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a  b  s  t  r  a  c  t

We  study  the  theoretical  performance  of  using  Electrical  Impedance  Tomography  (EIT)  to  measure  the
conductivity  of  the main  tissues  of the head.  The  governing  equations  are  solved  using  the  Finite  Element
Method  for realistically  shaped  head  models  with  isotropic  and  anisotropic  electrical  conductivities.  We
focus  on  the  Electroencephalography  (EEG)  signal  frequency  range  since  EEG  source  localization  is  the
assumed  application.  We  obtain the  Cramér-Rao  Lower  Bound  (CRLB)  to find  the  minimum  conductivity
estimation  error  expected  with  EIT measurements.  The  more  convenient  electrode  pairs  selected  for
current injection  from  a  typical  EEG  array are  determined  from  the CRLB.  Moreover,  using  simulated
aximum Likelihood Estimator
lectrical conductivity estimation
kull anisotropy
inite Element Method

data,  the  Maximum  Likelihood  Estimator  of the conductivity  parameters  is shown  to  be close  to the  CRLB
for a relatively  low  number  of measurements.  The  results  support  the  idea  of using  EIT as  a low-cost  and
practical  tool  for  individually  measure  the  conductivity  of  the  head  tissues,  and  to use them  when  solving
the  EEG  source  localization.  Even  when  the conductivity  of the  soft  tissues  of  the  head  is  available  from
Diffusion  Tensor  Imaging,  EIT can  complement  the  electrical  model  with  the  estimation  of the skull  and
scalp  conductivities.

© 2013 Elsevier Ltd. All rights reserved.
. Introduction

Electric models of the human head, as used in Electroen-
ephalography (EEG) source localization, require an electrical
onductivity map  of the head. Usually, this map  is built as a layered
odel, with each layer representing a different tissue. The shape

f the layers is either assumed spherical, ellipsoidal, or obtained by
egmenting Magnetic Resonance (MR) images. Then, the electrical
onductivity values for each tissue are usually selected from
xisting studies [1–5]. However, there is a large variation in the

alues found in the literature, depending on the measurement
ethod, and probably due to inter-subject variability [6]. The use

f incorrect values in the head model could lead to erroneous
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746-8094/$ – see front matter ©  2013 Elsevier Ltd. All rights reserved.
ttp://dx.doi.org/10.1016/j.bspc.2013.08.003
solutions of the neural source estimation [7–9]. A possible solution
to this problem is the use of Electrical Impedance Tomography
(EIT) measurements from the subject under study to estimate the
conductivity of the main tissues of the head. As EIT is portable and
relatively cheap, this is an advantage over other methods such as
MR (particularly, Diffusion Tensor Imaging (DTI)) or Computed
Tomography (CT) that could be used with the same purpose. Also,
EIT can estimate the skull conductivity, which cannot be obtained
from DTI. Most of the skull conductivity values found in the above
mentioned literature are based on in vitro or in vivo measurements
with a four electrode system. In EIT, the same electrodes and
acquisition system of EEG could be used in combination with an
electric current source to estimate in vivo the tissue conductivities.

Electrical Impedance Tomography (EIT) on the head consists
of injecting electrical currents on known points on the scalp and
measuring the resulting electric potential distribution on the scalp
to infer the electrical impedance map  of the whole head volume.
An inconvenience with EIT impedance mapping is that even when

using an array with a large number of electrodes, the spatial reso-
lution of the resulting map  is quite low [10]. To overcome this, it is
possible to combine the high spatial resolution of the MR  segmen-
tation in tissues, with the EIT technique to estimate the electrical

dx.doi.org/10.1016/j.bspc.2013.08.003
http://www.sciencedirect.com/science/journal/17468094
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onductivity of each layer [11,12]. In this way, parametric estima-
ion tools are used to solve the EIT inverse problem (EIT IP), i.e. the
onstruction of the conductivity map.

