
Lyapunov candidate function on the system’s trajectories is

_V ð ~v, ~vÞ ¼� ~vTHMLv tanhðL-1
v Kv ~vÞ� ~v

THC ~v� ~vTHU ~vþ ~vTc_~vþ1
2

~v
T
H _M ~v

Now, recalling that MðqÞ ¼H�1
ðMþDÞ and Cðq,vÞ ¼H�1

ðCþPÞ,

_V ð ~v, ~vÞ ¼� ~vTHMLv tanhðL�1
v Kv ~vÞ

� ~vT
ðCþPÞ ~v� ~vTHU ~vþ ~vTc_~vþ1

2
~v

T _M ~v

Due to the well known skew-symmetric property of ð _M�2CÞ,
_V ð ~v, ~vÞ reduces to

_V ð ~v, ~vÞ ¼� ~vTHMLv tanhðL�1
v Kv ~vÞ� ~v

TP ~v� ~vTHU ~vþ ~vTc_~v ð35Þ

Let us consider that the dynamic parameters can vary, i.e., w¼ wðtÞ
and _~v ¼ _̂v� _v. Substituting (31) in (35)

_V ð ~v, ~vÞ ¼� ~vTHMLv tanhðL�1
v Kv ~vÞ� ~v

TP ~v� ~vTC ~v� ~vTCv� ~vTc_v:
ð36Þ

Considering small values of ~v, then Lv tanhðL�1
v Kv ~vÞ �Kv ~v. The

following constants are defined: uG ¼ kmaxðCÞ, ug ¼ kmaxðcÞ,

mG ¼ wðCÞ, mMKvP ¼ wðHMKvÞþwðPÞ, where wðZÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lminðZ

TZÞ
q

is

the minimum singular value to Z, kmaxðZÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lmaxðZ

TZÞ
q

denotes

the maximum singular value of Z, and lminðUÞ and lmaxðUÞ repre-
sent the smallest and the biggest eigenvalues of a matrix,

respectively. Then, _V can be rewritten as

_V ð ~v, ~vÞ ¼�mMKvP: ~v:
2
�mG: ~v:

2
þuG: ~v::v:þug: ~v:: _v:: ð37Þ

Considering zARþ is a difference square

1

z
: ~v:�z:v:

� �2

¼
1

z2
: ~v:2

�2: ~v::v:þz2:v:2

can be written as

: ~v::v:r
1

2z2
: ~v:2

þ
z2

2
:v:2

: ð38Þ
By applying a similar reasoning with ZARþ , the following can be

obtained:

: ~v:: _v:r
1

2Z2
: ~v:2

þ
Z2

2
: _v:2

: ð39Þ

Substituting (38) and (39) in (37)

_V ð ~v, ~vÞr�mMKvP: ~v:
2
�mG: ~v:

2
þuG

1

2z2
: ~v:2

þ
z2

2
:v:2

 !

þug
1

2Z2
: ~v:2

þ
Z2

2
: _v:2

� �
: ð40Þ

Eq. (40) can be written in compact form as

_V ð ~v, ~vÞr�e1: ~v:
2
�e2: ~v:

2
þd ð41Þ

where e1 ¼ mMKvP 40, e2 ¼ mG�ðuG=2z2
Þ�ðug=2Z2Þ40 and

d¼ uGðz
2=2Þ:v:2

þugðZ2=2Þ: _v:2
, with z and Z conveniently

selected. Now, from the Lyapunov candidate function

Vð ~v, ~vÞ ¼ 1
2
~vT HM ~vþ1

2
~vTc ~v it can be stated that

V rb1: ~v:
2
þb2: ~v:

2
ð42Þ

where b1 ¼
1
2WM , b2 ¼

1
2Wg, WM ¼ kmaxðHMÞ, Wg ¼ kmaxðcÞ. Then

_V r�LVþd ð43Þ

with L¼ e1=b1,e2=b2. Since d is bounded, (43) implies that ~vðtÞ

and ~vðtÞ are finally bounded. &

Note 1: The term d is a function of the minimum singular value
of the gain matrix C of the s-modification term, thus it can be
made small by appropriately selecting this matrix. Also note that
the proposed adaptive dynamic controller does not guarantee
that ~v-0 as t-1. In other words, estimated parameters might
converge to values that are different from their true values.
Actually, it is not required that ~v-0 in order to make ~vðtÞ
converge to a bounded value.

