
MNRAS 523, 2209–2218 (2023) https://doi.org/10.1093/mnras/stad1380 

On the growth of supermassive black holes formed from the gravitational 
collapse of fermionic dark matter cores 

C. R. Arg ̈uelles, 1 , 2 , 3 ‹ K. Boshkayev , 4 , 5 A. Krut, 2 G. Nurbakhyt, 4 J. A. Rueda , 2 , 3 , 6 , 7 , 8 ‹ R. Ruffini, 2 , 3 , 9 

J. D. Uribe-Su ́arez 

2 , 10 and R. Yunis 2 
1 Instituto de Astrof ́ısica de La Plata, UNLP-CONICET, Paseo del Bosque s/n B1900FWA La Plata, Argentina 
2 ICRANet, Piazza della Repubblica 10, I-65122 Pescara, Italy 
3 ICRA, Dipartimento di Fisica, Sapienza Universit ̀a di Roma, Piazzale Aldo Moro 5, I-00185 Roma, Italy 
4 NNLOT, Department of Theoretical and Nuclear Physics, Al-Farabi Kazakh National University, Almaty 050040, Kazakhstan 
5 International University of Information Technology, Manas St. 34/1, 050040 Almaty, Kazakhstan. 
6 ICRANet-Ferr ar a, Dipartimento di Fisica e Scienze della Terra, Universit ̀a degli Studi di Ferr ar a, Via Saragat 1, I-44122 Ferr ar a, Italy 
7 Dipartimento di Fisica e Scienze della Terra, Universit ̀a degli Studi di Ferrara, Via Saragat 1, I-44122 Ferrara, Italy 
8 INAF, Istituto di Astrofisica e Planetologia Spaziali, Via Fosso del Cavaliere 100, I-00133 Rome, Italy 
9 INAF, Viale del Parco Mellini 84, I-00136 Rome, Italy 
10 Facultad de Ciencias B ́asicas, Universidad Santiago de Cali, Campus Pampalinda, Calle 5 No. 6200, 760035 Santiago de Cali, Colombia 

Accepted 2023 May 3. Received 2023 May 3; in original form 2023 February 2 

A B S T R A C T 

Observations support the idea that supermassive black holes (SMBHs) power the emission at the centre of active galaxies. 
Ho we ver, contrary to stellar-mass BHs, there is a poor understanding of their origin and physical formation channel. In this 
article, we propose a new process of SMBH formation in the early Universe that is not associated with baryonic matter (massive 
stars) or primordial cosmology. In this no v el approach, SMBH seeds originate from the gravitational collapse of fermionic dense 
dark matter (DM) cores that arise at the centre of DM haloes as they form. We show that such a DM formation channel can 

occur before star formation, leading to heavier BH seeds than standard baryonic channels. The SMBH seeds subsequently grow 

by accretion. We compute the evolution of the mass and angular momentum of the BH using a geodesic general relativistic disc 
accretion model. We show that these SMBH seeds grow to ∼10 

9 –10 

10 M � in the first Gyr of the lifetime of the Universe without 
invoking unrealistic (or fine-tuned) accretion rates. 

Key words: galaxies: formation – galaxies: high-redshift – galaxies: nuclei – quasars: supermassive black holes – galaxies: 
structure – dark matter. 
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 I N T RO D U C T I O N  

he formation, growth, and nature of the supermassive BHs 
SMBHs) residing at the galaxy centres are outstanding problems in 
strophysics and cosmology. Important unresolved questions include 
ow can they grow so large and so fast to be present in the farthest
istant quasars (Volonteri 2012 ; Woods et al. 2019 ); what is the nature
nd mass of BH seeds that grow to form the SMBHs of ∼10 8 –10 9 M �
n the high- z Universe (Zhu et al. 2022 ); and what is the nature of
he connection between the total mass of a host galaxy and the mass
f its central SMBH (Volonteri, Habouzit & Colpi 2021 ). 
Here, we propose a new paradigm for the nature and formation 

f SMBH seeds, which arise from the gravitational collapse of high- 
ensity regions of dark matter (DM) at the galaxy centres (Arg ̈uelles
t al. 2021 ). We present calculations on the subsequent growth of
uch BH seeds from an accretion disc around a Kerr BH in a fully
eneral relativistic framework. In this way, we aim here to provide 
nswers to the abo v e three main questions. 
 E-mail: carguelles@fcaglp.unlp.edu.ar (CRA); jorge.rueda@icra.it (JAR) 
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Among the various scenarios analysed in the literature to explain 
he origin of SMBHs (see Inayoshi, Visbal & Haiman 2020 ; Volonteri
t al. 2021 ; Mirabel & Rodr ́ıguez 2022 for recent re vie ws), we can
ivide them into two main categories according to their formation 
hannel: (I) channels associated with baryonic matter, i.e. gas and 
tars, and (II) channels associated with early Universe cosmology. In 
his work, we propose a no v el, third possible scenario: (III) channels
ssociated with DM. Before moti v ating this ne w frame work, we
ighlight the pros and cons of the most studied formation channels.
n the case of the baryonic channels (I), we can distinguish among (a)
opulation III stars , and (b) direct collapse to a BH (DCBH) . Pop. III
tars are physically moti v ated (though yet hypothetical) stars with
n average mass of ∼ 10 2 M � (Madau & Rees 2001 ; Hosokawa
t al. 2016 ) originated in metal-free clouds hosted in small haloes
f ∼ 10 6 M � at high z. Thus, the stellar collapse of such massive
tars would lead to a BH seed of ∼ 10 2 M � which, under idealistic
ccretion conditions, would reach a 10 9 M � SMBH in the first billion
ears. Ho we ver, recent state-of-the-art simulations show that BH 

eeds of < 10 3 M � fail to grow until 10 8 M � at z ∼ 6 because of
trong radiative feedback (Zhu et al. 2022 ). In the DCBH scenario
b), dense gas clumps at the centre of massive haloes of ∼ 10 8 M �
ecome globally unstable and collapse first to a supermassive star 
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1 It also called in the literature as the general relativistic fermionic King model 
(Chavanis 2022 ). 
2 Approaches of this kind based on statistical mechanics may present potential 
dif ficulties: the relati vely short time-scale involved during violent relaxation 
may not be enough for the system to explore the full phase-space to reach a 
most likely final state (see Chavanis 2022 ). 
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f ∼10 4 –10 5 M �, which then undergoes core-collapse to a central
H. The newborn BH then grows fast by accreting surrounding
aterial ending in a larger BH seed with masses up to ∼few 10 5 M �

Begelman, Volonteri & Rees 2006 ; Begelman, Rossi & Armitage
008 ; Woods et al. 2017 ). Former simulations suggest that the
onditions for the occurrence of this scenario, e.g. to reach metal-
ree gas able to form atomic (instead of molecular) gas, may be
are (Habouzit et al. 2016 ). Ho we ver, recent hydrodynamic N -body
imulations show that DCBH scenarios are among the most preferred
echanisms to explain the origin of the SMBHs (Latif et al. 2022 ;
hu et al. 2022 ), albeit numerical resolution issues and the use of
henomenological recipes limit the generality of the results (Zhu
t al. 2022 ). 

On different physical grounds, channels of BH formation and
rowth associated with the early Universe (II) would take place
efore galaxy formation and include primordial BHs (Carr & K ̈uhnel
020 ), or even more exotic candidates such as topological defects
n forms of cosmic string-loops (Bramberger et al. 2015 ) or domain
alls (Rubin et al. 2001 ; Khlopov et al. 2005 ). Ho we ver, there is
o observ ational e vidence (nor direct or indirect) of such processes
ince they are associated with very early cosmological epochs poorly
onstrained by observations. 