The skull is highly resistive compared to the surrounding tis-
ues, acting as an electrical shield between the scalp and the brain.
t is mostly composed by a sandwich of two layers of compact bone

ith a layer of spongy bone in the middle [4]. Several models have
een proposed for the skull adopting isotropic conductivities to
ach type of bone [13], a single homogeneous isotropic conduc-
ivity, localized but isotropic conductivities [14], or homogeneous
ut anisotropic models [9,13], where the tangential conductivity

s higher than the radial (or transversal) one. The relevance of
onsidering the skull anisotropy has also been analyzed [9]. Sev-
ral studies measured the skull conductivity and its anisotropy ratio
1,2,15,16]. Existing reports show skull conductivity values ranging
rom 0.04 S/m to 0.004 S/m [1,2,4,16] (and even some values outside
his range have been discussed). The radial:tangential anisotropy
atio was initially supposed to be 1:10 [1], but recent studies sug-
est that it is lower, ranging from 1:1.6 to 1:6 [3,9] considering the
:10 ratio as an upper limit. Our hypothesis is that the ratio is still
ncertain and a wide range of anisotropic conductivity ratios (from
:1 to 1:10) is evaluated.

The scalp is the first compartment that the current passes
hrough, playing a major role in EIT [4]. It can also be modeled
s inhomogeneous because it has zones with muscles, fat and dif-
erent skin thickness. Homogeneous but anisotropic models with
ransversal to tangential ratio of 1:1.5 have been also used [8]. As
he conductivity of this tissue is higher than the skull’s, its relative
nhomogeneities are usually neglected and a single isotropic con-
uctivity is assigned to this layer. This value is also uncertain since
nly few studies have been performed to measure it [4]. So, EIT can
lso be applied to obtain a scalp conductivity estimate.

The innermost cavity is the most complex as it includes cere-
rospinal fluid (CSF), gray matter, and white matter. Assigning to it

 single conductivity value is nowadays an oversimplification of the
roblem and recent studies also highlight the relevance of consid-
ring anisotropy within the white matter [8,9,17]. The diffusion of
ater over the tissues (MR-DTI) can be used to build an anisotropic

onductivity map  of the CSF, white and gray matter, by means of a
inear transform of each tensor eigenvalue [18]. Averaged conduc-
ivity distributions can be used if the patient specific resonance is
ot available [19].

We  assess the performance of using EIT to estimate the con-
uctivity values of the scalp, skull, and brain. For the first two
issues we analyze homogeneous isotropic and anisotropic con-
uctivities, whereas for the brain, we assign a unique isotopic value
r a realistic inhomogeneous and anisotropic map  based on a DTI
tlas. We  use this to analyze the influence of the a priori knowl-
dge of the tensorial map  of the brain conductivity (that could be
btained from DTI) in the EIT parametric estimation. The Cramér-
ao Lower Bound (CRLB) is computed for the unknown parameters,
llowing us to quantify the performance of the method indepen-
ently of the specific algorithm used to estimate the conductivity
alues, and to detect convenient electrode pairs for the current
njection. This builds upon our preliminary study [20], where we
nalyzed convenient pairs using a simple spherical head model
ith a particular estimation algorithm. In contrast to other stud-

es [11,12], in this work we use detailed realistic head models
ncluding the estimation of the anisotropic components of the tis-
ue conductivities. To the best of our knowledge, our parametric
IT estimation analysis introduces accounting for anisotropic com-
onents of the scalp and skull conductivity tensors. Finally, we

ompute the Maximum Likelihood Estimator (MLE) to solve the EIT
P using simulated signals with additive noise and we  show that its
erformance is close to the bound even for a limited number of
easurements.
 Processing and Control 8 (2013) 830– 837 831

2. Methods

2.1. Forward problem solution

The EIT forward problem (FP) consists in calculating the electric
potential distribution on the scalp as a result of current injec-
tion, assuming that the electrical conductivities are known. In the
EEG frequency range, this is a quasistatic problem with Neumann
boundary conditions [21]. The governing equations are{ �∇ ·

(
�

(�x
) �∇˚

(�x
))

= 0, in �

�
(�x

)  ( �∇˚
(�x

))
· n̂ = j(�x), in ı�

(1)

where �x = (x, y, z) represents a generic point in the head,  ̊ is the
electric potential, � represents the conductivity tensor, � is the
head volume and ı� is its outer surface, n̂ is the normal unit vec-
tor, and j is the normal component of the current density on the
boundary.

The FP can be solved analytically for spherical geometries
and isotropic conductivities [20,22]. When using arbitrary shapes,
numerical methods such as the Boundary Element Method (BEM)
or the Finite Element Method (FEM) are required to solve the prob-
lem. We  use the FEM because it admits the anisotropy of the tissues.
Existing studies have validated the use of FEM for EIT purposes [23].

