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A B S T R A C T 

We analyse the role of the general relativity (GR) on the nodal librations of test particles located at the Habitable Zone (HZ) 
around a solar-mass star, which evolve under the influence of an eccentric planetary-mass perturber with a semimajor axis of 
0.1 au. Based on a secular Hamiltonian up to quadrupole level, we derive analytical criteria that define the nodal libration region 

of an HZ particle as a function of its eccentricity e 2 and inclination i 2 , and the mass m 1 and the eccentricity e 1 of the perturber. 
We show that an HZ particle can experience nodal librations with orbital flips or purely retrograde orbits for any m 1 and e 1 by 

adopting a suitable combination of e 2 and i 2 . For m 1 < 0.84 M Jup , the greater the m 1 value, the smaller the e 2 value abo v e which 

nodal librations are possible for a given e 1 . For m 1 > 0.84 M Jup , an HZ test particle can undergo nodal librations for any e 2 and 

appropriate values of e 1 and i 2 . The same correlation between m 1 and e 2 is obtained for nodal librations with orbital flips, but 
a mass limit for m 1 of 1.68 M Jup is required in this case. Moreo v er, the more massiv e the inner perturber, the greater the nodal 
libration region associated with orbital flips in the ( e 1 , i 2 ) plane for a gi ven v alue of e 2 . Finally, we find good agreements between 

the analytical criteria and results from N -body simulations for values of m 1 ranging from Saturn-like planets to super-Jupiters. 

K ey words: relati vistic processes – methods: analytical – methods: numerical – minor planets, asteroids: general – planets and 

satellites: dynamical evolution and stability. 
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 I N T RO D U C T I O N  

he secular dynamics of test particles in the framework of the
lliptical restricted three-body problem has been the focus of study
f a large number of works in the literature. These investigations
ere aimed at improving our understanding of several astrophysical
henomena linked to different areas of astronomy . Historically , most
uch studies focused on the dynamical evolution of an inner test
article orbiting a central star under the influence of a f ar-aw ay
erturber (e.g. von Zeipel 1910 ; Kozai 1962 ; Lidov 1962 ; Katz,
ong & Malhotra 2011 ; Lithwick & Naoz 2011 ; Naoz 2016 ). Here,
e are interested in deepening our understanding of the inverse
roblem, in which an outer test particle secularly evolves under the
ffects of an inner perturber around a given star. 

A pioneer work concerning the elliptical restricted three-body
roblem for an outer test particle is that developed by Ziglin ( 1975 ).
n this study, the author focused on the analysis of the secular
volution of an outer planet of negligible mass orbiting a binary-star
ystem. To do this, Ziglin ( 1975 ) studied an integrable limiting case
f the doubly averaged disturbing function of the elliptical restricted
hree-body problem. From this, the author showed that a circular
inary only leads to nodal circulations of the outer test particle,
 E-mail: ccoronel@fcaglp.unlp.edu.ar (CFC); gonzalodeelia@yahoo.com.ar 
GCDE); macazanardi@gmail.com (MZ); laucha.dugaro@gmail.com (AD) 
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hile the greater the binary’s eccentricity, the wider the range of
nclinations associated with the nodal libration region. 

During the last 15 years, the elliptical restricted three-body
roblem for an outer test particle has received much attention by
arious authors. In this line of research, Verrier & Evans ( 2009 )
nvestigated the problem through numerical and analytical models,
btaining an empirical criteria for the high-inclination stability
imits in general triple systems. Then, Farago & Laskar ( 2010 )
tudied the case of a distant body orbiting an inner binary in
he secular and quadrupolar approximations. These authors de-
ived results consistent with those obtained by Ziglin ( 1975 ) and
xtended their research to the general three-body problem. Later,
allardo, Hugo & Pais ( 2012 ) analysed the inverse Lidov–Kozai

esonance for trans-Neptunian objects considering the gravitational
erturbations of the giant planets assumed on circular and coplanar
rbits. After that, Li, Zhou & Zhang ( 2014 ) and Naoz et al.
 2017 ) obtained analytical solutions to some orbital elements of
ircumbinary orbits from a quadrupole secular theory and explored
he role of the octupole level of the secular Hamiltonian. Moreover,
aoz et al. ( 2017 ) briefly discussed the effects of the general

elativity (GR) in the dynamics of the system. Then, Vinson &
hiang ( 2018 ) analysed secular resonances in the outer restricted

hree-body problem from a Hamiltonian expanded to hexadecapole
evel. On the basis on this approximation, de El ́ıa et al. ( 2019 )
tudied the inverse Lidov–Kozai resonance for an outer test particle
round a binary for a wide range of orbital parameters. Later,
ansen & Naoz ( 2020 ) analysed the stationary points of the hier-
© The Author(s) 2023. 
ty. This is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 

provided the original work is properly cited. 
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rchical three-body problem at both the quadrupole and octupole 
evels. 

Zanardi et al. ( 2018 ) developed a significant contribution to 
his line of research, studying in detail the role of the GR in the
lliptical restricted three-body problem for an outer test particle. 
hese authors derived general analytical criteria for nodal librations 
f circumbinary test particles, which strongly depend on the physical 
nd orbital properties of the bodies of the system. By making use of
he prescriptions obtained by Zanardi et al. ( 2018 ), Lepp, Martin &
hilds ( 2022 ) found a radial limit to nodal librations of outer test
articles on circular orbits around a binary-star system from GR 

ffects. Simultaneously to this research, Zanardi et al. ( 2023 ) refined
he criteria derived by Zanardi et al. ( 2018 ) and obtained constraints
o the semimajor axis of outer particles with nodal librations in the
lliptical restricted three-body problem by GR effects. These authors 
onsidered an inner binary composed of a star and a planetary-mass 
ompanion and analysed the sensitivity of the results to the mass of
he star, the mass, the semimajor axis and the eccentricity of the inner
lanetary-mass perturber, and the eccentricity and the inclination of 
he outer test particle. 

Hot and warm confirmed exoplanets that belong to single-planet 
ystems and orbit an only stellar component represent more than 40 
er cent of the observational sample. 1 According to Zanardi et al. 
 2018 ), the GR effects play a key role in the general dynamics of
hose systems, which makes them true laboratories of interest to study 
he behaviour of outer test particles with different orbital parameters. 

The general goal of this research is to study the dynamical 
roperties of outer test particles in the framework of the elliptical 
estricted three-body problem with GR effects. We are particularly 
nterested in analysing the role of the GR in the nodal librations of
est particles located at the habitable zone (HZ) of the system, which
volve under the effects of an eccentric planetary-mass perturber 
ith a semimajor axis of 0.1 au around a solar-mass star. 
This work is organized as follows. In Section 2 , we briefly present

he analytical prescriptions used to carry out our investigation. In 
ection 3 , we show a detailed analysis concerning nodal librations
f HZ test particles in systems with different physical and orbital 
roperties. In particular, we study the sensitivity of the results to the
ass and the eccentricity of the inner perturber as well as to the

ccentricity and the inclination of the HZ test particle. Moreo v er,
e present results obtained from N -body experiments in order to 

est the robustness of the analytical theory . Finally , we describe the
iscussions and conclusions of our study in Section 4 . 