This work proposes an SMBH formation channel in the high- z
niverse conceptually different from (I) and (II) discussed abo v e.
 crucial qualitative difference with the channels mentioned abo v e

s that it does not rely either on specific pristine gas assemblies or
n the very early epoch of the Universe. Instead, it depends on the
ravitational collapse and subsequent growth of dense fermionic DM
ores that originate at the centre of the haloes as they form. Such novel
ense core - diluted halo DM density distributions (profiles) are natu-
al consequences of maximum entropy production principle (MEPP)
cenarios of halo formation, in which the fermionic (quantum) nature
f the particles is duly accounted for Arg ̈uelles et al. ( 2021 , 2022a ).
ur theory for realistic SMBH formation is original, and should
ot be confused with somewhat related formation scenarios via DM
of gra v othermal-catastrophic nature) as porposed in (Balberg et al.
002 ; Xiao H. et al. 2021 ) which invoke for DM self-interactions. 
This paper is organized as follows. In Section 2 , we discuss the

nderlying physics behind our new SMBH seed formation scenario
nd give specific examples of how such seeds may arise in the high
 Universe. In Section 3 , we present relativistic calculations of the
ime evolution of the mass and spin of the recently born BH seed
ith a surrounding accretion disc. We summarize and conclude in
ection 4 . 

 T H E  DA R K  MATTER  C H A N N E L  O F  SMBH  

O R M AT I O N  

he DM channel proposed for forming early BH seeds takes place
ithin the more general and broad theory of DM halo formation as
eveloped in Arg ̈uelles & et al. ( 2021 ) within WDM cosmologies.
nlike the (zoom-in) hydrodynamical simulation approaches applied

n baryonic BH-seed formation channels (Zhu et al. 2022 ) (such as
Ia) and (Ib) introduced abo v e), the problem of DM halo formation
s here assessed using a thermodynamical approach for systems of
elf-gravitating fermions that maximize its coarse-grained entropy
t the end of relaxation (Arg ̈uelles et al. 2021 ). This mechanism’s
ost general density profile develops a dense and compact DM core

supported against gravity by Pauli degeneracy pressure) surrounded
y a dilute halo. The first early studies of this kind of fermionic core -
alo solutions dates back to the 

′ 
80s (Chau, Lake & Stone 1984 ;
NRAS 523, 2209–2218 (2023) 
ngrosso & Ruffini 1988 ), followed by a series of further and recent
evelopments (Gao, Merafina & Ruffini 1990 ; Chavanis & Sommeria
998 ; Bilic et al. 2002 ; Chavanis 2006 ; Destri, de Vega & Sanchez
013 ; Arg ̈uelles & Ruffini 2014 ; Chavanis, Lemou & M ́ehats 2015 ;
uffini, Arg ̈uelles & Rueda 2015 ; Arg ̈uelles et al. 2018 , 2019 ;
ecerra-Vergara et al. 2020 , 2021 ; Arg ̈uelles et al. 2022b ; Chavanis
022 ; Krut et al. 2023 ). The more realistic version of this model,
hich includes particle e v aporation and central (fermion) degener-

c y, was dev eloped in General Relativity in Arg ̈uelles et al. ( 2018 )
nd is referred to as the (extended) Ruffini-Arg ̈uelles-Rueda (RAR)
odel. 1 The model’s fermionic halo explains the galaxy rotation

urv es, while the de generate fermion core has key implications for
alactic centres: it can mimic a central BH or eventually collapse
nto one (Arg ̈uelles et al. 2018 , 2019 , 2021 , 2022a , b ; Becerra-
ergara et al. 2020 , 2021 ). One key advantage of this semi-analytical
pproach is that it allows for a detailed description of the relaxed
aloes from the very centre to the periphery, not possible in N-body
imulations (due to limitations in resolution at inner-halo scales).

oreo v er, the thermodynamic approach here applied includes richer
hysical ingredients than those involved in traditional simulations:
i) general relativity (GR) – necessary for a proper gravitational DM
ore-collapse towards an SMBH seed; (ii) the quantum nature of
he particles – allowing for an explicit fermion mass dependence
n the profiles; (iii) the Pauli principle self-consistently included
n the phase-space DF at relaxation – giving place to no v el core-
alo profiles. Interestingly, this theoretical frame work allo ws linking
he behavior and evolution of the dark matter particles from the
arly Universe to the late stages of non-linear structure formation
t virialization. That is, the DM halo profiles are obtained by
rst calculating the linear matter power spectrum for O( keV ) DM
ermions, to then use the corresponding extended Press–Schechter
ormalism to obtain the virial halo mass, M vir , with associated redshift
 vir [see the Appendix and Arg ̈uelles & et al. ( 2021 ) for a previous
esult]. Finally, we obtain the fermionic haloes by assuming that a

EPP takes place at the end of relaxation and agrees with the virial
ass constraints. Such a MEPP, originally introduced in Chavanis

 1998 ) generalizing Lynden-Bell results, allows obtaining a most
ikely coarse-grained DF of Fermi-Dirac type 2 (see equation 1 in
rg ̈uelles & et al. 2021 ) that depends on four free parameters, m the
article mass, β the (dimensionless) temperature, θ the de generac y
arameter, and W the cut-off particle energy. All parameters are set at
he centre of the configuration (denoted with the subscript 0) to fully
olve the system of equilibrium differential equations of the RAR
odel (see equations 8–12 in Arg ̈uelles & et al. 2021 ). The RAR
odel can be applied to form a DM halo and their central SMBH

eeds. 
Once having such a DF at the end of the relaxation, we calculate

he full family of fermionic density profiles at equilibrium in GR,
ll with given total particle number N and thus with the same total
Newtonian) halo mass ( M tot ≡ M vir = mN ). For such an endea v our,
e follow the thermodynamic approach applied in Arg ̈uelles et al.

 2021 ) within the microcanonical ensemble to further calculate the
mportant problem of (thermodynamical and dynamical) stability of
uch a family of equilibrium solutions. That is, not all the equilibrium
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Figure 1. Caloric curves for the critical solutions of three examples with a darkino mass of mc 2 = 100 keV: (1) M vir = 5 × 10 10 M � and r s = 30 kpc, (2) 
M vir = 5 × 10 11 M � and r s = 80 kpc, (c) M vir = 5 × 10 12 M � and r s = 250 kpc. The necessary constraints ( μ = e W 0 −θ0 and N ) to compute the caloric curves 
are extracted from the corresponding critical solutions. For the x -axis, 1 − M /( mN ) is (minus) the binding energy normalized with mN . For the y -axis, T is the 
normalized temperature of the system as measured by an observer placed at infinity. Thin lines are unstable solutions, while thick lines are stable solutions. A 

black dot marks the change in stability. It exist a last-stable core-halo configuration located at C 1 and C 2 where the fermion core collapses towards a SMBH 

which is surrounded by a DM halo of astrophysical interest. The core-halo solution marked by the black diamond at C 3 has the same critical core-mass as C 1 

and C 2 though is not preceded by a stable-branch . 
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olutions of self-gravitating fermions will be thermodynamically 
table. 3 This is done following the Katz criterium [see Appendix A in
rg ̈uelles et al. ( 2021 ) and Appendix C in Alberti & Chavanis ( 2020 )

or updated summaries, and Katz ( 1978 , 1979 ) for the original works
 for which is necessary to calculate the caloric curves in GR, given
s the inverse temperature of the system 1 / ̂  T ≡ β−1 Vs. (minus)
he binding energy −E b = −( M − mN ) c 2 [with ˆ T the normalized
emperature such that β = kT /( mc 2 ) and k the Boltzmann constant].
 distinctive characteristic of such general relativistic caloric curves 

or fermions (at difference with the Newtonian case), is the existence 
f a last stable configuration located at the turning point (see points
 1 and C 2 in Fig. 1 ), followed by a second spiral feature of relativistic
rigin. Based on the Katz criterium, this important result was first
hown in Alberti & Chavanis ( 2020 ), Chavanis ( 2020 ), Chavanis &
lberti ( 2020 ), and Chavanis ( 2022 ) for a self-gravitating system of

ermions bounded in a box, together with a detailed characterization 
f the caloric curves and the gravitational phase transitions occurring 
o the Fermi gas. Remarkably, as shown as well in Arg ̈uelles et al.
 2021 ) for the more realistic RAR (or relativistic fermionic King)
odel, the existence of such a last stable configuration located at 

oints C 1 and C 2 , implies the onset of a thermodynamical instability
 While the problem of equilibrium involves the extremization of entropy δS = 

 (at fixed energy and N), the problem of stability has to do with second-order 
ariations of entropy δ2 S = 0 Chavanis ( 2020 ). 

a
e  

2  

r  

t  

t

f the core-halo solutions, where the fermion-core collapses towards 
n SMBH. 

