EXTRAPOLATION FOR CLASSES OF WEIGHTS RELATED TO
A FAMILY OF OPERATORS AND APPLICATIONS
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ABSTRACT. In this work we give extrapolation results on weighted Lebesgue
spaces for weights associated to a family of operators. The starting point
for the extrapolation can be the knowledge of boundedness on a particular
Lebesgue space as well as the boundedness of the a extremal space similar to
BMO. This analysis can be applied to a variety of operators appearing in
the context of a Schrédinger operator (—A + V) where V satisfies a reverse
Hoélder inequality. In that case the weights involved are a localized version of
Muckenhoupt weights.

1. INTRODUCTION

Rubio de Francia’s extrapolation result asserts that given a sublinear operator
T, the knowledge of boundedness on a particular LP°(w), with 1 < pg < oo, for
every weight w in the Muckenoupt class A,,, it is enough to infer the boundedness
of T on every LP(w), with 1 < p < co and w in A,. This results appears by the
first time in his celebrated work in [17]. From there many authors has extended
and generalized that result (see [18], [16], [10] among others).

Recently, in [6] a simplified proof allow extensions to some weighted Banach
function spaces, where vector valued inequalities appear naturally. The key tool is
again Rubio de Francia’s algorithm, based on the connection between the Hardy-
Littlewood maximal function and Muckenhoupt weights.

In this work we deal with the extrapolation property for classes of weights that
arise from the LP boundedness of a one-parameter family of maximal operators,
rather than a single operator like in the case of Muckenhoupt classes A,. Our
approach models the situation of weights appearing in [4], in the context of the
analysis related to the Schrodinger operator (—A+ V). In that case, as we shall see
in Section 3 such classes of weights correspond to those w for which some member
of a certain family of maximal operators {M?}4~¢ is bounded on LP(w).

The structure of the paper is as follows. We start in Section 2 giving extrapo-
lation results in a general framework of weights governed by a family of operators.
The proofs are based on the techniques developed in [6], and include extrapolation
from a fixed LP with a finite p as well as extrapolation from the extreme L°° in the
spirit of [12].
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In Section 3 we deal with the classes of weights appearing in the aforementioned
work [4] and we check that those weights are in the hypothesis of the general
theorems developed in Section 2.

In order to apply the extrapolation results of Section 2 from the extreme L°°,
we need to define a special sharp maximal function, since most of the interesting
operators related to Schrodinger analysis are not bounded on L*. To this end, in
Section 4, we prove a Fefferman-Stein type inequality that takes into account the
structure of the appropriate version of BMO space introduced in [7] and [3].

Finally, in Section 5 we obtain weighted inequalities in the extreme L* for
operators that satisfy certain size and smooth conditions, as to include Riesz trans-
form type operators of first and second order as well as imaginary powers of the
Schrédinger operator, among others. In this way, we are able to apply the extrapo-
lation results to obtain scalar and vector valued inequalities for such operators. We
end with a similar analysis for the fractional integrals associated to the Schrédinger
operator.

Let us remark that some of the weighted inequalities that we obtain from extrap-
olation were already known. Nevertheless, we believe that this method provides a
simpler proof and besides it makes no use of the openness property of the classes
of weights.

Let us now introduce some notation that will be used throughout this article.

Given a weight w we denote, as usual, w(B) = fB w.

For 0 < p < 00, by LP(w) we mean the set of measurable functions f of R? such
that

Wlari = ([ spu) <o

When w = 1 we use the notation LP(w) = LP.
Also, L (w) is defined as the set of measurable functions f of R? such that

[fwllze < oo,

where || fw||z~ denotes the usual essential supremum of fw over R%.

2. A GENERAL SETTING OF EXTRAPOLATION

In this section we state a general theorem on extrapolation for boundedness on
weighted Lebesgue spaces with weights associated to a family of sublinear operators.
For a weight we mean a non-negative locally integrable function defined on R?.

Suppose we have a family of positive and sublinear operators {Tp}gcs, where I
is a certain set of indexes, such that every Ty is a bounded operator on LP(R?)
for every 1 < p < oco. Associated to a fixed §# € I and 1 < p < oo, we define the
family U of those weights w € L{, .(R%) such that Ty maps LP(w) into itself, and

loc

we denote [w], 9 = ||Tp||rr(w) the usual operator norm. In the case p = 1, U{ is
the family of weights w € L{. . (R9) such that for some constant C, Tpw < Cw, and

[w]1,¢ is defined as the infimum of those C satisfying the inequality. We also call
Up = Uger Ug and Uy, = Ule Up.

We shall further assume that those families satisfy the following basics properties
resembling Muckenhoupt weights:

ul) U, CU; when1 <p <gq.
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u2) fwe Ug, for some p > 1 and 0 € I, then there exists 8" = 6'(p, 6), such that
w? ¢ U;,),l and the constant [w' '],/ ¢ depends on w only through [w], .

uld) Ifwy € Ufl and wq € Ufz for some 601,60, € I, then for every p > 1 there exists
0 = 0(p,01,65) such that wiwy * € Ug and the constant [wyws ], ¢ depends
on wi and wsy only through [w1]1 9, and [w2]1,0,-

Remark 1. From u2) it follows that w € U, if and only if w'™? € U,. Also,
property u3) says that if wy,ws € Uy, then wlw%_p c Up.

Following [6] the results on extrapolation of this section will be stated in terms
of pair of fuctions (f,g) that belong to %, a family of pairs of measurable and
non-negative functions. Through this work we shall use the symbol C' to denote
a constant that may differ from line to line and always will be independent of the

pair (f,g) € Z.
Given p > 0 and a weight w € Ug, qg>1, 0 €I, the expression

(1) f@Pw(r)de <C | g(x)Pw(z)de,  (f,9) € Z,
Rd Rd

means that the inequality holds for every (f,g) € .% whenever the left hand side is
finite, with a constant C' depending on w only through [w],,e.
Under the previous setting we present one of the following result.

Theorem 1. Let 1 < py < 0o and suppose (1) holds with p = pgy for every w € Up,.
Then (1) also holds for every p, 1 < p < oo, and every w € Up.

