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We present a detailed analysis of the polarized and the unpolarized deep-inelastic scattering structure
functions of the proton, ¢{ and FJ respectively, in the context of a holographic dual description based on
type-1IB superstring theory. We compare this description with experimental data and quantum chromo-
dynamics estimates computed at leading, next-to-leading and next-to-next-to-leading order in perturbation.
We confront the predictions of a holographic dual model and those of perturbative QCD for g} at the

kinematics that will be probed by the forthcoming electron-ion collider. We find that the extrapolation of g7
to very small values the Bjorken variable computed with a holographic Pomeron model based on actual
data at higher-momentum fractions is always positive and differs significantly with standard projections

based on perturbative QCD.
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I. INTRODUCTION

Over the last fifty years our knowledge of the proton
structure has deepened relentlessly. Deep inelastic scatter-
ing (DIS) experiments at SLAC [1,2] started showing hints
of the scaling behavior that emerges from the asymptotic
freedom of quarks in the late 1960s, triggering the concept
of partons and the development of quantum chromody-
namics (QCD) [3], while HERA [4] began testing, with
exquisite precision, the departures from scaling allowing
the data with the predictions of perturbative QCD to be
examined, in particular in the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) framework [5-7]. These esti-
mates were laboriously developed and tested over decades,
in parallel with the experimental efforts, and today the aim
is to check the proton structure beyond the next-to-next-to-
leading order (NNLO) accuracy [8].
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The remarkable success of the DGLAP approach in
reproducing the behavior of the data in a wide kinematic
range certainly dazzled the community, perhaps veiling its
provisional character as an approximation that at some
point necessarily becomes inadequate. The forthcoming
electron-ion collider (EIC) [9] will dramatically extend our
kinematic access and enhance the precision of the DIS
measurements, thus driving us in that direction. Thus, it is
of great interest to prepare ourselves for that contingency,
for instance, by producing well-motivated predictions that
depart from the DGLAP scenario to complement impact
studies and projections based mostly on the assumption of
the validity of the DGLAP approximation.

In this respect, the Brower-Polchinski-Strassler-Tan
(BPST) Pomeron approach provides a framework that
reproduces, with remarkable accuracy, actual spin-
independent structure function F5 data with a deep and
clear motivation together with a surprising economy of
parameters. The BPST Pomeron was derived from type-11B
superstring theory in curved spacetime, in the context of the
gauge/string theory duality [10]. This Pomeron is a Regge
trajectory of the graviton which carries the vacuum quan-
tum numbers and is exchanged in the scattering process of
four closed strings in the Regge limit. It allows us to
describe, in a unified way, both the perturbative Balitsky-
Fadin-Kuraev-Lipatov (BFKL) or hard Pomeron (for neg-
ative values of the t-channel Mandelstam variable) and the
soft Pomeron (for ¢ > 0). These situations occur in the
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|f| < s limit, where /s is the total energy of the system in
the center-of-mass frame.

The BPST Pomeron approach was used to calculate the
proton structure function F 5’ and to fit HERA [4] data with
remarkable accuracy using only four free parameters [11].
Later, it was slightly modified to include also that of the
H1-ZEUS [12], BCDMS [13], NMC [14], E665 [15], and
SLAC [16] Collaborations within the ranges 0.1 GeV? <
0% <400 GeV? and 2.43 x 1070 <x < 0.01 [17]. The
BPST Pomeron framework extrapolates F, in a way that
deviates from current DGLAP-based fits to data, especially
for very small and very large values of the photon virtuality
QZ, and for very small values of x. Of course, in the case
of the estimates coming from DGLAP-based global fits to
data, the low-x extrapolation comes just from an
assumption on the behavior of the parton distribution
functions (PDFs) loosely motivated on the quark charge
and momentum conservation and the simplest functional
form required to fit the data at much larger x, whereas for
the BPST Pomeron it is fixed by the model itself. In fact, in
the formal derivation of the BPST Pomeron it is assumed

that it holds for x smaller than 1/ exp(/l}t/l_zlooﬁ), where
AtHooft =>> 1 1s the "t Hooft coupling.

Furthermore, in the case of spin-dependent observables
there is another construction also based on the gauge/string
theory duality, that we call the holographic-A Pomeron [18].
This construction allows us to parametrize the spin-
dependent structure function ¢} in terms of three of the
parameters fixed by FJ data plus a single additional
parameter which can be constrained by existing measure-
ments of g [17,18]. In the following the holographic-A
Pomeron specifically refers to the exchange of a Regge
trajectory of a gauge field which in type-IIB superstring
theory is a linear combination of a graviphoton and a
fluctuation of the Ramond-Ramond four-form field Ay,
first proposed and developed in [18]. This object is different
from the BPST Pomeron which exchanges the Reggeized
graviton [10], and from the Odderon which exchanges
the Reggeized Kalb-Ramond field [19] of type-IIB super-
string theory.

The holographic-A Pomeron reproduces ¢! data in the
ranges 0.0036 < x < 0.01 and 0.062 GeV? < Q? <2.41 GeV?
from SMC [20], E143 [21], COMPASS [22-24], and
HERMES [25] Collaborations, with great precision [17].
The extrapolation provides a prediction for ¢} at small x
in clear disagreement with DGLAP solutions that never-
theless reproduce the data that is used to constrain the
holographic-A Pomeron.

Taking into account realistic error estimates for the
projected measurements of ¢} at the EIC [26] and the
holographic-A Pomeron extrapolation to the small-x
regime, it is then possible to assess if the EIC will be able
to favor scenarios motivated by DGLAP dynamics, the
holographic-A Pomeron, or some other underlying

physics. The history of the proton spin has always favored
the unexpected [27].

In the next section we very briefly examine the path from
string theory to DIS structure functions, introducing in a
rather pedagogical manner what we mean by a dual-
holographic model and the role of the Pomeron. We defer
a more detailed discussion for the interested reader to
Appendix A. Next, we revisit the phenomenology of the
BPST Pomeron description of the unpolarized DIS struc-
ture function and show how it compares with the standard
DGLAP picture. Finally, in the last section we examine the
holographic-A Pomeron expectation for the spin-dependent
structure function ¢} at the kinematics of the forthcoming
electron-ion collider, discuss how it compares with the
projected errors and the most standard DGLAP projections.

II. STRING THEORY DUAL DESCRIPTION
OF DIS AT LOW x

The BPST Pomeron and the holographic-A Pomeron
are both derived within the framework of the gauge/string
theory duality. This duality relates a non-Abelian gauge
theory defined on a flat four-dimensional spacetime
and superstring theory compactified on a certain ten-
dimensional curved background [28-30]. The paradigmatic
example is represented by the large N, limit of N =4
supersymmetric Yang-Mills (SYM) theory with gauge
group SU(N.) which, by the mechanisms of this duality,
is related in a very specific way to type-IIB supergravity
on the AdSs x §° background, which is an exact solution
of the equations of motion of this supergravity. The radius
of the five-dimensional sphere S° and the scale of the
anti-de Sitter (AdS) spacetime is a length given by
R = (474 coor@?)"/*. The ’t Hooft coupling is defined
as A Hooft = gamNe» being gyy the coupling constant of
N = 4 SYM theory, and «' is the square of the fundamental
string length. Recall that for gauge theory one usually
defines dgong = gyp/47.

The duality can be extended in many directions; for
instance, one may consider the 1/N? expansion of the
gauge theory in terms of the genus expansion of the closed-
string world sheet, where the genus counts the number of
holes (or handles) that a two-dimensional closed surface
contains. Thus, in the large N, limit there are no holes,
then the corresponding world-sheet is a two-dimensional
sphere. Also, in the example presented above it is assumed
that the gauge theory is strongly coupled, 1 < 4:;goof;- This
means that one must consider the low-energy limit of
type-IIB superstring theory, namely type-IIB supergravity.
Furthermore, one can go to finite coupling in the gauge
field theory by considering an expansion in powers of o

(dual to the strong coupling expansion in powers of l;%{/foﬁ
on the gauge-theory side), which implies that string-theory
states become dominant for the dynamics of the system.
The duality bears a crucial property called the strong/weak
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coupling duality, which means that when the gauge
theory is strongly coupled the associated dual string
theory is weakly coupled, and reciprocally. Such a
property allows for a consistent description of a strongly
coupled gauge theory in terms of a weakly coupled string-
theory dual model. This permits us to use it to investigate
field-theory processes for which nonperturbative dynam-
ics becomes essential.