Based on the abo v e (relativistic) thermodynamical analysis, we 
emonstrate, for the first time, the existence of a critical fermion-core
located at C i in the caloric curve) which is surrounded by a DM halo
f realistic astrophysical application (see the DM density profiles 
n Fig. 2 , concerning Fig. 1 and the fulfilment with observations in
ig. 3 ). We do it for a typical particle mass in the range 50–345 keV,

.e. m = 100 keV, to then explore (see Section 3.2 ) other particle
asses in that range. The rele v ance of such a narrow window of

article masses is taken from Arg ̈uelles & et al. ( 2018 , 2019 ), where
t was shown it is possible to find core-halo RAR solutions where the
uter halo agrees with the galaxy rotation curves while the DM core
not necessarily critical) can mimic the central BH (see also Becerra-
ergara et al. 2020 , 2021 ; Arg ̈uelles et al. 2022b for a tailored analysis
bout the Milky Way and Sgr A ∗). 

In Fig. 1 , we give three specific examples of caloric curves
or different (Newtonian) halo masses M vir co v ering the rele v ant
ange between 5 × 10 10 –5 × 10 12 M �. Among all the equilibrium
ore-halo solutions along each caloric curve, only the ones placed 
ithin the branches B i − C i ( i = 1, 2) are thermodynamically

nd dynamically stable within cosmological time-scales, as clearly 
xplained in Arg ̈uelles et al. ( 2021 ) [see also (Alberti & Chavanis
020 ; Chavanis 2020 , 2022 ; Chavanis & Alberti 2020 ) for analogous
esults obtained for fermionic systems bounded in a box]. We recall
hat the core-halo solutions located at C i (see Fig. 2 ) correspond
o the last stable configuration where the DM-core achieves the 
MNRAS 523, 2209–2218 (2023) 
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Figure 2. Core-halo density profiles corresponding to solutions C 1 , C 2 , and 
C 3 from Fig. 1 , where the core has reached the critical mass for collapse 
into a SMBH of M crit = M ( r c ) = 6.3 × 10 7 M � (labelled with a black 
dot), and which are surrounded by an astrophysical halo according to Fig. 
3. The dotted line shows the corresponding fully degenerate core solution, 
from which we define the core radius r c of the more general semi-degenerate 
core-halo profiles here analyzed. 
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Figure 3. Surface DM density curves as a function of central fermion 
de generac y ( θ0 ), for three examples as described Fig. 1 . Thin lines are 
unstable solutions, while thick lines between B i − C i are meta-stable. The 
shaded regions mark the maximal extent of 1 σ and 3 σ errors as obtained in 
Donato et al. ( 2009 ), evidencing the astrophysical validity of the fermionic 
haloes which surround the critical cores associated to each C i solution. 
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nset of gravitational collapse (of relativistic origin) towards a BH.
nterestingly, at the fixed mass of m = 100 keV, the theory predicts a
hreshold total halo mass M vir ∼ 5 × 10 12 M � abo v e which the stable
ranch B 3 −C 3 disappeared (see the right-hand panels of Fig. 1 ). The
hrinking of the metastable branch ( B − C ) as the total mass M tot 

or N ) increases; together with the existence of a threshold particle
umber N 

∗ abo v e which the meta-stable branch disappear, was first
hown in Alberti & Chavanis ( 2020 ) and Chavanis & Alberti ( 2020 )
or box confined systems. This remarkable result, when applied to
ealistic haloes as in this work, may explain why we do not observe
ingle virialized galaxies abo v e such an order of magnitude (i.e.
bo v e O(10 12 ) M �), indicating how powerful the thermodynamics
f self-gravitating systems can be. 
Moreo v er, in such a halo-mass window, we further show in

ig. 3 that the halo regime of the RAR solutions has the required
orphology in the sense of being able to fulfil the DM surface
NRAS 523, 2209–2218 (2023) 
ensity relation. We also show in Fig. 2 the density profiles of such
ore-halo astrophysical solutions at the onset of DM core-instability,
ll having a typical SMBH seed of M crit ≈ 6 . 3 × 10 7 M �. We have
efined the SMBH seed mass at the core radius r c of the core-
alo solution, i.e. M crit = M ( r c ), with r c coinciding with the surface
adius of the corresponding fully degenerate solution (e.g. where the
ensity falls to zero, see dotted line in Fig. 2 ). Such a numerical
alue of the critical mass can be well approximated with the semi-
nalytic equation ( 1 ) (only valid within the fully degenerate regime),
hich is no other than the Oppenheimer-Volkoff (OV) mass limit
ppenheimer & Volkoff ( 1939 ) 

 crit ≈ 0 . 384 
m 

3 
Pl 

m 

2 
≈ 6 . 274 × 10 9 

(
10 keV 

mc 2 

)2 

M �, (1) 

here m Pl = 

√ 

� c/G ≈ 2 . 176 × 10 −5 g is the Planck’s mass and m
s the darkino mass. 

The reason for the validity of this critical mass approximation
f our DM cores can be easily understood when realizing that
he core-halo fermionic solutions under consideration here (see
ig. 2 ) encompass two different regimes: a highly degenerate
quantum) regime of the fermionic-core (i.e. θ0 > 10) close to
he fully degenerate case, which monotonically transitions to the
lassical regime at larger distances from the centre, leading to the
Boltzmannian) halo region [where θ ( r ) 	 −1]. Further detailed
xplanations about the equi v alence between the traditional turning-
oint instability criterium of core-collapse Schiffrin & Wald ( 2014 ),
o that of the last (dynamical and thermodynamical) stable solution
t point C i in the caloric curves are given in section 4 of Arg ̈uelles
t al. ( 2021 ) and references therein. 

 BH  MASS  A N D  SPIN  E VO L U T I O N  

e follow the treatment of a nearly geodesic thin accretion disc
round a Kerr BH in No viko v & Thorne ( 1973 ), Page & Thorne
 1974 ), and Thorne ( 1974 ). Matter and radiation transfer energy and
ngular momentum to the BH during the accretion. In particular,
t is essential to account for the feedback of radiation/photons on
o the BH since they exert a counter-torque Godfrey ( 1970 ) that
 v oids the BH from reaching the extreme regime a = M . This
mplies that the accretion of massive particles and radiation does
ot lead the BH to become a naked singularity (Thorne 1974 ). We
enote by d m the rest-mass accreted by the BH in a coordinate time
nterval d t , so ṁ = d m/ d t is the rest-mass accretion rate, and Ṁ rad 

nd J̇ rad are the rate of energy and angular momentum transfer by
adiation to the BH. We refer the reader to the Appendix B for details
f the equations go v erning the evolution of the mass and angular
omentum of the BH. We use geometric units c = G = 1 unless

therwise specified. 