Proof. The proof of this result follows the lines of [6]. Let 1 < p < oo, 6 € I and
w € Ug. By u2) it follows w!' " € Ug,l for some ¢’ € I with [wlfp/]p/ﬂ/ depending
on w only through [w],¢. Given hy € LP(w) and hy € L” (w), both non-negative,
following Rubio de Francia’s algorithm (see [1] and [18]) we define the operators

> Tkhl(x) = (T//)khg(l‘)
%hl (.’I}) = 07’ %th(l‘) = 077
kzzo 2k||Talep(w) kzzo 2k||T/’||]Z;n/(w)

where Tj, f = Ty (fw)/w and TJ, for k > 1, is the k times composition of the
operator Ty and T} is the identity (analogously for (7j,)*). The function %Zhs
satisfies

(2) h1 < Zhq,

(3) [ Zh || Lrwy < Cllhall Lo (w),
(4) To(Zh1) < 2||Tol| Lo () Zh1,
and for #’'h,, we have

(5) hy < #'hs,

(6) 12" Pl 1o () < Cllh2ll Lo ()

(7) Tg/(’w%/hg) < 2||Té/ ||Lp/(w)w%/h2.
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Now we fix (f,g) € %#. We may assume, that f and g are non-zero and both are
in LP(w) to consider
f g

= + .

1 llr @y ll9llLeqw)
Clearly hy € LP(w) and ||h1||Le(w) < 2. Since f € LP(w), by duality, there exists
hy € L¥ (w), [h2|| 1o (1) = 1, such that

I flle(wy = /]Rd f(@)ha(z)w(x)dx.

If we call wy = Zhy and ws = w#'ha, then from (5) and Holder’s inequality
with respect to the measure wy it follows

llrior < [ f@yr(e)™ s (@) Vo)

ha

< ( y f(x)P0w1(:v)1—pow2(x)dx>1/P0 </Rd wl(m)wZ(x)M)l/pé
=1 x1I.

We first estimate I1. By Holder’s inequality with respect to the measure w and
properties (3) and (6), we have

LT < | Al | hall 06 < 470 [0 1Bl /26 < 81776,

To estimate I we will apply the hypothesis with the weight ws = w%fp “ws. In
fact, since || Ty || 10 (1) < [W]p,0, inequalities (4) and (7) say that the weights w; and

wo belong to UY and U? ' respectively with constants depending on w only through
[w]p,e. Therefore, from property u3), there exists some o = o(po,6), such that
w3 € Uy with [w3]p, » depending on w only through [w],e. In order to use the
hypothesis we have to check I < oo. From (2), we have f < ||f[|1»(w)w1, then

T <1l 2o ) IIPo/Po < 81/p0||fHLP(w) < 0.

Therefore applying (1) with p = po and considering g < ||g||z»(w)w1, which
follows from (2), we obtain

I< C( /R d g(x)p‘]wg(az)dac> e

1/po
< Cllgll e (w) (/d wq (x)wg(x)dx) < C’gl/po”g”m(w)7
R
and the proof is finished for the case p > 1.
The case p = 1 follows easily considering 1/pj = 0.

A consequence of Theorem 1 is the following vector valued inequalities.

Corollary 1. Let 1 < py < oo and assume that (1) holds with p = pg, for every
w € Up,. Then

o (=), (=)

holds for every p and q, 1 < p,q < oo, and every w € U,.

. Alfivgi)}i € Z,

Lr(w)
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Proof. Let 1 < p,q < oo and consider the family %, of pairs (F, ), where

= (Zi:fi(:v)q)l/q, G(z) = (Zi:gz‘(x)q)l/qv

with {(fi,9:)}; € #. Using Theorem 1 we have (1) with p = ¢, then for every
w € UY, 0 €I, there exists a constant C' (depending on w only through [w]g,¢) such
that

1FN 0y = /fl )T (z dx<CZ/ (2)dz = C||G]|% -

for all (F,G) € %,. Now, we are again in the hypothesis of Theorem 1 with py = ¢
for the family .#,. Then we obtain

1/q 1/q
H(fo) = FllLe(w) < ClGILr(w) :CH<ZQ?>

for every w € U, with the desired dependence of C'.

Lr(w) Lr(w)

(]

The following corollary provides a norm inequality in LP(w), for w € Uy and
p>0.

Corollary 2. Let 0 < py < 0o and assume that (1) holds with p = py, for every
w € Usy. Then (1) holds for 0 < p < 0o, and every w € U

Proof. Fix r, 1 < r < oo, and consider the family %, of those pairs (fp“/r,g”"/’")
such that (f,g) € .#. By the hypothesis, if w € U? for some 6 € I, then

/(f(x)f")/r)’"w(:c)dx: f@Puw(@)de < C | gleyw(e)ds
R4 R4

Rd

=C [ (gla)™/ ) w(z)de,
R4
for every (f,g) € %, with C depending on w only through [w], ¢
Therefore, we have proved inequality (1) with p = r for the family %, and
weights in U,.. In this way, applying Theorem 1, it follows

[ @ uds < ¢ [ (g, (57,0 € Fo
Rd Rd
for every 1 < ¢ < oo and every w € Uj,.

Now, let p > 0 and w € Uy. From from property ul), there exists ¢ > p/pg such
that w € U,. Taking r = pog/p > 1, then p = pog/r, and we obtain the desiered
inequality.

O

An other a consequence of Theorem 1 we obtain as in [6] the following rescaled
extrapolation type result.

Corollary 3. Let 0 < r < py < 0o and assume that (1) holds for p = pg, and every
w € Upy/r. Then (1) and (8) holds for r < p,q < oo, and every w € Uy,
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Proof. We start denoting the family %, as those pairs (f",¢"), with (f,g) € Z.
By the hypothesis, it is easy to see that (1) holds with exponent p = po/r for the
family .%,.. Now from Theorem 1 it follows

f@)"w(z)de < C [ g(x)w(x)dz; (f7,9") € Zr,
]Rd ]Rd
for every ¢ > 1 and every w € U,, with the constant C depending on w only
through [w],,¢ for some 6 € I. Hence, given any p > r and taking ¢ = p/r, the
resulst follows from the previous inequality. The vector valued case follows similarly
using the result of Corollary 1.
O

In the next results the approach is to obtain inequalities as (1) without asking
the finiteness of the left hand side. In this situation we will say that (1) holds
unrestricted. This type of results are more in the spirit of Rubio de Francia’s
original results, that are useful to obtain boundedness of operators on weighted
Lebesgue spaces.

