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Abstract. We deal with the boundedness properties of higher order commutators related to some
generalizations of the multilinear fractional integral operator of order m, Iy, from a product of
weighted Lebesgue spaces into adequate weighted Lipschitz spaces, extending some previous
estimates for the linear case. Our study includes two different types of commutators and suffi-
cient conditions on the weights in order to guarantee the continuity properties described above.
We also exhibit the optimal range of the parameters involved. The optimality is understood in
the sense that the parameters defining the corresponding spaces belong to a certain region, being
the weights trivial outside of it. We further show examples of weights for the class which cover
the mentioned area.

1. Introduction

Many classical operators in Harmonic Analysis whose continuity properties were
extensively studied, have shown to behave in a suitable way when their multilinear
versions act in the corresponding multilinear spaces. For example, in [6] the authors
proved that both, the multilinear Calderén-Zygmund operators and their commutators
with BMO symbols, are bounded from a product of weighted Lebesgue spaces to an as-
sociated weighted Lebesgue space, with weights belonging to the A; multilinear class.
This article established the starting point of the weighted theory in this general context.
Motivated by the result in [6], similar estimates for multilinear fractional integral oper-
ators were obtained in [[7], and in [4] for their commutators with BMO symbols. The
weights involved in both articles belong to a class that generalizes those given in [6]
and in [8] for the linear case.

Regarding the two-weighted theory, also in [7]] K. Moen gave a complete discus-
sion showing sufficient bump conditions in order to guarantee the continuity properties
of the multilinear fractional integral operator acting between a wider class of Lebesgue
spaces than those obtained in the one-weight theory. The obtained results generalize
the linear version given, for example, in [[17] and [10].
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In [2]] the authors studied the two-weighted boundedness properties of the multi-
linear fractional integral operator between a product of weighted Lebesgue spaces into
appropiate weighted Lipschitz spaces associated to a parameter 8. They character-
ized the classes of weights related to this problem, showing also the optimal range of
the parameters involved. The optimality is understood in the sense that the parameters
defining the corresponding spaces belong to a certain region, being the weights trivial
outside of it. These results extend the corresponding proved in [[14] for the linear case.

Our main interest in this article is the study of the boundedness properties for
higher order commutators related to some generalizations of the multilinear fractional
integral operator of order m, Iy}, defined by
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where 0 < o < mn, f = (fi,f2,---, fm) and ¥ = (y1,¥2,...,Ym). These operators are
given by

m

= [ Ko [LAGD45

i=1

where K, satisfies certain size and regularity conditions (see Section [2). Particularly,
the size condition allows us to conclude that |T7"f| < CI”'g, where g = (|fi,...,|fu])-
This estimation guarantees the boundedness of T with different weights, between a
product of Lebesgue spaces into a related Lebesgue space when the class of multilinear
weights involved is an extension of that given in [7] for the continuity properties of
I} . Nevertheless, this argument cannot be applied for other spaces such that BMO,
Lipschitz or Morrey because of the fact that they have not a growth property such as
Lebesgue spaces. So, we shall focus our attention in studying the boundedness proper-
ties of the commutators of 7y acting between a product of weighted Lebesgue spaces
into certain weighted versions of the aforementioned spaces. In the linear case this
problem was studied in [15]] for higher order commutators including the case of the op-
erator I, which had been previously given in [14] for the two-weighted setting in the
linear context. For similar problems involving other weighted type of Lipschitz spaces
see [I5)], [13] and [[16]]. On the other hand, in the multilinear case and for T} = I} (that
is Ko (x,¥) = (X2, |x — yi|)*~™"), generalizations of two-weighted problems can be
found in [2] and [3] (see also [1]] for the unweighted problem).

In this paper we study the boundedness of commutators of fractional operators,
including I}, between a product of weighted Lebesgue spaces and weighted general-
izations of those introduced in [9]. For a weight w, the latter are denoted by L,,(8)
and defined as the collection of locally integrable functions f for which the inequality

w2l
UMt il - <
B W flav<c
holds for every ball B C R", where fz = |B|~! [ f.
We shall consider two different types of higher order commutators of 7. Given

an m-tuple of functions b = (by,...,by,,), where each component belongs to LlloC , the



first multilinear commutator we shall be dealing with, b , is given by the expression
m
=Y 7o, f(x)
j=1

where T&’fbj is formally defined by

m
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On the other hand, the second type of commutator that we shall consider can be ex-
pressed as

TtnT ) = [ Kelod) [T0ix) —bi0) i) o5
i=1

The last two equalities above are a consequence of their definitions given in Section 2}
and both commutators were introduced in [[12] and [L1], respectively.

We shall also be dealing with multilinear symbols with components belonging to
the classical Lipschitz spaces A(8) (for more information see Section 2).

Let p = (p1,p2,---,Pm) be a vector of exponents such that 1 < p; < e for every
i.Let B, 6 and 5 be real constants. Given w, v = (vi,v2,...,vm) and J, we say that
(w,¥) € Hiy(p, B, 8) if there exists a positive constant C such that the inequality

o 1/ f
HWﬁ{B”oo H / Vi " dy ’ <C
|B|(6-8)/n L3 \ Jrr (|B|1/7 + |xp — y|)(n—Pit8/mp} -

holds for every ball B= B(xg,R), with the obvious changes when p; = 1. The numbers
Bi satisfy Y7, B; = B and also 0 < B; < n, for every i (see Section[2]for further details
related to these classes of weights).

We shall now state our main results. Fromnow on, 1/p=Y¥""1/p;. See Section[2]
for details.

THEOREM 1.1. Let 0 < @ < mn and T}' be a multilinear fractional operator
with kernel Ky satisfying and 23). Let 0 < 8 < min{y,mn—o}, & =0a+95
and P a vector of exponents that satisfies p > n/@&. Let b= (by,...,by) be a vector
of symbols such that b; € A(8), for 1 <i<m. Let 5 <8 and (w, V) be a pair of

~ !
weights belonging to the class H,,(p,0,8) such that v, Pi ¢ RH,,, for every i such
that 1 < p; < eo. Then the multilinear commutator T\, is bounded from T/, L (V")

to ]LW(S), that is, there exists a positive constant C such that the inequality

W%B I m
s e~ @z ulas < Tl

holds for every ball B and every f such that fiv; € LPi, for 1 <i<m.

Concerning the commutator .7}, we have the following result.



THEOREM 1.2. Let 0 < < mn and T} be a multilinear fractional operator
with kernel Ko satisfying 2.2) and 23). Let 0 < 6 < min{y,(mn —a)/m}, & =
a+méd and p a vector of exponents that satisfies p > n/&. Let b= (by,...,by) be
a vector of symbols such that b; € A(8), for 1 <i<m. Let 6 <& and (w,V) be a

x —
pair of weights belonging to the class H,,(p,&,0) such that v, Pi ¢ RH,,, for every
1 < p; < oo. Then the multilinear commutator 7y is bounded from [];L, LPi(v) to

L,,(0), that is, there exists a positive constant C such that the inequality

W2zl m 7 m 7 3
|||B|+Ba/ /B\%,b (0) = (T sl dx < CTT I fivil
i=1

holds for every ball B and every f such that fiv; € LPi, for 1 <i<m.

Note that the restriction on the parameter 6 implicated is different in each theorem
due to the nature of the considered commutators.

When we deal with w = H;":] vi, which is the natural substitute of the one weight
theory in the linear case, we shall say that ¥ € H,, (3, B, 8). Then we have the following
lemma.

LEMMA 1.3. Let 0 < B < mn, 5 €R, and P a vector of exponents. If v €
H,,(p,B,0), then 6 = —n/p.