.1 Accretion rate and luminosity 

e calculate the rate at which rest-mass flows inwards through the
ocal balance between the tidal gravitational acceleration and the
adiation pressure along the z coordinate. This condition is 

R 

˜ z 
˜ 0 ̃ z ̃ 0 

= κF ( r ) , (2) 

here κ = 0.34 cm 

2 g −1 is the Thomson electron scattering opacity,
R is the Riemann tensor. Using the change of variable x = 

√ 

r/M ,
quation ( 2 ) becomes 

3 κ ṁ 

8 πz 
f ( x, α) = 1 , (3) 

art/stad1380_f2.eps
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here 

 ( x , α) = 

x 3 g( x , α) 

x 4 − 4 αx + 3 α2 
, (4) 

nd 

 ( x, α) = x − x 0 − 3 

2 
α ln 

(
x 

x 0 

)
− 3( A 1 + A 2 + A 3 ) , (5) 

ith 

 1 = 

( x 1 − α) 2 

x 1 ( x 1 − x 2 )( x 1 − x 3 ) 
ln 

(
x − x 1 

x 0 − x 1 

)
. (6) 

ere, x 1 , x 2 , x 3 are the roots of the polynomial x 3 − 3 x + 2 a . The
erms A 2 and A 3 can be obtained from A 1 through a cyclic order of the
et { 1, 2, 3 } . For a gi ven v alue of α and an appropriate expression
 = z( r ), the value of ṁ such that equation ( 3 ) has exactly one
olution defines a critical accretion rate ṁ crit . Abo v e this rate, the disc
nters the super-Eddington regime, and the thin disc approximation 
reaks down. The tidal gravitational pull reaches a maximum value 
t z = H . Additionally, the thin disc approximation is reasonably
ccurate insofar as the half thickness of the disc obeys H < r
Chen & Beloborodov 2007 ; Liu, Gu & Zhang 2017 ). Consequently,
y introducing a parameter 0 < β ≤ 1 (not to be confused with the
imensionless temperature parameter introduced in Section 2 ) and 
etting z = r (see Abolmasov & Chashkina 2015 for details), we
alculate the accretion rate by 

˙  ≡ β ṁ crit = 

8 πβM 

3 κ max 
{

f ( x,α) 
x 2 

} , (7) 

ith max 
{

f ( x,α) 
x 2 

}
, the maximum value can take the given function 

t each radius for given α. To calculate the power emitted by the
ystem, we only consider the photons that leave the disc and do not
all into the BH. The procedure is equi v alent to calculating the rate
f energy transfer to the BH, i.e. equation ( B5 ), but using the factor
 − C instead of C 

 source = − 2 

π

∫ ∞ 

r 0 

∫ π/ 2 

0 

∫ 2 π

0 
( 1 − C ) k t F ( r)d S. (8) 

We do not consider the possible photon recapture by the disc. 

.2 Growth of Kerr BH seeds 

he equations of evolution are 

˙
 = ṁ ε0 + Ṁ rad , (9) 

˙ = 

1 
M 

2 

(
l 0 ṁ + J̇ rad − 2 M Ṁ α

)
. (10) 

It is helpful to make the M dependence explicit and express the
quations in terms of the system’s parameters and dimensionless 
ariables. To that end, let us write 

 = M i 
˜ M , (11) 

˙  = M i 
˜ M β ˙̃

 m, (12) 

˙
 rad = M i 

˜ M β ˙̃
 m 

˜ M rad , (13) 

 ̇rad = M 

2 
i 

˜ M 

2 β ˙̃
 m ̃

 J rad , (14) 

 0 = M i 
˜ M ̃

 l 0 , (15) 

here ˙̃
 m , ˜ M rad , ˜ J rad and ˜ l 0 are functions of α only. With these 

efinitions, the ratio between equations ( 9 ) and ( 10 ) leads to the
olution 

˜ 
 = exp 

{ ∫ α

αi 

ε0 + 

˜ M rad 

˜ l 0 + 

˜ J rad − 2 α∗
(
ε0 + 

˜ M rad 

)d α∗

} 

, (16) 

or the BH mass as a function of the dimensionless spin parameter.
rom equation ( 10 ), we obtain 

t = 

1 

β

∫ α

αi 

1 
˙̃
 m 

[
˜ l 0 + 

˜ J rad − 2 α∗
(
ε0 + 

˜ M rad 

)]d α∗. (17) 

From equations ( 16 ) and ( 17 ), we can deduce some properties of
he BH’s temporal evolution: The solution α( t ) is independent of M ,
ut it does depend on the parameter β. Moreo v er, the general solution
( t , β) obeys the relation α( t , β) = α( βt , 1). The BH mass inherits

his property through equation ( 16 ), and we get M ( t , β) = M ( βt , 1).
he same will happen with any α and M function. This behaviour
uggests that knowing the solution for β = 1 is enough to produce
ther solutions by properly scaling the variable t and multiplying it
y an adequate power of β. For example, the accretion rate and the
ower emitted obey the relations ṁ ( t, β) = βṁ ( βt, 1) and L source ( t ,
) = βL source ( βt , 1). 
The properties of M ( t , β) and α( t , β) become evident when

nspecting the panels in Fig. 4 , where we show the evolution of
everal BH seeds for values β = 1, β = 0.1, and β = 0.01 as a
unction of time and the cosmological redshift. The initial redshift 
 0 corresponds to the typical collapse z ∗ of a gravitationally bound
bject with mass M vir in the extended Press–Schechter formalism 

see Appendix A ). The standard Lambda cold dark matter ( � CDM)
osmology sets the relation between t and z. Note that α( t , β) does
ot depend on the BH mass, so the top left-hand panel contains only
hree curves, one for each value of β. 

In Fig. 5 , we show the evolution of the accretion rate and the power
mitted by the BH. The slight reduction in the accretion rate for small
alues of t occurs because the factor max { f ( x , α)/ x 2 } in equation ( 7 )
ncreases by a factor of ∼5 as α grows. The spin-up of a BH from
i = 0 to α = 0.99775 takes ∼37/ β Myr. The BH mass grows from
 i to ∼3 M i . Once α reaches the state α̇ ≈ 0, the BH mass grows

xponentially. By solving equation ( 9 ), we find a relation that allows
s to estimate the time � t needed for any BH seed to grow up to a
nal mass M f > 3 M i , starting from αi = 0: 

t = 6 . 2 × 10 7 ln 

{
3 M f 

5 M i 

}
β−1 yr . (18) 

Our result differs from equation 1 in Haiman & Loeb ( 2001 ),
amely, 

t HL = 4 × 10 8 ε ln 

{
M f 

M i 

}
β−1 yr , (19) 

here ε = L source / ̇m c 2 is the radiative efficiency of the accretion
rocess. The differences arise for two reasons: first, Haiman & 

oeb ( 2001 ) did not consider the BH spin, while our treatment
ccounts for it in a self-consistent manner: Fig. 4 shows that during
he transition to a saturated spin, the BH growth is faster than
xponential. Secondly, their definition of the accretion rate rests 
pon a global balance between Newtonian gravity and spherically 
ymmetric radiation pressure. Consequently, the radiative efficiency 
ppears as a constant factor in equation ( 19 ). Our definition adopts
 relativistic local balance between radiation pressure and vertical 
ravity, which increases the accretion rate (Abolmasov & Chashkina 
015 ) and allows the evolution of the efficiency with the BH
arameters M and α. 
Using the limiting efficiency for a Kerr BH, ε = 0.3, we obtain
 t < 0.52 � t HL . Thus, the growth from a possible BH seed within
MNRAS 523, 2209–2218 (2023) 
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M

Figure 4. BH evolution in time for different BH seeds and values of β. Initial conditions are αi = 0 and darkino masses 56, 100, 200, and 350 keV. The spin 
parameter does not depend on the BH mass. The initial redshift is z 0 = 5.5 with t 0 = 1022 Myr for a halo mass M vir = 5 × 10 11 M �. 