Theorem 2. Let 1 < py < co and assume that (1) holds unrestrited with p = po,
for every w € U,,. Then (1) holds unrestrited for every p, 1 < p < oo and every
w € Up.

Proof. We shall apply Theorem 1 for the families %, = {(fn,9) : (f,9) € F},
where f,,(z) = xB(o,n) min{ f(x),n}, for every n € N. Since f, < f, it follows

fn(@)Pow(z)dx < C/ g(x)Pow(x)dx, (f,g) € Z,

for every w € Up,, with the constant C independent of n and depending on w only
through [w],,,¢ whenever w € Uf , for some 6 € I. Since the left hand side is finite,
we may apply Theorem 1 to each family .%,. Hence, for each n € N, if 0 < p < o0
and w € Up, it holds

fo(@)Pw(z)de < C | g(z)Pw(x)dz, (f,g) € F.
]Rd ]Rd
Now, if (f,g) € %, by the Monotone Convergence Theorem since f,  f, we
obtain
f(@)Pw(x)dz = lim frn(@)Pw(z)de < C [ g(z)Pw(x)d.
R4 n—00 R R4

O

Remark 2. Clearly as consequence of this result it followsshow (with the same proofs
as before) the corresponding Corollary 1, Corollary 3 and Corollary 2 whitout the
hypothesis of finiteness of the left hand side.

Now we will prove an extrapolation theorem similar to Theorem 1 starting from
an inequality at the end point py = co. As before, given a weight w € Ug, p>1,
0 € I, the expression

(9) [fwllze < Cllgwllz=,  (f,9) € F,

should be understood in the sense that the inequality holds for every (f,g) € #
whenever the left hand side is finite, with a constant C' depending on w only through
[w]p,6-
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Before presenting the next theorem we state the following technical lemma which
proof can be found in [12] (see the corollary after Lemma 4).

Lema 1. Let 1 < p < o0 and f in LP(w). There exists a positive function F in

LP(w= =1 such that
1/p
/ -/ o-D) " g
RY B

1/p
([ 1Pw) " =l 0p= e,
R4

Theorem 3. If (9) holds for every w satisfying w=' € Uy, then (1) holds for every
p, 1 <p < oo, and every w € Up.

and

Proof. Let w € U, and (f,g) € #. We may suppose, without loss of generality
that f and g belongs to LP(w). From Lemma 1 there exists non-negative functions
F and G in LP(w=/®=1) such that

(10) ”F”Lp(w—l/(p—l)) <2

(11) £ llzowy = I fw"/ P F 1| poe,
(12) 1G] e w-1/0-1y £ 2,

and

(13) Igll oy = llgw"/ DG e

Since w € U, there exists § > 0 such that Ty maps LP (w1 P=1) into itself, where

Tof = T(fw Y®=D)/uy=1/®=D  Now we follow Rubio de Francia’s algorithm
applied to h = F + G defining

i Thh(x)

k=0 2kHT0||Lp(w—1/(p 1))
From the definition of Z it follows,

(14) h < Zh,

(15) 2Rl Lo (w-1/0-1y < CllRl Lo (-1/0-1)y,
and

(16) Ty(#h) < 2| Tol| Lo w1/ 0-10) R

The last inequality implies w=/ (=1 Zh € U, with

[w_l/(p_l)]lﬁ < 2HTV@||L19(u;71/<zo—1))

(similarly, as in Theorem 1, the quantity ||f0||Lp(w*1/(P71)) depends on w only
through [w]p.0).
Therefore, from (13), (14) and (9) we obtain
9l o(wy = g/ PG| > [lguwt/ @D (%2h) 7|

(17)
> Ol fwt/ @~V (%h) 7|,
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whenever || fw'/ P~ (%Zh)~| L~ < oo, in fact by (14) and (11), we have
1fwt =D (ZR) Lo < | fwt/ PO E T poo = [| | oy < 00
Finally,
1By < 1Fw O () [ NRRIE, sy < Cllgl
where in the last inequality we have used (17), (15), (10) and (12).
(]

Corollary 4. Let r > 0 and suppose (9) holds for every w such that w=" € Uy.
Then (1) holds for every p > r and every w € Upy,..

Proof. We start considering the family %, of pairs (f", ¢") with (f,g) € &#. Let w
be such that w™! € U; and (f, g) € .%. Using the hypothesis with w!/",

1 1
|l = [ fw/ e < Clgw!/™ |l = Cllgmw]| .

Therefore, we have proved (9) for the family .%,.. In this way, applying Theorem 3,
we have

f@)w(z)de < C [ g(x)w(x)dz, (f7,9") € Z,
R4 R4
for every ¢ > 1 and every w € Uy,. Finally, given p > r the result follows considering
q=p/r.

O

Remark 3. Teorema 3 (and its corollary) can be proved without asking the finiteness
of the left hand side in (9). To this end we may slightly modify the proofs taking
h = G, since it is not necessary to verify || fw/®=1(Zh) =L~ < occ.

In order to state our next results we introduce the following classes of weights.
Given 1 < p,q < oo we define,
1 (md —p'
Up,q = {w € LIOC(R ) w P € U1+p’/q}
and
Upoo = {w € L (RY) : w™ € Uy}
Theorem 4. Let 1 < s < oco. Suppose the expression

wa||L°° SC||9|L9(’UJ§)’ (fag) 6327

holds for every w € Us o, whenever the left hand side is finite and where the

constant C' depends on w only throught [’U)_S/]l)@ for every 0 such that w belongs
to UY. Then

(18) I fllLaqwsy < Cllgllreey,  (f,9) € F,

holds for every p and q such that 1 <p <s, 1/p—1/q=1/s, and every w € Uy, g4,
whenever the left hand side is finite. Moreover, the constant C in (18) depends on

w only throught [w*p/](f_i_p,/q whenever w?’ belongs to Uf+p,/q, with 6 € 1.