Note 2: Note that the updating law (31) needs the H matrix.
This matrix includes parameters of the actuators, which can be
easily known and remain constant. Therefore, this is not a
relevant constraint within the adaptive control design.

The behaviour of the control error of the end-effector h is now
analysed relaxing the assumption of perfect velocity tracking
which was considered in Theorem 1 for the kinematic controller.

Theorem 3. Let us consider the proposed control law (8) in close

loop with the kinematic model of the mobile manipulator (6). Then,
the control error vector of the end-effector ~hðtÞ is ultimately bounded

for all motion problems.
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Proof. Disregarding the assumption of perfect velocity tracking,
closed loop Eq. (15) can now be written as

_~hþLK tanhðL�1
K K ~hÞ ¼ J ~vþU ð44Þ
Fig. 9. Stroboscopic movement of the mobile man

Fig. 10. Kinematic control errors ~h in t
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Fig. 11. Velocity commands to the mobile platform in the point stabilization experime

the lower graph.
A Lyapunov candidate function (16) is considered, whose time
derivative on the system’s trajectories is

_V ð ~hÞ ¼ ~h
T
ðJ ~vþUÞ� ~h

T
LK tanhðL�1

K K ~hÞ ð45Þ
ipulator in the point stabilization experiment.

he point stabilization experiment.

15 20 25
e [s]

15 20 25
e [s]

nt. Linear velocity command in the upper graph and angular velocity command in



Fig. 12. Joint velocity commands for the robotic arm in the point stabilization experiment.

Fig. 13. Adaptive parameters evolution in the point stabilization experiment.

Fig. 14. Stroboscopic movement of the mobile manipulator in the trajectory tracking experiment.
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A sufficient condition for _V ð ~hÞ to be negative definite is

~h
T
LK tanhðL�1

K K ~hÞ
��� ���49 ~h

T
ðJ ~vþUÞ9: ð46Þ

Following a similar analysis to the one in Section 4.1, it can be
concluded that, if

:LK:4
:J ~vþU:

tanhðkauxÞ
ð47Þ
the position errors of the end-effector will be bounded by

: ~h:r
kaux:J ~vþU:

BlminðKÞtanhðkauxÞ
with 0oBo1 ð48Þ

As proved in Theorem 2, the velocity error ~vðtÞ is ultimately
bounded. Then, it can be concluded that the control error is also
ultimately bounded by (48). &
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5. Experimental results

In order to illustrate the performance of the proposed controller,
several experiments were carried out for point stabilization, trajectory
tracking and path following control of a mobile manipulator. The
Fig. 15. Kinematic control errors ~h in t
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Fig. 16. Velocity commands to the mobile platform in the trajectory tracking experime

the lower graph.

Fig. 17. Joint velocity commands for the robotic
most representative results are presented in this section. The 6 DOF
experimental system used in the experiments is shown in Fig. 8,
which is composed of a non-holonomic mobile platform PIONEER
3AT, a laser rangefinder mounted on it, and a robotic arm CYTON
Alpha 7 DOF (only 3 DOF of the 6 available DOFs are used in the
he trajectory tracking experiment.
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25 30 35 40 45
me [s]

nt. Linear velocity command in the upper graph and angular velocity command in

arm in the trajectory tracking experiment.
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experiments). For the implementation of the experiments, internal
sensors of the robot are used to calculate the control errors. Odometry
sensor of the platform gives its position and orientation relative to a
static framework, and arm’s encoders give its joint displacements.
Additionally, the laser range finder is used to detect obstacles in
the path.