The proof of this result follows similar arguments as those of Theorem 1.3 in
[2] and we shall omit it. As a consequence of this lemma we can prove that if 5 <
7= (B —mn)(1—1/m)+ 8/m, then condition can be reduced to the class Aj .,
defined as the collection of multilinear weights V= (vy,...,v,,) for which the inequality

m ( 1 / _pl)l/p§
— [ < oo (1.1)
Mz
holds (see Corollary[6.4).

The paper is organized as follows. In Section 2| we give the main definitions re-
quired in the sequel. In Section [3| we state and prove some auxiliary results that will
be useful for the proof of the main theorems, which are contained in Section [Z_f] and E}
Finally in Section @ we prove some properties of the class H,(7,,8) and show the
optimality of the associated parameters.

m
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2. Preliminaries and definitions

Throughout the paper C will denote an absolute constant that may change in every
occurrence. By A < B we mean that there exists a positive constant ¢ such that A < ¢B.
We say that A~ B when A < B and B < A.

By m € N we denote the multilinear parameter involved in our estimates. Given
a set E, with E™ we shall denote the cartesian product of £ m times. We shall be
dealing with operators given by the expression

T2 = |

(]Rn )m

Ko (x,5) [ [ /i) 47, @.1)
i=1



for 0 < o0 < mn, where f = (fiy--sfm)s ¥=1,---,ym) and Ky is a kernel satisfying

the size condition |

Ko (x,5)| < 22
Kal DS (el -
and an additional smoothness condition given by
. . x—x|Y
Kal5.5) ~ Kal?'9)| S oo 3)

(X e —yilyr=esr?

for some 0 < y <1, whenever Y7, [x—y;| > 2|x—x/|. Itis easy to check that T =17
defined above, when we consider Ky (x,¥) = (X7 [x — i )* ™.

We shall introduce two versions of commutators of the operators above. For a
specified linear operator 7 and a function b € LllOC we recall that the classical commu-
tator 7, or [b,T] is given by the expression

[b,T]f = bT f —T(bf).

When we deal with multilinear functions and symbols, it will be necessary to
emphasize how we proceed to perform the commutation. If b € L] _, T is a multilinear

operator and f = (fi,fa..., fm) We write

that is, [b,T]; is obtained by commuting b with the j-th entry of f.

The first version of the commutator is defined as follows. Given an m-tuple b =
(b1,.--,bp), with b; € LllOC for every i, we define the multilinear commutator of 7'
by the expression

(ngE

12 f ) = Y 12, F(2),

j=1
where
To'y F(x) = [0, T5,f (%)
As a consequence of (2.T) it is not difficult to see that

m

b F00 = [ B0 =B Kale DT A0 a5

i=1

We now introduce the second type of commutator of 7. The multilinear product
commutator .7} is defined iteratively as follows

T f = [bm, ... 162, [b1, Ty ]2 - Jmf-

The expression above does not involve a simple notation, so we shall provide an alter-
native way to denote this commutator (see Section [3).



By means of (2.I)) we can also obtain an integral representation for this operator
(see Proposition [3.1 below), namely

:s

TtnT @) = [ Kaled) TT0i) —bi0) i) 5
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=
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By a weight we understand any positive and locally integrable function.
Given § € R and a weight w we say that a locally integrable function f € L,,(6)
if there exists a positive constant C such that the inequality

WZB||oo
|||B|1+‘§|/|,, [ 1= palar<c 2.4)
holds for every ball B, where fg = |B|™! [ f. The smallest constant C in (2.4) will
be denoted by || f||L,(s)- If 6 =0 the space L,,(5) coincides with a weighted version
of the BMO spaces 1ntroduced in [8], the classical Lipschitz functions when 0 < 6 < 1
and the Morrey spaces when —n < § < 0. These classes of functions were also studied
in [14].

Regarding the symbols, we shall be dealing with the A(8) Lipschitz spaces given,
for 0 < § < 1, by the collection of functions b verifying

|b(x) = b(y)| < Clx—y|°.

The smallest constant for this inequality to hold will be denoted by ||b||(s). For a
given b= (by,...,by), with b; € A(6) forevery 1 <i<m, we define

bl (as)m = [max 1billacs)

Let S,, = {0,1}". Given a set B and ¢ = (01,02,...,0m) € Sy, we define

go_ | B if a=1
~ {R"\B, if 0;=0.

With the notation B® we will understand the cartesian product B! x B2 x ... x B%,
For 6 = (01,07,...,0,) we also define

5 _ [lifoi=0;
e 0if 0; =1,

forevery 1 <i<mand |[o|=Y", 0.

We now describe the classes of weights involved in our estimates. Let & be a
fixed real constant. If 1 < p; < oo for every i, the m-tuple p = (p1,p2,...,pm) Will be
called a vector of exponents. We shall also denote 1/p=Y7",1/p;. Let B and 5 be
real constants. Given w, ¥ = (v,va,...,v,) and a vector of exponents p, we say that
(w,¥) € H,(B, B, ) if there exists a positive constant C such that the inequality

—p;

1/p]
(IwZB|le / v;
- d <C 25
|B|5 5/nH R (|B|V/7 + |xp — y|) =~ Bitd/mp; Y @)




holds for every ball B = B(xg,R). The numbers f3; satisfy Y7 | B; = 8 and also 0 <
B:i < n, for every i, which leads to 0 < 8 < mn. We shall also see that the parameters
6 and B are related to 6. When p; = 1 for some i the integral above is understood as

-1
Vi

(‘B‘l/n + |XB _ .|)n7ﬁi+5/m

=

Let
S ={1<i<m:p;=1} (2.6)
and
JHh={1<i<m:1<p; <o} 2.7
Condition (2.3) implies that
% - 1 _ /pl
|~|W73H H ||V;I%BH°° H (/V Pz) <C (2.8)
|B|3/"+]/pfﬁ/” i€ i€.% |B|
and
_ —p 1/p}
o2l | o Zin | ( Jp— ) <c @9
1B|6=0)/m 2 2 || 1xg — -t || L iesy \JRNB |xp — | (=Bt 2] -

We shall refer to the inequalities above as the local and global conditions, respectively.
Furthermore, given ¢ € S,, we can estimate the i-th factor in (2.5) depending
whether 6; =0 or o; = 1. Thus we have that condition (2.5]) implies

||‘/V‘9?’/'B||°<7 71 V:pi%Rn\B
W H i ' Zsll, T1 [P <C, (2.10)

16— /

pi

where 0(0) =Y.6,—1 | — Bi/n+68/(mn).
We recall that a weight w belongs to the reverse Holder class RHy, 1 <s < oo, if
there exists a positive constant C such that the inequality

1 s c
_ s <
<|B|/BW) = \B\/BW

holds for every ball B in R". The smallest constant for which the inequality above holds
is denoted by [w]ry, . It is not difficult to see that RH, C RH; whenever 1 <s <t. We
say that w € RH.. if

supw < —
B| /5

for some positive constant C.



3. Auxiliary results

We devote this section to state and prove some facts that will be useful in our
estimates.

The following proposition establishes an alternative way to denote the product
commutator .7},

PROPOSITION 3.1.  Let T be a multilinear operator asin @.1) and b= (by,...,by)

where b; € LloC for 1 <i<m. Then we have that

Tanfx) =Y (-1l (Hb"' )T'" FibT o b ().

oceSy,

Furthermore, we have the integral representation

yz fl(yl)

N
Q
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Proof. Let us introduce some notation in order to make our calculations simpler.
Fix a symbol b = (by,...,by,) and let F, be the operator resulting after perform k
iterative commutings, 1 < k < m, that is

Ff = bk, [b2, [b1, T2 ]2 - i f-

Given o € §,,, let us also denote with

g{i,d = (g17g27"'agm)

where ~
gi— fibTif 1 <i<k,
! fi ifk<i<m.