There is another key property inherent to the curved
superstring theory background, and particularly when it
includes the AdS spacetime. This comes from the so-called
warp factor multiplying the “flat” four-dimensional piece
of the metric, which induces a red-shift [31] as explained
below. Let us consider the metric of the AdSsx S°
solution of type-IIB superstring theory written in the
following form:

2 R?
ds* = %nﬂydx"dx” + ﬁdr2 +R%dQ3,  (2.1)

with the radial coordinate r, which increases in the UV of
the dual gauge theory. In the previous equation the last term
(R?dQ2) gives the piece of the metric corresponding to the
five-sphere S°, while the first two terms correspond to the
AdSs5 space. It is usual to introduce an arbitrary IR cutoff at
ro in the metric above, which induces color confinement in
the dual gauge theory at the energy scale A = rO/RZ.l
In addition, the AdSs space has a boundary which is a
four-dimensional Minkowski spacetime, whose indices
are p,v,---=20,...,3. The conserved four-momentum
Py = —id/0x, is related to the ten-momentum Py, in
local inertial coordinates at a certain point » of the AdSs
space as follows:

Pha = %P,f()d- (2.2)
Therefore, a string-theory scattering process localized at
position 7 within the AdSs x S° spacetime corresponds to a
particle-scattering process with four-momentum p/, from
the gauge theory perspective. Thus, as r decreases in the
bulk of the AdS space it corresponds to a process in the IR
of the gauge theory. These ideas were applied to hard
scattering in [31] and to deep inelastic scattering of glue-
balls and fermions in [32]. In particular, for low values of
the Bjorken variable Brower, Polchinski, Strassler, and
Tan [10] developed the BPST Pomeron, which is the gauge/
string theory dual object which unifies the (soft) Regge
and the (hard) BFKL Pomerons. The BPST Pomeron
describes very well the structure function F of the proton
at low x [11]. On the other hand, there is the holographic-A
Pomeron [18] which describes very well the existing

'We work in natural units ¢ = # = 1.

experimental data of the proton helicity structure function
gy at low x [17].

Before introducing the BPST and the holographic-A
Pomerons, we very briefly recall what the soft and hard
Pomerons are. The idea is to make connections between
the previous S-matrix and gauge theory approaches and the
more recent gauge/string theory duality perspective. A
more detailed description is presented in Appendix A.

Almost a decade before the introduction of the QCD
Lagrangian, the extraordinarily challenging problem of
describing strong interactions was investigated using the
S-matrix framework. This led to the so-called Regge theory,
which was used to study the cross sections of hadron-
hadron and photon-hadron scattering processes at high
energy [33], borrowing concepts from potential scattering
in quantum mechanics but enforcing Lorentz invariance,
unitarity and analyticity [34,35]. Let us consider a two-to-
two particle scattering process, with incoming particles i;
and i, and the outgoing particles f3 and f4. The incoming
four-momenta are pi and p5 and the outgoing four-
momenta are p4 and p);, while their masses are m;
(j=1,...,4), respectively. This process can be described
in terms of the Mandelstam variables,
s=(pi+p2)* t=(pi—p3)’. u=(pi—ps)>. (23)
with ¢ being the square of the four-momentum exchanged
between particles i; and f3; there is also the kinematic
relation s +7+u = Y j_, m;. Therefore, the transition
amplitude for the process i; + i, = f3 + f4 is a function
of only two-independent Mandelstam variables, .A(s, ?).
The study of this scattering amplitude suggests that there is
the exchange of an object carrying angular momentum
which is a function of the Mandelstam variable ¢ [say
J = a(t)], called Reggeon, which is not a single particle.
Therefore, this scattering amplitude can be interpreted as
the superposition of amplitudes corresponding to the
exchanges of all possible particles in the t-channel, which
leads to a Regge trajectory. Moreover, for positive values
of the Mandelstam variable ¢, experimental data shows
that the scattering amplitude must be dominated by the
exchange of a Reggeon with zero isospin, which has to be
even under charge conjugation. This particular Reggeon is
called the soft Pomeron. The connection with the sym-
metric structure functions F; and F, comes from the fact
that DIS cross section can be written in terms of the y* + p
scattering process by using the optical theorem, where y*
represents a virtual photon, with squared four-momentum
g* = —Q?. At low x the behavior of the total cross section
of a virtual photon-proton scattering is dominated by the
exchange of a Pomeron, leading to F,(x, Q%) o x~%% ag
the Bjorken variable goes to zero.

There is another Pomeron, called the hard or BFKL
Pomeron, which was derived from QCD in perturbation
theory. The lowest-order Feynman diagram from QCD
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which perturbatively can simulate a Pomeron exchange like
this is given by a two-gluon exchange. This Pomeron is
derived from the BFKL equation [36-39]. The problem is
still how to calculate the proton-impact factor, for which
one may try different models. On the other hand, there is an
issue due to the next-order correction in QCD to the BFKL
Pomeron is large and has an opposite sign with respect to
the single BFKL Pomeron itself [40,41].

As described in the introduction, for certain hadron-
scattering processes at high energy (s> [7| > AéCD,
where Agcp is the IR scale of QCD) and small scattering
angle the Regge theory suggests the exchange of a soft
Pomeron (Reggeon) for positive ¢ values, and a single
BFKL-Pomeron exchange at leading order in dope lOg s at
weakly coupled QCD for t < 0. The soft Pomeron is
understood as an exchange of a single glueball, which in
the string-theory dual language corresponds to a closed
string. On the other hand, the BFKL framework entails the
|

gp* 0

BPSTyw 2\
F2 (X, Q ) - 327[5/2Tl]7/2Q/

The definition of the function F(x, Q, Q') as well as the
physical meaning of the four parameters entering the above
equation are given in Appendix A.

Now, we turn the attention to the g; helicity function.
Although, QCD and N =4 SYM are different theories,
one should keep in mind the fact that within the parametric
regimes of the momentum transfer and the Bjorken variable
that we investigate here, the main contribution in both
theories to the DIS process comes from the gluonic sector,
which is similar in both theories. In this sense the behavior
of the holographic Pomerons, both the BPST and the
holographic-A Pomerons, is universal. In both situations
the model dependence is related to the IR deformation and
the hadron impact factor.

In the work [18] it has been obtained the helicity
structure function g; given by the following expression:

glA4PomeronHW (X, Qz)

Cp—l/ze(l—%’)i’b ( 1062(0/0) 10g2(QQ’55)
= e

Tp

(2.5)

Notice that the parameters p, Q’, and z, should be fixed by

the fitting of F l;PST“W (x, Q%) to experimental data, since the
physical meaning of them is the same in both structure
functions. Then, there is only one free parameter to fit to g7
experimental data, the overall constant C. Details are

explained in Appendix A.

_o2(0/0') _le(00'5)
ell=P)u [ o™ 4 F(x,0,0)e 7 .

exchange of a color-singlet object composed by
Reggeized gluons, which is the BFKL Pomeron. Many
aspects of QCD simplify when one considers the large N,.
limit, where N.. is the rank of the gauge group SU(N..). In
the present context the large-N, limit implies that the
dominant contribution to the scattering amplitude comes
from a single Pomeron exchange. From the type-1IB
superstring theory perspective the dual exchanged object
is a Reggeized graviton, leading to the BPST Pomeron
[10]. The BPST Pomeron has a very important property;
namely, at strong coupling of the gauge theory it unifies
the soft and hard Pomerons, something which technically
is not possible in QCD. In this context, Brower, Djuric,
Sarcevic, and Tan [11] obtained the structure function F,
derived from the BPST Pomeron. This function has four
free parameters; namely, g3, p, zo and Q’, which are
obtained by fitting it to experimental data as shown later,
and it is given by

(2.4)

III. F§ STRUCTURE FUNCTION

Before discussing the polarized structure function, in
this section we revisit the unpolarized structure function
F% to recall how good the agreement of the BPST
Pomeron picture with data is and to show how it
compares to DGLAP-based estimates. As was mentioned
above and discussed in detail in [17], three of the four
parameters that determine the behavior ¢} in the holo-
graphic-A Pomeron approach are associated with the
BPST Pomeron model for F5, so it is also a cornerstone
for the spin-dependent results.