Using linear basis functions in the FEM with tetrahedral ele-
ments (and n nodes), the problem is converted into a linear system
of equations with the form KU = F (see Appendix A) where K is the
n × n stiffness matrix that includes information of the head geome-
try and conductivity, U is the unknown n × 1 vector of the potential
at the n nodes of the volume tessellation, and F is the n × 1 indepen-
dent vector that includes the information of the electric current.

For simplicity, the electrodes are assumed to be a point with no
surface as the electrode area is much smaller than the total area of
the external head surface [24]. Complete electrode models could
also be considered as in [8].

2.2. Signal model

Based on the FP we  may  write a sample Y of the signal at the
electrodes as

Y = MU  + W = MK−1F + W,  (2)

where M is an m × n sparse selection matrix that selects the ele-
ments of U corresponding to the nodes located at the position of
the m measurement electrodes, and W is a noise term. The noise in
the measurements should contemplate two sources; the noise of
the amplifiers and the skin-electrode contact impedance, and the
electrical activity of the brain, which is an undesired noise term in
this EIT application. The latter may have larger amplitude and could
lead to a large variance of the estimated parameters [20]. However,
as it is spatially and temporally correlated, an appropriate selection
of the current waveform and data processing mitigates its effect if
a sufficient number of temporal samples are available [29].

2.3. Head models

The head models adopted for this study have a realistic shape
and are composed by three layers representing brain, skull, and
scalp. In order to obtain general results, average models are chosen
for the head shape and the surfaces that delimit the layers. They
are obtained from the ICBM152 atlas [27], which is an average of

152 healthy subjects. We  analyze three models:

Isotropic: The three layers are considered homogeneous and
isotropic with their three parameters of interest; the electrical con-
ductivities of each layer (�sc, �sk, �br).
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Fig. 1. Geometry of the head model with its subdivision in three layers (coronal
slice). The discretization into tetrahedrons is also shown. For the innermost layer,
the color scale depicts the conductivity map  derived from the DTI atlas and used
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n  the Partially Isotropic and the Anisotropic head models. (For interpretation of the
eferences to color in this figure legend, the reader is referred to the web version of
he  article.)

Partially Isotropic: The scalp and skull layers are identical to
he previous model, but in this case the conductivity map  of the
nner cavity (�dti

br
) is obtained from the ICBM-DTI-81 atlas [19]. Fig. 1

hows the mean conductivity map  used in this model. The aim with
his model is to quantify the improvement in the estimation of the
kull and scalp conductivities when the conductivity map  of the
rain is known.

Anisotropic: The scalp and skull conductivities are split in two
arameters that allow us to model the anisotropy of these tissues.
he brain conductivity is the same as in the previous model, i.e.
t is obtained based on DTI. There are four parameters of interest:
angential scalp conductivity (�t

sc), radial scalp conductivity (�r
sc),

angential skull conductivity (�t
sk

), and radial skull conductivity
�r

sk
).

For each model, the resultant FEM expressions are the following
details are shown in Appendix A):

(�)U = (�scKsc + �skKsk + �brKbr)U = F, (3)

or the Isotropic model,

(�)U = (�scKsc + �skKsk + Kdti
br )U = F, (4)

or the Partially Isotropic model, and

(�)U = (�t
skKt

sk + �r
skKr

sk + �t
scKt

sc + �r
scKr

sc + Kdti
br )U = F, (5)

or the Anisotropic model, where � is the vector of unknown param-
ters �i, and Kl, Kt

l
and Kr

l
are the n × n stiffness matrices for each

egion l (sk for skull, sc for scalp and br for brain). For the last two
odels, the stiffness matrix of the brain Kdti

br
was obtained from DTI

ased on a linear transformation of the largest eigenvalues [18].

.4. Cramér-Rao Lower Bound and Maximum Likelihood
stimator
The CRLB is useful to quantify the theoretical performance of
arameter estimation, providing a lower bound on the error vari-
nce of any unbiased estimator. In the three head models, we use
 Processing and Control 8 (2013) 830– 837

it to assess the quality of EIT estimates of the parameters. Then, if
�̂ is an unbiased estimator of �,

Cov{�̂}≥CRLB(�) = J−1(�), (6)

where the matrix inequality implies that the difference is positive
semidefinite, J is the Fisher information matrix, and Cov stands for
covariance. For signals in White Gaussian Noise such as (2), J is given
by

[J(�)]ij = S

�2
w

(
∂�(�)

∂�i

)T (
∂�(�)

∂�j

)
, (7)

where �(�) is the expected value of the signal Y, S is the total num-
ber of samples or measurements, and �w is the noise standard
deviation. [30]. From (2), the expected value is

�(�) = MU = MK(�)−1F, (8)

and its partial derivative is

∂�(�)
∂�i

= M

(
−K−1 ∂K

∂�i

K−1

)
F = −MK−1 ∂K

∂�i

U. (9)

The partial derivatives of K respect to each parameter �i can be
easily obtained from Eqs. (3), (4) or (5).