Proof. Let 1 <p <s,1/p—1/qg=1/s and w € U, 4. Consider f € LI(w?) and
g € LP(wP), and write

s||b

HgHLP(wP) - ||(g'wp ) Lp/s (w=p")"
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It follows by duality that there exists a non-negative function G such that
(19) G 1

and

(20 lollsrios = ([ lomter Foteruaw)

On the other hand, from Lemma 1, there exists a non-negative function F €
L% (w~7) such that

Iy 25 ey =

(21) HFHLq(w*q/) <2,
(22) £l zo ey = lfw® F~H| .
By the definition of the class U, , we have v = w? e Uy, p- If we denote

r=1+ %, so 7' = q/s', from (19) and (21) it follows ||G5,/5||Lw(v) = 1 and
||Fs/wp/_q/8/|

Since v € UY, for some 6 € I, there exists o = o(r,0) € I such that the operator
T f = T,(fv)/v maps L" (v) into itself with

(23) 175 Lo 0y < 7.

We now proceed following Rubio de Francia’s algorithm with h = G54 s P’ —4's
and

L () < 25/, respectively.

oy (T)Fh(x)
% h(x) B Z Zk”T(;Hkr'(U)-

k=0
Thus, we have
(24) h < %h,
(25) 12Dl L 0y < ClIBN L 0
and

Ty (Z'h) < 2| Ty || 1ot ()% B
Last inequality and (23) asserts that the weight (%’h)w ™" belongs to U; with
(%' hyw ™ < 2[]).
Thus, by the definition of Us o, the weight u = (%'h)_l/slwpl/sl belongs to Us

with constant depending on w™" only through [w=?]¢.

Now, coming back to (20) and using (24), we obtain

1/s
loln = ( [l G utey Ve

1/s
> ([ a@puteras)
> Ol full o~

where in the last inequality we have used the hypothesis with « under the assump-
tion

(26) [fullpe < o0
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In fact, from F* wP' ~4's" < %'h, it follows
£ (2 R) = w1 [ e = | F[( 1) 0™ T e
< fF w? e = ([ fllLagway < oo.

From (25) and ¢ = —p’ + ¢p’/s’, we have

1/q
Hf||Lq(wq) < </d%/h(x)T v(x)dx) ||f(%/h)*1/s wP' /s | o
R

< Ollgll e (wr)-

3. WEIGHS ASSOCIATED TO A CRITICAL RADIUS FUNCTION

In this section we deal with classes of weights that recently arised in conection
to Schrédinger operators (see [4]). That classes will fit into the previous general
context to obtain some applications. We call a critical radius function to any
positive continuous function p with the property that there exist constants c, and
Ny > 1 such that

—Np

en g1 ) <o < a1+ (‘5”')

for every x,y € R?%. Also, a ball B(z,r) C R? will be called critical if r = p(z).
Inequality (27) implies that if o > 0 and z,y € o B, for some critical ball B, then

(28) p(x) < Coply),

2Ng+1
where C, = c2(1+ 0) Mo+ | and ¢, is the constant appearing in (27).
In [8] the authors obtain that (27) gives the following decomposition of R.

Proposition 1 (See [8]). There exists a sequence of points xj, j > 1, in RY, so
that the family Q; = B(xj, p(z;)), j > 1, satisfies

Z) Uij = R<,

ii) For every o > 1 there exist constants C' and Ny such that, Zj Xo@; < Colt.

Following [4] we present some classes of weights associated to a critical radius
function p. Given p > 1 and 6 > 0 the class Ag’e is defined as the set of weights w
such that

o () () (e )

for every ball B = B(z,r). The infimum of the constants in (29) will be denoted
by (w)p,6-

For the case p = 1, and 6 > 0 the class A’f’g is defined as those weights w
satisfying

(30) ;/ngC(l—i—p(x))Qiréfw,

for every ball B = B(x,r). Also for this case the infimum of the constants in (30)
will be denoted by (w); 9. We shall use the notation Af = ngoAg’e, p>1.
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We also consider the calsses Az’loc , 1 < p < oo, defined as those w satisfying

1/p L 1/p'
()" ()" <cm
B B

for every ball B = B(xz,r), with r < p(z). We denote A%°° = U1 AG° (see [4]
for details).

We remind an important property of these classes whose proof can be found in
[el de classes of weights] (see Corollary 1 therein). Namely that for any p > 1 and
v > 1,

Joc Jloc
(31) Aploe — goploc,

P

It is not difficult to verify that if p > 1, then Af C Agvloc. Next we present some
properties of Af classes.

Proposition 2. Let 1 <p < q < 0.
(i) If w € Ap, then w € Af.
(ii) If w € AL, then w'~* € AP
(iii) If wy,wy € A?, then wiwy * € Ap.
Proof. Properties (i) and (ii) follows in the same way as one proceeds for Mucken-

houpt’s classes. In order to prove (iii), let o € R%, » > 0 and denote B = B(xg,r).
As wy,wq € AY, there exists a number 6 > 0 such that

6
r
w;(B) < C|B 1—|—) inf w;,
@ <ot i)
for i = 1,2. Thus

wi(z)™t < s%pwi(x)_l = (i%fwi(x))_l < c(wrgg))_l@ 4= )0.

Then, we have

) 1/p ) N4
(/wle_p> (/(wlwz_p)pl>
B B

r (p—1)0/p
< Cw1(B)l/pwg(B)(l’p)/p\B|(”’1)/p <1 + >
(32) p(xo)
, , , N
x wy(B)YP wy (B)Y =P g|/ (p=1p (1 + p(mo))
NG

—c(1+-5)

p(zo)

O

Remark 4. 1t is worth mentioning that there is a precise control of the constants in
properties (ii) and (iii) in Proposition 2. In fact, it follows easily from the definition
of the class that (w'™"), 4 = (w),s. With respect to (iii), it follows from (32)

/

that (wiw, ™ )pe < (w1)1,6(w2)1,0.
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For each § > 0, we define the maximal operator M as

-0
M) = s (1) I e Lhe

B(zo,r) Lo To,T) B(zo,r)

If for each # > 0 we denote M? = Ty, we will see in the following proposition
that A coincides with the U, class of Section 2, for every 1 < p < co. Observe
that A7 = U;.

Notice that it is not true that for a fixed 0 the class Ug associated to My coincides
with Ag.

Proposition 3. Let 1 < p < co. A weight w belongs to Af if and only if there
exists 0 > 0 such that M9 is bounded on LP(w).