In Fig. 1 we show the unpolarized structure function F5
both as a function of the Bjorken variable x (left-hand side
plot) and the photon virtuality Q? (right-hand side plot),
respectively. The curves result from fitting the four BPST
Pomeron parameters to 280 data points from DIS experi-
ments with a resulting y3  ; of 1.086, that reflects the quite
remarkable agreement. The values of the parameters are

p=0.7729 £0.0014, g3 =103.73+0.757,
70 =4.894+0.061 GeV~!, Q' =0.471540.0093 GeV.

(3.1)

In this case it has been used a sieving method which
excludes “outliers” with a Ay2,. =4 [17]. Although, in
principle, the fit covers 2.43 x 107® < x < 0.01 and
0.1 GeV? < Q? <400 GeV?, it is clear from the plot that,
as usual with DIS data, the data at lower x correspond to
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FIG. 1. The proton F¥ structure function using a single BPST Pomeron exchange against data from H1-ZEUS, BCDMS, NMC, E665,
and SLAC Collaborations within the ranges 0.1 GeV? < Q% <400 GeV? and 2.43 x 107% < x < 0.01. The number of data points
depicted has been limited for a better visualization. Error bands are included in both figures. Due to the logarithmic vertical scale in the
right-hand side plot, though the error bands are present, they are very narrow and cannot be distinguished from their central values.

extremely low-Q” data, while higher Q7 data points
correspond to a rather limited range in the high values
of x. The left-hand side plot in Fig. 1 emphasizes how well
the BPST Pomeron picture reproduces the low-Q? behavior
of the structure function, even for values well below
1 GeV?, while the scale dependence at lower x is not
constrained by data at that region. This raises the question
on how well the model behaves at low x but higher Q?>—the
upper-left corner of Fig. 1—a question that will certainly be
answered by the EIC. In the meantime, it is instructive to
compare these BPST Pomeron expectations with the
estimates for Fy derived from parton distribution functions

obtained in global QCD fits to data based on DGLAP

dynamics.

More specifically, in the DGLAP approximation the
structure function F} is written as a convolution between

coefficient functions C\" (x, 02) that can be computed to a
given order n in perturbation theory for each parton type i,

and nonperturbative but universal PDFs ") (x, 02) for the
different parton types i, that are extracted from the

experiment within a perturbative approximation n [7].
Schematically,

ld n n
P =3 [ (fe)me). 62

Even though the x dependence of the PDFs cannot be
computed from first principles in perturbation theory their
Q? dependence is driven by the DGLAP equations, whose

kernels ng)(x) can also be computed at a given order in
perturbation

dfl('w(X’Qz)_as(Qz) dy o (%) L i
dlogQ* 2z zj:/ 3 Fii (;)fj (v, 0%).

(3.3)

PDFs global analyses are not only based on DIS data, but
are also constrained and refined with information obtained
from proton-proton collisions cross sections for a variety of
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final states [42,43]. Since PDFs are in turn an essential
ingredient to analyze and interpret the results from collider
data in the validation of the Standard Model and the
searches of physics beyond it, a significant effort has been
put in the last three decades to improve and refine them.
Any physical observable, and in particular the DIS structure
functions, can be computed from PDFs assuming factori-
zation and universality in the leading twist and the leading-
order (LO) logarithmic approximation, as well as in the two
following orders; next-to-leading logarithmic order (NLO)
and next-to-next-to-leading order (NNLO) in perturbation.
These have been checked to be a very good approximations
for inclusive DIS cross sections at intermediate values of x
and for increasing photon virtualities, starting at a few
GeV?. Below that limit, these approximations are expected
to breakdown, and for this reason PDF global analyses are
unable to exploit or predict DIS data there. Roughly
speaking, the data points below the dashed purple line in
the left-hand side of Fig. 1, are beyond the reach of the
DGLAP approximations, but are nicely reproduced by the

FIZ\IN'LO '/ F]23PST FIZ\TLO / FBPST

2

BPST-Pomeron approach. Conversely, the DGLAP
approach is expected to evolve faithfully to higher-scale
PDFs that are known at a lower one, precisely where the
BPST Pomeron estimate becomes uncertain. A similar
discussion is inferred from the behavior of FJ as a function
of Q? for different values of x shown in the right-hand side
plot of Fig. 1.

In Fig. 2 we show the ratios between the LO, NLO, and
NNLO DGLAP-based estimates for F5 and the BPST-
Pomeron parametrization mentioned above [17] and used
in Fig. 1. On the left-hand side the plot shows the ratios as
function of x for fixed values of Q2, and as function
of Q? for fixed x on the right. The DGLAP structure
functions are computed using the NNPDF4.0 set of spin-
independent PDFs from Ref. [43]. Similar results are
obtained with other modern PDF sets provided
0% > 3 GeV?. Beyond the LO approximation, modern
sets of PDFs typically agree to a percent level in most of
the kinematic range covered by the plots [42].
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FIG. 2. The ratios between the LO, NLO, and NNLO DGLAP-based estimates for F 5’ and the BPST-Pomeron parametrization.
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The bands around the curves in Fig. 2 represent the
estimated errors in the structure functions propagated from
those of the PDFs for the DGLAP estimates, relative to the
BPST estimate, whereas the central (almost invisible) gray
band is the relative error of the BPST-Pomeron estimate
propagated from that of their parameters. The bands reflect
in part the uncertainty of the data used to extract the PDFs
in the different kinematics, and also the error introduced by
the different perturbative approximations used in the PDFs
extraction. Notice that the different perturbative approx-
imations assume different x and Q* dependence through the
coefficient functions and evolution equations; therefore the
lowest-order approximations presumably will be less able
to accommodate data from different observables at different
scales and momentum fractions, thus resulting in larger
uncertainties as shown in the plots.

Starting with the bottom of the plot in the right-hand side
of Fig. 2, we see that the BPST-Pomeron and the three
DGLAP estimates agree nicely for x = 0.01 when Q? >
10 GeV? as one would expect, since we are well within the
perturbative regime and the PDFs are strongly constrained
by data. Of course, the three perturbative estimates assume
a slightly different scale dependence which become appar-
ent at lower Q°. The NNLO estimate (red line) is the one
that remains closer to the BPST Pomeron for decreasing
values of the scale, even down to Q% ~2 GeV?2. On the
other hand, the NLO estimate (green line) shows slightly
poorer agreement, and the LO estimate in light blue shows
the largest difference. The low-Q? region is where the
BPST Pomeron can be considered the most faithful
estimate, since as we have already seen in Fig. 1, it
reproduces data down to a fraction of a GeV. On the other
hand, PDFs are poorly constrained below a couple of
GeV?, and in fact at these low-Q? values one can find large
discrepancies between the results of different groups even
in the NNLO approximation.

Going up in the right-hand side plot of Fig. 2, we
reduce the value of the momentum fraction x, and we see
that in addition to an increasing discrepancy between the
three perturbative estimates at low 0?2, the LO differs also
at higher values of Q2 with the other estimates. Most
likely this happens because the LO PDFs try to com-
pensate for the deficiencies in the x and Q” dependencies
of the coefficients mimicking the data with the strongest
constraining power that typically correspond to larger x,
at the expense of the less-precise data at smaller x.
The NLO and NNLO approximations have much more
success connecting lower and higher x data. It is
interesting to notice that the perturbative convergence,
roughly represented by the distance between the curves,
is rather good beyond the NLO but decreases with
decreasing x as well as decreasing Q2.