Dynamic compensation is performed for the mobile platform
alone, because it presents the most significant dynamics of the
whole mobile manipulator system.

For all experiments in this section it was considered that there
is an error of 30% in model parameters. Also, the positions of the
Fig. 18. Adaptive parameters evolution in

Fig. 19. Stroboscopic movement of the mobile
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Fig. 20. Distance between the end-effector and the closes
arm joints that maximize the arm’s manipulability are obtained
through numeric simulation. This way, the desired joint angles
are y1d ¼ 0 rad, y2d ¼ 0:6065 rad, and y3d ¼�1:2346 rad.

Four experiments are presented in order to evaluate the perfor-
mance of the proposed scheme and to show the applicability
of the unified algorithm to different motion control problems. The
initial controller parameters will remain the same during
all the experiments. The first experiment corresponds to the
point stabilization control. In this experiment, the mobile platform
starts at qp ¼ 0 m �0:5 m 0 rad

� �T
; the robotic arm at

qa ¼ 0 rad 0 rad 0 rad
� �T

, and the desired final position of the
the trajectory tracking experiment.

manipulator in the path following experiment.

15 20 25 30
e [s]

t point on the path in the path following experiment.
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end-effector is hd ¼ 3m �2m 0:55m
� �T

. Additionally and only in
this experiment, it is desired that the internal configuration of the
mobile manipulator be y1d ¼ p rad, y2d ¼ 0:6065 rad, and y3d ¼

�1:2346 rad. Matrix H used in the updating law is H¼ diagð33:4,
Fig. 21. Evolution of the desired an
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Fig. 22. Velocity commands to the mobile platform in the path following experiment. L

lower graph. Velocity commands to the mobile platform.

Fig. 23. Joint velocity commands for the robo
16:7Þ. Also, controller’s gains are set to K¼ diagð0:12,0:12,0:12Þ;
LK ¼ diagð0:15,0:15,0:15Þ; D¼ diagð0:14, 0:2, 0:02, 0:02, 0:02 Þ;
LD ¼ diagð0:7, 1:0, 0:1, 0:1, 0:1Þ; kvi ¼ 1; kuobs ¼ 0:5; koobs ¼ 0:9.
And, maximum preset values for the control actions are 1 m/s for
d real end-effector velocities.
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me [s]

inear velocity command in the upper graph and angular velocity command in the

tic arm in the path following experiment.
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the linear velocity, 2 rad/s for the angular velocity, and 1.5 rad/s for
joint velocities.

Figs. 9–13 show the results of the first experiment. Fig. 9
shows the stroboscopic movement of the mobile manipulator.
Fig. 10 shows that the control errors ~hðtÞ are ultimately bounded
close to zero. Figs. 11 and 12 show the control actions of the
robot, while Fig. 13 represents the evolution of the adaptive
parameters, where it can be seen that all the parameters converge
to fixed values.

The performance of the control algorithm for trajectory track-
ing will be tested in the second experiment. The desired traject-

ory for the end-effector is described by hd ¼ ½ xeed yeed zeed �
T,
Fig. 24. Adaptive parameters evolution

0 1 2

0
0.5

x [m]

z 
[m

]

Desired End-Effector Trajectory

Initial Condition of the
Mobile Manipulator

Current End-Effector Trajectory

Fig. 25. Stroboscopic movement of the mobile manipulator in t

Fig. 26. Kinematic control errors ~h in the trajectory
where

xeed ¼ 0:15t, yeed ¼ sin pt=17
� 	

, zeed ¼ 0:47

It is important to mention that this trajectory was chosen in
order to excite the dynamics of the mobile platform by changing
its acceleration. Remember that, for trajectory tracking, vhd �

_hd.
Figs. 14–18 represent the experimental results. Fig. 14 shows

the desired trajectory and the current trajectory of the end-effector.
It can be seen that the proposed controller presents a good perfor-
mance. Fig. 15 shows the evolution of the tracking errors, which are
ultimately bounded close to zero, while Figs. 16 and 17 show the
control actions, which do not surpass the maximum preset values.
in the path following experiment.
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he trajectory tracking with obstacle avoidance experiment.

tracking with obstacle avoidance experiment.
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Fig. 18 shows the evolution of the adaptive parameters; it can be
seen that all the parameters converge to constant values.