For each parameter �i, we define the Coefficient of Variation
Bound (CVB) as

CVBi =
√

CRLBii

�i
, (10)

where �i is the reference value for that parameter, and CRLBii is the
ith element of the diagonal of the CRLB matrix. This coefficient is
equivalent to a bound on the relative standard deviation of each
parameter and we use it to analyze the results.

The EIT IP involves estimating the model parameters (i.e.
electrical conductivity values) based on the electric potential mea-
surements from the electrodes. We  derive the MLE  to solve this
problem under a Gaussian measurement model [30]. The MLE  for
the parameter vector � is

�ML = min
�

{(Ŷ − MK−1(�)F)T (Ŷ − MK−1(�)F)}, (11)

where the m × 1 vector Ŷ is the average of the S measurements. Sev-
eral numerical optimization methods can be used to solve (11). We
use the classic Newton’s method as the partial derivatives needed
for the Gradient and Hessian of (11) can be found as in (9).

To present the results we  define the Estimator Coefficient of Vari-
ation (ECV) for each parameter �i as:

ECVi =
√

Var(�ML
i

)

�i
, (12)

where Var stands for variance.
Since the MLE  is an efficient estimator, when the number of

measurements S grows, the ECV tends to the CVB. We  analyze the
behavior of the MLE  in a practical situation, for a reasonable value
of S.

2.5. CRLB computation and simulations

For the three head models described in Section 2.3 we compute
the CVB to study the performance of the method and to infer con-
venient electrode pairs. We also simulate measurements to test
the MLE. In this section we  describe and state the adopted values

and conditions used to both compute the CVB and simulate the
measurements.

Since we  propose to perform the EIT data acquisition with the
same equipment used for EEG studies, and immediately before or
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Table  1
Reference values of conductivity adopted for this study [S/m].

Model Scalp conductivity Skull conductivity Brain conductivity

Isotropic 0.4 0.004–0.04 0.3
Partially Isotropic 0.4 0.004–0.04 DTI
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Anisotropic Tangential Radial 

0.45 0.3 

(Radial:tangential ratio) 1:1.5 

fter the EEG data acquisition, we use an electrode placement based
n a subset of 64 electrodes of the EEG 10-10 standard system.

We assume the current injection involves one electrode pair
hile the remaining electrodes measure the resulting electric
otential distribution, so that m = 62. For its use in human
atients, medical equipment must comply with the International
lectrotechnical Commission 60601 standard (IEC60601) which
pecifies a patient auxiliary current limit of 100 �A when the fre-
uency is between 0.1 Hz and 1 kHz [25,26]. Since in this frequency
ange the quasistatic approximation of Maxwell equations holds,
he results are independent of the actual frequency value. We
ssume that the frequency of the injected current signal is in this
ange and that the current intensity is 100 �A.

We analyze 16 different pairs for the current injection, a repre-
entative subset of the 2016 possible electrode pairs, which cover

 range of a priori favorable to unfavorable situations. This is based
n a preliminary study with a simple spherical head model, where
e found that pairs with a large angle between them and a high
umber of other electrodes surrounding them, were the most favor-
ble configurations [20]. As stated in the Introduction, determining
hich pairs are better to perform the estimation is one of the main

bjectives of this work.
To solve the linear problems in Eqs. (2), (8), (9), and in the Hes-

ian matrix computation, we use a biconjugate gradient algorithm
hat can handle sparse matrices [28]. The tetrahedral mesh used
or the three models has a total of 79,725 nodes or vertices (n)
nd 494,450 elements or tetrahedrons, where 137,072, 42,580 and
14,798 correspond to the scalp, skull, and brain layers respectively
Fig. 1).