A crucial feature for our discussion in the next section on
the helicity-dependent structure function is the remarkable
agreement between the NNLO approximation and the

BPST-Pomeron estimate at Q> ~ 10 GeV? and x ~ 1072,
as shown in the top of the right-hand side plot of Fig. 2.
From the point of view of the BPST-Pomeron approach, the
estimate in this kinematic regime is essentially extrapola-
tion, since there is no data on F} validating the model, as
shown in Fig. 1. Nevertheless, the BPST-Pomeron estimate
agrees remarkably well with the best perturbative estimate,
even up to values of Q% ~ 20 GeV?. The importance of this
feature lays in the fact that we will use this framework, and
specifically three parameters of the BPST Pomeron F¥ in
order to fix three of the four parameters of the holographic-
A Pomeron, to make predictions for the EIC for ¢/ in these
kinematics. For larger values of Q” the agreement clearly
deteriorates; there, one expects the BPST-Pomeron
approach to be even less constrained while DGLAP is in
good standing.

The plot on the left-hand side of Fig. 2 shows the same as
that on right but now as a function of x, and emphasizing
complementary aspects. The best overall agreement here
takes place at an intermediate value of Q2 ~ 10 GeV?
between the NNLO and the BPST-Pomeron estimate for
almost all the range in x. At the largest values of x
(x ~0.01) where the PDFs are best constrained but the
BPST Pomeron is not expected to be a good approximation,
predictably the agreement deteriorates. Towards smaller x
the lower-order approximations become increasingly inac-
curate. Moving up in the plot towards lower Q2 the
perturbative predictions lose consistency between them-
selves, while in the opposite direction at increasing values
of @7, the disagreement remains at small x. At the highest
value of Q7? in the bottom of the plot there is a sizable
disagreement between the BPST-Pomeron estimate and the
NNLO in almost all the range of values of x.

We have explored the alternative of feeding the BPST-
Pomeron parameter determination with pseudodata on F¥
generated from the DGLAP projections to complement
the DIS actual data set beyond the kinematical range
accessible at present. However, the quality of the fits
deteriorates significantly as more pseudodata at higher
Q? is incorporated.

IV. ¢f HELICITY-DEPENDENT STRUCTURE
FUNCTION

In this section we focus on the helicity-dependent
structure function of the proton g whose measurements
have received a great deal of attention since the EMC
Collaboration at CERN reported results at the end of the
1980s consistent with a picture where very little of the
proton spin came from the spin of the quarks, in contra-
diction with the naive-quarks model [44]. The EMC results
were later confirmed by other DIS experiments, and more
recently by measurements of final-state jets and hadrons in
polarized proton-proton collisions at the relativistic heavy-
ion collider (RHIC) [27]. The latter specifically showed
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that a sizable contribution to the proton spin came from
the polarization of gluons [45,46]. The gluon polarization
contributes to g} structure function albeit through terms
suppressed by a pOWer aoq relative to those of the quark
contributions, and also indirectly through the scale depend-
ence of the quark contributions, which are coupled to the
gluons by the spin-dependent DGLAP equations.

As in the unpolarized case, the helicity-dependent
structure function ¢} can be written as a convolution
between the appropriate perturbative spin-dependent coef-

ficient functions AC (x 0?) and spin-dependent or hel-
icity PDFs Afi (x, 0?) [7],

/ LN (g,QZ)AfE”)(y, 02).

(4.1)

1(x Q%) =

where the latter are defined as the difference between the
PDFs of partons with spin orientation parallel and anti-
parallel to that of the proton, i.e.,

Afi(x. Q%) = fl(x,0%) - fi(x.07),  (42)
and that also obey the evolution equations,
daf)" (x,.0%)
dlog Q?

aslrong(Qz) /1 dy (
= —AP
2r Z x Y

,;”(f)Afﬁ-")(y,Qz). (43)

Unlike the data on the unpolarized structure function F¥,
the data on gf are much less precise and comparatively
scarce, specially at low-momentum fractions. Helicity-
dependent PDFs obtained from DGLAP global analyses
in turn inherit these shortcomings, redoubled by the fact
there are no charge or momentum conservation for helicity
distributions as in the unpolarized case, and that for
the moment they only reach NLO precision. Therefore,
the helicity distributions below x ~ 1073 are essentially
extrapolations and their uncertainties, as well as, those for
the spin-dependent structure functions in that regime are
almost unbound.

Again, precisely where the estimates for the structure
function coming from DGLAP global analyses are more
uncertain is where the string-theory dual description is
best constrained. Recall that the holographic-A Pomeron
fits 56 data points on ¢/ in the range 0.0036 < x < 0.009
and 0.062 GeV? < Q? < 2.41 GeV?, adding just one free
parameter to those already constrained by F} [see Egs. (2.4)
and (3.1)] with remarkable accuracy (;(ﬁ.o'f' = 1.14). The
referred parameter is the overall constant in Eq. (2.5),

C = 0.145 £ 0.0015. (4.4)

20

15 Q? = 10 GeV?

10

DSSV 14
B {EIC./s = 45GeV
BN L EIC /5 =45 — 140 GeV
==
$
¢

Holographic Pomeron

+EIC /5 = 45 — 140 GeV
EIC 140 GeV (DSSV based)
EIC 140 GeV (HP based)

1075 104 1073 102
x

FIG. 3. g, structure function using a single holographic-A
Pomeron exchange to fit experimental data within the range
0.0036 < x <0.009 at Q> = 10 GeV? against the one obtained
in DSSV14 DGLAP NLO analysis.

Notice that we have not used any sieving for the
experimental data of g’f , thus it includes all available
data for the helicity-structure function of the proton. It
seems natural to extrapolate this result to lower values of x
and moderate values of Q2 for which we showed in the
previous section that the BPST-Pomeron picture repro-
duces the unpolarized structure function data in a very
good approximation. One should emphasize that all the
parameters for both the BPST Pomeron and for the
holographic-A Pomeron are, in principle, independent
on the Bjorken variable and the photon virtuality.
Interestingly, the extrapolation to low x of the ¢
estimate coming from the holographic-A Pomeron differs
dramatically with those coming from most DGLAP helicity
fits, like DSSV 14 [45] shown in Fig. 3. While the DSSV 14
low-x extrapolation for g{ (in red) is increasingly negative,
the holographic-A Pomeron result (green) goes in the
opposite direction. The light-blue band represents the
estimated uncertainty for the DSSV result, derived from
the errors of the DSSV14 NLO DGLAP helicity PDFs [47],
while the light-green one is the one propagated from the
holographic-A Pomeron and using three of the BPST-
Pomeron parameters. It is worthwhile noticing that in both
approaches, the data on ¢} analyzed start at x > 0.0036 and
consequently the uncertainty bands start growing there very
fast towards smaller x. In the case of the DGLAP approach,
in principle g7 could become positive at smaller values of x,
however global analyses using simple functional forms for
the helicity distributions prefer the negative solution. For
the holographic-A Pomeron is it not possible to produce a
negative g compatible with the parameters zy, p, and Q'
obtained from fitting F5 to experimental data. This comes
from the fact that the Holographic-A Pomeron kernel has
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the same structure and signature as the BPST Pomeron as it
can be seen by comparing Egs. (2.4) and (2.5).

In Ref. [26] it has been argued that in a scenario where
the contributions from the gluon polarization to g domi-
nate over those of quarks, a negative dg}/dln Q* corre-
sponds to a positive gluon polarization that tends to
compensate the smallness of the quark contribution to
the spin of the proton. Conversely, a positive dg} /01n Q?
represents negative gluon polarization that aggravates the
deficit in the spin budget and favors more significant
contributions from the angular momentum, for example.
In this respect, the holographic-A Pomeron solution clearly
favors the latter as it can be seen in Fig. 10 of Ref. [17].
Interestingly, in Ref. [48] it has been shown that within the
Kovchegov, Pitoniak, and Sievert framework for the
small-x evolution [49-51] a similar conclusion is reached.

