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Received: 14 December 2022

Revised: 2 January 2023

Accepted: 13 January 2023

Published: 18 January 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

atoms

Article

Differential Analysis of the Positron Impact Ionization of
Hydrogen in Debye Plasmas
Emiliano Acebal * , Sergio Hernan Martínez and Sebastian Otranto

Instituto de Física del Sur (IFISUR), Departamento de Física, Universidad Nacional del Sur (UNS), CONICET,
Av. L. N. Alem 1253, Bahía Blanca B8000CPB, Argentina
* Correspondence: emiliano.acebal@uns.edu.ar

Abstract: In this work, a theoretical differential analysis of the positron impact ionization of hydrogen
embedded in weakly coupled plasmas at an impact energy of 80 eV is developed. While the total and
singly differential cross sections are analyzed within the classical trajectory Monte Carlo method, a
Born-3DW model for screened environments, recently introduced by the authors, is used to provide a
fully differential view of the process. The present results suggest that the electron emission spectra
are strongly affected by the level of screening of the surrounding medium, mainly due to the loss of
the postcollisional interaction mechanism.
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1. Introduction

During the last seven decades, the study of charged particle collisions with atoms and
molecules has represented a challenging research field. Despite the intrinsic interest from
a basic science perspective, the roles that these mechanisms play in many areas, such as
astrophysics, radiotherapy, and fusion plasmas, have only recently been established and
have pushed the focus of research towards a more refined understanding of the physical
mechanisms involved.

The dynamics of electron emission processes can be studied at different levels of
differentiability. The technological advances between 1950 and 2003 paved the way to move
from total cross sections, the least detailed observations in terms of physical mechanisms, to
the fully differential cross sections that provide a complete picture of the electron emission
process, since the momenta of all the fragments are resolved [1,2]. A constructive interaction
between the experimental and theoretical groups in this period led to the simultaneous
development of highly accurate detectors and coincidence techniques and sophisticated
theoretical treatments, which currently largely rely on heavy computational resources.

Although complete theoretical descriptions, both quantum and semiclassical, have
been available for nearly four decades, experimental differential cross sections for atomic
ionization by positron impact have only become feasible in recent years [3–7]. These
complex experiments provide striking information about ionization processes, which
sometimes disagree with the theoretical model under consideration [8,9].

While these advances pertain to the field of collisions with gas phase targets in such
low densities that the target atom/molecule can be considered isolated from its surround-
ings, laboratory and astrophysical environments provide a completely different scenario.
The screened interactions modify the electronic structure of the atoms and molecules
and also affect the transient dynamics among the colliding particles compared to the
unscreened case.

Over the past 15 years, several studies have been devoted to analysing positron
collision processes in the plasma environment. A decreasing behavior of the excitation cross
section for increasing screening was found by Zhang et al. and the group of Ghoshal [10–13].
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This behavior was in concordance with that obtained from the electron impact studies of
Zammit et al. [14,15]. Positronium formation in screened contexts was also studied in the
past decade, and the cross sections for the screened case were found to be significantly
larger than those corresponding to the unscreened case [16,17].

Aside from the former studies, at present, we are not aware of any reported work,
which has analyzed the positron impact ionization of hydrogen embedded in a plasma
environment. In this work, we perform a differential analysis of this process at an impact
energy of 80 eV. This energy is representative of the region at which the total ionization cross
section peaks for the unscreened case and is, therefore, considered statistically relevant.
With the aim of providing a more general overview, we complement the classical trajectory
Monte Carlo (CTMC) simulations for the Total (TCS) and Singly Differential Cross Sections
(SDCS), with Fully Differential Cross Sections (FDCS) obtained within the screened version
of the Born-3DW model [18]. The reason for this combination lies in the fact that in the
CTMC model, the computational cost increases as one moves from the TCS to the FDCS,
while in the distorted wave models, the computational cost increases just in the opposite
direction. Therefore, the present strategy combines the best of our capabilities at present.
In the recently introduced Born-3DW model , the interaction between particles is modeled
by means of the Debye–Hückel potential. Fully differential analyses of the electron impact
ionization of hydrogen in weakly coupled plasmas exhibited a clear sensitivity in the
magnitude and shape of the denominated binary and recoil peaks with the degree of
screening. The observed trends have been described in terms of the spatial windows
needed for some collisional mechanisms to take place [18].