In the Isotropic and Partially Isotropic models, we select the refer-
nce scalp and brain conductivity values similar to those frequently
ound in the literature: �sc = 0.4, and �br = 0.3 S/m [10]. The poor

onductivity of the skull leads to a strong influence of this parame-
er on the estimates. In view of the extremely wide range of values
ound for it in the literature [4], we analyze different scenarios
arying this parameter from 0.004 to 0.04 S/m.

ig. 2. Current flow on a coronal slice when the C3–C4 is the current injection pair. The g
he  current density. (For interpretation of the references to color in this figure legend, the
Tangential Radial
0.01–0.014 0.01–0.0014 DTI
1:1–1:10

In the Anisotropic model, the radial:tangential conductivity ratio
is chosen as 1:1.5 for the scalp, according to an existing study [4].
For the skull there is again a wide range of ratios, so we  ana-
lyze values ranging from 1:1 (isotropic) to 1:10 (upper limit). In
each case, the values are chosen so that the traces of the dif-
ferent conductivity tensors �(�x) are equal to the trace of the
isotropic tensor, i.e. Tr{�(�x)} = 3 × �sc if �x is a point in the scalp and
Tr{�(�x)} = 3 × �sk if �x is a point in the skull. The resulting values are
�t

sc = 0.45 S/m, �r
sc = 0.3 S/m, �t

sk
ranging from 0.01 to 0.014 S/m,

and �r
sk

ranging from 0.01 to 0.0014 S/m. In Table 1 we summa-
rize the reference values selected for the parameters of the three
models.

For the CBV computation, we consider 50 independent time
samples S and we assume that this is a quantity large enough to
neglect the brain activity noise [29]. Then, W∼N(0,  �2

wI) is inde-
pendent among channels and among time samples, where I is
the identity matrix. We  choose a typical noise standard deviation
�w = 1 �V that accounts for the electronic noise and for a pos-
sible uncorrelated residual term of the brain activity. This value
is used in Eq. (7) to compute the CVB and also to generate the
Gaussian noise realizations W in the simulated measurements
Y of Eq. (2).

For the MLE  minimization, the initial values for Newton’s
method are chosen to be lower than the reference conductivities
(uniformly distributed from 50 to 100% of the reference values), and
the method is set to stop after the sixth iteration. It was empirically
found that the numerical stability and speed of convergence was
better for initial values lower than the reference conductivities, and
that the method stagnated after six iterations.

For each current injection pair we simulate 20 sets of S = 50
measurements with independent noise realizations. The para-
metric estimation is performed for each set using the MLE

formula of Eq. (2), where Ŷ is the mean of the 50 measure-
ments. The different sets are used to obtain the variance of the
MLE, which is required to obtain the ECV and to compare it to
the CVB.

ray lines show the current direction and the color scale indicates the amplitude of
 reader is referred to the web version of the article.)
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ig. 3. CVB for the Isotropic head model: (a) scalp conductivity, (b) skull conductivit
he  current is applied using the electrodes connected by that line. Note that the dia

. Results and discussion

We  solved the FP as described in the previous section, and as

n example, in Fig. 2 we show the current flow in the head when
he injection electrodes are C3 and C4. The lines show the current
irection and the color scale indicates the amplitude of the current
ensity.

ig. 4. CVB for the Partially Isotropic head model: (a) scalp conductivity and (b) skull con
adial  scalp conductivity, (d) tangential skull conductivity, and (f) radial skull conductivity
sing  the electrodes connected by that line. Note that the diagrams have different scales.
(c) brain conductivity. The color of each line indicates the CVB value obtained when
 have different scales.

The derivation of the CRLB allows us to obtain several useful
results regarding the selection of the electrode pair for current
injection. Figs. 3 and 4 show the CVB of selected injection pairs

for the three head models with these conductivity values for the
skull: �sk = 0.01 S/m, �t

sk
= 0.014 S/m, and �r

sk
= 0.0014 S/m. For

each parameter, the color of the connection line is proportional to
the CVB when the electric current is injected by the two connected

ductivity; and for the Anisotropic head model: (c) tangential scalp conductivity, (e)
. The color of each line indicates the CVB value obtained when the current is applied
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lectrodes; i.e. the current injection pair. Although the actual value
f the CVB depends on the actual configuration of the measuring
lectrodes, the best pairs usually have a larger distance between
njection electrodes, and these are surrounded by a larger num-
er of measuring electrodes. Then, as a general behavior, pairs
uch as F3–P4, P3–FC4, F3–P3 or Fz–Pz should be preferred. This
mplies fewer measurements (less measurement time) over these
airs to reach the same relative errors as when using other pairs. A
ore particular observation is that for the Isotropic model, fronto-

ccipital pairs perform better than left-to-right pairs, as can be
een in Fig. 3. This could be because of the longer path the current
ust traverse in fronto-occipital pairs, or because the distribution

f the electrodes is not invariant when rotated 90 degrees. In all
iagrams, the CVB values for most pairs are less than 10−2, i.e. a
elative error below 1% in the estimated conductivities. Note that
rom (6), (7), and (10), the CVB values are inversely proportional
o the square root of the number S of trials. So, the results can be
asily extrapolated to any number of independent measurements.