We shall proceed by induction in order to show that
Ff=Y (-1 Hbc’ (gbc) 3.1
oES, i=1

Notice that the case k = 1 is immediate after performing one commutation only.
Let us assume that the expression above holds for k£ and we shall prove it for k+ 1. By
the definition and the inductive hypothesis we have

Fk+lf: [bk+1aFk]k+lJ?

=be )y, (D1 (ﬁbf’) (g{; ")

oS, i=1

k _ _
=Y (~1)klel (Hb?f) TE(fDT o fibS*, fes1Bists fisas e fon)-

oS, i=1



Observe that {0 € Sg1}=1{0 € Sg11:0k1 =1}U{6 € Sg11: 61 =0} . By rewriting
the sums above we get

Faf= Y% ~(ol-1 (Hbe>Tm (&)

0ESk11,0k+1= 1

_1)k+1-16] kHbGi m g+l
+ Z (=1) H i o (gb,e)
=

0€8k+1,6k41=0

= Z 1)kr1-16] <Hb > ” (~k+1>.

0€Sk+1

Therefore (3.1)) holds for every 1 < k < m, and the case k = m allows us to conclude
the desired estimate.
In order to show the integral representation, we shall prove that

Ff = a(x,y H ) = bi(yi)) [ 1 /ivi) d3. (3.2)
i1

(]Rn 771 -

We proceed again by induction on k. If k =1 we have that
Fif(x) = bi(0)T5 F(x) = TG ((b1fi, fos s fin)) (%)
= Ko (x,9)(b1(x) = b1 (y1) [ [ fi(3i) d¥
i=1

(Rn)m
Now assume the representation holds for £ and let us prove it for K+ 1. Indeed, using
the definition of F; and the inductive hypothesis we get

Fk+1f(x) = [bk+1 7Fk]k+lf(x)
= bk+l(x)ka('x) —Fk(f] goos 7fkafk+1bk+17fk+2a ce 7f;7’l)(x)

k

(o) [ Kale) [T =bi0) ﬁfimdy

i=1

k m
—/< n)mK o (%, %) b1 1) [ (i yi) [ 1 /i) dy

i=1 i=1
k+1 m

= Ko (x,3) [ T(0i(x) = bivi) [ [ fi i) @5

(Remym i=1 i=1

This shows that the representation for k4 1 also holds. Putting k = m we get the
integral representation for J/},. O

LEMMA 3.2. Let m € N and a;,b; and c; be real numbers for 1 <i < m. Then

m m

H(ai_bi)_ﬁ =Y (aj—cj) [ (ai—bi) [ (ci —b2).

i=1 i=1 j=1 i<j i>j



Proof. We proceed by induction on m. If m =1 it is immediate, both sides are
equal to a; —¢; since the products on the right-hand side are equal to 1.
Assume that the equality holds for m = k. Let us prove it for m = k+ 1. We have
that

k+1 k+1

H(ai —bi) - H(Ci —bi) = (a1 —bk+1)

k+1

(@i —bi) = [T(ci—b:)

i=1

= (a1 —cx1) | |(ai —bi)

i

k k
+ (Crg1 — brs1) (H ) — T Cibi)> :

i=1

= 13-

1

Using the inductive hypothesis we arrive to

k+1 k+1

k
H(“i —bi) - H(Ci —bi) = (aks1 — crt1 H

i=1

k
+ (cip1 — birr) Y (aj—cj) [ J(ai — bi) [ [ (ci — bi)

Il
—_
Il
-

Jj=1 i<j i>j
k+1
=Y (aj—ci) [[(ai—b) [ ](ci—b0),
j=1 i<j i>j
so the result also holds for m = k+ 1. This completes the proof. O

The next lemma establishes a useful relation between A 7 and A P classes that we
shall need in the sequel. Given j = (p1,...,pn) With 1/p=Y",1/p; and 1 < p; < oo

for every i, we say that W = (wy,...,wy) € Aj if
1 & ik i 1 1/p;
p/pi -
sup —/ w; w; 2|, ( /w ’) < oo,
B |B| . Bg i 151 H H H |B|

and this supremum is denoted by []4 . Since p; > 1 forevery i, we get that p > 1/m.

On the other hand, given 0 < g <o and p as above, we say that w = (wy,...,wy) €

Ap, if
1 - q 1{9//‘ -} 1/r;
o A1) Il 1 G o) <

i€ s
and this supremum is denoted by [w] Ajg- When g = oo this class corresponds to Aj ..
given in (L.1)).
LEMMA 3.3. Let p= (p1,...,pm) be a vector of exponents, 0 < g < o and
w=(Wi,...,Wn). Assume that
1 1 1

—4———>0 (3.3)
pi mq mp

10



forevery 1 <i<m. Wedefine Ay =1/(mp)’ +1/(mq),

/= 1 if i€ A
L (Ap) i i€ A,

¢ such that 1/0 =YY" 1/4; and 7= (z1,...,2m) Where z; = w?ﬁi/é,for each i. Then
wEAp, ifand only if 7 € Ay.

Proof. We first notice that condition (3.3) guarantees that ¢; > 1 for i € .%. It is
immediate from the definition that

ﬁzf/zi = ﬁw?.
i=1 i1

Observe that

m ] 1 ) 1
=-m—-—m-=)=—.
; IE‘Zﬂ] lEZﬂz (A’mp:)l Am ( p q/,Lm
Also notice that for i € %

N OV T

and

These identities imply that
L[y 1 < / 1«’.>]/4
_ ; @€ i
(5 /Binlzl) "%l 1 (5.

can be rewritten as

4/t
U [y 1 ( / p§>]/pi
— 4 2 ,
<|B|/BZHIW’> I 25l T (7

from where the equivalence follows. O

REMARK 1. When m = 1 condition (3.3) trivially holds, and we get that w € A, ,
if and only if w? € A; tq/p @ well-known relation between A, and A, , classes.

4. Proof of Theorem [1.1]

We devote this section to prove Theorem [I.I] We shall begin with an auxiliary
lemma that will be useful for this purpose.

11



LEMMA 4.1. Let 0<a <mn, 0< d<mn—a, &=a+06 and p a vector of
exponents that satisfies p > n/&. Let 6 < 0 and (w,V) be a pair of weights belonging
to the class H,(p, &, 8) such that v;p" € RH,, for every i € .%,. Then there exists
a positive constant C such that for every ball B and every f such that fiv; € LPi,
1 <i<m, we have that

| |1+5n m

I ) dx<C
/| Otmg | X || %-”OOHHflVlHPz

where § = (fi Z28, > 228, - fnZ28).

Proof. We shall follow similar lines as in the proof of Lemma 3.1 in [2]. We include

a sketch for the sake of completeness.
Using (2:6) and (2.7), we shall split the set .#, into .#) and .#7 where

jzlz{i€j2:1<pl‘<oo} and j22:{i€j2:pi:w}'

Let m; = #.%;, for i = 1,2 and mé :#ﬂzj, also for j =1,2. Then m=m; +my =
my +m) +m3. Then, by denoting B = 2B, for x € B we have that

lund(9)] < [, et MO a5

Ly [ —yil e

M0 /0D e 2 vi ' ()

<| Il ) [ =" ey ——

€7} i=1 !

-1
'ejl |fi()’i)‘Hiey2V,‘ ()’i)

<\ TT 0wl | { TT 1520 ) [, =7 e

Lt J{ LT 0 (omp T
= | T Iivill- <H||ﬁ%g|1>1(x73).

i€} i€d

Since p > n/é& we have that

where 1/p* =Y,c 5, 1/pi. Then we can split & = &' + &>, where &' > mn and

&% > n/p*. Therefore
P =2 =1
mn—Oo=nmn—0o " +mn—0o .