In Section 2, the theoretical methods employed in this work are briefly described. The
results are shown and discussed in Section 3. Finally, conclusions are drawn in Section 4.
Atomic units are used throughout this work unless otherwise stated.

2. Materials and Methods
2.1. Classical Trajectory Monte Carlo Method

In this work, the CTMC method in its microcanonical formulation was employed [19–21].
Hamilton’s equations of motion for a mutually interacting three-body system were numeri-
cally solved by means of a fourth order Runge–Kutta method with an adaptive step size.
The Hamiltonian for this system reads

H =
p2

1
2m1

+
p2

2
2m2

+
p2

3
2m3

+ V(r12) + V(r13) + V(r23), (1)

where the 1, 2, and 3 subscripts stand for the projectile, electron, and nuclear target,
respectively. The interaction between particle i and particle j is described by means of the
Debye–Hückel model potential,

V(rij) =
ZiZj

rij
e−

rij
rD . (2)

Here, the parameter rD, commonly known as the Debye screening length, is defined
as the ratio between the thermal velocity and the plasma frequency rD = vT/ωP =√

kBTe/(4πe2ne), where kB is the Boltzmann constant, e is the electron charge, and ne and
Te are the plasma–electron density and temperature, respectively. It can be seen that lower
values of rD imply higher levels of screening in the environment.

2.2. Born-3DW Model

In the present Born initial state treatment, the transition amplitude for the ionization
process can be written as

Tf i = 〈Ψ−f |VI |ψi〉. (3)
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The wave function ψi represents the initial state described as the product between
the screened hydrogen atom ground state wave function φi and an incoming projectile
plane wave:

ψi =
1

(2π)3/2 eik0·r1 φi(r2). (4)

Here, r1 and r2 are the positron and target electron coordinates, respectively, with
respect to the nucleus, and k0 is the impinging projectile momentum. We have employed
Salvat’s code [22] to obtain the ground state wavefunctions φi for the different rD-values
considered.

The interaction potential VI is given by the nonresolved part of the Hamiltonian by
the initial state ψi:

VI(r1, r2) =
Z
r1

e−
r1
rD − 1

r12
e−

r12
rD , (5)

where r12 = r1 − r2, and Z is the charge of the nucleus.
Finally, the final state wavefunction Ψ−f is written as

Ψ−f = χ−(k1, r1)χ
−(k2, r2)ζ

−(k12, r12), (6)

with k12 = (k1 − k2)/2, and k1 and k2 are the final positron and electron momenta,
respectively. The wave function χ−(ki, ri) with i = 1, 2 represents the final-state continuum
wave function for the positron (i = 1) and electron (i = 2) in the field of the nucleus, and it
is given by the following partial wave expansion:

χ−(ki, ri) =
∞

∑
l=0

(2l + 1)
kiri

ile−iδl ul(ki, ri)Pl(k̂i · r̂i). (7)

Here, δl is the phase shift with respect to the plane wave. The radial wavefunction
ul(ki, ri) fulfills the equation[

−1
2

d2

dr2
i
+

l(l + 1)
2r2

i
+ V(ri)

]
ul(ki, ri) =

k2
i

2
ul(ki, ri) (8)

and, together with δl , can be obtained through Salvat’s code [22].
On the other hand, the wavefunction ζ−(k12, r12) represents the screened projectile–

electron interaction and is given by

ζ− = χ−(k12, r12)(2π)3/2e−ik12·r12 . (9)

Since the mass of the particles in this case is the same, to obtain χ−(k12, r12), the
interaction potential of Equation (2) was multiplied by the reduced mass µ12 = m1m2/(m1 +
m2) = 1/2 in Salvat’s code. By doing so, we verified that our final wavefunction reduced
to the well-known 3C function [23,24] when the screening was removed.

To evaluate the transition amplitude Tf i, we performed a six-dimensional integra-
tion using the adaptive Vegas Monte Carlo algorithm [25]. The wavepacket approach
of Malcherek and Briggs was used to treat the continuum–continuum transition for the
projectile [26].