To analyze the performance of the MLE  in the whole proposed
kull conductivity range, we show the results for the ‘P3–Fc4’ pair as
e consider it a representative example. The CVB and ECV are dis-
layed for the Isotropic and Partially Isotropic models as a function
f the skull conductivity in Fig. 5a and b, and for the Anisotropic
odel as a function of the skull anisotropy ratio in Fig. 5c. Note

hat Fig. 5b also shows the CVB for the parameters of the Isotropic
odel, in order to quantify the benefits of knowing a priori the brain

onductivity.
In the Isotropic and Partially Isotropic models, the scalp conduc-

ivity estimation presents the lowest relative CRLB. A low CRLB
ndicates high sensitivity, which means that the scalp is the most
nfluential tissue for the EIT method, in agreement with [4]. How-
ver, Fig. 5a and b demonstrates that for high skull conductivities,
he influence of the skull and brain increases. The results shown
n Fig. 5a, b, and c show that, under the proposed conditions,
ll the parameters of any of the head models can be estimated
sing EIT with good quality, i.e. with a very low relative error. This
olds for the whole studied range of skull conductivity values and
nisotropic conductivity ratios.

In the case of the anisotropic model (Figs. 4(c–f) and 5c), the tan-
ential scalp conductivity and the radial skull conductivity present

 lower CVB compared to the radial scalp and tangential skull con-
uctivities. This is because the measured electric potential is more
ensitive to the tangential scalp and radial skull conductivities. The
ines in Fig. 2 indicate that the current flow is mostly tangential in
he scalp and radial in the skull. The zoomed region at the right
f the figure provides a closer look at this effect, which is a conse-
uence of the relatively low conductivity of the skull compared to
he conductivity of the scalp. However, it is empirically observed
n EEG that the parameters with higher relative error (radial scalp
nd tangential skull conductivities) are those that have a lower
nfluence on EEG source localization.

In Fig. 5b we can observe that the a priori knowledge of the
rain conductivity map  obtained from DTI leads to a three-fold
eduction in the relative error of the scalp conductivity estimation
nd an ∼40% reduction of the relative error of the skull conduc-
ivity estimation. These results can also be read as a reduction
f the total amount of measurements to be made. For example,
he Partially Isotropic head model would require approximately
0 times less measurements than the Isotropic model to obtain

 similar relative error for the estimation of the scalp conductiv-
ty and half of the measurements for the estimation of the skull
onductivity.
When comparing the MLE  with the CRLB, note that in Fig. 5a,
 and c the CVE value was obtained by computing the standard
eviation of only 20 trials, thus these results are rather noisy. How-
ver, even with this low number of trials it is evident that the

injection pair for the (a) Isotropic, (b) Partially Isotropic, and (c) Anisotropic head
models. In (b), the CVB for the Isotropic model is also displayed.
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LE  performs very well for S = 50 independent measurements. This
ehavior was observed in all the pairs under study.

. Conclusions

The results of this work strengthen the idea of using EIT as a rou-
ine together with EEG in all cases where EEG source localization is
oing to be studied. Also functional EIT and Magnetoencephalog-
aphy may  take advantage of using this combination of EIT and MR
maging to obtain improved impedance models of the head. We  also
howed that the MLE  might be used to estimate the conductivities
ith a practical number of independent measurements.

As the skull conductivity value, or values assigned to homoge-
eous or inhomogeneous models remain undefined, EIT appears as

 low cost and easy to implement method to obtain these parame-
ers for each particular subject. The combination with DTI not only
mproves the performance of EIT, but also completes the conduc-
ivity model of the head providing the conductivity of the skull,
hich cannot be obtained from DTI. In functional EIT the brain func-

ion is studied by detecting impedance changes due to increased
xygen consumption in active neurons [31]. In this case the fre-
uency of the injected current can be arbitrarily chosen and for
igh frequencies the characterization of the tissues could require
ore parameters, such as the electrical permittivity. EIT can also

e applied to head models that require the estimation of a larger
umber of parameters, such as models with more layers.