The electron-ion collider [9] will measure g} in the
region of 10™ < x < 102 with unprecedented precision,
exploring for the first time the behavior of ¢} and that of the
gluon polarization in the small-x regime. In Fig. 3 we show
realistic pseudodata generated assuming a DSSV 14 behav-
ior but smeared according the expected experimental
uncertainties for an accumulated integrated luminosity of
10 fb~! for center-of-mass system energies of 45 GeV and
140 GeV (open circles) [26]. On the other hand, we also
show pseudodata produced from the holographic-A
Pomeron prediction at the same energies (solid circles)
assuming the experimental errors will be those computed
in [26] for the corresponding kinematics. The pseudodata
points are only those corresponding to a photon virtuality of
10 GeV? for which the curves are computed. It is clear that
the EIC measurements will be able to discriminate between
the two scenarios. For completeness, we have computed the
impact of the future EIC measurements in both cases and
we show it as new bands in darker blue and green for the
DSSV and the holographic-A Pomeron scenarios, respec-
tively. In the case of the holographic-A Pomeron it includes
the original 56 experimental data plus 50 pseudodata
points. The dark-green error band is very narrow and
cannot be discriminated from the corresponding central
value since now the constant C has the same central value
as in Eq. (4.4) but its error becomes 7.64 x 107, which
means that the error is 200 times smaller than in (4.4)
where only the 56 experimental points were included. This
behavior is due to the extremely high precision of the
expected EIC measurements.

V. CONCLUSIONS

The string-theory dual description of DIS and perturba-
tive QCD offer complementary insights into phenomena
that already are, or will be in the foreseeable future, probed
by experiments with remarkable precision. In this paper we
have confronted their respective predictions and the cor-
responding data to assess to which extent they overlap with

good descriptions of the data, and where they complement
each other. We have found an impressive agreement
between the BPST-Pomeron estimate for the unpolarized
structure function F} and those coming from DGLAP-
based fits in a significant portion of the relevant kinemati-
cal range. This happens not only in the region covered by
DIS data, where both approaches should agree by design,
but also at low values of the parton-momentum fraction x
and intermediate values of the photon virtuality Q2, for
which there is no data constraining the BPST-Pomeron
parameters. However, large discrepancies can be seen at
higher Q? values where one expects the BPST-Pomeron
approach to be poorly constrained while DGLAP is in
good standing. On the other hand, DGLAP estimates fail to
agree between themselves and with the BPST Pomeron
towards lower values of Q> where the BPST Pomeron
best reproduce the unpolarized DIS data. Of course, at low
Q? the convergence of the DGLAP-perturbative series is
weaker. This emphasizes the complementarity between
both perspectives and gives a quantitative assessment of
their respective limitations.

In the case of the helicity-dependent structure function
gy the available data is not as comprehensive as in the
unpolarized case, but is enough to constrain the holo-
graphic-A Pomeron proposed in [18], and make a predic-
tion for the forthcoming EIC experiment, that differs with
the most standard DGLAP motivated predictions and
suggest a significant role of the angular momentum in
proton-spin budget.
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APPENDIX: A ROAD MAP OF SOFT, BFKL,
BPST, AND HOLOGRAPHIC-A POMERONS
FOR THE UNINITIATED

In the following, we discuss with more detail what are
the soft and hard Pomerons, and how these concepts
developed in the context of the S-matrix and the gauge
theory approaches, connect to the more recent gauge/string
theory duality leading to the holographic dual description
of the Pomeron physics at strong coupling.

1. The soft Pomeron and the BFKL Pomeron

The dominant contribution to DIS at low x comes
from the gluon dynamics and the quark-antiquark sea.
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The standard DGLAP description at NLO in QCD should
fail to describe the low-x region since subleading terms in
In(Q?/u?) (where y is an energy scale) involve powers of
®grong In(1/x), which become large (order 1) as x — 0 [33].
For example, let us suppose that the virtuality is Q> ~
10 GeV? and x ~ 1072, thus ayyeng i approximately 0.2,
then @yong In(1/x) ~ 0.4

During the 1960s, strong interactions were investigated
within the S-matrix formalism, leading to the Regge theory,
used to calculate hadron-hadron and photon-hadron
cross sections at high energy [33]. The S-matrix elements
between two asymptotic states, one in the remote past
and another in the remote future, are given by
Sip=A(f 8]i) = (fouli). There are three very important
postulates about the S matrix; namely, Lorentz invariance,
unitarity, and analyticity [34,35].

Let us consider a two-to-two particle scattering, with
incoming particles i; and i, and the outgoing ones f; and
f4. The incoming four-momenta are p/ and p5 and the
outgoing four-momenta are p4 and p/, while their masses
are m; (j=1,...,4), respectively. This process can be
described in terms of the Mandelstam variables defined in
Eqgs. (2.3). Recall that ¢ is the square of the four-momentum
exchanged between particles i; and f5, and there is also the
kinematic relation among them, which obviously implies
that the transition amplitude for the process i; + i, —
f3 + f4 is a function of only two independent Mandelstam
variables, A(s, t).

Unitarity of the S matrix, 88T =878 =1, implies that
the probability for the transition between incoming and
outgoing states when all possible final states are added is
one. Thus,

Sip =06y +i(2m) o4 <Zp, pr) if = 0ip + 0T 4.
(A1)

For a two-to-two particle scattering, being |a) a two-
particle state, using Eq. (A1) and the unitarity condition,
it leads to the optical theorem,

2tmA,, = (250 (zpa—zpf) Ay 0o
a f
(A2)

where X represents intermediate states. ot 1S the total
cross section for the scattering. When the center-of-mass
energy is much larger that the masses of the incoming
particles it leads to ImA,, ~ $6a-

In addition, analyticity implies that the § matrix is an
analytic function of the Lorentz invariants, and it only
has the singularities allowed by unitarity. Also, analyticity
implies crossing symmetry: \A(s,?) = A(t,s). From

analyticity and unitarity one can extract the s-plane
singularity ~structure. In particular, considering the
t-channel and the high-energy limit |7| < s, the amplitude
can be expanded in terms of Legendre polynomials
P,(cos @), where 6 is the scattering angle in the center-
of-mass frame, which can be written as cos@ = 1 + 2¢/s.
It leads to the partial wave expansion, which after using the
crossing symmetry (s <> ), becomes

o]

Z 2l+ al t)Pl( +2S/[),

=0

(A3)

with the partial wave amplitudes a,(r).

At this point it is instructive to recall what happens if a
single resonance with mass M ; and spin J gives the leading
contribution to the t-channel process. In this case the high-
energy behavior of the corresponding amplitude is

C 2s\”/
t-Mi\t)"’

which obviously becomes very large in the high-energy

A(s, 1) (A4)

resonance exchange in the #-channel cannot be the leading
contribution. On the other hand, the amplitude (A3) can be
rewritten in terms of a contour integral in the complex plane
of the angular momentum [/ [34]

a(l 1)

sin(zl)

A(s, 1) = P(l,1+2s/t), (A5)

1
¥ ?{ dl(2l + 1)
where the contour C surrounds the positive real axis. Notice
that a(/, ) is an analytic continuation of «;(f) in (A3).
In order to be more precise, the analytic structure of the
function a(l, t) requires two analytic continuations corre-
sponding to the even and odd partial-wave amplitudes
ale) (1, £), with Nlsien = £1. Next, one has to deform the
contour C to another contour parallel to the imaginary axis
located at Rel = —1/2, and encircling any poles or cuts that
the functions as=) (I, ) may have at [ = .. (1), which are
the Regge poles. Then, in the |f] < s limit the scattering
amplitude becomes

Asun = (T S 50, (e

2

where a(f) represents the leading Regge trajectory,
while the function f(¢) contains the residues of the poles
of the complex angular momentum integral multiplied by
other factors.

The comparison of amplitudes (A6) and (A4) suggests
that the former can be understood as the one generated by
the exchange of an object carrying angular momentum
a(t), called Reggeon, which is not a single particle.
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Therefore, the amplitude (A6) can be interpreted as the
superposition of amplitudes corresponding to the exchanges
of all possible particles in the #-channel, which leads
to a Regge trajectory. For ¢t > 0 it is expected to have the
poles corresponding to the exchange of particles of spin
J = a(M?3) and mass M ;. Chew-Fraustchi plot suggests that
there is a linear Regge trajectory
a(t) = ayt + a, (A7)
where a; is the Regge slope and a(0) = « is the intercept.
From the high-energy limit of the total cross section

o = 87071, (A8)

it can be extracted the leading Regge trajectory.
Experimental data show that o7y, increases slowly
with s. Assuming that this increase is induced by the
exchange of a Reggeon, its intercept must be larger than
one. Moreover, the amplitude must be dominated by the
exchange of a Reggeon with zero isospin and it has to be
even under charge conjugation. This particular Reggeon is
called the soft Pomeron (recall that this is for positive
values of ), and it is postulated to be a bound state of
gluons referred as glueball. The Pomeron intercept has
been obtained from the fit of Eq. (AS8) to the proton-proton
cross section experimental data, obtaining to ap(0) =
1.0808 [52].