 M O D E L - A NA LY T I C A L  APPROACH  

n this section, we present the model used to analyse the dynamical
ehaviour of an outer test particle in the restricted elliptical three- 
ody problem under the GR effects (RE3BP-GR). In particular, we 
escribe the analytical approach derived by Zanardi et al. ( 2018 ), who
ound an integral of motion associated with an outer test particle in
he RE3BP-GR from the Hamiltonian up to the quadrupole level of
he secular approximation obtained by Naoz et al. ( 2017 ) for an outer
est particle in the restricted elliptical three-body problem (RE3BP). 

In fact, Ziglin ( 1975 ) and Naoz et al. ( 2017 ) showed that the
amiltonian of an outer test particle up to the quadrupole level of
 https://e xoplanetarchiv e.ipac.caltech.edu/
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he secular approximation in the RE3BP is expressed by 
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here e 1 represents the inner perturber’s eccentricity, and e 2 , i 2 , and
2 refer to the eccentricity, inclination, and ascending node longitude 

f the outer test particle, respectively. 
Later, Zanardi et al. ( 2018 ) showed that the RE3BP-GR for an outer

est particle has associated an integral of motion f , which adopts the
xpression 

 = f quad + f GR , (2) 

here f quad is given by equation ( 1 ) and f GR is expressed by 

 GR = 

48 k 2 cos i 2 ( m 1 + m � ) 
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7 / 2 
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)1 / 2 
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9 / 2 
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here k 2 is the gravitational constant, c the speed of light, m � and
 1 the mass of the star and the inner perturber, respectively, and a 1 

nd a 2 the semimajor axis of the inner perturber and the outer test
article, respectively. 
Following Naoz et al. ( 2017 ), if the outer particle’s ascending node

ongitude �2 is measured from the pericentre of the inner perturber, 
he precession of the inner perturber’s pericentre argument ω 1 due to
R effects leads to a precession of �2 . Thus, the temporal evolution
f �2 in the RE3BP-GR is given by a combination between the
ecular evolution of �2 up to the quadrupole level of approximation 
nd the precession of �2 induced by GR. According to the work
arried out by Zanardi et al. ( 2018 ), 
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ow, if we set �̇2 = 0 in equation ( 4 ), the ascending node longitude’s
xtreme values for libration trajectories of the outer test particle can
e found. Thus, we obtain the corresponding value of i 2 that satisfies
his condition as 

 

∗
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1 − e 2 2 

)2 
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here A is a constant given by 

 = −8 k 2 ( m 1 + m � ) 
3 

c 2 m 1 m � 

. (8) 

In this scenario of work, we can use the integral of motion f given
y equation ( 2 ) to obtain the extreme values of the inclination i 2 ,
hich are reached when the ascending node longitude �2 adopts 
 alues of ±90 ◦. Follo wing to Zanardi et al. ( 2018 ) and Zanardi et al.
 2023 ), the extreme inclinations i e 2 that lead to nodal librations of the
MNRAS 527, 4752–4762 (2024) 
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Figure 1. Top panel: Extreme values of i 2 that lead to nodal librations of 
the outer test particle with GR as a function of e 1 for different values of e 2 . 
The black dotted curve represents such extreme inclinations in the absence 
of GR. Bottom panel: Values of e 2, crit as a function of e 1 are illustrated by a 
green curve. The grey shaded region indicates the ( e 1 , e 2 ) pairs that can lead 
to nodal librations of the outer test particle for suitable values of i 2 . 
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uter test particle are obtained from 

cos 2 i e 2 + β cos i e 2 + γ = 0 , (9) 

here α and β are al w ays given by 

= 1 + 4 e 2 1 , (10) 

= −A 

(
1 − e 2 2 

)2 
a 

7 / 2 
2 (

1 − e 2 1 

)
a 

9 / 2 
1 

. (11) 

f equation ( 7 ) has solution at � = 0 ◦, γ is calculated by 

= 

β2 

4 
(
1 − e 2 1 

) − 5 e 2 1 . (12) 

n the contrary, γ is given by the following expression 

= β − α, (13) 

rom which, the maximum extreme inclination i e 2 , max is al w ays equal
o 180 ◦ and the minimum extreme inclination adopts a simple form
iven by 

 

e 
2 , min = arccos 

(
1 − β

α

)
. (14) 

The resolution of equation ( 9 ) allows us to derive the extreme
alues of the inclination that define the nodal libration region of
n outer test particle in the RE3BP-GR. It is very important to
emark that the coefficients α, β and γ of that quadratic equation are
unctions of the orbital elements a 1 , e 1 , a 2 , e 2 and A parameter.
ccording to this, the nodal libration region of an outer test particle

n the RE3BP-GR strongly depends on the orbital and physical
roperties of the bodies that compose the system under study. 

 RESU LTS  

n this section, we analyse the nodal librations of an outer test particle
n the RE3BP-GR. In particular, we assume that all the systems of
ork are composed of a solar-mass star, an inner perturber with a

emimajor axis a 1 = 0.1 au, and an outer test particle located at
he HZ with a semimajor axis a 2 = 1 au. To carry out a detailed
tudy about the evolution of these systems, our research is organized
s follow. First, we use the analytical approach described in the
revious section to analyse the nodal libration region of a HZ test
article that evolve under the effects of an inner Jupiter-mass planet
or dif ferent v alues of e 1 and e 2 . Then, the same analytical treatment
s used in order to analyse the sensitivity of the nodal libration region
o the mass of the inner perturber. Finally, we carry out a great set of
 -body experiments with the aim of determining the robustness of
ur analytical results. 