Proof. Let us start assuming that for a weight w there exist constants # > 0 and
C such that

(33) [wsrwsc [ g

for every f in LP(w).
Let B = B(xz,r) for some z € R and r > 0, and take f = w~/®~Vy 5. By the
definition of MY, and (33), we have

() "Gk ()< e o

thus w € Ag’o.
On the other hand, suppose now that w € Af. Then there exist # > 0 and C
such that

o () s )

for every ball B = B(x,r).
We will obtain the bound not for M? but for its equivalent centered version

- r - 1
Mdf T) = sup <1+ ) fa feLloca
@ = (1 0w) B o 1

since M? f(x) < 2%, M/ (No+D) ().
Let o > 0 that we shall determine later. Observe that if f € LP(w), we have

MC f(x) < MY f(2) + M3 f(x),

where

Mrf) = s (1+-0) i

r<p(x) (I x, T’)| B(z,r)
and

M3 f(z) = TS;EE) <1 T p(m)) |B($,'f’)| /B(z,r) Il

Therefore, we have to check that M{ and M$ are bounded on LP(w).
Since for every ¢ > 0 and x € R?,

1
MY f(x) < Mioe f(z) = sup = If1,
! o r<plao) e B(aor) B0, )| JB(aer)
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and A C AL'°¢ the boundedness of M follows from that of Mo (see [4]).

In order to deal with Mg, Let {Q}x>1 be a covering provided by Proposition 1.
Now for z € Q) we call Rj = {r : 297 p(z) < r < 27p(z)}, and then we use (27) to
obtain

|
MY f(x) = sup sup (1+ ) / f
2 /(@) j>1reR, p(z) |B(z,7)| B(ﬂw‘)| |

9—j(o+d)
<ztrsup o [ ]
i>1 p(z) B(x,27 p(z))

2—j(o+d)
i>1 plor) c; Qr

with ¢; = 27(c,2N0 +1).
Finally, from (34), we get

/ Mg fPw < 3 / M fPPw
R4 Qr

k>1

9—ile+d)p P
et (L) ([,*)
Szt PE)® \Jea, Qr
9—ilo+d)p
oy T
=101 p(@r)® \ Jequ
p—1
y (/ w—l/(p—l)) (/ w)
¢ Qk ;i Qk

<CY sup27ile=0p (/ |f|pw>
2:1 i1 ¢jQk

k>
SCZQ—J'W—G)”(Z / IfI”w)
i>1 E>17 €iQk
<C<Zgj(0p9p1\f1)>/ | fPw,
i>1 Re

where the last series converges converges taking o > 6 + N /p.

Remark 5. Observe that if we follow the constants in Proposition 3 we have

(Wpo < [wlpo < C(w)p,o,
for o > (Ny 4+ 1)(6 + N1/p), and C' > 0 independent of w.

Proposition 4. The classes U,, 1 < p < oo, satisfy ul), u2) and u3).

Proof. Since Af = U, (see Proposition 3), from the definition of A, property ul)
follows in same way as for Muckenhoupt classes.

In order to verify u2), let 1 < p < 0o, § > 0 and w € Ug. From Proposition 3
we have w € ALY and then we use (ii) to obtain I = AY,. Using again
Proposition 3 we have w!=?" & Ug,/ with 6 > (Ng+1)(8+ N1/p) (see Proposition 3
for the meaning of the constants of this expression). Observe that due to Remark 4
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and Remark 5 the contant [w!=?],/ 4 depens on w only through [w], . Property
u3) can be verified analogously.
O

4. BOUNDED MEAN OSCILLATION RESULTS

As in the classical case most of th interesting operators do not preserve L™ (w)
even in the case w = 1.

Rather they map L>°(w) into slightly larger sapces which are appropriated ver-
sion of BM O, the John-Nirenberg space.

In this section we introduce these spaces characterizing them in terms of a suit-
able sharp maximal operator. Besides we present a local version of Fefferman-Stein
inequality. With those tools we will be able to apply the general results on extrap-
olation of Section 2 to a variety of operators of our interest.

Given a weight w we define the space BMO,(w) as the set of functions f in

Ll (R?) satisfying for some constant C,
w oo
(39) bl [ \p—pi<c, v <o),
Bl Jp
lIxpwlz=
(36) |f| r = p(x),
Bl

for every ball B C R, where fg = B Izt

A norm || f|lBaro, (w) in BMO,(w ) s defined as the least constant satisfying (35)
and (36).

If we take the limit case p = oo, the above definition gives one of the weighted
versions of bounded mean oscillation spaces introduced by Muckenhoupt and Whee-
den in [14]. Also let us notice that another version of these spaces was considered
in [3] although both definitions coincide whenever the weight w is such that w=!
belongs to the Muckenhoupt class A;.

The next definitions shall require to consider for some « > 0 the family of balls

(37) Byo ={B(z,r): z€RY r <ap(z)}.

Given f € LIOC(Rd), we define a localized version of the sharp function as

M@= s [ - ol s [y

r€EBEB,, z€B=B(y,p(y))

As it is expected, the space BMO,(w) can be described by means of MIOC defined
above.

Lema 2. Let w be a weight. If f belongs to L}, then

*HMzoc( Jwllzee < | fllBaro, (w) < ||Mzuoc(f)w||L°°-
Proof. We start proving

(38) 1715310, () < Mo ()l zox-
Now let B = B(xg,r) with r < p(xg). Then for almost every x in B we have

1
07 L1 781} < WMD) < 0EE Pl
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In the case r = p(xy), for almost every x in B,

@ (g [ 1) £ ML) < Db Dl

and thus, taking supermum in x over B, we get (38).
For other inequality, if B = B(xo,r) with r < p(z0), for almost every x in B we
have

(39) w<x>(; / f—fB) < llwxsllze (;l / f—fB) < 1 5310,0)-

Proceding in the same way for averages over balls of the form B = B(y, p(y)) we
get the desired result.
O

Given « > 0 we define the following maximal operators appearing in [5] for
g€ Ll _(RY) and z € RY,

loc
1
M, ag(z) = sup Bl lgl,
xeBeB,,,a| | B

1
M} g(x) = sup 7/ lg — gal,
e TE€BEB, o |B| /5

where B, , is defined in (37).
A weighted version of Lemma 2 in [5] is presented as follows.