3. Results and Discussion

In the first place, we present in Figure 1 the CTMC total ionization cross section as
a function of the Debye length. For the positron impact, it can be seen that for rD-values
below 20 a.u., the cross section increased, and for rD = 1 a.u., its magnitude was 4.51 times
greater than that predicted for rD = 100 a.u. This behavior was in concordance with the
previous ion impact ionization on hydrogen embedded in weak plasmas [27]. In addition,
we present the calculated electron impact results, where we observed the same behavior
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as rD decreased but with a smaller magnitude. Moreover, we benchmarked these results
with more elaborate calculations by means of the convergent-close-coupling (CCC) method
from Zammit and co-workers [14], where we observed that both methods were in very
good agreement.
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0 . 5
1 . 0
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2 . 0
2 . 5
3 . 0
3 . 5
4 . 0

 C T M C  p o s i t r o n - i m p a c t
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 C C C  e l e c t r o n - i m p a c t  ( Z a m m i t  e t  a l .  2 0 1 0 )

 

TC
S (

10
-16

 cm
2 )

r D  ( a . u . )
Figure 1. The total ionization cross section as a function of the Debye length rD. The solid curves are
the present CTMC calculations and the open circles are the CCC electron impact calculations from
Zammit et al. [14].

Now, moving to the SDCSs, in Figure 2, we show the SDCS as a function of the
polar angle of the emitted electron. For large rD-values, the postcollisional interaction
of the emitted electron with the positron focused most of the electronic emission in the
forward direction. As the rD-value was lowered, the structure became less asymmetric.
For rD = 1 a.u., a binary peak structure became clearly dominant at about 68◦, and no
traces of the postcollisional interaction were observed in the forward direction. This was
naturally expected due to the following two reasons: on the one hand, this particular rD
value was very close to the minimum screening length needed for a bound state to exist
(rDmin = 0.83991 a.u. [28]); on the other hand, the ionization potential corresponding to
rD = 1 a.u. was nearly an order of magnitude lower than for rD = 1.5 a.u. [18].
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Figure 2. The CTMC singly differential cross section as a function of the electron emission angle for
different rD-values.
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In Figure 3, we show the SDCS as a function of the energy of the emitted electron. As
a general trend, the emission of low energy electrons was favored, and the intensity of
the cross sections increased as the rD-value was lowered. In contrast to the ion–atom case,
where the electrons could attain very large emission energies with a smoothly decreasing
probability, for light particle impact, the energy conservation led to a maximum electron
energy. This explained the cutoff shown by the SDCS that shifted to larger energies
for decreasing rD-values as a consequence of the decreasing values for the ionization
potential [18].
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 r D  =  2  a . u .
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0-16

 cm
2 /eV

)

E n e r g y  ( e V )
Figure 3. The CTMC singly differential cross section as a function of the emitted electron energy for
different rD-values.