.1 Sensitivity of the nodal libration region to the e 1 and e 2 
alues for a Jupiter-mass inner perturber 

y assuming a Jupiter-mass inner perturber, the top panel of Fig. 1
llustrates the extreme inclinations that produce nodal librations
f the HZ test particle with GR as a function of e 1 for different
alues of e 2 as colour curv es. Moreo v er, the dotted black curve
epresents the extreme inclinations for nodal libration trajectories
f the HZ test particle in absence of GR (Ziglin 1975 ). From this,
everal results of interest are evident. On the one hand, the range
f prograde inclinations of the nodal libration region is reduced in
omparison with that obtained without GR effects for any value of e 1 
nd e 2 , which is consistent with that previously derived by Zanardi
NRAS 527, 4752–4762 (2024) 
t al. ( 2018 ). In fact, our results indicate that a HZ test particle
ith prograde inclinations can not experience nodal librations for
 2 � 0.5 in this scenario of work. On the other hand, the greater
he orbital eccentricity e 2 , the wider the range of values associated
ith the inner planet’s eccentricity e 1 that lead to nodal librations
f the HZ test particle, which is in agreement with the results from
anardi et al. ( 2018 ). In particular, the top panel of Fig. 1 shows

hat, for a given e 1 , the HZ test particle can evolve on nodal libration
rajectories for values of e 2 greater than a critical value of the test
article’s eccentricity ( e 2, crit ), for suitable values of i 2 . If e 1 is fixed,
he value of e 2, crit is that for which the minimum and maximum
xtreme inclinations associated with nodal librations of the HZ test
article are both equal to 180 ◦. From equation ( 14 ), this condition
equires that 

− 1 = 1 − β

α
, (15) 

hich leads to the solution 

 2 , crit = 

√ √ √ √ 1 −
( 

4 
(
1 − e 2 1 

)2 (
1 + 4 e 2 1 

)2 
a 9 1 

A 

2 a 7 2 

) 1 / 4 

. (16) 

he green curve in the bottom panel of Fig. 1 illustrates the values of
 2, crit as a function of e 1 for our scenario of work. The grey shaded
e gion abo v e the curv e represents the possible values of e 2 that lead to
odal librations of the HZ test particle for a given e 1 and suitable val-
es of i 2 . It is very interesting to note that an inner Jupiter-mass planet
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llows the HZ test particle to evolve on nodal libration trajectories 
or any value of e 2 and an appropriate combination of e 1 and i 2 . 

In agreement with Zanardi et al. ( 2018 ), we find two different
egimes of nodal librations for the HZ test particle, which depend 
n the evolution of i 2 . On the one hand, nodal librations associated
ith purely retrograde orbits. On the other hand, nodal librations 

orrelated with flips of the orbital plane from prograde to retrograde 
nd back again. From the top panel of Fig. 1 , it is possible to find
 value of e 2 for each e 1 where the minimum extreme inclination
f the nodal libration region is equal to 90 ◦. Such value is called as
 2 ,i e 2,min = 90 ◦ . For a given e 1 , the value of e 2 ,i e 2,min = 90 ◦ is that for which
he minimum solution of equation ( 9 ) is equal to 0. If equation ( 7 )
as solution at �2 = 0 ◦, the condition i e 2,min = 90 ◦ requires to solve
he following equation 

− β + ( β2 − 4 αγ ) 1 / 2 = 0 , (17) 

ith γ given by equation ( 12 ), which allows us to obtain 

 2 ,i e 2,min = 90 ◦ = 

√ √ √ √ 1 −
( 

20 e 2 1 

(
1 − e 2 1 

)3 
a 9 1 

A 

2 a 7 2 

) 1 / 4 

. (18) 

f there is no solution for equation ( 7 ) when �2 = 0 ◦, equation ( 14 )
ust be e v aluated at i e 2,min = 90 ◦, which leads us to the equation 

− α = 0 , (19) 

btaining 

 2 ,i e 2,min = 90 ◦ = 

√ √ √ √ 1 −
( (

1 − e 2 1 

)2 (
1 + 4 e 2 1 

)2 
a 9 1 

A 

2 a 7 2 

) 1 / 4 

. (20) 

quating equations ( 18 ) and ( 20 ), it is possible to verify that both
f them give the same e 2 ,i e 2,min = 90 ◦ for a value of e 1 = 

√ 

1 / 6 . Thus,
he values of e 2 ,i e 2,min = 90 ◦ as a function of e 1 must be calculated using

quation ( 18 ) for e 1 ≤
√ 

1 / 6 , and equation ( 20 ) for e 1 > 

√ 

1 / 6 . It is
mportant to mention two important points related to this discussion. 
n the one hand, equations ( 18 ) and ( 20 ) give the same e 2 ,i e 2,min = 90 ◦

t e 1 = 

√ 

1 / 6 regardless the masses m � and m 1 associated with the
entral star and the inner perturber, respectively. On the other hand, 
he value of e 2 ,i e 2,min = 90 ◦ at e 1 = 

√ 

1 / 6 does depend on m � and m 1 .
hese comments will be very important for our analysis of Section 
.2 , which will be associated with the sensitivity of the results to the
nner perturber’s mass. 

The values of e 2 ,i e 2,min = 90 ◦ as a function of e 1 are illustrated in the
eft panel of Fig. 2 by a black curv e. Moreo v er, in both panels of
uch figure, the green curve represents the values of e 2, crit previously 
erived from equation ( 16 ). For a given e 1 , HZ test particles with
rbital eccentricities e 2 , crit < e 2 < e 2 ,i e 2,min = 90 ◦ experience nodal libra- 
ions on purely retrograde orbits, since the minimum and maximum 

nclinations have retrograde values for any trajectory within the nodal 
ibration region. These ( e 1 , e 2 ) pairs are illustrated by the green
haded region in the left panel of Fig. 2 . For e 2 > e 2 ,i e 2,min = 90 ◦ , the
inimum and maximum extreme inclinations of the nodal libration 

e gion hav e al w ays prograde and retrograde v alues, respecti vely. In
his case, a HZ test particle can experience nodal librations on purely
etrograde orbits or orbital flips depending on the minimum and 
aximum inclinations of its evolutionary trajectory, which are asso- 

iated with �2 = ±90 ◦. We call such values of the HZ test particle’s
rbital inclination as i 2 ( �2 = ±90 ◦). For a prograde value of i 2 ( �2 =
90 ◦) within the nodal libration region when e 2 > e 2 ,i e 2,min = 90 ◦ , a HZ

est particle experiences librations of the ascending node longitude 
2 together with orbital flips, since the extremes of �2 are al w ays

btained for retrograde values of the inclination i 2 (equation 7 ). Thus,
his class of HZ test particles shows oscillations of �2 correlated with
ips of the orbital plane from prograde to retrograde and back again.
or a retrograde value of i 2 ( �2 = ±90 ◦) within the nodal libration
egion when e 2 > e 2 ,i e 2,min = 90 ◦ , the specification of the nodal libration
egime is more complex, since it is necessary to determine if the other
alue of i 2 ( �2 = ±90 ◦) o v er the evolutionary trajectory is prograde
r retrograde. To do this, we make use of the integral of motion
 given by equation ( 2 ), which is conserved over the evolutionary
rajectory of each HZ test particle. For a retrograde value of i 2 ( �2 =