Figure 5. Accretion rate and luminosity at source as functions of t for different BH seeds with β = 1. Initial conditions are αi = 0 and darkino masses 56, 100, 
200, and 350 keV. The initial redshift is z 0 = 5.5 with t 0 = 1022 Myr for a halo mass M vir = 5 × 10 11 M �. 
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ur framework of M i = 5 × 10 6 M � to M f = 5 × 10 9 M � takes only
 t ≈ 0.4 Gyr. In particular, our DM channel for SMBH formation

redicts that typical DM haloes of M vir ∼ 10 11 M � formed at z 0 
7.5 (see Appendix A ) can harbour SMBH seeds of M i = 6 . 3 ×
NRAS 523, 2209–2218 (2023) 
0 7 M � (i.e. for m = 100 keV), which can grow (within standard
ccretion rates) up to M f ≡ M = 3 × 10 9 M � in � t ≈ 0.2 Gyr, thus
n agreement with most distant (i.e. z ∼ 6) and most massive quasars
bserved (see e.g. Mirabel & Rodr ́ıguez 2022 ). This result provides
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 new channel for SMBH formation from DM which can o v ercome
raditional baryonic scenarios such as Pop. III stars, whose light BH
eeds of < 10 3 M � fail to grow even to ∼ 10 8 M � by z ∼ 6 (Zhu
t al. 2022 ). 

 C O N C L U S I O N S  

e have proposed a no v el channel for SMBH formation in the
igh redshift Universe, which is not associated with baryonic matter 
massive stars) or primordial cosmology. Instead, it relies on the 
ravitational collapse into a BH of fermionic dense DM cores that 
rise at the centre of DM haloes as they form and on the subsequent
rowth of the newborn BH by accretion. The formation of dense core-
ilute halo density distributions of DM form when accounting for 
 fermionic (quantum) nature of the DM particles in the structure
f the DM haloes, which is not feasible in traditional N-body 
imulations Arg ̈uelles & et al. ( 2021 ); Arg ̈uelles et al. ( 2022a ). For
ermion masses in the range of 50–345 keV, this alternative non- 
inear structure formation approach predicts stable DM haloes that 
gree with observations and harbor dense DM cores at the brink of
ravitational collapse, with masses on the range of 10 6 –10 8 M � (see
ection 2 for a WDM cosmology with m = 100 keV). Thus, it offers
 whole new range of SMBH seeds that are considerably larger than
he ones predicted by baryonic formation channels, including the 
CBH scenario (see Section 1 ). 
In this article, we assessed the mass and angular momentum evo- 

ution of such massive BH seeds using a standard, geodesic general 
elativistic disc accretion model. We self-consistently account for 
he feedback of radiation/photons onto the BH (see Section 3 ). We
av e e xplicitly sho wn in Section 4 that these SMBH can gro w
o masses in the range ∼10 9 –10 10 M � within the first Gyr of the
ife of the Universe, in good agreement with the farthest quasars
bserved, without invoking unrealistic (or fine-tuned) accretion rates. 
 rele v ant adv antage of the present framework is that it does not

equire star formation within such a short cosmological time scale 
s in traditional baryonic channels. At the same time, it naturally 
onnects the total mass of a host galaxy and the mass of its central
MBH observed today, all in terms of DM and its cosmological 
volution. 

C K N OW L E D G E M E N T S  

RA was supported by CONICET of Argentina, the ANPCyT (grant 
ICT-2018-03743), and ICRANet. KB acknowledges partial support 
rom the Science Committee of the Ministry of Science and Higher 
ducation of the Republic of Kazakhstan (grant no. AP19680128). 

ATA  AVAILABILITY  

he article’s data will be shared with the corresponding author upon 
easonable request. 

EFERENCES  

bolmasov P. , Chashkina A., 2015, MNRAS , 454, 3432 
dhikari R. et al., 2017, JCAP , 2017, 25 
lberti G. , Chavanis P.-H., 2020, Eur. Phys. J. B , 93, 208 
rg ̈uelles C. R. et al., 2018, Phys. Dark Universe , 21, 82 
rg ̈uelles C. R. et al., 2019, Phys. Dark Universe , 24, 100278 
rg ̈uelles C. R. et al., 2021, MNRAS , 502, 4227 
r g ̈uelles C. R. , Becerra-Ver gara E. A., Krut A., Yunis R., Rueda J. A., Ruffini

R., 2022a, Int. J. Mod. Phys. D , 31, 2230002 
rg ̈uelles C. R. , Mestre M. F., Becerra-Vergara E. A., Crespi V., Krut A.,
Rueda J. A., Ruffini R., 2022b, MNRAS , 511, L35 

rg ̈uelles C. R. , Ruffini R., 2014, Int. J. Mod. Phys. D , 23, 1442020 
alberg S. et al., 2002, ApJ , 568, 475 
ardeen J. M. , 1973, Timelike and null geodesics in the Kerr metric, in Black

Holes. Les Astres Occlus, Les Houches, France, pp. 215–239 
ecerra-Vergara E. A. et al., 2020, A&A , 641, A34 
ecerra-Vergara E. A. et al., 2021, MNRAS , 505, L64 
egelman M. C. , Rossi E. M., Armitage P. J., 2008, MNRAS , 387, 1649 
egelman M. C. , Volonteri M., Rees M. J., 2006, MNRAS , 370, 289 
ilic N. , Munyaneza F., Tupper G. B., Viollier R. D., 2002, Prog. Part. Nucl.

Phys. , 48, 291 
inney J. , Tremaine S., 2008, Galactic Dynamics, 2nd edn. Princeton Univ.

Press, Princeton 
ode P. , Ostriker J. P., Turok N., 2001, ApJ , 556, 93 
oshkayev K. , Idrissov A., Luongo O., Malafarina D., 2020, MNRAS , 496,

1115 
oshkaye v K. , Konysbaye v T., K urmano v E., Luongo O., Malafarina D.,

Quevedo H., 2021, Phys. Rev. D , 104, 084009 
oyarsky A. , Drewes M., Lasserre T., Mertens S., Ruchayskiy O., 2019, Prog.

Part. Nucl. Phys. , 104, 1 
ramber ger S. F. , Brandenber ger R. H., Jreidini P., Quintin J., 2015, J. Cosm.

Astropart. Phys. , 2015, 007 
ryan G. L. , Norman M. L., 1997, ApJ , 495, 80 
ullock J. S. , Boylan-Kolchin M., 2017, Ann. Rev. Astron. Astrophys. , 55,

343 
arr B. , K ̈uhnel F., 2020, Ann. Rev. Nucl. Part. Sci. , 70, 355 
hau W. Y. , Lake K., Stone J., 1984, ApJ , 281, 560 
havanis P. H. , 2006, Int. J. Mod. Phys. B , 20, 3113 
havanis P. H. , Sommeria J., 1998, MNRAS , 296, 569 
havanis P.-H. , 1998, MNRAS , 300, 981 
havanis P.-H. , 2020, Eur. Phys. J. Plus , 135, 290 
havanis P.-H. , 2022, Phys. Rev. D , 106, 043538 
havanis P.-H. , Alberti G., 2020, Phys. Lett. B , 801, 135155 
havanis P.-H. , Lemou M., M ́ehats F., 2015, Phys. Rev. D , 92, 123527 
hen W.-X. , Beloborodov A. M., 2007, ApJ , 657, 383 
estri C. , de Vega H. J., Sanchez N. G., 2013, New A , 22, 39 
onato F. et al., 2009, MNRAS , 397, 1169 
itts A. et al., 2019, MNRAS , 490, 962 
ao J. G. , Merafina M., Ruffini R., 1990, A&A, 235, 1 
odfrey B. B. , 1970, Phys. Rev. D , 1, 2721 
abouzit M. , Volonteri M., Latif M., Dubois Y., Peirani S., 2016, MNRAS ,

463, 529 
aiman Z. , Loeb A., 2001, ApJ , 552, 459 
osokawa T. , Hirano S., Kuiper R., Yorke H. W., Omukai K., Yoshida N.,

2016, ApJ , 824, 119 
nayoshi K. , Visbal E., Haiman Z., 2020, ARA&A , 58, 27 
ngrosso G. , Ruffini R., 1988, Nuovo Cimento B Serie , 101, 369 
arukes E. V. , Benito M., Iocco F., Trotta R., Geringer-Sameth A., 2019, J.