Now, the next experiment corresponds to the path following
control. In this experiment it is considered a similar path to the
one corresponding to the second experiment. Note that for the
path following problem, the desired velocity of the end-effector
could depend on the task, the control error, the velocity of the
mobile platform, the joint velocity of the arm, etc. In this
experiment, it is considered that the reference velocity module
Fig. 27. Joint velocity commands for the robotic arm in the

0 5 10 15 20
-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Ti

[m
/s

]

0 5 10 15 20
-1

-0.5

0

0.5

1

1.5

2

Ti

[ra
d/

s]

Fig. 28. Velocity commands to the mobile platform in the trajectory tracking with o

angular velocity command in the lower graph.
depends on the desired velocity of the end-effector on the path P

and on the control errors, as

vhd

�� ��¼ uP

1þk1
~h
��� ���

where k1 is a positive constant. Also, the desired location is
defined as the closest point on the path to the end-effector of the
experimental system.
trajectory tracking with obstacle avoidance experiment.
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bstacle avoidance experiment. Linear velocity command in the upper graph and
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Fig. 19 shows the stroboscopic movement on the X–Y–Z space. It
can be seen that the proposed controller works correctly. Fig. 20
shows that rðtÞ is ultimately bounded close to zero. The evolution of
the reference velocity and the actual velocity of the end-effector is
illustrated in Fig. 21, where it can be seen that the reference velocity
decreases in presence of large control errors. Figs. 22 and 23 show the
control actions that do not surpass the maximum preset values of the
robots, while Fig. 24 shows the evolution of the adaptive parameters
which converge to fixed values.

Finally, it was planned to follow a spatial trajectory where an
obstacle is placed so that the mobile platform can avoid it. It is
considered that the obstacle is placed up to a maximum height that
does not interfere with the manipulator arm; therefore the arm can
follow the desired trajectory even when the platform is avoiding the
obstacle.

Fig. 25 shows the stroboscopic movement on the X–Y–Z space.
It can be seen that the proposed controller works correctly, both
when tracking trajectories and when avoiding the obstacle. Fig. 26
shows that the tracking errors are ultimately bounded, while
Figs. 27 and 28 show the control actions that do not surpass the
maximum preset values.
6. Conclusions

In this paper a unified design of motion controllers for point
stabilization, trajectory tracking and path following of a mobile
manipulator has been presented . The design of the whole
controller is based on two cascaded subsystems: a minimum
norm kinematic controller which complies with the motion
control objective, and an adaptive controller that compensates
the dynamics of the mobile manipulator. Both, the kinematic
controller and the adaptive controller have been designed to
prevent from command saturation. Robot commands were
defined in terms of reference velocities to the mobile platform
and the manipulator joints. Stability and robustness are proved by
Lyapunov’s method. The performance of the proposed unified
controller is shown through real experiments for the different
motion control objectives: point stabilization, trajectory tracking
and path following. Additionally, the obstacle avoidance function-
ality of the control algorithm is also experimentally evaluated.
The experiments confirm the capability of the unified controller
to solve different motion problems by an adequate selection of
the control references. Also, the proposed control structure is
general enough to admit any design for the dynamic compensa-
tion, which could include robust controllers that consider struc-
tural uncertainties or any other nonlinear dynamics.
Appendix A. Supplementary materials

Supplementary data associated with this article can be found
in the online version at http://dx.doi.org/10.1016/j.conengprac.
2012.07.008.
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