Moving to the fully differential analyses, in Figure 4, we show the FDCS obtained by
means of the Born-3DW model represented in terms of polar plots. The electron emission
was restricted to the collision plane defined by the impinging and scattered projectile
directions. Electron impact data were also included at this point to highlight the influence
of the projectile charge sign. To ease the visualization, the electron data were scaled to the
positron data at the maximum of the binary peak. The corresponding factors are explicitly
shown in the plots. The FDCS corresponded to an impact energy of E0 = 80 eV, an electron
emitted with an energy E2 = 5 eV, and a projectile scattered by an angle θ1 = −4◦. Debye
lengths of 1, 1.5, 2, 3, 5, 10, and 50 a.u. and the unscreened asymptotic limit were explicitly
considered. Two main structures are visible: the denominated binary peak, which describes
an electron being emitted in the forward direction, and the recoil peak, which describes
an electron emitted backwards. The usual physical picture employed to describe these
structures is that of an electron first scattered by the projectile with the target nucleus as
spectator (binary peak), followed by a secondary collision with the target ion (recoil peak).
However, it has been shown already that unless the electron was emitted with a momentum
equal to that transferred by the projectile, both binary and recoil peaks imply recoil of
the target but in minor or major degrees, respectively [18]. In the present treatment, the
Born initial state was identical for the positrons and electrons as projectiles. Therefore,
differences arising in the binary peak and recoil structures can be ascribed to the attraction
(for positron impact) or repulsion (for electron impact) between the projectile and the
emitted electron. Despite the difference in magnitude, the electron and positron impact
cases led to clear differences in their structures. As a general trend, i.e. independent of the
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rD-value under consideration, the electron data exhibited a quite noticeable recoil peak
structure. For rD = 50 a.u. and the unscreened case, the intensity of the electron-impact
recoil peak overcame that of the binary peak. This binary peak was located at angles larger
than those corresponding to the momentum transferred by the projectile q = k0 − k1 due
to the postcollisional interaction between the emitted electron and the projectile. As rD was
decreased to 10 a.u. and below, the binary and recoil peaks were comparable in size. The
binary peak shifted closer to the momentum transfer direction with respect to the previous
cases. As we moved down to rD = 1.5 a.u., we noticed that the binary peak was larger in
magnitude and was found closer to the momentum transfer direction. This was a clear
indication that the postcollisional interaction effects were lost for large screenings (very low
rD-values). In contrast, the positron data were conformed by a dominant binary peak, and
very minor structures were observed for the recoil peak. This behavior was already noticed
by Brauner, Briggs, and Klar, in their pioneering positron and electron-impact ionization
of hydrogen studies [23] and interpreted in terms of the attraction/repulsion between the
emitted electron and the projectile in the final state. As in the electron impact case, the shift
in the binary peak with respect to the momentum transfer direction provided clear traces of
the postcollisional interaction for large rD-values. In this case, the shift was toward lower
emission angles. Again, these traces were lost as the degree of screening increased. For the
lowest rD value considered (1 a.u.), the FDCS was an order of magnitude lower than that
for rD = 1.5 a.u. following the trend observed as the screening was enhanced.

In Figure 5, we show the FDCS corresponding to the same projectile energy and
electron emission energy, but the projectile scattering angle was now set at θ1 = −10◦. In
this case, for which the momentum transferred by the projectile was larger, we observed for
the electron impact that the binary peak became dominant over the recoil peak in the whole
rD-range explored. Again, the recoil peak structure for the electron impact was clearer than
the one predicted for the positron impact, and as the rD decreased, the binary peaks for
both projectiles tended to be located in the momentum transfer direction. Moreover, the
electron and positron impact binary peaks were in very good agreement.

In Figure 6, we show the FDCS corresponding to the same projectile energy and
electron emission energy, but the projectile scattering angle was now set at θ1 = −15◦.
This was the largest momentum transferred by the projectile considered in this work. We
observed for the electron impact that the dominance of the binary peak over the recoil
peak in the whole rD-range explored was accentuated. Only a very tiny structure provided
evidence of a recoil peak in the positron impact case. For rD = 1 a.u., the electron and
positron impact FDCS were found to be in very good shape agreement, clearly indicating
the absence of a postcollisional interaction.

Finally, in Figure 7, we focused on the case in which both the projectile and the emitted
electron, receded in the forward direction (θ1 = θ2 = 0◦). This emission geometry was
considered particularly relevant, since for positive ions and positrons, a sharp peak was
exhibited by the electron spectra at small relative angles and velocity with respect to the
projectile. This peak, which is known as the electron capture to the continuum (ECC) peak,
was first observed in proton collisions on He by Crooks and Rudd in 1970 [29]. Since then,
a large number of studies, both experimental and theoretical, have been developed in order
to reproduce the structure in different collisional systems, involving positive ions [30–33]
or positrons [3,34,35] as projectiles. The asymmetry of this peak was predicted by quantum
mechanical theories that took account of the interaction between the emitted electron with
both the target ion and projectile [32,33] and also by CTMC simulations [31]. It is worth
noting that electrons must be tracked for long periods of time in the classical treatment to
achieve convergence in the structure of the peak.