The relation to the symmetric structure functions F; and
F, comes from the fact that DIS can be written in terms of
the y*p scattering process, where y* represents a virtual
photon, with squared four-momentum ¢> = —Q?,

2
4,

r'p 2 N2\
O-Tota1<W .0 ) =ortoL~ Q2

Fz()@ Qz)’ (A9)

where a,,, is the fine-structure constant and (for W? much
larger than the square of the proton mass) it leads to
W? = Q*(1/x — 1), which at low x becomes W? ~ Q?/x,
where W is the center-of-mass energy of the y* + p system.
The low-x behavior of or” (W2 Q?) in Eq. (A9) is
dominated by the exchange of a single Pomeron, leading
to Fy(x, 0%) o x7%% as x becomes very small.

There is another Pomeron, called the hard or BFKL
Pomeron, and in the rest of this subsection we briefly
describe it. In the context of Regge theory a given particle
of mass M and spin J is said to Reggeize if the scattering
amplitude corresponding to a process, that in its #-channel
exchanges the quantum numbers of that particle, goes like
A(s, 1) « 59, We identify the Regge trajectory a(t) while
the spin and mass follow the relation a(M3) = J, being the
particle on Regge trajectory. The lowest-order Feynman
diagram from QCD which perturbatively can simulate a
Pomeron exchange like this is given by a two-gluon
exchange. In fact the Pomeron in QCD is constructed

from ladder diagrams whose vertical lines are Reggeized
gluons. The ladders are completed with rungs connected to
the vertical Reggeized gluons through effective vertices. In
this context the behavior of this Pomeron is derived from
the BFKL equation [36-39]. Notice that there is an infinite
sum of the described ladder Feynman diagrams with
different number of rungs, and there is no color exchange
through the vertical lines. A diagram with n rungs con-
tributes with a factor (o, log s)". In this appendix we use the
traditional notation for the QCD coupling «a, instead of
Agirong that we use in the main text.

Let us consider the most general Feyman diagram
consisting in the exchange of two Reggeized gluons
(vertical ladders) between two quarks (horizontal lines at
the top and the bottom of the diagram). This type of
diagram corresponds to a quark-quark scattering, and it
would be related to the DIS diagram with the exchange of a
BFKL Pomeron. The BFKL amplitude f(w.k;. ks, q),
where k; and k, are the transverse momenta with which
the quark in the top line and the quark in the bottom
horizontal line are probed by the BFKL Pomeron, respec-
tively, while ¢ is the momentum transfer. The color
singlet (§) quark-quark (no color exchange in the ¢ channel)
scattering amplitude is given by

© s
Ajg(@. 1) Z/ dzz‘w‘liAquS’t)

1

s 2 &k d’ky
= 4ia2G /k%(kl — q)2f(co,k1,k2, q). (A10)
where .,Zlgq(a), t) is the Mellin transform, while z = s/k>
with k2 being a scale factor related to the external transverse
momenta. G5 projects out the color singlet term. The total
cross section needs only the forward amplitude, namely
.qu(s, t = 0), therefore one needs only j‘(w ki, ky,qg=0).
It is convenient to consider the inverse Mellin transform of
f(w, ky, ky, g = 0) that we call F(s, k;, k,). By considering
only the leading (n = 0) term, the function F(s,k;, k) is
given by the following integral in the complex plane y

dy (s\& 1 [k}\?
F(S,kl,kz):/z—ﬂl_(P) ﬂ_k%<k_%> (A11)

where a, = 3a,/x and the contour runs parallel to the
imaginary y axis. The function y(y) is given by y(y) =

2p(1) —y(y) —w(l —y), with y(x) = dlog(I'(x))/dx,
with the usual gamma function. The leading-s behavior
leads to

F(s,ky, ky)

1 S ‘_ls)((l/z)
= —— (27@,|y" (1/2)|log(s/k*))~/2( = :
o a1/ oe(s/i)) ()

(A12)
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which leads to the high-energy behavior of the quark-quark
scattering amplitude

(s/k2)1+w0
log (s/k%)

with wy = a.y(1/2) = 4a,log?2. Typically it leads to a
very strong rise of the quark-quark total cross section in the
high-energy limit.

Now, we focus on the application of the BFKL formal-
ism to DIS. Using the optical theorem we take the
imaginary part of the elastic y* + proton — y* + proton
cross section at t =0 we can use the BFKL function
F(W?,k;,k,) convoluted with the proton and the photon
impact factors @, (k,) and ®, .(k;), respectively,

AS (5,1 =10) ~ (A13)

(W2 0%)

/Jlkl/d k2
27r re

D, (ko) F(W?, ky, ky),
(A14)
where

W2 =(p+aq) (A15)
is the square of the center-of-mass energy of the virtual
photon-proton system. p, and g, are the four-momenta
of the proton and the virtual photon, respectively. Recall
that Q?> = —¢> > 0. The polarization € can be transverse
(T) or longitudinal (L). For inclusive DIS the proton impact
factor cannot be calculated in perturbation theory. For the
DIS of an electron with four-momentum k, off a proton
of four-momentum p, we can define the following kin-
ematic variables

s = (p+k)?, (Al16)
0? 0’

= R , Al7

2p-q Q*+W? (A7)
p-q _Q

YV Al8

V=T (A18)

where x is the Bjorken variable. Assuming the limit where
the electron and the proton masses are negligible compared
with the energy scale of DIS the approximate equalities
become exact. We also assume that W2 > 0% > M3, from
which it follows that 0 < x <« 1. The proton structure
function F4 and the longitudinal one F7} are related to
the photon-proton cross sections (A14) by

QZ

a5, 0%) = 3

(@) Ho (. 27)). (A1)

QZ
2
4r-a,,,

Fi(x,0%) = ol P(x, 0%). (A20)

The first of these equations is similar to Eq. (A9). The
proton impact factor cannot be obtained from perturbation
theory in QCD for obvious reasons, therefore it must
be modeled. There is another important issue due to the
fact that in QCD the next-order correction to the BFKL
Pomeron is large, and it comes with opposite sign with
respect to the single BFKL Pomeron itself [40,41]. We
should emphasize that the BFKL Pomeron is derived from
a perturbative calculation in QCD.

2. The BPST Pomeron and the
unpolarized function F;

In certain hadron scattering processes at high energy
(s> |t > AQCD, where Agcp is the IR scale of QCD)
and small scattering angle the Regge theory suggests the
exchange of a soft Pomeron (Reggeon) for positive ¢ values,
and a single BFKL-Pomeron exchange at leading order
in a,logs at weakly coupled QCD for # < 0. The soft
Pomeron is understood as an exchange of a single glueball,
which in the string theory dual language it corresponds to a
closed string. Besides, the BFKL Pomeron represents the
exchange of a color-singlet object composed by Reggeized
gluons. It is worth to consider the large N, limit a gauge
theory2 since in that case many aspects of the gauge theory
becomes simpler, both to calculate and interpret. This limit
is not real (N, =3) QCD but a related gauge theory.
This limit leads to that a single Pomeron exchange
dominates the scattering amplitude. Otherwise, for finite
N. one may expect multiple Pomeron exchanges become
important and eventually may dominate the high-energy
behavior of scattering amplitudes. From the type-1IB
superstring theory perspective the dual exchanged object
is a Reggeized graviton, leading to the BPST Pomeron [10].
Thus, for strongly coupled gauge theory the BPST
Pomeron unifies the soft and hard Pomerons, something
which technically is not possible in QCD. This property of
the BPST Pomeron is very important.