90 ◦) between 90 ◦ and the maximum extreme inclination of the
odal libration region, this procedure allows us to calculate the other
alue of i 2 ( �2 = ±90 ◦) associated with the evolutionary trajectory
f a HZ test particle for each pair ( e 1 , e 2 ) abo v e the black curve of
he left panel of Fig. 2 . By assuming that i † 2 is the known value of
 2 ( �2 = ±90 ◦), the other i 2 ( �2 = ±90 ◦) is obtained by solving the
ollowing quadratic equation 

cos 2 i 2 ( �2 = ±90 ◦) + β cos i 2 ( �2 = ±90 ◦) + γ † = 0 , (21) 

here α and β are al w ays given by equations ( 10 ) and ( 11 ),
espectively, and γ † adopts the expression 

† = −α cos 2 i † 2 − β cos i † 2 . (22) 

rom this, we find that there is a limit retrograde value of i 2 ( �2 =
90 ◦) for e 2 > e 2 ,i e 2,min = 90 ◦ called i lim 

2 ( �2 = ±90 ◦), which divides
he two nodal libration regimes. In fact, if 90 ◦ < i 2 ( �2 = ±90 ◦) <
 

lim 

2 ( �2 = ±90 ◦), the trajectory of nodal libration is associated
ith purely retrograde orbits, while if i lim 

2 ( �2 = ±90 ◦) < i 2 ( �2 =
90 ◦) ≤ i e 2 , max , the nodal libration is correlated with flips of the

rbital plane between prograde and retrograde and back again. 
he colour code in the left panel of Fig. 2 illustrates the value of
 

lim 

2 ( �2 = ±90 ◦) for each pair ( e 1 , e 2 ) abo v e the black curve referred
o e 2 ,i e 2,min = 90 ◦ . 

According to this analysis, it is worth mentioning that a given
nner perturber only allows a HZ test particle to experience nodal
ibrations with orbital flips for e 2 greater than the minimum value of
he curve associated with e 2 ,i e 2,min = 90 ◦ in the ( e 1 , e 2 ) plane, which is
onstructed from equations ( 18 ) and ( 20 ) for e 1 less than and greater
han 

√ 

1 / 6 , respectively. To determine such a minimum value, it is
ecessary to analyse equations ( 18 ) and ( 20 ) individually. On the one
and, the deri v ati ve of equation ( 18 ) respect to e 1 is given by 

d e 2 ,i e 2,min = 90 ◦

d e 1 
= −1 

4 

(
20 a 9 1 

A 

2 a 7 2 

)1 / 4 
(1 − 4 e 2 1 ) √ 

e 1 (1 − e 2 1 ) 1 / 2 e 2 ,i e 2,min = 90 ◦
, (23) 

here e 2 ,i e 2,min = 90 ◦ refers to equation ( 18 ). From this, equation ( 18 ) has
 minimum value at e 1 = 0.5, which is outside the range of validity
f such an equation. On the other hand, the deri v ati ve of equation
 20 ) adopts the following expression 

d e 2 ,i e 2,min = 90 ◦

d e 1 
= −1 

2 

(
a 9 1 

A 

2 a 7 2 

)1 / 4 
e 1 (3 − 8 e 2 1 ) √ 

1 + 3 e 2 1 − 4 e 4 1 e 2 ,i e 2,min = 90 ◦
, (24) 

here e 2 ,i e 2,min = 90 ◦ refers to equation ( 20 ). According to this, the

inimum of equation ( 20 ) is obtained when e 1 = 

√ 

3 / 8 , which
s within its range of validity. Thus, the minimum value of the
urve associated with e 2 ,i e 2,min = 90 ◦ in the ( e 1 , e 2 ) plane must al w ays

e calculated by e v aluating equation ( 20 ) at e 1 = 

√ 

3 / 8 , which is
alid for any value of the masses m � and m 1 associated with the
entral star and the inner perturber, respectiv ely. F or the particular
ase of an inner Jupiter-mass planet around a solar-mass star, the
inimum value of e 2 ,i e 2,min = 90 ◦ is equal to 0.458. According to this,
Z test particles with e 2 < 0.458 can not experience nodal librations
MNRAS 527, 4752–4762 (2024) 
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Figure 2. Left panel: Values of e 2, crit and e 2 ,i e 2,min = 90 ◦ as a function of e 1 are illustrated by a green and a black curv e, respectiv ely. The green shaded region 

represents the pairs ( e 1 , e 2 ) that lead to nodal librations with purely retrograde orbits. The colour code illustrates the corresponding value of i lim 

2 ( �2 = ±90 ◦). 
Right panel: The colour code represents i 2 ( �2 = ±90 ◦, � i 2 = 0 ◦) for a given pair ( e 1 , e 2 ). The green curve has the same reference as in the left panel. 

Figure 3. Nodal libration region of an outer particle in the ( e 1 , i 2 ) plane for values of e 2 = 0.5 (left), 0.7 (middle), and 0.9 (right). The grey and dark pink 
shaded regions represent the ( e 1 , i 2 ) pairs that lead to nodal librations with orbital flips and purely retrograde orbits, respectively. The blue and yellow curves 
illustrate i lim 

2 ( �2 = ±90 ◦) and i 2 ( �2 = ±90 ◦, � i 2 = 0 ◦), respectively. 
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orrelated with orbital flips for any set of parameters ( e 1 , i 2 ). This
etailed analysis is consistent with that result initially illustrated
n Fig. 1 , which indicated that a HZ test particle with prograde
nclinations can not experience nodal librations for e 2 � 0.5 in the
resent scenario of work. 
The calculation of i lim 

2 ( �2 = ±90 ◦) in the left panel of Fig. 2 gives
mportant information since it allows us to visualize the two nodal
ibration regimes in the ( e 1 , i 2 ) plane for a gi ven v alue of e 2 . From
his, Fig. 3 illustrates i lim 

2 ( �2 = ±90 ◦) as a function of e 1 by blue
urves for values of e 2 of 0.5 (left panel), 0.7 (middle panel), and
.9 (right panel). In each panel, the grey shaded region indicates the
airs ( e 1 , i 2 ( �2 = ±90 ◦)) that lead to nodal librations with orbital
ips, while the dark pink shaded region represents the pairs ( e 1 ,
 2 ( �2 = ±90 ◦)) that lead to nodal librations on purely retrograde
rbits. According to this, it is evident that the greater the HZ test
article’s eccentricity e 2 , the greater the range of i 2 ( �2 = ±90 ◦) that
roduce nodal libration trajectories correlated with orbital flips for a
iven e 1 in our scenario of study. 
Finally, it is worth remarking that the abo v e analysis allowed us to

nd peculiar purely retrograde trajectories within the nodal libration
egion for which the minimum and maximum values of the HZ
est particle’s inclination are equal. We call such values as i 2 ( �2 =
NRAS 527, 4752–4762 (2024) 
90 ◦, � i 2 = 0 ◦). Given the correlation between the inclination and
he ascending node longitude, a HZ test particle with an orbital
nclination i 2 ( �2 = ±90 ◦, � i 2 = 0 ◦) evolves in time with constant
alues of i 2 and �2 . The right panel of Fig. 2 illustrates the value
f i 2 ( �2 = ±90 ◦, � i 2 = 0 ◦) for each pair ( e 1 , e 2 ) as a colour code.
oreo v er, the values of i 2 ( �2 = ±90 ◦, � i 2 = 0 ◦) are represented

y a yellow curve as a function of e 1 for each e 2 considered in the
anels of Fig. 3 . In general terms, the greater the HZ test particle’s
ccentricity e 2 , the smaller the value of i 2 ( �2 = ±90 ◦, � i 2 = 0 ◦). 