Lema 3. If 1 < p < oo and w € AR!¢, then there exist constants 3y > 0 and
C > 0 independent of p such that

1My o9l Lo (w)y < ClIME, g1l o)
for every g € L1 _(R%).

loc

Proof. The proof is based on weighted Fefferman-Stein inequalities given in [15] for
homogeneous type spaces of finite measure. We shall apply their result to balls.
Let us remind the definitions of the maximal and sharp maximal functions for a
fixed ball Q C RY, a function g € L'(Q), as

1
(40) Mgg(z)= sup ——— lgl, x€Q,
@ veBer (@) IBNQ| Jpno
and
1
(41) Mhg(x)= sup ——— |9 —9Bngl, T€Q,
@ zeBeF(Q) |B N Q| BNQ @

where F(Q) = {B(y,r) : y € Q,r > 0}. The corresponding Muckenhoupt classes
will be denoted by A,(Q), for p > 1.

Following the proof of Lemma 2 in [5], if @ is a critical ball with respect to pg
and x € @, it is easy to see

(42) M 5,9(x) = My, p9(x) < Mag(gx20)(@).
Also if z € 2@Q, then for some constant C,
(43) Mg (gx20)(x) < CM} sg(x).

We use a decomposition Qg, k > 0, of the space R¢ given by Proposition 1
associated to the critical radius function pg = p/co, where ¢ = 4cp3N°.
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We denote 3 = 54—, where c,, is the constant in (27) associated to pg, and take

22
Bo 25/00-

Then, if we call wy = wx2q, , we have

/ M50 (g)Pw < 3 / My 50 (9) P
R4 k Qr

Using (31) it is easy to check that if w € A2!°° then wp € Ay (2Q4), for
every k > 1 with a constant independent of k. Therefore, we are able to apply
Proposition 3.4 in [15] and inequalities (42) and (43), to obtain

/ M g, ()P0 < S / Moo, (9320, ) P
R4 k 2Q%k

(44) < O3~ {wn2Q0(9:0.)" + Mg, (9320 By 200 |
k

<oy {w(mk)@ék' /QQk g|)’°+ / 5 |M§0,2<9>Pw}.

Since Mgogg = Mﬁ 2 9< Mﬁ 19, and using the bounded overlapping due to Propo-
<o )

sition 1, it follows

Mgl < [ (30 o) MEagPw
Zk:/mk p0,2 Rd Xk: Qk p,1
< C’/ |M2,1g|pw
Rd

SC’/ |Mﬁ)cg|pw.
Rd

In oder to deal with the other term of the left hand side of (44) we first see that
due to (27) there exists a constant C' independent of k such that

2Qy C B(z, p(x)) C 2CQy,

for all € 2Qk. From the previous inclusion and Proposition 1 it follows

S wieq) (20 5 s(0)ldy)
> [ o (o /. o s(0)dy ) do

<o [ wo(som | o g(y>|dy)pdx

< [ Mbgle)rula)d
]Rd
O

As a consequence of Lemma 3 and the fact that g < M, gg for every g € LL (R%)
and 8 > 0, we have the following corollary.
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Corollary 5. Let 1 < p < oo and w € A%, If g belongs to L} ., then there exits

loc’
a constant C' such that

l9llzo () < CIME, 9]l Lo -

5. SOME APPLICATIONS TO SCHRODINGER SETTINGS

We begin this section dealing with an operator 7 with a kernel K (in the principal
value sense) satisfying some Calderén-Zygmund or Hérmander type conditions.

Theorem 5. Let r > 0 and T a bounded operator from L>®(w) into BMO?(w) for
any w such that w=" € A} with constants depending on w only through (w=")1¢
whenever w™" € A%, Then T is bounded on LP(w) for r < p < oo and every
w e Ag/r. Furthermore,

(15) H(Z sz-|‘Z)1/q

holds forr <p < oo, 1 < q < 00, and every w € A

) {fi}iGN € qu(w%
Lr(w)

o] ()"

P
p/r’

L (w)

Proof. By the hypothesis on 7 and Lemma 2 we have
(THwllze < Cllfwlr=,

for every weight w such that w™" € A in the sense of (9). Due to Proposition 3,

(B

oc

Proposition 4 and Remark 5 we can apply Corollary 4 to conclude that Mlﬂoc’T is
bounded on LP(w) whenever r < p < oo and w € Az o Hence, the boundedness of
T follows from Corollary 5. Finally, vector valued inequalities are consequence of
Corollay 3.

O

Proposition 5. Let T be a bounded operator on LP for every p > 1, with a kernel
K satisfying:

(i) For each N > 0 there exists C such that

o=y 1
(46) Ko sox(1+ 2202

for every x,y € R.
(i) There exists a constants C and 6 > 0 such that

|z — 20°
(47) K (z,y) — K(z0,y)] S Ol
lz—y|

for every x,y € RY, whenever |z — xo| < -

Then, T is bounded from L™ (w) into BMO,(w) for every weight w such that
wt e A},
Proof. Let xg € R%, r < p(x) and B = B(zg,r). We write f = fi + fo + f3, with
J1=fxe and f3 = fXB(x0,20(x0))e-

We start estimating ﬁfB T filde. As w=' € A?°. for some 6 > 0, from
Lemma 5 in [4] there exists v > 1 such that w™7 € Af. Also, from Holder’s
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inequality with exponent + and considering that 7 is bounded on L7, we have

1 1 1/’>’
o [l < (o [ o)
1 1/7
30<m4;ﬂ@wﬂ
1/~
<cuwuwQ;ﬂABmwwﬂm)

[ fwllL~

<C .
|wxBl L=

We now estimate |7 f3(z)| for 2 € B. We denote B = B(xo, p(x0)), Br, = 2*B

and let y € B4 \ Bg. Since p(z) < Cp(xo) and |xg — y| < 2|z — y|, we have from
(46) for any N > 0,

_ -N —kN
(48) K (z,y)] < —C d(1+ v x0|> <o
ly — ol p(o) | Bjet1|

In addition, from the fact that w=! € A%? for some > 0, we obtain

Lol [ W< O 4 2| By Tl
(49) B By HWXEHIHL“’
§02k0|-§k+1| ||waL°° )
loxzlm

Now we use (48) and then (49) to get,

T faly KZ/ D ()dz

E>1 Bryi1\ Bk

—kN
<C 2

/]

k>1 ‘Bk+1| By

||fw|\L°° Z 9—k(N—-0)