Let us sort the sets .#,' and .#} increasingly, so
Sy =i, and 7 =<in i i
P LURL-IPRRRL | 3= Unmbi b 20 simy -

12



We now define § = (g1,...,8m,), Where

ST v m1 < j<m.
Then we can proceed in the following way
I(e.B) < / Mic.sy i) i s v 04) (Tie, [ =y )&~
X
B (Xic.s b —yilyman=a?
—1
< |B’|5‘1/"*m1 / Hie,ﬁzl ‘ﬁ(yl)u]leﬂzz Vi (yl) d)_;
~ B2 (Ziefz |x _yi|)m2n7552
my o (.
_ |B‘|ﬁc1/nfm1 / Hj:1 g/(yl-/') dy
Bm (Z;”il |x—)7ij |)mzn7(x2

S B g (82 m ) ().

dy

Next we define the vector of exponents 7= (r1,...,rn,) in the following way

_ [mopi;/(m2—1+pi)) if 1< j<mj;
my it my+1<j<m.

This definition yields

my my 1 _ 2 —

m m m m m m
2pz/ jomda1 M2 2 2P 2 2P

Notice that 1/r > 1/p* and also n/p* < &> by construction. Then there exists an
auxiliary number & such that n/p* < & < n/r. Indeed, if &* < n/r we can directly
pick &p = 02 . Otherwise 0 < 6&%. We shall first assume that my > 2. We set

Observe that 0 < 1/¢ < 1 since

1 ~
_1:<1_1)1<1<a0
r my ) p* p* n

Using the well-known continuity property I m,: I1;2 L'/ — L? with respect to the
Lebesgue measure (see, for example, [[7]) we obtain

1/q ,
J e A P T e R T
1/q
< |B[le-) o (/ Ly (82901 )
Rn

13



S |B|(@ o) /nmmit1/d Hllgr%\lr,
j=1

Observe that r; < Pi; forevery 1 < j < mi Since v; Pi e RH,, € RH,,, for every
i € %, applying Holder’s inequality and then the reverse Holder condition on these
weights we get

"y _— 1/ri . 1/my
[les2ls, = TL( fuarmne) " T ( i)
=1

i€.7) i€}

1/(m2p}) 1/my
< TT il ( v "1”’1) I1 (/’")
ic.7) i€} B
< |Bﬁ|mé/m2—1/(m2p*)+m%/m2 H [prq Hf H < /vp§> 1/p;
- = " IRH, il B| /s
< T1 7'l (l/m)
e © RHmy \ Bl J5 !
o 1/17; 1
<18 T Ul (3 ) L (G o)
ics} ics} B

Combining the estimates above with condition (2.8)), we finally arrive to

/|Iamg )dx < H [ fivilloo (H ||fl<%/B|l> /IXB

i€} i€g)

S| T Il (H ||f15i”3|1> [B|(Go)/nmi b nap)

i€} i€
1/p}
Xlgl”f”"""(|8|/ ) (|B| )
m 1 o /p,
< (Fweetn ) 11 (5 ”') T 17" 23l
i=1 i€ SS2)

x |B|(@=0)/n=mi+1/q+1=1/(m2p")

g ”W‘%E”;l |g|5/n—6t/n+1/p+( &) /n—my+1/q'+1—1/(myp*) (H”ﬁvl”ﬂ,)

S w2t BI O <Hfivi||pf> :

i=1

Thus we can achieve the desired estimate provided my > 2. We shall now consider
0 <my < 2. There are only three possible cases:

14



1. my = 0. In this case we have m} =m3 = 0 and this implies p = (1,1,...,1).
This situation is not possible, because p > n/@.

2. m} =0 and m3 = 1. In this case 1/p =m — 1. Condition p > n/@& implies
& > (m—1)n. Let iy be the index such that p;, = co. Using Fubini’s theorem,
we can proceed in the following way

a—mn

// Elfibol__y /Hlf,y, / Yl-wl|  dx|av
m (X7 e =il )= B\ o
Since
m a—mn PR
/B le_yi‘ dxs/g pafmnpnfldp
i=1

< |B‘ﬁc/n7m+1
by @.8), we get

| Ve ax 5 B2 (flﬁw”m) (H I 251 ><|B/ )

i€ s
H ” | | 6 /n—m+2+8 /n—&/n+1/p
Jivillp,
H " [[w 2]l
m |B|1+S/n
S Jvillpi | 7=
(E HP) ||W3LVB||°°

3. mé =1 and m% = 0. If iy denotes the index for which 1 < p;; < oo, the condition
p > n/0 implies that

a 1 1
—>—=m—-1+—,
n P Piy
and thus & > (m — 1)n. We repeat the estimate given in the previous case. This
yields to
&/n—m+1+1/p a 1 -p; 1/]7;0
[ Mangolax < 18 o (0wl ) (T i) (5 fv™)
B i=1 i€ |B‘
m |g|d/n—m-&-l-&-l/pgo+5/n—6c/n+1/p
S LLIwvillp:
(H ' W Zsl-
m |B|1+5/n
S Uil ) =2
(,H " | Twil-
We covered all the possible cases for m; and the proof is complete. O
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Proof of Theorem[I.1]. It will be enough to prove that

lwZs||
|w£%/lmf )= el < CTT 1l @)

for some positive constant ¢; and every ball B, for each j and with C independent of
B and j. Indeed, if (.1 holds we take ¢ = 7| ¢; and therefore

lIw Zg |- w2l [ w7
|B|1+5/" /| o:bf ¥)—eldx < Z |B‘1+5/” /|Ta*bjf(x)_cj|dx
<cm[ [l
i=1

and the proof would be complete. Then we shall proceed to prove @.1).
Fix 1 < j < m and a ball B = B(xg,R). We decompose f = (fi,f2,...,fn) as

f:f] +f2,where f] = (fiZa, r 228, fmZop). We take

Cj= (To’;fbjf2 5 |B|/ ab; fz

We also notice that
m

1
Folx 7// bi(x) = b;(y)Ka(x,5) TT () d¥dx.
|B|/ ab; Gesggﬂ 18] B'(ZBF( J( (7)) al ),IJ (i)
4.2)
In order to prove (@.I)) we write
o0 2] il ([ |
|B‘1+5/n /| ‘“’f cjldx B3/ Ty bfl |dx+|B| |7 bfz —cjldx
:W%f0+1@.
|B[1+8/n IB]

Let us first estimate /. Applying Lemma[d.T|we get

1= [ fiwad< [ WMQxMHMxMMx

@8y ( Zmllx i)™

swww/wmww

‘B‘1+6n m

= ||b||(/\( || %- ||°0 H”fllePl

Consequently,

w2l , o T £
W IS ||b||(A(5))mg”flvl”Pi'
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We now turn our attention to /1. By (@.2)) we can write

L e 10609 010K 5) = 00 =137 K 3)|

O'GS, 6;&1

xH\f, yi)|dydxdz

o 0209 =B0)) (R = Ko ) [T ) et

ceS G;él i=1

t Lo /m by Kale )| TT i asava

= Y (T+5n).
oeSy,,0#1

We shall estimate each sum separately. Fix ¢ € S,,,0 # 1. We start with I . Since we
are assuming ¢ # 1, condition (2.3)) implies that

x—2|”

(XL o — yi|yrn—ety
|B|7/"

~ (X eyt

Ko (x,5) = Ka(2,5) S

Therefore we have that

S/”b HA |B‘W”/// ‘x y/| IT2 l‘fl(ylﬂd}_;dxdz
2B)°

1:1 e — il ety
m
4 1+y/n im1 /i)l .
S bl B ] s

n lm: Ji(yi -
Syl [ [ o s s

(ZI ey -3

— |[b]| (acs)yn|BI O /B Ji(x,0) dx.