The use of better skull models, e.g. including its sutures or local
ariations, is planned as future work. In the case of local variations
he use of several electrode pairs would be necessary and the use of
he CRLB to choose the most convenient pairs may  lead to important
avings in measurement time.
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ppendix A. FEM and linear equations

In this Appendix, we describe the FEM method and the deriva-
ion of (3), (4) and (5).

The weighted residual method modifies the volume condition
n Eq. (1) by requiring

�

ω �∇ ·
(

�
(�x

) �∇˚
(�x

))
d� = 0, (13)

here ω is a weight function,  ̊ represents the unknown potential,
(�x) represents the 3 × 3 conductivity tensor at the point �x and �

s the head volume. Applying properties of the gradient and the
ivergence, (13) can be expressed as

�

�∇ · (ω� �∇˚)d� −
∫

�

( �∇ω)�( �∇˚)d� = 0, (14)

hich is known as the weak formulation. Then, applying the
reen’s Theorem to the first term, we obtain

�

( �∇ω)�( �∇˚)d� =
∫

ı�

ω � �∇  ̊ · n̂︸  ︷︷  ︸
current density j

d(ı�), (15)

here n̂ is the normal unit vector to the surface element d(ı�).
sing Galerkin’s formulation with linear functions, the condition

f Eq. (13) is required for all functions ω of an appropriate set of
unctions that form a base of the solution space. For each tetrahe-
ron, we adopt four functions ωi frequently used in FEM, that are
qual to 1 at a node of the tetrahedron and decrease linearly to zero
 Processing and Control 8 (2013) 830– 837

at the opposite face. The volume � is tessellated into tetrahedrons
and the potential  ̊ is approximated as a linear combination of the
weight functions ω. The integrals

∫
�

( �∇ωi)�( �∇ωj)d� are solved for
each element and for each combination of i and j, which results
in a 4 × 4 element matrix Ke per element. The assembly of all ele-
ment matrices forms the n × n system stiffness matrix K, where n
is the total number of nodes [32]. The left side of Eq. (15) can be
expressed as KU,  where U is the unknown n × 1 vector of electric
potential at the nodes.

During the tessellation process, we  make sure that the points
corresponding to the electrode positions were vertices of tetrahe-
drons. Since ω = 1 at the nodes, including the current source and
sink points (�x+ and �x−), the surface integral from Eq. (15) can be
expressed as

∫
ı�

ωj(�x)d(ı�) =

⎧⎪⎨
⎪⎩

+I if �x = �x+

−I if �x = �x−

0 elsewhere

, (16)

where I is the intensity of the electric current. The resulting FEM
linear system of equations is

KU = F, (17)

where the independent vector F is an all zero vector except for +I
and −I at the injection node positions.

In linear FEM, the element matrix can be expressed as

Ke = BT �B

36V
, (18)

where B is a 3 × 4 transformation matrix that depends on the posi-
tion of the vertices of a particular tetrahedron of volume V. In the
isotropic case, the conductivity tensor is

� = �I3, (19)

where I3 is the 3 × 3 identity matrix. The conductivity tensor is
different in the anisotropic case. It is desirable to express it as

� = C

⎛
⎜⎝

�t 0 0

0 �t 0

0 0 �r

⎞
⎟⎠C−1, (20)

where C is the change of basis matrix from the canonic base to a
tangential/radial one. To define the radial direction, for each tetra-
hedron the closest triangle on the surface was determined by a
projection. As the parameters of the model are the tangential and
radial conductivities, the element matrix can be expressed as a
function of two  new matrices Kt

e and Kr
e :

Ke = 1
36V

BT C

⎛
⎜⎝

�t 0 0

0 �t 0

0 0 �r

⎞
⎟⎠C−1B = BT C

36V

⎛
⎝�t

⎛
⎝ 1 0 0

0 1 0

0 0 0

⎞
⎠

+ �r

⎛
⎝ 0 0 0

0 0 0

0 0 1

⎞
⎠

⎞
⎠C−1B = �tKt

e + �rKr
e . (21)

With this procedure, the tangential and radial components of
the element matrix can be assembled separately resulting in a sys-
tem stiffness matrix K for each orientation.
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