Cosm. Astropart. Phys. , 2020, 033 
atz J. , 1978, MNRAS , 183, 765 
atz J. , 1979, MNRAS , 189, 817 
hlopov M. Y. et al., 2005, Astroparticle Physics , 23, 265 
olb E. W. , Turner M. S., 1990, The Early Universe. Frontiers in Physics,

Westview Press, Boulder, CO, https:// cds.cern.ch/ record/206230 
rut A. , Arg ̈uelles C. R., Chavanis P. H., Rueda J. A., Ruffini R., 2023, ApJ ,

945, 1 
atif M. A. , Whalen D. J., Khochfar S., Herrington N. P., Woods T. E., 2022,

Nature , 607, 48 
iu T. , Gu W.-M., Zhang B., 2017, New Astron. Rev. , 79, 1 
o v ell M. R. et al., 2012, MNRAS , 420, 2318 
acci ̀o A. V. , Paduroiu S., Anderhalden D., Schneider A., Moore B., 2012,

MNRAS , 424, 1105 
adau P. , Rees M. J., 2001, ApJ , 551, L27 
irabel I. F. , Rodr ́ıguez L. F., 2022, New A Rev. , 94, 101642 
o H. , van den Bosch F., White S., 2010, Galaxy Formation and Evolution.

Cambridge Univ. Press, Cambridge 
avarro J. F. , Frenk C. S., White S. D. M., 1997, Astrophys.J. , 490, 493 
MNRAS 523, 2209–2218 (2023) 

http://dx.doi.org/10.1093/mnras/stv2229
http://dx.doi.org/10.1088/1475-7516/2017/01/025
http://dx.doi.org/10.1140/epjb/e2020-100557-6
http://dx.doi.org/10.1016/j.dark.2018.07.002
http://dx.doi.org/https://doi.org/10.1016/j.dark.2019.100278
http://dx.doi.org/10.1093/mnras/staa3986
http://dx.doi.org/10.1142/S0218271822300026
http://dx.doi.org/10.1093/mnrasl/slab126
http://dx.doi.org/10.1142/S0218271814420206
http://dx.doi.org/10.1086/339038
http://dx.doi.org/10.1051/0004-6361/201935990
http://dx.doi.org/10.1093/mnrasl/slab051
http://dx.doi.org/10.1111/j.1365-2966.2008.13344.x
http://dx.doi.org/10.1111/j.1365-2966.2006.10467.x
http://dx.doi.org/10.1016/S0146-6410(02)00136-9
http://dx.doi.org/10.1086/321541
http://dx.doi.org/10.1093/mnras/staa1564
http://dx.doi.org/10.1103/PhysRevD.104.084009
http://dx.doi.org/10.1016/j.ppnp.2018.07.004
http://dx.doi.org/10.1088/1475-7516/2015/06/007
http://dx.doi.org/10.1086/305262
http://dx.doi.org/10.1146/annurev-astro-091916-055313
http://dx.doi.org/10.1146/annurev-nucl-050520-125911
http://dx.doi.org/10.1086/162129
http://dx.doi.org/10.1142/S0217979206035400
http://dx.doi.org/10.1046/j.1365-8711.1998.01414.x
http://dx.doi.org/10.1046/j.1365-8711.1998.01867.x
http://dx.doi.org/10.1140/epjp/s13360-020-00268-0
http://dx.doi.org/10.1103/PhysRevD.106.043538
http://dx.doi.org/https://doi.org/10.1016/j.physletb.2019.135155
http://dx.doi.org/10.1103/PhysRevD.92.123527
http://dx.doi.org/10.1086/508923
http://dx.doi.org/10.1016/j.newast.2012.12.003
http://dx.doi.org/10.1111/j.1365-2966.2009.15004.x
http://dx.doi.org/10.1093/mnras/stz2613
http://dx.doi.org/10.1103/PhysRevD.1.2721
http://dx.doi.org/10.1093/mnras/stw1924
http://dx.doi.org/10.1086/320586
http://dx.doi.org/10.3847/0004-637X/824/2/119
http://dx.doi.org/10.1146/annurev-astro-120419-014455
http://dx.doi.org/10.1007/BF02828918
http://dx.doi.org/10.1088/1475-7516/2020/05/033
http://dx.doi.org/10.1093/mnras/183.4.765
http://dx.doi.org/10.1093/mnras/189.4.817
http://dx.doi.org/10.1016/j.astropartphys.2004.12.002
https://cds.cern.ch/record/206230
http://dx.doi.org/10.3847/1538-4357/acb8bd
http://dx.doi.org/10.1038/s41586-022-04813-y
http://dx.doi.org/10.1016/j.newar.2017.07.001
http://dx.doi.org/10.1111/j.1365-2966.2011.20200.x
http://dx.doi.org/10.1111/j.1365-2966.2012.21284.x
http://dx.doi.org/10.1086/319848
http://dx.doi.org/10.1016/j.newar.2022.101642
http://dx.doi.org/10.1086/304888


2216 C. R. Arg ̈uelles et. al. 

M

N  

O
P
P
R
R
R
S
T
V
V
V
W
W  

X
Y  

Z  

A
W

I  

D  

d  

t  

e  

a  

(  

a  

s  

d  

s  

C  

c  

m  

s  

c  

M  

c  

p  

e  

u  

w  

d  

v  

r  

s

M

w  

t  

o  

a  

s
 

e  

o  

s  

n  

F  

s  

S  

g  

b  

a  

o  

fi  

d  

c  

U  

t  

p  

a  

fi
w  

P  

t  

o  

M  

c  

c  

o  

c  

l  

s  

δ  

f  

t

σ

w

σ

b  

m  

r  

a
 

e  

t  

s  

h  

p  

(  

s  

O  

T  

m  

d  

w  

i  

(  

f  

e  

r
M  

f  

f  

m  

n  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/523/2/2209/7187028 by guest on 14 June 2023
o viko v I. D. , Thorne K. S., 1973, in DeWitt C., DeWitt B., eds, Black Holes
(Les Astres Occlus), p. 343, Gordon and Breach, N.Y. 

ppenheimer J. R. , Volkoff G. M., 1939, Phys. Rev. , 55, 374 
age D. N. , Thorne K. S., 1974, ApJ , 191, 499 
ress W. , Schechter P., 1974, ApJ , 187, 425 
ubin S. G. et al., 2001, J. Exp. Theor. Phys. , 92, 921 
ueda J. A. , Ruffini R., Kerr R. P., 2022, ApJ , 929, 56 
uffini R. , Arg ̈uelles C. R., Rueda J. A., 2015, MNRAS , 451, 622 
chiffrin J. S. , Wald R. M., 2014, Class. Quantum Grav. , 31, 035024 
horne K. S. , 1974, ApJ , 191, 507 
iel M. , Becker G., Bolton J., Haehnelt M., 2013, Phys. Rev. D , 88, 43502 
olonteri M. , 2012, Science , 337, 544 
olonteri M. , Habouzit M., Colpi M., 2021, Nature Rev. Phys. , 3, 732 
oods T. E. et al., 2019, PASA , 36, e027 
oods T. E. , Heger A., Whalen D. J., Haemmerl ́e L., Klessen R. S., 2017,

ApJ , 842, L6 
iao H. et al., 2021, J. Cosm. Astropart. Phys. , 2021, 039 
unis R. , Arg ̈uelles C. R., Sc ́occola C. G., Nacir D. L., Giordano G., 2021, J.