From Figs 2 and 3 , it is very interesting to develop a discussion
bout the dynamical evolution of HZ test particles with extremely
ccentric orbits. In fact, for very high values of e 2 , the test particle can
nly experience nodal librations on purely retrograde orbits for values
f i 2 ( �2 = ±90 ◦) close to 90 ◦. Moreo v er, the libration amplitude
ssociated with the inclination of those quasi-polar orbits is close
o (or even equal to) zero, according to the yellow curve illustrated
n the right panel of Fig. 3 . These results are no longer valid for an
xtremely eccentric inner Jupiter-mass perturber, since the range of
 2 ( �2 = ±90 ◦) that lead to nodal librations with purely retrograde
rbits and the values of i 2 ( �2 = ±90 ◦, � i 2 = 0 ◦) increase with e 1 . We
ant to remark that these conclusions should be carefully interpreted

ince this analysis is based on a secular theory up to the quadrupole
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Figure 4. Values of e 2, crit as a function of e 1 are illustrated by colour curves 
for different m 1 . The corresponding colour shaded regions represent the values 
of e 1 and e 2 that lead to nodal librations for a suitable i 2 . 
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evel, which is not appropriate to describe the dynamical behaviour 
f HZ test particles with extremely eccentric orbits. Indeed, for very 
igh values of e 2 , non-secular and higher order secular terms of the
isturbing function should play an important role in the dynamical 
volution of the particles under consideration. Beyond this, we decide 
o make use of our analytical approximation in order to derive 
ynamical criteria that lead to nodal librations of a HZ test particle
or the full range of eccentricities e 2 for completeness reasons. 

.2 Sensitivity of the nodal libration region to the inner 
erturber’s mass 

ere, we analyse the nodal librations of a HZ test particle that evolves
nder the effects of an inner planet of mass m 1 around a solar-mass
tar in the RE3BP-GR. In particular, we study the sensitivity of the
esults to m 1 , adopting values ranging from terrestrial-like planets to 
uper-Jupiters. 

Fig. 4 illustrates the values of e 2, crit as a function of e 1 by colour
urv es, which were deriv ed from equation ( 16 ) for different masses
f the inner perturber. The shaded re gion abo v e each curve associated
ith a given m 1 represents the ( e 1 , e 2 ) pairs that lead to nodal

ibrations of the HZ test particle for suitable values of i 2 . On the one
and, our results show that nodal libration trajectories of the HZ test
article are possible for any value of the mass m 1 and the eccentricity
 1 of the inner planet for suitable values of the eccentricity e 2 and
nclination i 2 . On the other hand, we find that the more massive the
nner planet, the greater the nodal libration region in the ( e 1 , e 2 )
lane. 
From terrestrial-like planets to sub-Jupiters, Fig. 4 allows us to 

bserve that there is a minimum value of e 2 below which nodal
ibrations of the HZ test particle are not possible for any e 1 . To find
uch a minimum value of e 2 for each m 1 , we derive equation ( 16 )
espect to e 1 , obtaining 

d e 2 , crit 

d e 1 
= −1 

2 

(
4 a 9 1 

A 

2 a 7 2 

)1 / 4 
e 1 (3 − 8 e 2 1 ) √ 

1 + 3 e 2 1 − 4 e 4 1 e 2 , crit 

, (25) 

here e 2, crit in the denominator corresponds to equation ( 16 ). It is
orth noting that this deri v ati ve v anishes for a v alue of e 1 = 

√ 

3 / 8
or any m 1 , since the dependence on this physical variable only is
iven from the A parameter defined in equation ( 8 ). According to
his, an inner Earth-, Neptune-, Saturn-mass planet only allows a 
Z test particle to experience nodal librations for e 2 greater than
.969, 0.864, and 0.634 respectively. From these scenarios of work, 
he more massive the inner planet, the greater the range of values
f the HZ test particle’s eccentricity that produce nodal librations. 
his correlation between m 1 and e 2 shows that there is a limit mass
 1, lim 

abo v e which it is possible to find nodal libration trajectories
or any value of the HZ test particle’s eccentricity e 2 , and suitable
alues of e 1 and i 2 . To calculate m 1, lim 

, it is necessary that e 2, crit 

 0 in the minimum of equation ( 16 ) given by e 1 = 

√ 

3 / 8 . From
his, a value of m 1, lim 

= 0.84 M Jup is deri ved. The v alues of e 2, crit 

s a function of e 1 for the particular case of m 1, lim 

are illustrated
n Fig. 4 by a green curve. From these analyses, inner Jupiter-like
lanets and super-Jupiters can produce nodal librations of a HZ test
article for any value of e 2 and a appropriate combination of e 1 
nd i 2 . 

An important result of our research indicates that it is al w ays
ossible to find a set of parameters ( e 1 , e 2 , i 2 ) that lead to nodal
ibrations of the HZ test particle both on purely retrograde orbits and
ith orbital flips for any value of the inner perturber’s mass m 1 . It is
orth remarking that this result is valid from sub-Earth-mass planets 

o super-Jupiters. 
From that discussed in Section 3.1 , for a given m 1 , equation ( 20 )

 v aluated at e 1 = 

√ 

3 / 8 gives the minimum value of e 2 abo v e
hich nodal librations with orbital flips of the HZ test particle are
ossible for an appropriate combination of e 1 and i 2 . Following this
rocedure, an inner Earth-, Neptune-, Saturn-mass planet only allows 
 HZ test particle to experience nodal librations with orbital flips for
 2 greater than 0.978, 0.906, and 0.760, respectively. According to 
his, the more massive the inner perturber, the greater the range of
alues of e 2 that leads to nodal librations with orbital flips of the
Z test particle. Following this analysis, it is evident that there must

xist a mass limit m 

§
1 , lim 

of the inner perturber abo v e which nodal
ibrations with orbital flips are possible for any value of e 2 and an
ppropriate combination of e 1 and i 2 . The mass limit m 

§
1 , lim 

is that for
hich e 2 ,i e 2,min = 90 ◦ = 0 in the minimum of equation ( 20 ). From this,

e compute a value of m 

§
1 , lim 

equal to 1.68 M Jup . It is interesting to
ote that an inner super-Jupiter allows a HZ test particle experience 
odal librations with orbital flips for any e 2 and suitable values of e 1 
nd i 2 . 