By separating the factors in J; and applying Holder’s inequality we arrive to

|fi(i)| / |fi(vi)]
< — gy, B V1S0)| B.
o= (i:clri—ll 2 |2B[1 =G/t 3/ (mm) Y i:(I;,-_L) R\2B |x — y;[1=0i+8/m Y

4 vl 2B V_I%R"\ZB
< "V G S A [ e
NH”szali i-cly-_ll ‘2B|1—6z,-/n+6/(mn) ) i.(lflo |x—.|"*6!i+5/m /
= 0= 2 10;= P,
m ~
= (Huﬁvinm) 2] R ) TT vt 22l
i=1 i:6i=1
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Vl_l %R"\ZB
|x_ _‘nfﬁti+5/m

< 11

i:0;=0

|ZB| (6-9) /n
fzvl ;

by virtue of condition (2.10). Thus the estimate

P}

m |ZB‘(375)/n
6) < 20 [ e i (4.3)
) (H' "’) v Zasl-
yields to
17 < bl (Tl ) 20 4)
= m Villpi | T .
1 (A(9)) 1 p w25

We now proceed to estimate /7 . We have that

m
n | fi (i -
15 < |1bjllacs) 1Bl /B/B/ZBG o i1 il ’)|_ dydxdz

n |Z_yl.‘)mn o

|fi(i)] / _AO)L
Vi || dy; | .
I1 /s e P L foon T — e @

ir0;=1

1)
< Ibllagsyym B (
Since &; = o; + &;/m for each i, applying Holder’s inequality we can write

fi(yi) fivill p -
L o= I e " 2l

B |ZB|1 (x,/n 521 |23|Zi:0‘,-:1(1/17i_ai/")
_ fevill -1
o iom |23|Zi:a,-:1(1/Pi*0~fi/"+5/(m”)) Hvi %BHP?
and
-1
|fi(2)] < v, ZRrmop
H ﬁdyi ~ ||fivi||p,' 1/ —0;+5/
- =0 /R"\2B X — yi[ "% (IBIV" + o — o[)r=cweorm]]
Combining these estimates and using condition (2.10) we arrive to
m |2B‘(575)/n |B|2+5 n m
15 S bl agsym B T villpy 5z = Ibllagsy evill -
e LNl "y = Pl g, g LTl
(4.5)
Therefore, applying the estimates obtained in (#.4) and [@.3) we conclude that
1 | |l+5 n m
This completes the proof of (@.1]) and we are done. O
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5. Proof of Theorem [1.2]

We devote this section to prove Theorem [T.2] We shall first establish an auxil-
iary lemma, which is essentially the boundedness given in Lemma [.1] with different
parameters. The proof can be achieved by following the same steps and we shall omit
it.

LEMMA 5.1. Let 0 <a<mn, 0<8<(n—a)/m, & =a+mé and p a
vector of exponents that satisfies p > n/0. Let 6 < 6 and (w,V) be a pair of weights

belonging to the class H,,(p, &, 5) such that v; P ¢ RH,, for every i € 5. Then there

exists a positive constant C such that for every ball B and every f such that fiv; € LPi,
1 <i<m, we have that

| |1+6/n m

lan@(®)]dx < C ™"
Az Twzal L1l

where § = (fi 228, 2228, fn228).
Proof of Theorem[I.2] It will be enough to prove that

| w ZB||o

|B|1+S/n /B|§a,bf(x)_c|dxch”ﬁvi”pi, (51)

for some constant ¢ and every ball B, with C independent of B and f
Fix a ball B = B(xp,R). By proceeding as in the proof of Theorem 1.1} we split
f=Fi+f. where fi = (fi 228,258, -, fn %25). We take

o= (Z0R), = i [ Zino)d:

By Proposition[3.1} for z € B we have that

m

k@ = ¥ [ KaleH [0 -boDo)d. 652
cESmo#17 (2B)° i=1
Thus
HW%B”W m 7 ‘%/'B”"°
W/}Jya,bf(x)—d |B|‘+5/ /| T f1(x)| dx
WZB||e m 2
'|'B|2+’;'/'n [ [1780) - 720 e
_ IwZ5|l-
|B|1+5/n (+1).

Let us first estimate /. Applying Proposition[3.T} (2.2) and Lemma[5.1| we get

1= [17ilacs [ [ Ka T - b9l 1A asas
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<cH||b||A o Lo xyIHIfzylldydx

<Clbliay [ Manfi ()] dx

‘B‘Ur(s n m
S;CHbHZW || 25| IIHﬁVJb,
Consequently,
‘|W%B||w m m
B[+ SC||b||(A(5))’"g”flvz“m-

We continue with the estimate of //. We shall see that

‘B‘ﬁ n m
%' || HHfllePn (53)

for every x,z € B. This would imply that 17 < CT], ||f,v,H,,,
For x € B, using (5.2)), we can write

| Tan () = T a(2)]

| T f2(x) = T f2(2)] < CIbITh 5y

m

Ka(x, y)ﬁ(b,(x) —bi(y)) — Ka(z ) [T (Bl

i=1 i=1

<

ces§o¢1 -/<213)"

< I 11505

g K 3) = K N TT ) =B

/ Ko (2,5)]
aeS G#l
XHIﬁ(yi)ldi
i=1
= Y F+5).

0ES,0#1

oeS 0#1

m

) 0 >—b,-<yi>>—ﬁ(bz-(@—b,«y,-))‘

i=1

Fix 0 € S,,,0 # 1. Let us first estimate /P . Applying condition (2:3)) we have that

lx—z|"
Ty e — yi| ety
|B|7’/”

~ (L g — il

|KO€(X7§) 7KOC(Z7)7)| /S (

Therefore we have that

m md
n i=1 XB — Vi H Sivi)l -
17 < B bl [ B SIS0

LLIPHAG) Joagye ™ (X ep — i) oF7
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<1, <1 BY/”/ i1 |fi(%’)J dv
S ||(A(6)) |B| (2B) ( y

m:1 |XB 7yl.|)mn—oc+5+7—5

< |IplI™ . B(S/n/ :n:l |fl(yl)| dy,
S ||(A(6)) |B| 2By ( Y

lm=1 ‘XB _yi|)mn—6£+5

since ¥ > &8 and y € (2B)° implies that |xg —y;| > C|B|'/" for at least one index
1 < j < m. From this expression we can use the estimate (.3) performed in page[17]in

order to obtain
‘ B|5 n m

7 <|b|l% i
1 ~ || ”(A( 3&/' ”w Hva ||Pr

Next we proceed to estimate /. Fix o € Sm, o # 1. Applying Lemma we have
that

m

JCORE ICOR I 16:(2) — bios) T 1550x) —

IN
.ME

i=1 ]:1 i~ i<
= 5/n v 5 5
Hb la) | 1B Y [Tz =il T —il°-

i= j=1li>j i<j

Since x and z belong to B and ¥ € (2B)°, we have that
m
o=yl Y e —jl
j=1
and also
m
le=yil S Y k=)l
j=1
for each i, regardless y; belongs to 2B or R"\2B. Therefore we arrive to

m m m (m—1)8
[1(i(x) = bi(vi)) — T T (B AR <Z |xByj|> :
i=1

i=1 j=1

Using this estimate we can proceed with IS as follows

o m §/n [T i) .
L e = e
m n H;n: fl Yi v
S Bl 5y 181 / 9 (5 I 1 |y(|)m)n|a+3 dy
B— )i
< |IplI™ B o/n / |ﬁ yl / ‘fl yl)l d
S ||( | | ”l:ll 12B|1~ 19 B1—a;/n+8/(mn) H 28 |xg — yi|"~ Tem — v [n—a+8/m Dt

Applying Holder’s inequality and condition (2.10) we get

—1
Vl eft/VRn\ZB

15 S IblIfh ) BIY" 0 H”fleHPz H v Zasll

i:0;= i:0;=0

‘xB — .‘n—ﬁti+5/m )
Pi
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|B|8n m

< blfacs) H”flvl”p,v
A"y 25 ||
where 6(0) = Y., (1 —&;/n+38/(mn)). So (5.3) holds and the proof is complete.
O

6. The class H,,(p,8,0)

In this section we give a complete study of the class H,,(p, 3, S) related with the
boundedness properties stated in our main results. Recall that (w,V) belongs to the
class H,,(p, B, ) if there exists a positive constant C for which the inequality

/

—p}

1/p]
[wZp|l~ 1~ / Vi
L - d <cC
|B|(6- 5/111_1 R (|B|1/7 + |xg — y|) (= Bit8/m)pi Y

holds for every ball B = B(xg,R).