Cosm. Astropart. Phys. 
hu Q. , Li Y., Li Y., Maji M., Yajima H., Schneider R., Hernquist L., 2022,

MNRAS , 514, 5583 

PPENDIX  A :  D M  H A L O  F O R M AT I O N  SCALES  

ITHIN  T H E  PRESS–SCHECHTER  PA R A D I G M  

n the context of the calculation of solutions that represent fermionic
M haloes via the MEPP, as shown in Section 2 and initially
eveloped in Arg ̈uelles et al. ( 2021 ), a key parameter comes from
he boundary conditions for the solutions, for these general quasi-
quilibrium solutions can only describe DM haloes if their masses
nd radii correspond to the ones characteristic of such structures
Arg ̈uelles et al. 2018 , 2019 ). Indeed, the conclusions of such
nalysis regarding the thermodynamic stability of this system are
usceptible to such contour conditions, with other authors reaching
ifferent conclusions by using the same analysis when considering
ystems smaller than galactic haloes (Chavanis et al. 2015 ; Alberti &
havanis 2020 ). Thus, appropriately choosing the mass and radius
orresponding to a galactic halo becomes important. While DM halo
asses are usually a well-estimated observable for most observed

tructures Karukes et al. ( 2019 ), defining the radius of such structures
an depend on the particular cosmological model considered [see e.g.
o, van den Bosch & White ( 2010 ) for a thorough explanation]. A

ommon measure for such radii is the virial radius, obtained from ap-
lying the virial theorem to the gravitationally bound structure. How-
 ver, due to dif ferences arising from the particular collapse models
sed, it is common to use instead the r 200 radius, defined as the radius
here the density of the system is 200 times the background DM
ensity (Binney & Tremaine 2008 ), which is close to the value of the
irial radius r vir for most models (Bryan & Norman 1997 ). Thus, the
elation between mass and r 200 radius for these structures is relatively
traightforward: 

 vir = 200 
4 

3 
πr 3 200 ρc ( t) = 100 

H 

2 
0 r 

3 
200 [1 + z( t)] 3 

G 

, (A1) 

here M vir stands for the (virial) mass of the object. We see, ho we ver,
hat this definition is now time-dependent, as the background density
f the Universe evolves with time. In a cosmological context, we can
lso reinterpret this time dependence as the expansion of the spatial
cales involved in the problem with time. 

To marginalize this time dependence, a first approach can be to
stimate the most likely collapse time of a structure of size M vir and
btain the physical radius corresponding to such scale. While a deep
tudy of this collapse time would typically involve a full study on
onlinear cosmology and structure formation (such as e.g. Navarro,
NRAS 523, 2209–2218 (2023) 
renk & White 1997 ; Macci ̀o et al. 2012 ; Fitts et al. 2019 ), it is
ufficient for this study to use the Press–Schecter formalism (Press &
chechter 1974 ), based on the results from linear cosmology for a
iven model. This is a well-studied theory, and a full description can
e found, for example, in Binney & Tremaine ( 2008 ); Mo et al. ( 2010 )
mong many other works. Here, we will limit ourselves to a summary
f the assumptions and results. To study this formalism, it is necessary
rst to study how the o v erdensities collapse in the late, matter-
ominated Univ erse. F or this, we can use one of the simpler nonlinear
ollapse models, the spherical collapse (see e.g. Mo et al. 2010 ).
nder the assumptions of this model, an y giv en o v erdensity collapses

o form a virialized structure, and at that point, the linear theory of
erturbation evolution will predict an o v erdensity of δc ∼ 1.69. So,
ccording to this theory, we can assume that given an overdensity
eld evolving according to linear dynamics, a peak of density >δc 

ould instead correspond to a collapsed halo. The core assumption of
ress–Schechter’s formalism regards how to relate this observation

o the halo mass function. The formalism proposes that the fraction
f the Universe’s total mass that is in haloes of masses greater than
 is equal to the probability of a given overdensity is greater than the

ritical δc , where the o v erdensity field δM 

(t) is averaged with a filter of
haracteristic mass M . For this study, knowing the exact mass fraction
f a given mass M is not important. Instead, we are interested in the
haracteristic timescale at which o v erdensities of mass M are most
ikely to collapse. In this case, we can assume most o v erdensities will
tart to collapse when the standard deviation σ M 

of the Gaussian field
M 

(known as the mass variance ) crosses the threshold of δc . Thus,
or an o v erdensity of mass M , we define a characteristic collapse
ime as 

M 

( z ∗) = δc , (A2) 

here 

2 
M 

( t) = 

1 

2 π2 

∫ ∞ 

0 
P ( k ) D 

2 ( t) W 

2 ( k , R ) k 2 d k , (A3) 

eing D ( t ) the linear growth rate of perturbations, P ( k ) the linear
atter power spectrum, W ( k , R ) a window function of characteristic

adius R ( M ) (taken as a top hat function here, see e.g. Mo et al. 2010 ),
nd δc � 1.69 according to spherical collapse (Mo et al. 2010 ). 

We note that to obtain this characteristic collapse mass, it is nec-
ssary to know the linear matter power spectrum, typically obtained
hrough a study on a particular cosmological model. In the preceding
ections, we have seen a particle mass-dependent description of DM
alo formation, where these masses are of order O 100 keV. This
article mass is significantly lighter than most CDM models suggest
Kolb & Turner 1990 ); and instead points to an extension of the
tandard � CDM theory known as warm dark matter (WDM) Bode,
striker & Turok ( 2001 ); Lo v ell et al. ( 2012 ); Boyarsky et al. ( 2019 ).
hese types of extensions, typically characterized by DM particle
asses in the keV ranges, show a considerably higher initial velocity

ispersion when compared to their standard CDM counterparts,
hich in turn predicts a smaller number of small-scale structures

n the Universe and may alleviate some existing tensions with CDM
Bullock & Boylan-Kolchin 2017 ). The simplest production scenario
or WDM is that these particles are created via thermal processes very
arly in the Universe’s history, and indeed this production scenario
equires some degrees of freedom in the initial plasma well abo v e 10 3 

o et al. ( 2010 ). In any case, this scenario is an interesting benchmark
or other production scenarios, as most result in a similar suppression
eature in the matter power spectrum. An interesting class of
odels that can realize this WDM scenario can be found in sterile

eutrino WDM, where non-equilibrium production of these particles
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Figure A1. Characteristic collapse redshift z ∗ as a function of substructure 
mass M . CDM models are represented in black lines, and WDM thermally 
produced relic models with mc 2 = 2.5 keV and mc 2 = 10.0 keV in red, 
blue, and green, respectively. The models considered here are taken at the 
3 σ threshold in the sense of equation ( A3 ), as an estimation of the earliest 
possible haloes. 

Figure A2. Virial radius r 200 at virialization time as a function of substructure 
mass M . CDM models are represented in black lines and WDM thermally 
produced relic models with mc 2 = 2.5 keV, mc 2 = 5.0 keV, and mc 2 = 

10.0 keV in red, blue, and green, respectively. The models considered here 
are taken at the 3 σ threshold in the sense of equation ( A3 ), as an estimation 
of the earliest possible haloes. 
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an account for the observed DM fraction (Adhikari et al. 2017 ;
oyarsky et al. 2019 ), and particle self-interaction can reconcile 

he parameter space of these models with observation Yunis et al. 
 2021 ). 