Let us describe very briefly the ideas behind the
derivation of the BPST Pomeron from type-IIB superstring
theory [10]. A dual representation of a hard-scattering
process of two hadrons to two hadrons at high energy may
be described in terms of a four-point superstring theory
scattering amplitude [31]. In particular, in the Regge limit
and at strong coupling of the gauge theory, the dual
description leads to a BPST-Pomeron exchange. Strictly
speaking, the holographic dual calculation is valid for
N, > Aipooii > 1. Therefore, within the framework of
perturbation theory of superstring theory, which means
that the string theory coupling 0 < ggine << 1, one only

’N, is the rank of the gauge group SU(N.).
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needs to consider a world sheet given by a two-dimensional
sphere represented by coordinates (o, 0,). The closed-
string proper time is o; and its proper length is
0 <0, <2x. The ten-dimensional ambient space where
the closed string propagates is described by fields which
take values on the string world sheet

XM(G],UQ) :xM+X/M(6|,62), (AZI)

where x* with M = 0, ...9 labels the closed string center-
of-mass position, and X" (s,06,) characterize the string
vibrations. By taking x¥ constant, the Gaussian integral
on XM (which is needed for the quantization of the string
theory) leads to exactly the same result as it would do in
ten-dimensional Minkowski space-time. This gives the ten-
dimensional flat-space S matrix that would be seen by a
local observer,

S—i / ' / BV =CApea(r.y).  (A22)

x,, denotes coordinates in the four-dimensional Minkowski
space-time and y, is used for the radial and the angular
coordinates on the five-dimensional sphere S°. This is a
local approximation which allows to carry out the
calculations by replacing the (unknown) superstring
theory scattering amplitude of the curved AdSs x §°
space-time by the (known) superstring theory scattering
amplitude in ten-dimensional Minkowski space-time,
Ajocal(x, ). For instance, if one considers the Regge limit
of the proton + proton to proton + proton scattering
amplitude in the gauge theory at strong coupling, the
corresponding superstring theory scattering amplitude
Ajocal(x,y) of the dual type-1IB superstring theory
description is the flat ten-dimensional scattering ampli-
tude of four closed strings. Each of these closed strings
can be viewed as the insertion of a dilatino vertex operator
on the two-dimensional spherical world sheet. This is the
starting point of the calculation. Then, the amplitude can
be expressed as follows:

H elpx XLLIJ

Alocal(x y - T10 (A23)

where 7,y(P) is the ten-dimensional flat space-time string
theory scattering amplitude, which only depends on
the momenta P seen by a local inertial observer in the
AdSs x 83 bulk. In addition, the four external states are
represented by four free wave functions in the flat
four-dimensional Mikowski space-time times the corre-
sponding wave functions depending on the internal
coordinates ¥(y;).

Then, one can obtain the S-matrix given by

S = i(2m)*st <ZP ) /dﬁy _GﬁdTlO(p)f[lP(yl)

: (A24)

where G, is the determinant of the part of the metric
which contains the radial coordinate r and the five-sphere.
sW(>>%, pi) comes from the four-dimensional integral
and ensures the conservation of the four-momentum.

We should emphasize that due to the metric warp factor
there is a redshift as mentioned before

R
oo “
Piog = 7P4d’

where P, is the inertial four-momentum measured by a
local observer in the bulk, while pﬁd is the same component
of the four-momentum corresponding to the gauge theory at
the boundary of the AdS space. The metric warp factor also
induces the redshift of the Mandelstam variables

R2 2
510d :—ZS and flOd :_2t (A25)
r r
Notice that we have dropped the 4d subindices of the
four-dimensional Mandelstam variables. From superstring
theory we have
= ggtringaBFS (ﬁ \/&7),

710(P) (A26)

where the function F is given by

T(1+ d7/4))

¥=3§.1,i

F.(BVZ) = K(PV) l 11 W] L (a27)

which, for |f| < §, with §+7+ i =
mated by

F, (F \/J)

0, can be approxi-

KD

= FlelT) ()2,

where in order to abbreviate the notation we have dropped
the subindex 10d in the ten-dimensional Mandelstam
variables. K(P+/a') is a kinematic factor. Using these
expressions in 7,y(P) we obtain the four-dimensional
scattering amplitude (depending on the four-dimensional
Mandelstam variables s and t)

74(s,1)
:/ dOyV/=GW5(y) Wy (y)f('7) (@5)> 72, (y) %, (y).
(A29)

(a/§)2+a’z'/2

(A28)
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The relevant exponent in the Regge limit is
j=2+df/2 =2+ dtR*/(2r?), which is a very impor-
tant result as we show in what follows.

Let us show that this expression leads to two very
different physical situations. Firstly, let us consider the case
of positive ¢ and the Regge limit 0 < ¢ < s, for which the
maximum value of the exponent is reached when the radial
coordinate r has its minimum ry, and since ry <, it
corresponds to the IR of the gauge theory. Therefore, it is
related to the soft Pomeron at strong coupling. Thus,
we obtain

Jvax =2+ T2 =2+ dtR?/(2r}),  (A30)
which shows a linear Regge trajectory jy(f), with
intercept ay = 2 and slope a; = &'R*/(2r3).

The second possibility in the study of the exponent
corresponds to 7 < 0 and 0 < |f| < s where the maximum
value of the exponent is

IMax = 2, <A31)
which corresponds to r — oo, namely the UV region of the
gauge theory, related to the BFKL Pomeron. This is the
effect of unification (or interpolation) of the soft and
the BFKL Pomerons that we mentioned before [10].

The derivation presented so far deals with a local
approximation, which implies to consider the large
AtHooft 1imit, leading to the Gaussian approximation [see
discussion below Eq. (A21)], and then the high energy
limit. However, in order to reach a more realistic parametric

domain of QCD, it is crucial to investigate the physics for

values of s growing as exp(/ll/ :

“Hooft)- From the gauge/string
theory duality this is an extremely large energy scale;
however, in order to consider QCD one has to explore what
happens towards smaller values of the 't Hooft coupling,
which means realistic values of the QCD coupling. As
we have seen in this work, this leads to a very precise
description of the proton-structure functions when this

formalism is applied to DIS. Thus, we must retain terms
of order AZ[IH/OZM in the exponent j =2+ af/2 in the
scattering amplitude (A29), which implies to consider
the ten-dimensional momentum operator (id‘fo) in the
definition of 7,

ar— a’V%,Ea’I:—jt—l-a’Vz, (A32)
where V7 is the Laplacian operator in the radial and five-
dimensional angular directions, which is proportional to
o /R* = A;L{foﬂ, and acts on the wave functions of the
incoming and outgoing states. The transverse momentum
transfer leads to the O(l;iﬁ)ﬁ) correction to the intercept as

shown in Eq. (A30), and also it makes s%12 g diffusion

operator in the eight transverse directions,’ which induces
a diffusion operator similar to the one corresponding to
the BFKL Pomeron. In addition, it will show important
changes in comparison with the local approximation where
the second term in (A32) was ignored.

Now, let us write the Laplacian V3, considering the
metric (2.1). The idea is to include the contribution of the
t-channel exchange of a generic transverse-traceless tensor
field of spin j, ® ; = ®, ., with j light cone indices +,
being x* = (x + x')//2 the light cone coordinates. This
represents a fluctuation of a generic field propagating in
the AdSs x S° bulk. In particular, in the case of the BPST
Pomeron it corresponds to j =2 and it is given by
transverse traceless fluctuations of the metric. On the other
hand, in the case of the holographic-A Pomeron it corre-
sponds to j = 1 and the fluctuation is given by a linear
combination of the graviphoton and the Ramond-Ramond
four-form field A, in type-IIB superstring theory. Thus, the
covariant Laplacian acting on a @, is given by

r R? 1
Vie,, = 7 A < <7> q’++> +5RL

where R ;" is the Ricci tensor +-+ components, and V is
the scalar Laplacian (j = 0). From the equations of motion
of type-1IB supergravity one obtains

(A33)

r2 R2
A2®++ = F V(z) ( <7> (I)++> = O, (A34)

when @, ., is a transverse traceless fluctuation of the
metric. Then, the ﬂ;i{foﬁ correction to the exponent in

the amplitude (A29) leads to

w5 1) = / oG ()W, (1) f (1R )

X (/R[>0 (y) P y). (A35)
In order to calculate this amplitude at high energy it is
convenient to make a change of coordinates in the metric
(2.1) given by u = log(r/ry), which at large r reads