We begin with a characterizaction of this class of weights in terms of the global
condition (2.9). The proof follows similar lines as Lemma 2.1 in [2] and we shall omit
it. We recall the notation %) = {i: p; =1} and S = {i: 1 < p; < =o}.

LEMMA 6.1. Let 0< B <mn, 8 €R, B a vector of exponents and (w,¥) a pair
of weights such that~ vi_1 € RH., for i € | and v;Pé is doubling for i € .%,. Then,
condition H,,(P, B, 0) is equivalent to 2.9).

As an immediate consequence of this lemma we have the following.

COROLLARY 6.2.  Under the hypotheses of Lemma [6.1| we have that conditions
(29) implies (2.3).

The next lemma establishes a useful property in order to give examples of weights
in the considered class. We shall assume that ; = 8 /m for every i.

LEMMA 6.3. Let 0< B <mn, § <t=(B—mn)(1—1/m)+8/m, B avector of
exponents and (w,V) a pair of weights satisfying condition 2.8). Then (w,V) satisfies

(2.9).

Proof. The proof follows similar lines as in Lemma 2.3 in [2]. We shall give a
scheme for the sake of completeness. Let 0 =n— 3/m+ 8/m. Let B be a ball and
By =2*B, for ke N. If i € .#; we have that

=)

1

v;l %Rn\B
g —-1°

‘%BHl\Bk
g —-[8

I A

Z |Be| e/n”V 1‘%/31(“”00
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On the other hand, for i € %,

1/p} 1/p!
g pl ! /7, !
/ i 0 ») i 0 () _dy
R"\B [xp — }"ep’ k 1° Bk+1\Bk |xp — y|9l’,

S 0 P} \pi
sy (f v
k=1 By

By taking k= (k1,ka. ... k), the left-hand side of (2.9) can be bounded by a
multiple constant of

1/p;
" —p -
L T | T mr ([ ) = £ 1(e3).
keNmi€ES] i€ s B+

keNm

Observe that N C JI | K;, where K; = {75 = (ki,ka,...,kn) ki > k;j for every j}. Let
us estimate the sum over K, being similar for the other sets. Therefore

ZI(Bk)<Z|Bk|

kek, i€s

-1
Vi ‘%Bkﬁl

: AV
I1 (/ Vi p’) [TY Bl ™
= ies \7 B+

i#1 k=1
Notice that

ki

Z |Bki|79/n:|B|79/n22 k9<|B | 9/n22k1 9§\Bk1|79/"2k‘6-
ki= k=1 ki=1

Thus, from the estimation above and (2.8) we obtain that

f%’ (=]
|B"|V6 36” Z I(B k) <‘B| (6—8)/n Z 2m 1k19|B |—m6/nHW<%ka +1||°°
ky=1

/ / :
-1 —Di
Vi %Bkl+1 - H / Vi I
i€ iesy \/Biy+1
5 Z szl(efmnngrﬁ)’
k=1

being the last sum finite since S<t. O

Recall that when we restrict the pair of weights (w,V) to satisfy the relation w =
[T, vi, condition H,,(5,B,8) is denoted by v € H,,(5,B,5). The following result
establishes that, for a suitable range of the parameter 0, this class is equivalent to
A=

Preo

COROLLARY 6.4. Let §€ER, 0< B <mn, § <t=(B—mn)(1—1/m)+8/m.
Then v € H,,(p,B,0) if and only if V € Aj ...
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Proof. Let v € Hy(p,B, 5). Then condition (2-8) holds. On the other hand, by
Lemma - we have that 8 = § —n/p. This implies that ¥ € Apco-

Conversely, let v € Aj.,. Since 5<r, by Lemmam we have that V satisfies
29). By Lemmait will be enough to check that v; ! € RH.. for i € .# and v; 7" is

doubling for i € .. Let us first check that v; ! € RH.. for i € .#;. Let r = p/(mp—1),
fix igp € .#; and observe that

|B\/ |B|/Hl 1;1
1 r L/ _P; "/P,
[T v zle 11 (o fon)

o0 IEI i1 €S

v ]A~
ST T
lviy” 2Bl

=[ ]A,;‘m Héfvio'

Therefore, v;  is an A weight. Then we can conclude Vi ! is an RH., weight.
On the other hand, observe that A;.. C A;, for every ¢ > 0. If we pick g = p
we can apply Lemma(3.3|to conclude that 7= (zy,...,z»,) belongs to Az, where £ = p,

zi = vé' and {; = p; for every i. This implies (see, for example, Theorem 3.6 in [6])

that z b S Amf/ thatis, v, = A,y € Aw, soitis a doubling weight for every i € .%.
This completes the proof. O

The following two theorems allows us to describe the region where we can find
nontrivial weights in H,,(7,8,8) in terms of the parameters p, 8 and §.

THEOREM 6.5. Let § € R be fixed. Let 0 < B < mn, § € R and p be a vector
of exponents. The following statements hold:

(@) If § > 8 or 8 > B —n/p then condition H,,(p,B,8) is satisfied if and only if
v; = oo a.e. for some 1 <i<m.

(b) The same conclusion holds if § = —n/p = 8.

(¢) If & < B —mn, then condition H,,(B,B,8) is satisfied if and only if v; = o a.e. for
some 1 <i<morw=0 a.e.

Proof. Let (w,V) € Hyu(p,B, 5). We start with the proof of item (). We shall first
assume that 0 > 6. Picking a ball B = B(xp,R) such that xp is a Lebesgue point of
w1, from (Z.3)) we obtain

1
1 :
Vi

(|B|1/n+|x3_.|)n—ﬁ,~+5/m

1 / V;Pﬁ |B|5 8)/n
i e QB g o Aol | = il

[1

€9
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-1
< W (B)
|B|R575
for every R > 0. By letting R approach to zero we can deduce that there exists 1 <i<m
such that v; = oo almost everywhere.

Let us now consider the case 6 > 8 —n/p. Pick a ball B = B(xp,R), being x5 a
Lebesgue point of w~! and of every v;l . Then condition (2.8)) implies that

Im]i/vfl < H ||V‘71<%BH H (1/v-_p;>l/p;< |B‘g—§+% < wfl(B)R37ﬁ+n/p
i Bl Js "~ ’ * Bl JB ' ~ w2l ~ B

i€s i€ s

for every R > 0. If we let again R approach to zero, we obtain
m
Hvi_l (XB) =0,
i=1

and then T/, v;'! is zero a.e. This allows us to conclude that the set (., {v;' > 0}
has null measure. Since v;(y) > 0 for almost every y and every i, there exists j such
that v; = o a.e.
We now proceed with item (b). Suppose 6 =8 —n/p = 6. We define
21 1
g = Z —/ = m— —.

i—1Pi p

Applying Holder’s inequality we obtain

'?;‘.d

¢
Jp— T <1 (/ ;
R (|B|1/n_|_‘x3_,|)Zieﬂ2(n—ﬁi+6/m)/§ Niejz Rr <|B|1/n+|xBi.|)(Vl—ﬁ[+8/m)p$

—p;

and since (w,V) € Hm(ﬁ»ﬁvg)’

-1
Vi

(|B|l/n+ |XB _ .|)n—ﬁ,—+5/m

[1

[ (Mier,vi )" )
i L \VUR (|B|1/n+|xB_.|)Zie,ﬂ2<"*ﬁi+5/rn>/5 ~ |B| ’

and we can deduce that for every ball B

— g _
[ ) s
e (1B 7"+ g =y B2 |~ B[

From this inequality, we can continue adapting an argument presented in [14], to
conclude that there exists i such that v; = « a.e.