In this line of analysis, we study the sensitivity of the nodal
ibration region associated with orbital flips in the ( e 1 , i 2 ) plane
o the inner perturber’s mass for a given value of e 2 . To do this, we
ompare the nodal libration region of a HZ test particle produced
y three different inner giant planets more massive than 0.84 M Jup .
e select the mass of the inner perturber in such a range since

he HZ test particle can experience nodal librations for any value
f e 2 . From this, it is possible to analyse the dependence of the
odal libration region correlated with orbital flips on the inner 
erturber’s mass both for low and high eccentricities of the HZ test
article. 
Fig. 5 illustrates the values of e 2, crit (black curve) and e 2 ,i e 2,min = 90 ◦

green curve) as a function of e 1 for an inner perturber of 0.84 M Jup 

left panel), 1.68 M Jup (middle panel), and 3 M Jup (right panel).
ike Fig. 2 , the green shaded region of each panel represents the
airs ( e 1 , e 2 ) that can produce nodal librations of the HZ test
article on purely retrograde orbits, while the colour code abo v e the
reen curve illustrates the limit retrograde value i lim 

2 ( �2 = ±90 ◦)
or each pair ( e 1 , e 2 ), which divides trajectories associated with
urely retrograde orbits (90 ◦ < i 2 ( �2 = ±90 ◦) < i lim 

2 ( �2 = ±90 ◦))
nd orbital flips ( i lim 

2 ( �2 = ±90 ◦) < i 2 ( �2 = ±90 ◦) ≤ i e 2 , max ) within
MNRAS 527, 4752–4762 (2024) 
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Figure 5. Sets of ( e 1 , e 2 ) values associated with the nodal libration region of an outer test particle for a perturber of 0.84 M Jup (left), 1.68 M Jup (middle), and 
3 M Jup (right). The curves, regions, and the colour code shown in this figure are described in the caption associated with the left panel of Fig. 2 . 
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he nodal libration region. From these results, we construct Fig. 6 ,
hich illustrates the nodal libration region in the ( e 1 , i 2 ) plane

ssociated with purely retrograde orbits (dark pink) and orbital flips
grey) for an inner perturber of 0.84 M Jup (left panels), 1.68 M Jup 

middle panels), and 3 M Jup (right panels) and values of e 2 of 0.1
top panels) and 0.7 (bottom panels). The limit between both regimes
f nodal libration is given by i lim 

2 ( �2 = ±90 ◦), which is represented
n each panel by a blue curve. From this, it is evident that the more

assive the inner perturber, the greater the nodal libration region
ssociated with orbital flips in the ( e 1 , i 2 ) plane for a gi ven v alue of
 2 . 

Finally, the yellow curve in each panel of Fig. 6 represents the
alue of i 2 ( �2 = ±90 ◦, � i 2 = 0 ◦) as a function of e 1 , for which
he libration amplitude of the HZ test particle’s inclination is null
hroughout its evolution. According to this, for a given e 2 , the more

assive the inner perturber, the smaller the value of i 2 ( �2 = ±90 ◦,
 i 2 = 0 ◦). This result indicates that an inner massive super-Jupiter

llows HZ test particles to evolve on quasi-polar orbits with null
ibration amplitude of the inclination i 2 for low, moderate, and high
alues of the eccentricity e 2 . This result is very interesting since it
as important implications in the dynamical evolution and stability
f polar planets in the HZ around solar-type stars. 
As mentioned in Section 3.1 , the results derived for high e 2 values

hould be carefully interpreted due to the limitations of our analytical
odel based on a secular and quadrupolar Hamiltonian. 

.3 Comparison with numerical experiments 

nce the analytical criteria that lead to the generation of nodal
ibrations of the HZ test particle have been defined, we test their
obustness using numerical simulations. To do this, we constructed
 modified version of the well-known MERCURY code (Chambers
999 ), by including GR effects from the correction proposed by
nderson et al. ( 1975 ), which is given by 

 ̈r = 

k 2 m � 

c 2 r 3 

{ (
4 k 2 m � 

r 
− v · v 

)
r + 4 ( r · v ) v 

}
, (26) 

here r and v are the astrocentric position and velocity vectors,
espectively, and r = | r | . It is important to highlight that we are
orking with a first-order post-Newtonian approximation. Finally,
e carried out all numerical experiments making use of the Bulirsch–
toer algorithm adopting an accuracy parameter of 10 −12 . In order to
arry out a correct comparison between the analytical and numerical
NRAS 527, 4752–4762 (2024) 
esults, we remark that the orbital elements of the outer test particle
l w ays must be referenced to the barycentre and invariant plane
f the system, where x -axis coincides with the pericentre of the
nner perturber. Since GR effects leads to a precession of the inner
erturber’s argument of pericentre ω 1 , the ascending node longitude
f the test particle �2 is measured respect to a rotating system. 
We were not able to find examples of HZ test particles with nodal

ibrations that survive a 10 Myr full N -body experiment for an inner
erturber less massive than one Neptune mass. In fact, according
o the criteria discussed in Section 3.2 from a secular theory to
uadrupole level, such an inner perturber can only produce nodal
ibrations of a HZ test particle with an eccentricity e 2 greater than
bout 0.86. For such high values of e 2 , our numerical experiments
how that the dynamical evolution of the HZ test particle is go v erned
y close encounters with the inner perturber, for which its typical final
ate is a collision with the planet or the central star, or an ejection
rom the system after a few hundred thousand years. 

For an inner Saturn-mass planet, the results of the secular theory
hown in Section 3.2 indicate that nodal librations of the HZ test
article require values of e 2 greater than about 0.63. According to
his, we carried out N -body simulations for values of e 2 of 0.65, 0.7,
.75, 0.8, 0.85 and 0.9, and values of e 1 ranging between 0.1 and
.8. Our study shows that nodal librations of the HZ test particle only
urvive an N -body treatment for e 1 = 0.1 and e 2 = 0.75. In this case,
he eccentricity and inclination of the HZ test particle evolve keeping
 value close to the initial one of 0.75 and 140 ◦, respectively, while the
scending node longitude �2 librates throughout the total integration
ime of 10 Myr, as observed in row 1 of Fig. 7 . This behaviour is in
greement with that derived from the secular theory described in this
esearch, which allows us to see that the nodal librations are only
orrelated with purely retrograde orbits of the HZ test particle for m 1 