= sl 2

where the last series converges taking N > 6.
Finally we will estimate |7 f2(x) —cp|, where cg = T fa(x¢). Denoting By, = 2¥B
and ko = max{k : 2¥r < 2p(z0)}, and since |z —z¢| < |y—z0|/2 for every y € (2B)¢,
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we use (47) to obtain

T fol) — e < / WK @oy) — K(xy)ldy

2B\2B

<Cr / dy
2B\2B \950 - Z/|d+‘S

1
SCT(;;W/B |f(y)|dy

k+1

ko o—ks

< Clfule Y gy [, vt

+1| Bt

9—ké ok+1, 0
< Cllfwle~ Z lwx <1 * P(%))

Bit1 ||L°°

||fw||Loo (Z 2—k6>

s llim \ &

0
where we have use the hypothesis w™! € Af’e and the fact that (1 + QPIZ:;) < 59

for every k < k.
O

Proposition 6. Let 1 < s < oo, and T be a bounded operator from L% into L*°
with a kernel K satisfying:

(i) For each N > 0 there exists Cn such that

v EN
(50) ( / |K<x,y>|5dy> < Cy R/ () ,
R<|y—=0|<2R R

for every ball B = B(xo, p(x0)), © € B and R > 2p(xo).
(i) There exists a constant C such that

1/s
(51) S (@) ( / ILCTE K(xo,wczy) <c,

E>1

for every ball B = B(xo,7) and every x € B, with r < p(xy) and By = 2FB,
ke N.

Then, T is bounded from L™ (w) into BMO,(w) for every weight w such that
w € AL,

Proof. Let w be such that w=s € A’f’e for some 6 > 0. Let 2y € RY and B =
B(zg,r) with r < p(zg). We write f = f1 + fa + f3, with fi = fxep and f3 =
IXB(zo,2p(x0))c- We start estimating the average ﬁ fB |T f1|dx using Kolmogorov’s
inequality and the hypothesis on w to get
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\B |1 1/s< , >1/S'
T d C Sd
|B|/| Al < P /QB\f(x)l .

1 , 1/s’
< O]l ful (|QB| / ) dx)

< o fwle~ (pr))”“gc I feolnee

|wx2pl L~ (2o lwxsllLe

For = € B we shall estimate |7 f3(z)|. Denoting By = 2B, where B =
B(x, p(x0)), and considering that w™*" € A’f’o,

’o~ ’ w o
Lo < C(1+2k+1)9/s |Bk+1‘1/5 ”f HL
lwxg,,,

1x, o < IFwllilo g, |

< RO )/ || fwl| L

lwxsllLe"
Now we use (50) to obtain,
Th@ <X [ K@yl
E>1 k+1\Bk

1/s 1/s’
<S(f weora) ([ )
]; Bry1\Br Bit1

|| fwll L k(0+d)/s d/s' s e
<C — > 2 p(xo) K (z,y)Pdy
By 11\ B

lwxsllr= &

||fw||L°° ZQk (6— N

|wXB||L k>1

where the last series converges choosing N large enough.

Finally, we estimate |7 fo(x) — cpl|, with cg = T fa(xg). Let By = 2¥B and
ko = max{k : 287 < 2p(z0)}. We use again that w™*" € Aﬁ_)’a, to obtain for every
k < k07

||fXBk+1||LS =
2k+17‘ 0/5/ . w )
< C(1+ ) |Bk+1|1/s ||f ||L
p(@o) lwX Bt [l

SC(QkT)d/s’ ||fw||L°° )
[wxsllze
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Last inequality together with (51) implies

T fo) — e < / @K @) — K(zo.y)ldy

B\2B

1/s 1/s’
<Z</B . <x,y>K<xo,y>de) ( /B lels')

||waL°° & k. \d/s' s e
<Co P S @ ([ K ) - Koy
Bi+1\Bk

Jwxsl~ 2~

< o lfuls
Jwxal =
O

Remark 6. Condition (50) is equivalent to assume that for every N > 0 there exists
Cn > 0 such that

1/s
(52) / K (@,y)"dy | < On2FOFH0 plag) =4/,
ok < ly—2gl ~ok+1

for all zo € R<.

We end this section considering a Schrédinger operator in R? with d > 3,
L=—-A4+V

where V' > 0 is a function that satisfies for some ¢ > d/2, the reverse Holder

inequality
; /
V(y qdy) / y)ldy,
<|B| 5 W =15

for every ball B C R%.
We shall apply Proposition 5 and Proposition 6 to some operators associated to
L that were considered in [19] for the unweighted case.

Theorem 6. IfV € RH, with g > d, then the operators (—A4+V)"12V, V(-A+
V)~Y2 and V(=A + V)71V are bounded from L>®(w) into BMO,(w) for every
weight w such that w=* € Al

Proof. Tt was proven in [19] (see Theorem 0.8) that (—A+V)~1/2V, V(—-A+V)~1/2
and V(—=A + V)71V are Calderén-Zygmund operators. Moreover, their kernels
satisfy (46) (see estimate (6.5) given in [19]). Therefore, the result follows from
Proposition 5.

O

Theorem 7. If V € RH, with ¢ > d/2, then the operator (—A + V)™ is bounded
from L (w) into BMO,(w) for every weight w such that w™! € Af.

Proof. As in the proof of Theorem 6 the result follows from Proposition 5, where
the hypothesis are satisfied due to Theorem 0.4 and estimate (4.3) in [19].
a
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Theorem 8. If V € RH, with ¢ > d/2, then the operators (—A + V)~1/2y1/2,
(A + V)"V and (—A + V)"Y2V are bounded from L>(w) into BMO,(w) for
every weight w such that w=* € AL with s =2q, s=q and 1/s = 1/q — 1/d when
q < d, respectively.

Proof. Denoting Ty = (=A + V)~Y2VY2 Ty = (A4 V) 'V and T3 = (—A +
V)12V we shall apply Proposition 6 to each T}, j = 1,2,3. From [19] (see The-
orem 5.10, Theorem 3.1 and Theorem 0.5), the operators 71, T2 y T3 are bounded
on LP for p > (2q)', p > ¢’ and p > &, respectively.