We end with the proof of item (). Let § < B —mn. Given a ball B = B(xz,R)
and By C B, condition (2.8)) implies that

m m ~
—1 -1 S—
w23 LT 2y < I 2l [T ;! 2l S RO

1= i=1
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The right-hand side of the inequality above tends to zero when R approaches to oo,
which implies that either ||w 25|l =0 or ||vi_13a‘”30||p/_ =0, for some i. As By is
arbitrary we obtain either w = 0 or v; = o for some i, respectively. O

THEOREM 6.6. Let 6 € R be fixed. Given 0 < B < mn, there exist pairs of
weights (w,V) satisfying @.3)) for every p and & such that B —mn < 6 < min{8, 8 —
n/p}, excluding the case 6 =6 when B—n/p=24.

The next figure depicts the area in which we can find nontrivial pair of weights
belonging to H,, (5,3, 9), for a fixed value 8 and depending on f.

B>é B=35 B<é
5 5 5
51 5
§=B—n/p §=B—n/p
T -- - Tk
" 1/p " 1/p
B —mn | B —mn | B—mn |

Since the classes H,,(p, B, 5) have a similar structure as those defined in [2], the
proof of the theorem above will follow similar lines as that in Theorem 5.1 of [2]], with
adequate changes. We include a sketch for the sake of completeness. We shall need the
following auxiliary lemma.

LEMMA 6.7. Fora ball B= B(xg,R) in R" and o > —n, we have that
[ i R (max (R, xs )"
B

Proof of Theoreml6.6] Recall that T = (8 —mn)(1 —1/m)+ 6/m is the number
appearing in Lemma[6.3] we shall split the proof into the following cases:
(a) ﬁ—mn<5<r§[3—n/p;
(b) ﬁ—mn<3§ﬁ—n/p<‘c;
() B—mn<d=1<8<B—n/p;
d) B—mn<d=1<B—-n/p<d;
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(e) T< & <min{8,—n/p};
) Szﬁfmn.

Let us prove (a). Recall that % = {i: p; =1}, S ={i:p; > 1} and let m; = #.7;,
for j=1,2. Since m; < m by the restrictions on the parameters, we can take

mn—B+8
m—m;

0 ifie.sn,
&= 1%—8 if ie 4.

Let p=Y",&+8—B+n/p>0. Then we take

O<e<

For 1 <i<m we define

w(x)=|x° and vi(x) = |x]%.

By virtue of Lemma it will be enough to show that (w,V) verifies condition
(2:3). Let B = B(xp,R) and assume that |xg| <R. If i € %, by Lemmawe get

1 . 1/p} 1 L 1/p} .
(whi) = (G foras) ™ s

and |[v;' 23|, =1 for i € .#;. On the other hand, ||w2p < RP since p > 0.
Therefore,

|_‘W<%B||°o I—I H —1% H H /V—P§ Ve < RPLI &-6+B-n/p C.
|B|3/n=B/n+1/p = |B]| ~ -
We now consider the case |xz| > R. We have that

IwZplle S x8l°,

whilst for i € %

/

1 " 1/]?,- g
(57 ;o ertan) " = .

Consequently, since § < —n/p we get

REZS . o\ T
o s AL I lf”w“@m/”) < InglP-TE G5Bl < ¢,

which completes the proof of (a). _
We now prove (B). In this case we take w=1 and v; = |x|%, & = (B —8)/m—n/p;
for every 1 <i <m. By Lemma it will be enough to prove that (w,V) satisfies
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condition (2.8). Pick a ball B = B(xp,R) and assume that |xz| <R. If i € .#, we get
& < 0, since we are assuming 0 > 3 —mn. In this case we get

o7 23] ~ RS

On the other hand, for i € .%, we have & < n/pl, so Lemma yields

AN /i
L/vfp" ~RS.
Bl Jp

These two estimates imply that

[w 2B

/ ]/P, R ):, 1‘::
-1 —Pi
|B|S/n B/nt1/p H H P H°° H (|B| /v ) ~ RS- Bnip

i€

If |xg| > R, we have that Hv;1%3|‘w < |xg|~% and also

1 _ /P, e
(|B|/V ) < bl

by Lemma[6.7] Thus

w250 . L VP |xg| &
o g L2l 11 wh) S e <

lEz

since & < B —n/p. This concludes the proof of item (B).

In order to prove (c) we pick (B —1)/m—n/p; <& <n/p forie % and § =0
for i€ .#;. We also take p =Y &+ 17— B +n/p >0 and define w(x) = [x|° and
vi(x) = |x|%, for 1 <i < m. We first notice that

—1
Vl %—Rn\g

< R, (-B/m+8/m)
|-xB _ ,|n7B/m+5/m

iE/]

oo

By virtue of Lemma [6.1] we have to prove that condition (2.9) holds. Using the
estimate above, it will be enough to show that

1/p;

-
8-8-Yics, (n—B/m+8/m) / vi ')
R ! 2Bl - d <C
||W BH 152 ( R\B \xB—y\("*ﬁ/’”a/m)Pi y

6.1)
for every ball B. We shall first assume that |xg| < R. Let By = B (xz,2*R) for k € Ny
and i € .%,. By Lemma[6.7] we get

o 1/p} /
pl. i oo l/p~
v () k oy —n-+B/m—3/ </ ~&ip) > '
j -d <Y (2FR) P m=o/m Pid
</]R”\B |XB _y|(n7[3/m+5/m)17,- y) k;()( ) Bi+1\Bk |y‘ Y
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oo

Z 2kR —n+B/m—8/m—&-+n/p}
k=0
< R/ pitB/m=8/m=&;

since —n/p;+ B /m—38/m— & < 0 by the election of &. Since § = 1, the left-hand
side of (6.1) is bounded by a multiple constant of

RB*S*Zieﬂl (n=B/m+8/m)+p—Yic.sy (n/pi=B/m+8/m+&) _ p—-n/p+B+p-Li & _ |

We now assume |xg| > R. There exists a number N such that 2VR < |xp| <
NHLIR If i € .% we have that

*P;
/ vi ") , _dy
R™\B |xp — y|(—B/m+8/m)p;

=
=0

A
ngk

RN
(2kR)fn+B/m78/m (/B |y|7'g',-pi dy)
k

oo

+ )Y =si+8

T
o

Il
M=

T
o
T
=
=

Let 6; =n/p;+ (6 —B)/m, for 1 <i < m. We shall first prove that if 6; < 0, then
St < Jxg| 750, (6.2)

for j=1,2. Indeed, by Lemmal6.7] we obtain

(sz> n+ﬁ/m75/m+n/p§|x8|f<§,-

ga
["Jz

k

N
< |xB|*<§iR*9i Z 2—k6;

0

< e 5 (2VR)
< fep| 570

For Sé we apply again Lemmain order to get

. >, —n+B/m=38/m+n/p;=&; > ~&—6;