Atoms 2023, 11, 15 7 of 12

0.0

0.5

1.0

1.5

2.0

0

30

60
90

120

150

180

210

240
270

300

330

0.0

0.5

1.0

1.5

2.0

0

2

4

6

8

10

0

30

60
90

120

150

180

210

240
270

300

330

0

2

4

6

8

10

0

5

10

15

20

0

30

60
90

120

150

180

210

240
270

300

330

0

5

10

15

20

0

6

12
18

24

30

0

30

60
90

120

150

180

210

240
270

300

330

0

6

12
18

24

30

0

5

10

15

20

0

30

60
90

120

150

180

210

240
270

300

330

0

5

10

15

20

0

6

12

18

24

30

0

30

60
90

120

150

180

210

240
270

300

330

0

6

12

18

24

30

0.00

0.05

0.10

0.15

0.20

0

30

60
90

120

150

180

210

240
270

300

330

0.00

0.05

0.10

0.15

0.20

0

1

2

3

4

0

30

60
90

120

150

180

210

240
270

300

330

0

1

2

3

4

 F
D

C
S 

(a
.u

.)

q

(g) rD = 50 a.u.

(b) rD = 1.5 a.u.

 F
D

C
S 

(a
.u

.)

(a) rD = 1 a.u.

q

x2.46

x2.32

k1

k1

k1 k1

q

x2.39

 F
D

C
S 

(a
.u

.)

 F
D

C
S 

(a
.u

.)

x8.50

x3.92 F
D

C
S 

(a
.u

.)

x2.67

x7.14  F
D

C
S 

(a
.u

.)

q

 F
D

C
S 

(a
.u

.)

q q

 F
D

C
S 

(a
.u

.)

 positron-impact
 electron-impact

q

(h) Unscreened

(f) rD = 10 a.u.(e) rD = 5 a.u.

(d) rD = 3 a.u.(c) rD = 2 a.u.

q

x2.99

k1

k1

k1 k1
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and electron (dashed line) impact as a function of the emitted electron angle. The emitted electron
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sections are shown for different rD-values. The unscreened asymptotic limit is also presented.
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Figure 7. The Born-3DW fully differential cross section for forward emission in the scattering plane
for the positron impact as a function of the ratio between the electron velocity and the projectile
velocity ve/vP. The projectile scattering angle is set at 0◦. The EEC peak position is indicated by a
vertical dashed line. Cross sections are shown for different rD-values.

Coming back to our case study, and since the Debye screening length affected the
spatial window in which the particles conforming the system can interact with each other,
the analysis of the ECC peak structure was expected to provide a complementary view on
the decreasing role of the postcollisional interaction for decreasing rD-values. Provided that
the ionization potential of the hydrogen target diminished for decreasing rD-values [18], we
represented the FDCS in terms of the ratio between the electron velocity and the projectile
velocity ve/vP. The ECC peak then corresponded to the case ve/vP = 1 (assuming both
particles were emitted in the same direction). For rD = 100 a.u., the asymmetric structure
of the ECC peak was clearly predicted by the present theoretical model. Nonetheless,
we noticed the presence of a small structure for electrons emitted with velocities slightly
inferior to the projectile’s. At present, we have not been able to determine the origin of that
structure, which will be the object of future studies. As the screening increased, the structure
of the peak dramatically changed. On the one hand, the magnitude of the structure was
visibly affected. On the other hand, for rD in the range 20 a.u.–10 a.u., the peak shifted to
larger velocities from ve/vP = 1 showing a more complex structure. Only for rD < 5 a.u.
was a maximum recovered at that point but as a part of a much wider structure.

4. Conclusions

In this work, we performed a differential analysis of the positron impact ionization of
hydrogen embedded in weak plasmas. In concordance with previous studies for positron
and electron impact, the present CTMC results for the TCS indicated that the ionization
became larger as the screening of the medium increased. In addition, our predictions for
the SDCS in energy and angle suggested that as the screening increased, the postcollisional
effects tended to lose relevance in the emitted electron spectrum. These statements were
corroborated at the fully differential level by extending a Born-3DW model recently devel-
oped for screened environments that was previously tested in electron–hydrogen collisions.
More studies are needed at this point in order to understand the sensitivity found for the
ECC peak structure and its dynamics in terms of the Debye screening length.
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