 1 M Sat , e 1 = 0.1, e 2 = 0.75. For greater values of e 1 and e 2 , our
umerical experiments show that the HZ test particle’s eccentricity
xperiences a chaotic evolution, which leads the particle to collide
ith the planet or the central star, or to be ejected from the system

fter a few million years. 
For an inner perturber more massive than 0.84 M Jup , nodal

ibrations of the HZ test particle are possible for any value of e 2 ,
ccording to that derived in Section 3.2 on the basis on the secular
pproximation. According to this, we carried out N -body simulations
or an inner perturber of 1 M Jup , 3 M Jup , and 5 M Jup , by assuming a
ide range of values associated with e 2 and e 1 . 
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Figure 6. Nodal libration region of an outer test particle in a ( e 1 , i 2 ) plane for e 2 = 0.1 (top) and 0.7 (bottom), and m 1 = 0.84 M Jup (left), 1.68 M Jup (middle), 
and 3 M Jup (right). The curves and regions shown in this figure are described in the caption associated with Fig. 3 . 
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For an inner Jupiter-mass planet, we developed N -body simula- 
ions for values of e 2 of 0.1, 0.3, 0.4, 0.5 and 0.6. First, for e 2 =
.1, we found good examples of HZ test particles that experience 
odal librations throughout a full N -body experiment of 10 Myr for
 1 ranging between 0.4 and 0.7 (row 2 of Fig. 7 ). For e 2 = 0.3, our
esults show that nodal librations of HZ test particles survive an entire
imulation for e 1 = 0.2, while for e 2 = 0.4 the survi v al trend of those
odal librations extends to e 1 values of 0.1 and 0.2 (row 3 of Fig. 7 ).
or e 2 of 0.3 and 0.4 and e 1 ranging from 0.3 to 0.8, the HZ test
article’s eccentricity e 2 has a chaotic behaviour and the temporal 
volution of the ascending node longitude �2 frequently switches 
etween libration and circulation throughout 10 Myr. Furthermore, 
e also found cases where the value of e 2 increases significantly, 
hich leads to the particle being ejected from the system. We remark

hat all HZ particles that experience nodal librations throughout a 
ull N -body simulation for e 2 = 0.1, 0.3, and 0.4 evolve on purely
etrograde orbits, which is consistent with the analytical theory of 
his research. For e 2 = 0.5, we could not find HZ test particles
ith nodal librations capable of surviving a 10 Myr full N -body
 xperiment for an y value of e 1 between 0.1 and 0.8. In these cases,
he value of e 2 changes chaotically, so that the temporal evolution of

2 frequently switches between libration and circulation throughout 
0 Myr or else the particle ends up being ejected from the system. We
ighlight that these behaviours are found with the same frequency in 
he set of numerical simulations developed for e 2 = 0.5. We found
imilar behaviours in the HZ test particles associated with N -body
imulations that assume a value of e 2 = 0.6. However, surprisingly,
e found very good examples of HZ test particles whose nodal 

ibrations survive a full N -body experiment of 10 Myr for e 2 = 0.6,
 1 between 0.5 and 0.7, and i 2 ranging from 100 ◦ to 120 ◦. While all
hese particles should evolve on purely retrograde orbits according 
o our analytical criteria, we find that those with values of i 2 around
10 ◦ are preferably associated with such a nodal libration regime. 
his result is in agreement with the analytical criteria discussed 

n Section 3.1 , which indicate that a HZ test particle with such
rbital parameters should show librations of i 2 and �2 of very small
mplitude. This behaviour can be observed in the example illustrated 
n row 1 of Fig. 8 . 

For an inner perturber of 3 M Jup and 5 M Jup we perform a set of
 -body simulations for values of e 2 of 0.1, 0.3, 0.5 and 0.7. For e 2 =
.1, our numerical experiments adopt e 1 values between 0.1 and 0.6
nd between 0.1 and 0.7 for 3 M Jup and 5 M Jup , respectively. In these
cenarios of work, our general results show very good examples 
f HZ test particle whose nodal librations survive a full N -body
imulation of 10 Myr, except for an inner perturber of 3 M Jup and e 1 =
.1. Furthermore, there is a good agreement between our numerical 
imulations and the analytical treatment for values of e 2 of 0.3 and
.5, and e 1 between 0.3 and 0.9. For e 1 of 0.1 and 0.2, the level of
greement significantly decreases, being particularly null for 3 M Jup 

nd e 2 = 0.5. Under these conditions, a high percentage of HZ
est particles undergo a chaotic evolution of its eccentricity leading 
o nodal librations that do not survive a full N -body experiment
f 10 Myr. Moreo v er, on the one hand, our numerical experiments
how nodal librations with orbital flips for values of e 1 , e 2 , and i 2 
hat are in agreement with the secular treatment results for each
nner perturber assumed in these scenarios of study. Examples of HZ
articles that experience nodal librations with orbital flips for m 1 =
 M Jup and 5 M Jup are shown in rows 4 and 5 of Fig. 7 , respectively.
n the other hand, we observe that nodal librations correlated with
urely retrograde orbits are more difficult to obtain for the space of
arameters indicated by the secular treatment. For m 1 = 3 M Jup , the
greement between the N -body simulations and the secular treatment 
MNRAS 527, 4752–4762 (2024) 
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Figure 7. Nodal libration region in a ( e 1 , i 2 ) plane (left), temporal evolution of e 2 (middle), and evolutionary trajectory in a ( �2 , i 2 ) plane (right) of test particles 
resulting from N -body experiments with GR in different scenarios of work. The green circle in the left panels illustrates the value of e 1 and the initial i 2 at �2 = 

90 ◦ of the simulated particles. The grey and dark pink shaded regions show the nodal libration region associated with orbital flips and purely retrograde orbits, 
respectiv ely. Moreo v er, the blue and yellow curves represent i lim 

2 ( �2 = ±90 ◦) and i 2 ( �2 = ±90 ◦, � i 2 = 0 ◦) as a function of e 1 , respectively. The rows are 
numbered from 1 to 5 from top to bottom. 
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Figure 8. Nodal libration region in a ( e 1 , i 2 ) plane (left), temporal evolution of e 2 (middle), and evolutionary trajectory in a ( �2 , i 2 ) plane (right) of test particles 
with purely retrograde orbits resulting from N -body experiments with GR in different scenarios of work. The circles, curv es, and re gions shown in this figure are 
described in the caption associated with Fig. 7 . 
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oncerning nodal librations with purely retrograde orbits is good for 
 2 = 0.1 with e 1 between 0.2 and 0.6. For e 2 = 0.3, such a good
greement is observed for e 1 between 0.7 and 0.9 and it is slightly
ess significant for e 1 ranging from 0.3 to 0.6. Finally, for e 2 = 0.5, the
entioned agreement is only found for e 1 = 0.9. For m 1 = 5 M Jup ,

he general result shows that a good agreement between the N -body
xperiments and the analytical criteria concerning nodal librations 
ith purely retrograde orbits occurs in a space of parameters that is

omewhat more restrictive than that presented for m 1 = 3 M Jup . For
 2 = 0.1, the mentioned agreement is observed for e 1 between 0.1
nd 0.7, but the fraction of N -body simulations consistent with the
nalytical criteria is less than that obtained for 3 M Jup and the same
alue of e 2 . For e 2 = 0.3, such an agreement is only associated with
alues of e 1 of 0.2, 0.8, and 0.9. Finally, for e 2 = 0.5, the consistency
etween the numerical result and the secular theory concerning nodal 
ibrations with purely retrograde orbits is only found for e 1 of 0.1
nd 0.9. A general analysis of these numerical results shows a very
ood consistency with that derived from the secular quadrupolar 
odel discussed in Section 3.2, which indicate that the more massive 

he inner perturber and the greater the value of e 2 , the smaller the
odal libration region associated with purely retrograde orbits in the 
 e 1 , i 2 ) plane. A particular example of HZ particles that evolve on
odal libration trajectories with purely retrograde orbits for m 1 = 