SR (2’<R) <y (ZkR)
k=N+1 k=N+1
2N+1R &i— 22 k(&+6;) <|x|5, ,'

since 6;+& =n/p;+(6—B)/m+&>0.
We now assume that 6; = 0. Proceeding similarly as in the previous case, we have

Sl < ‘XB| §IN< |XB‘ 5110g <|'fo;|>’
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and

S5 < |xsl ™
since & > 0 when 6; = 0. Consequently,
. . ) X )
53 Sl (110 (2) ) Sl S0 (B21). 0

We finally consider the case 6; > 0. For Sé we can proceed exactly as in the case
6; < 0 and get the same bound. On the other hand, for S’i we have that

N N
Sll 5 Z(sz)*"H;/’"*s/er"/Pi|xB|*§i 5 ‘xBrﬁiR*ei Z 2*1(91' 5 |xB|7§,-79,-2N9,-.
k=0 k=0

Therefore, if i € % and 6; > 0 we get
1485 brp 7570 (14:2V ) < 2V 501 (6.4)

Combining (6.2), (6.3) and (6.4) we obtain
_ l/p/.
P; i
v, i(y) _E_B . \XB|
| | L d < &i—6; &
(/Rn\g g — y| (v B/m 8 m)7] y) S 1wl [ [l ~log, (R

i€ i€.%,0;<0 i€ %,0;=0
> H |xB|*‘§i*9i oNG;
i€%,0;>0

< |xal” Lics, (§i16:) 9N Lic.s 6,50 6i

y <10g2 (|xB|> > #{ic.#,,6,=0}
R 5

|xa] #{i€ 7,6;=0}
< |xB|*Zieﬂ2(5i+9i)ZNZ;efz_ePo o; (10g2 (s)) 7

that is,

Vl-_l %R'I\B
|xB _ .|n7[3/m+8/m

€9 1’1"
(6.5)
so the left-hand side of (6.1)) can be bounded by a multiple constant of

_ |x ‘ #{iE/z,el‘:O}
RO—0—(n—PB/m+8/m)m |XB‘P*ZI'672 (&i+61) oN Lic.s 6,06 (10g2 <B> )
R

which is equivalent to

T—8+(n—B/m+8/m)m; +Zi€]2.9[>0 0; #{ic.9,,6;=0}
) o (5)"
R R
Since 6; <n+ (6 —B)/m for i € %, there exists € > 0 that verifies
§—
Y G+e#{ic ,0,=0}< <n+ B) #ic 7,6>0}. 6.7)
m

i6f2,9i>0
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Using the fact that log, ¢ < e '¢¢ for every ¢ > 1, we can majorize (6.6) by a constant
factor provided that

T—06+ (n—i-6mﬁ> (m+#{i€ #:6,>0}) <15+ (n+6mﬁ> (m—1)=0.
Indeed, if this last inequality did not hold, then we would have that 6; > 0 for every
i € % . We also observe that 6; > 0 for i € .. This would lead to n/p > -6, a
contradiction.

In order to prove (d) we only consider two cases. If there exists some i € .%, such
that 6; < 0, the proof follows exactly as in . If not, that is 6; > 0 for every i € %5,
observe that

1—6+<n+6n_1ﬁ)m1+ Y Bizr—6+lzn:(;+5;lﬁ>

i€.%,0;>0 i=1
n
=T4 —— B
p
<0,

then we can choose € > 0 small enough so that the resulting exponent for |xp|/R in
(6.6) becomes negative.

We now proceed with the proof of (e). Let us first suppose that 5 < min{J, —
n/p}. Wetake p=0—7>0 and & = (6 —7)/m — 6;, for every i. Then we define
w(x) = |x|P and v; = |x|%, 1 <i < m. These functions are locally integrable since
p >0 and & < n/p). Furthermore, & < 0 for i € %, so v; | € RH.. for these index.
Then, by Lemma[6.1] it will be enough to show that condition (2.9) holds. Fix a ball

B = B(xp,R) and assume that |xz| < R. Then we get

W 2Bl p5-5+ 5
— <R P =ROT, 6.8
s S (6.8)

On the other hand, if i € .#4] we have

—1
Vi '%BkJrl\Bk
|XB _ ,|nfﬁ/m+5/m

vi_l'%R"\B
‘xB _ _Infﬁ/mirﬁ/m

AN

oo

»
M I
/N

[\]

=

AN

R) —&i—n+B/m—38/m

N
= T
/e?\o
&
<
3

since 7 < & < &. This yields

—1
Vi %—Rn\g

i TR mi (T—8)/m
|xB — .|n7ﬁ/m+5/m SR : (6.9)

~

l‘Eﬂ]

oo
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Finally, since &+ 6; = (6 — 7)/m > 0 for i € %, we can proceed as in page [28|to
obtain ,
_ 1/p;
p- L
v () o (1—5)/m
- dy <SR™ . (6.10)
igz (x/R"\B ‘XB _y‘(nfﬁ/m+6/m)pi )
By combining (6.8), (6.9) and (6.10), the left-hand side of (2.9) is bounded by a constant
C.
We now consider the case |xz| > R. We have that

w2l

’ RO~ |xglP. 6.11
B(6-3)/n ~ |xg] (6.11)

Since |xp| > R, there exists a number N € N such that 2VR < |xp| <2VTIR. For i € .#
we write

—1 N —1 oo —1
v, Zrnp < Z Vi ‘%BHl\Bk n Vi ‘%BkH\Bk
|XB_.|n—B/m+5/m _ Nk:O |xB_.|n—/3/m+5/m = ‘xB_.‘n—ﬁ/m-ﬁ-S/m .
=8| +55.

Proceeding as we did in (6.3) with p; = 1, we have that

—1
Vi %R"\B

7Y < ~Yics (§it6:) AN Yic s 6i
g — - Bmesym || el SR (6.12)

i€ s

=

Finally, if i € % our choice of &; allows us to follow the argument given in page [29|to
conclude that

P, 1/p}
H / vi () dy < ‘xBr):;efz (&i+6:) 9N Lic 6,50 6i
R"\B |xg _y|(n*6/’n+5/m)17§ ~

i€
|xB| #{i€<¢2,6i:0}
1 — .
)

Combining the inequality above with (6.11) and (6.12)), the left-hand side of (2.9) can
be bounded by a multiple constant of

S S m N o: |XB| #{iezﬂz,ﬂi:o}
RO~ |xB|P*Zi:1(9f+§i)2 Yi:g;>00i (10g2 ())

R

R 8—8-Yi0,506: o @ #{i€.#,,6,=0}
‘-xB| [25) R :

If 6; <O for every i then the exponent of R/|xp| is positive. On the other hand, if
6; > 0 for every i, then

which is equal to

5-86-Y 6=6-8-Y6=6-8-"4+p-5>0,
i:6;>0 i=1 p
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since & < B —n/p. In both cases we can repeat a similar argument as in to
conclude that (w,7) belongs to H,,(7,8,8). Let us observe that, for example, if § < &
then every 6; is nonnegative.
If 0=8<PB—n/pord=P—n/p<J the same estimation as above works
when we take 6; < 0 for every i. The second case also works when 6; > O for every i.
We finish with the proof of item (f). In this case we fix p > 0 and take w(x) =
(14 |x|P)™™ . If g; are nonnegative fixed functions in L (R") for i € .%, we define

() = el if ie 7,

T g ifie .

Fix a ball B = B(xp,R). It is enough to check condition 28], since § = B —mn < 7.
Notice that

w2l TT 7" 25l < T 0+1-9)" 2]l 123 _<1.
€9 €S
Therefore,
lw 2Bl 1 ( p4)1/17§

Gy LI 2l L) sl

|B|8/n=B/n+1/p H I H lgz B igz P
for every ball B. This concludes the proof of (f). O
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