2 R?
ds* = %eQ”nwdx”dx” + 7(1}’2 + R?2dQZ. (A36)
0

Notice the presence of the additional warp factor e?*

in front of the first piece of this metric. Then, one may
calculate the imaginary part of the scattering amplitude

From the ten dimensions of type-1IB superstring theory there
are two directions defining the so-called light cone coordinates,
the time and the direction of motion of the two head-on colliding
closed strings, the eight remaining ones are the transverse
coordinates.
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(recall that this is related to the cross section of the process),

leading to
/du/du"}‘g(u W, (u)

X K(u, u', 7, t = 0)¥ (u' )P (),
(A37)

ImA(s

where the BPST kernel is given by KC(u, u, 7,1 =0) =
s ko (u, u', 1), t = 0), with

. 2

Jo = 2 - 1/2 5

t" Hooft

(A38)

which can be identified with the strong coupling limit of the
BFKL Pomeron exponent [10]. In addition we have
IC()(M, M/, Th, t= 0)

e—(u—u’)z/4rh e—(u+u’)2/4rb

=—+ Fu v, 7)) ——, A39
2./7T) +F i z) 2./7t) ( )
where
Flu,u' 1) = 1 — 4 /mr,e erfe(n), (A40)
while
u-+u +4r
and
exfo(y) = —= / " dke (A42)
VT Jy ’
and 7, is given by
1 R?
Ty = —;—log ( ) (A43)
22 Hooft l"

gGp**0

BPSTiw 2
Fy ( Q ) 3275/21 l/ZQ/

the supraindex HW indicates that this expression has been
derived considering the IR hard-wall cutoff in the metric
ro = R?/zy. Also, we have

F(x.0.0') = 1=2(mpr) e 0 erfe(y(x, 0. Q).
(A47)

and

_lo2(0/0) _lor?(00'5p)
ell=P)u [ o™ 4 f(x, 0,0)e ,

By increasing the center-of-mass energy /s, the exchange
of multiple Pomerons is not suppressed and one must
include them. There is a way to resume multiple Pomeron
exchange known as the eikonal method [53,54]. It implies
to write the scattering amplitude in terms of the impact

parameter b. Thus, for a two-to-two on shell hadrons
scattering the amplitude can be written in an eikonal
sum leading to

A(s, 1) :2is/aabe"é‘l;/dr

) /drlpls(r)(l — eMana D) Py, (1),
(A44)

where the eikonal is related to the BPST Pomeron kernel by

)(elkonal(s b r, I”)

.90 2 /
o <R2> K(s,b,r,r"),  (A45)

g3 is a parameter to be determined by fitting to experimental
data, while we have expressed the BPST Pomeron kernel in
terms of the variables s, b, r, and . Py5(r) and P,, label
the impact factors associated to the scattered hadrons.

Now, let us focus on the DIS of an electron from a
proton. The structure function F, can be calculated
from the total cross section corresponding to the off shell
photon-proton scattering, which by using the optical
theorem, is proportional to the imaginary part of the
forward off shell amplitudes of y* + proton amplitude,
GTotal ImA(s,t = 0)/s [see Eq. (A19)]. F, was derived
from the BPST Pomeron in [11]. It has four free param-
eters; g3, p, 2o, and ', obtained by fitting it to experimental
data. Then

(A46)
;7<x Q Ql) — log (QIQZ%) +pr (A48)
, ¢, T )
where
0(0.0) =tog(f0 ). (Ad)
20'x

is a longitudinal boost.
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The parameter Q' is approximately 7//R?, being r’/R?
the support of the Dirac delta function used to approximate
the hadron impact factor [11]. Therefore, 7 should be of the
order of the hadron size and Q' must be of the order of the
proton mass. In addition, the virtual-photon impact factor is
also approximated by a Dirac’s delta function peaked at

~r/R?. The parameter p is related to the 't Hooft
coupling p = 2/AY3 o and zo = R%/ry is the IR cutoff
of the gauge theory (A = ry/R?). Thus, there is a clear
physical interpretation of these parameters.

3. The holographic-A Pomeron
and the polarized function g}

In order to study the g; helicity function let us firstly very
briefly discuss where it comes from, by considering the
DIS differential cross section corresponding to polarized
charged leptons scattered off polarized hadrons. We con-
sider a final polarized lepton in the solid angle dQ2 and in
the final energy range (E', E' + dE')

d*c az, E

—  —_Tem T uv
a0dE ~ amgt £ WV

(A50)
in the laboratory frame [55]. Thus, the hadron four-
momentum is P, = (M, 0) of mass M, and the incoming
and outgoing lepton four-momenta are k, = (E, 75) and
k, = (E', k'), respectively.

This expression assumes the exchange of a single virtual
photon between the incoming lepton and the hadron.
The differential cross section is defined in terms of the
so-called leptonic tensor /,, and the hadronic tensor W,
The virtual photon probing the hadron structure carries
four-momentum g, = k, — k. The Bjorken variable is
defined as

Q2
2P-q’

X =

(A51)

where 0 < x < 1 corresponds to its physical range. In the
DIS limit Q2 becomes very large, while x is kept fixed. For
a spin-1/2 baryon one may write the following decom-
position for the hadronic tensor [55,56]:

S) (A)

W, =W (q,P)+iWe(q,P.S),  (A52)

where the (Lorentz-index) symmetric part W,(,,S,) includes
the spin-independent structure functions F,(x, Q%) and
F,(x, 0%, and the spin-dependent ones g;(x,Q?),
gs(x,0%), and gs(x,Q?). On the other hand, the
(Lorentz-index) antisymmetric part W,(f:) in the general
expression contains the so-called antisymmetric structure

functions g, (x, 0%), g,(x, Q*), and F3(x, Q).

Using the optical theorem, which relates the forward
Compton scattering amplitude to the DIS cross section, it
follows that

WS = 22Im [T}f)} and W = 2nIm[T,(f:)},

with

T, =i / dhxe (PR () (0))P),  (AS3)
where Ji" represents the electromagnetic current inside the
hadron state |P).

In QCD the functions g3, g4, g5, and F3 do not appear for
electromagnetic DIS. However, considering an IR defor-
mation in N = 4 supersymmetric Yang-Mills theory, F is
nonzero [18,57,58]. In this specific situation massless
Nambu-Goldstone modes appear from the spontaneous
breaking of the R-symmetry [57] of N = 4 SYM. It allows
for a contribution to the g, (x, Q?) structure function which
is obtained by using the relation g, (x, Q%) = F5(x, 0?)/2.
For more details of these calculations we refer the reader to
Refs. [18,57,58].

QCD and N = 4 SYM are different theories, specifically
N =4 SYM theory contains non-Abelian SU(N,.) gauge
fields (which represent the gluonic sector of this theory),
gaugino fields, and six real scalar fields, all transforming in
the adjoint representation of the gauge group SU(N.).
However, within the parametric regimes of Q2 and x that
we are interested in, the dominant contribution for both
theories to the DIS process comes from the gluonic sectors,
which are similar in both theories. Therefore, the behavior
of the BPST and the holographic-A Pomerons turns out to
be universal, while the model dependence is related to the
IR deformation and the hadron impact factor.

In the work [18] it has been obtained the helicity
structure function g;. This equation was obtained assuming
that the kernels for j ~ 1 (Reggeized gauge field exchange)
and j =2 (Reggeized graviton exchange) can be approx-
imately described in the same way [18]. There are
important changes of this derivation with respect to the
derivation of the symmetric function F,, since in the
f-channel there is a Reggeized gauge field exchange instead
of a Reggeized graviton. Therefore, for <0 and
0 < |7| < s, which corresponds to the UV region of the
gauge theory leads to jy,, = 1. The corresponding expres-
sion for g,(x, Q%) is

911\4P0mer0n]_,w (x7 Qz)

P 2 )
Cp_l/ze“_Z)fb _log?(0/0") log (00'%)
= ]—/2 e PTh + f(x’ Q’ Q/)e PTh X
T
b

(A54)
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Notice that the parameters p, Q' and z; should be fixed by

the fitting of F EPSTHW (x, Q%) to data, since the physical
meaning of them is the same in both structure functions.

Then, there is only one free parameter to fit to gf data, the
overall constant C. Details of this derivation are given
in Ref. [18].
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