We can see the results for the r 200 as a function of the halo
ass scale M in figure Fig. A2 according to the Press–Schechter 

ormalism, while the typical collapse redshift z ∗ as a functiof M
s given in Fig. A1 , calculated for three thermally produced WDM
odels as well as a standard � CDM model. For reference, these 2.5

nd 10 keV thermal models have similar suppression features as ∼15 
nd 100 keV non-resonantly produced sterile neutrinos, according to 
he criteria of Viel et al. ( 2013 ). We also include a line representing
 CDM model, but where equation ( A3 ) has been refactored with
 σ instead to represent the time when earliest collapsed structures in 
he formalism are formed. There are thought to be produced roughly 
hen rare 3 σ o v erdensities cross the δc barrier and enter nonlinear
ollapse. Ho we ver, in the mass scales rele v ant to these studies, the
ifferences in r 200 between WDM and CDM models are minimal, 
nd these cosmologies can be used interchangeably to calculate DM 

alo solutions. 

PPENDI X  B:  GEODESI C  DISC  AC C R E T I O N  

e here present the equations of the evolution of a Kerr BH during the
ccretion of matter from a geodesic thin disc. The treatment closely
ollows the formulation in No viko v & Thorne ( 1973 ), Page & Thorne
 1974 ), and Thorne ( 1974 ). 

In the equatorial plane ( θ = π /2) and close abo v e it, the Kerr
pacetime metric can be written as 

 s 2 = −e 2 νd t 2 + e 2 ψ (d φ − ωd t) 2 + e 2 μd r 2 + d z 2 , (B1) 

here z is the height abo v e the equatorial plane, and ν, ψ , μ, ω are
unctions of the radial coordinate r : 

 

2 ν = 

r 2 � 

A 

, e 2 ψ = 

A 

r 2 
, e 2 μ = 

r 2 

� 

, ω = 

2 Mar 

A 

, (B2) 

eing � = r 2 − 2 Mr + a 2 , and A = ( r 2 + a 2 ) 2 − � a 2 , with M and
 = J / M , respectively, the BH mass and angular momentum per unit
ass. 
Matter and radiation transfer energy and angular momentum to 

he BH during the accretion. In particular, it is essential to account
or the feedback of radiation/photons onto the BH since they exert a
ounter-torque Godfrey ( 1970 ) that avoids the BH from reaching the
 xtreme re gime a = M . This implies that the accretion of massiv e
articles and radiation does not lead the BH to become a naked
ingularity Thorne ( 1974 ). We denote by d m the rest-mass accreted
y the BH in a coordinate time interval d t , so ṁ = d m/ d t is the
est-mass accretion rate, and Ṁ rad and J̇ rad are the rate of energy 
nd angular momentum transfer by radiation to the BH. Therefore, 
e can write the BH energy and angular momentum conservation 

quations as Thorne ( 1974 ) 

˙
 = Ṁ matter + Ṁ rad , (B3) 

 ̇= J̇ matter + J̇ rad , (B4) 

here 

˙
 matter = ε0 ṁ , (B5) 

 ̇matter = l 0 ṁ , (B6) 

˙
 rad = − 2 

π

∫ ∞ 

r 0 

∫ π/ 2 

0 

∫ 2 π

0 
C k t F ( r)d S , (B7) 

 ̇rad = 

2 

π

∫ ∞ 

r 0 

∫ π/ 2 

0 

∫ 2 π

0 
C k φF ( r)d S , (B8) 

eing ε0 and l 0 the specific (i.e. per unit mass) energy and angular
omentum of the matter accreted, i.e. at the radius r 0 of the inner-
ost stable circular orbit (ISCO). Assuming that radiation emitted 

rom the disc’s surface is isotropic, the normalized photon four- 
omentum, as measured by a como ving observ er, is k ̃ μ = p ̃

 μ/p 

˜ 0 =
1 , sin � cos �, sin � sin �, cos � ) and k μ = p 

μ/p 

˜ 0 , where p μ is the
ormalized photon four-momentum in the coordinate frame. The 
xpressions for k μ can be found in Appendix A of Thorne ( 1974 )
see also Appendix C in Rueda, Ruffini & Kerr 2022 ). The factor
 = C ( r , � , � ) is the capture function that takes the value 1 or 0
hen photons emitted at radius a r with local direction ( � , � ) are

aptured by the BH or escape to infinity , respectively . The surface
MNRAS 523, 2209–2218 (2023) 
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M

Figure B1. Left-hand panel: Angular velocity of test particles versus radial distance r in units of the BH mass, M . Right-hand panel: Angular momentum L ∗ of 
test particles versus radial distance r in units of the BH mass, M . 

Figur e B2. Left-hand panel: Ener gy E 

∗ of test particles versus radial distance r in units of the BH mass, M . Right-hand panel: radiative flux F 

∗ multiplied by 
10 5 of the accretion disc versus radial distance r in units of the BH mass, M . 
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rea element is d S = 2 πr sin � cos � d � d � d r . The function F ( r ) is
he radiation flux emitted from the disc measured by the comoving
bserv er (No viko v & Thorne 1973 ; P age & Thorne 1974 ) 

 ( r) = − ṁ 

4 π
√ −g 

�,r 

( ε − �l) 2 

∫ r 

r 0 

( ε − �l) l , ̄r d ̄r , (B9) 

here 
√ −g = e ν+ ψ+ μ = r , ε, and l is the specific energy and angular

omentum of circular geodesics of radius r in Kerr-metric (measured
t infinity), and � = u φ / u t is their angular velocity measured in the
oordinate frame, being u μ the fluid four-velocity Bardeen ( 1973 ).
sing the change of variable x = 

√ 

r/M we can write 

= 

x 3 − 2 x ± α

x 3 / 2 
√ 

x 3 − 3 x ± 2 α
, (B10) 

 = ±M 

(
x 4 ∓ 2 αx + α2 

)
x 3 / 2 

√ 

x 3 − 3 x ± 2 α
, (B11) 

= 

1 

M 

1 

α ± x 3 
, (B12) 

here α = a / M is the dimensionless spin parameter. The up-
er/lower sign corresponds to co-rotating/counter-rotating circular
NRAS 523, 2209–2218 (2023) 
rbits. Clearly, we have ε0 = ε( r 0 ) and l 0 = l ( r 0 ). The radius of the
SCO is given by Bardeen ( 1973 ) 

 0 = M 

[ 
3 + Z 2 ∓

√ 

(3 − Z 1 )(3 + Z 1 + 2 Z 2 ) 
] 
, (B13) 

 1 = 1 + 

(
1 − α2 

)1 / 3 [
(1 + α) 1 / 3 + (1 − α) 1 / 3 

]
, (B14) 

 2 = 

√ 

3 α2 + Z 1 , (B15) 

In Fig. B1 , we plot the orbital angular velocity �∗ = M � (left-
and panel) and angular momentum L 

∗ = l / M (right-hand panel) of
est particles as a function of radial coordinate in the Kerr metric, for
elected values of the spin parameter. Counter-rotating test particles
ossess larger angular velocity and momentum than co-rotating
articles [for details, see Boshkayev et al. ( 2020 , 2021 )]. 
In Fig. B2 , the energy per unit mass ε of test particles is shown

s a function of radial coordinate (left-hand panel) and the radiative
ux F 

∗ = 10 5 M 

2 F / ̇m emitted from the accretion disc as a function
f radial coordinate (right-hand panel) for different values of the spin
arameter. 
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