 M Jup and 5 M Jup can be observed in rows 2 and 3 of Fig. 8 , 
espectively. 
Finally, for e 2 = 0.7, we found good examples of HZ test particles
ith nodal librations that survive an entire N -body simulation for

n inner perturber of 3 M Jup and 5 M Jup , and values of e 1 between
.1 and 0.8. Ho we ver, the le vel of agreement between our N -body
xperiments and the analytical treatment significantly decreases in 
omparison with that observed for values of e 2 of 0.3 and 0.5. 

 DI SCUSSI ON  A N D  C O N C L U S I O N S  

n this research, we study the role of the GR in the dynamical
roperties of outer test particles in the elliptical restricted three-body 
roblem. In particular, we analyse the nodal librations of massless 
articles located at the HZ that evolve under the effects of an inner
nd eccentric perturber around a solar-mass star. First, we obtain 
nalytical results making use of the integral of motion proposed by
anardi et al. ( 2018 ) and Zanardi et al. ( 2023 ), which is derived on

he basis of a secular Hamiltonian expanded up to the quadrupole
evel of the approximation. From this, we analyse the sensitivity of
he nodal libration region to the eccentricity e 2 and inclination i 2 of
he HZ test particle as well as to the eccentricity e 1 and the mass
 1 of the inner perturber. In this line of analysis, we find that nodal

ibrations of a HZ test particle are possible for any value of m 1 and
 1 by adopting suitable e 2 and i 2 . In fact, for a given e 1 , the greater
he m 1 value, the smaller the e 2 value abo v e which nodal librations
an be e xperienced. F ollowing this correlation, we find that an inner
MNRAS 527, 4752–4762 (2024) 
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erturber more massive than 0.84 M Jup allows the HZ test particle
volves on a nodal libration trajectory for any value of e 2 and an
ppropriate combination of e 1 and i 2 . For a gi ven m 1 , we sho w that
he greater the e 2 value, the smaller the minimum of the extreme
nclination i 2 and the greater the maximum of e 1 associated with the
odal libration region. 
Our research also shows that a HZ test particle can experience

odal librations correlated to both orbital flips and purely retrograde
rbits for any value of m 1 and e 1 and suitable e 2 and i 2 . Our results
ndicate that the greater the m 1 value, the smaller the e 2 value abo v e
hich nodal librations with orbital flips are possible for a given e 1 .
rom this, we show that a HZ test particle perturbed by an inner
uper-Jupiter more massive than 1.68 M Jup can evolve on a nodal
ibration trajectory with orbital flip for any e 2 and a suitable set of
alues e 1 and i 2 . For a given m 1 , the greater the e 2 value, the greater
he range of i 2 that leads to nodal librations with orbital flips of the
Z test particle for a given e 1 . 
The development of N -body simulations has allowed us test the

obustness of the analytical criteria that lead to nodal librations of
he outer test particle under GR effects. On the one hand, our results
how a very good agreement between the N -body experiments and
he analytical criteria derived from a secular and quadrupole theory
hat lead to nodal librations of a HZ test particle for a wide range of
rbital parameters when an inner super-Jupiter is considered. On the
ther hand, when a Saturn- or Jupiter-like inner perturber is assumed,
he consistency between the N -body simulations and the analytical
rescriptions concerning nodal librations is just limited to a small
ange of values of ( e 1 , e 2 , i 2 ). Finally, nodal librations of a HZ test
article do not survive a full N -body experiment for values of ( e 1 , e 2 ,
 2 ) determined by the analytical theory when an inner perturber less

assive than Neptune is considered. According to this, the limitations
f our model based on a secular and quadrupolar Hamiltonian reveal
ome disagreements between the analytical criteria that lead to the
roduction and survi v al of nodal librations of a HZ test particle and
he results derived from N -body experiments. Such as we described
n Section 3.3 , these inconsistencies occur at high e 2 values for
ach m 1 analysed in this research, and for a well-defined set ( e 1 ,
 2 , i 2 ) associated with low and moderate values of e 2 for an inner
erturber with m 1 ≥ 1 M Jup . The deviations observed between
he analytical criteria that lead to nodal librations and the N -body
imulations are due to the absence of non-secular and higher order
ecular terms in our model, which should play a primary role in the
ynamical evolution of the particles associated with the particular
ases mentioned abo v e. 

In this research, we consider that the pericentre precession of
he inner perturber is due solely to general relativity. We are aware
hat other effects such as tides and rotation-induced flattening also
ause a pericentre precession (Sterne 1939 ), which could modify
he analytical criteria derived in this study associated with nodal
ibrations of the test particle. The role of those effects o v er the
ynamics of outer test particles in the elliptical restricted three-body
roblem will be the focus of study of a forthcoming paper. 
The results derived in this study can be used to study the

ynamics and stability of potential objects located at the HZ of
ystems associated with the observational sample, which host a
lanet with a semimajor axis around 0.1 au orbiting around a
ingle stellar component of solar mass. To date, 33 exoplanets
ave been detected and confirmed with known eccentricity, which
re associated with single-planet systems orbiting a central star,
hose mass ranges between 0.8 and 1.2 M �. Those planets have

n individual mass between 4.7 M ⊕ and 10.1 M Jup and a semimajor
NRAS 527, 4752–4762 (2024) 

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an 
( https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reus
xis ranging from 0.08 to 0.12 au. In particular, the system around
he star HAT-P-15 of 1.01 M � hosts a gaseous giant of 1.946 M Jup 

ith a semimajor axis and an eccentricity of 0.0964 au and 0.19,
espectiv ely (Ko v ́acs et al. 2010 ). The physical and orbital properties
f this system make it an excellent laboratory to study the dynamics
f potential objects at the HZ from the prescriptions described in this 
tudy. 

This research has allowed us to develop a detailed study that
ombines analytical criteria and N -body numerical experiments
oncerning the role of the GR in the dynamics of outer test particles
n the framework of the elliptical restricted three-body problem.
he application of this study to real systems will lead us to a better
nderstanding of the stability of potential objects in the HZ, allowing
 more precise and detailed description of the dynamic properties in
uch a peculiar region of the system. 
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