The proof that the kernels of T}, j = 1,2, 3 satisfy condition (51) it is contained
in Theorem 1 in [11].

Condition (52) for the kernel of T3 follows from Lema 7 in [2]. Hence, it only
left to verify (52) for the kernels of Ty y Tb.

Let 20 € RY, o € B = B(zo,p(r)) and B, = 2¥B. As 2 € B, we have
p(x) > cp(x) for some constant c. Also, |z—y| > 2¥~1p(x¢) for every y € Bri1\Bs.
Thus, from Lemma 2 and Lemma 3 in [11], for each N > 0, there exists C' > 0 such
that

\I*y\ N 1 j/2 27FN J/2
@) > M A T A

Therefore, since V' € RH,, the measure V(z)dx is doubling and from formula
(19) in [2] we obtain

L\ i/2a)
([ i)
By+1\ Bk
2—kN j/(ZQ)
<(C—r——— / V qd)
<2kp<xo>>d—ﬂ< 5, W

2—kN ]/2
=c —— / V(y)d )
(2kp(x0))4/(2a/3) —i+dj/2 ( Byin (y)dy

2—kN
<C —
= (2kp(xg))4/ (2a/3) —i+di/2
< Cg—k(N—dw/?)(2kp(x0))—d/(2q/j)'7

Kol <1+ T——

(2" pla) /273 (20 2)

thus we get (52) choosing N large enough.
d

Theorem 9. If V € RH, with q > d, then the operators (—A+V)~Y/?V, V(~A+
V)~Y2 and V(—=A + V)~V are bounded on LP(w), for 1 < p < co and for every
weight w € Ab. Moreover, they satisfy the vector valued inequality (45) with r = 1.

Proof. Las consequencias se siguen del teorema 5 y los teoremas 6, 7, 8. ]

Theorem 10. IfV € RH, with g > d/2, then the operator (—A + V)" is bounded
on LP(w), for 1 < p < oo and for every weight w € Ab. Moreover, it satisfy the
vector valued inequality (45) with r = 1.

Theorem 11. If V € RH, with ¢ > d/2, then the operators (—A + V)~Y/2y1/2,
(=A+ V)"V and (—A + V)72V are bounded on LP(w), for s’ < p < oo and
for every weight w € Az/s,, with s = 2q, s =q and 1/s = 1/q — 1/d when q < d,
respectively. Moreover, they satisfy the vector valued inequality (45) with r = s'.
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We end this section with a result that proves boundedness of the fractional
integral associated to £ defined for a given o, with 0 < a < d, as

o dt
(53) Tof(x) = L2 f(z) :/ et f(x) t*/? — TE RY,
0
where e~*4, t > 0 denotes the heat semigroup associated to £ with kernel k;. It is

known (see [13] and [9]) that for a given N > 0 and 0 < § < min(1,2 — g), there
exists a constant C' such that

(54) k(z,y) < C ’ <+pg)+p\(§)> ’

for all  and y in R?, and also

4 ) _N

whenever |z — zo| < V1.

Theorem 12. Let V € RH, with ¢ > d/2. The operator I, is bounded from
LY (wd*) into BMO,(w), for every w such that w=' € Af.

Proof. Let xo € R?, and consider B = B(zg,r) with 7 < p(z¢). As in Theorem 6,

we write f = f1 + fo + f3, with f1 = fxaop and f3 = fXB(wo,2p(z0))e-
Now, we call By, = B(xg,2r). From Hélder’s inequality with exponent d/a and
considering 6 such that w=! € A} Y we obtain,

Lo ity < 5 Y i [ T

B)e |‘TO - E>1 Bit1

(d—a)/d
fw /o 1 _ —a
< H |1|\/1Ld Z kM w(y) 4/(d )dy
r 2 Bii1

k>1

k+1,.\d—« E+1,.\ ¢
S CwaHLd/O‘ Z (2 T) (1 + 2 T)

M = 2FM|lwx g, ,, [l o(z0)

<C Ifwllpere  —rrti-a ( 3 2—k(—M+d—a+9)> .

llwxsll L~ =

Let us start estimating ﬁ [5 |Zafi]dz. Using again that w="' € A9’ it follows
1 /
| Za f1(z)|dz
1Bl Jp ™

|B|/ </ |xo—y|d adx)dy‘CBI“/d 1/23\f(y)ldy

d—1 d/(d (@
< B o ([ w10y
2

0
<C|B‘a/d I‘B‘l a/d wa“Ld/o‘ <1+ 2r )
lwxap| L~ p(zo)

< olfwlson
Jwxslu-
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Observe that if N > M > d — «, we have

0o —N
/ <1+ﬁ> (M —da) /28
t
0

p(z)
T 2
< /p( ) t(M—d—&-a)/Qﬁ
0

(57) ¢

° dt
+ p(a:)N/ t(—N+M—d+o¢)/27
ple)? t
< Cp(a)Mdte.
Now we will estimate uniformly |Z, fs(x)|, for every z € B. For z € B and
y € 2B¢, we have p(z) < Cp(xo) and |zg — y| < 2|z — y|. By using (54) as well as
inequalities (57) and (56), we have for each N > 60+ d — a,

e dt
L@ < [ S [ ke Ly
B(z0,2p(x0))° 0

. e -N
<C |f@»|<}[ o— 2ot <1+_ Vi ) Aa—dvzdt>dy
B(zo,2p(z0))° 0 p(‘rO) t

. C( / W) dy) ( /°° (1 LV )Nt<N+a_d>/2dt>
B B(z0,2p(z0))¢ ‘JZQ - y|N 0 p(IO) t

Vot _ g Melie
lwxsllL=

||waLd/” (x)—N+d—a

i
< O luxsle plo)

Finally we will estimate |Z,, f2(z) — ¢g|, uniformly in « € B, with

CB :/ |f2(y)|/ kt(zo,y)t“ﬁ?dy.
Rd r2

o dt
Lhae) = cal < [ [ 1)l )y
0 R4
o dt
s [ [ ARG ) k)l =1+ 11
r2 R

By using estimates (54) and (56), and the fact that |z¢o — y| < 2|z — y|, we have

r* _\ﬂﬁoﬂJI2 o dt
<o sl [ e e an ey
0

(2B)°

’I"2
< C’</ t(NJrad)/Zdt) (/ |f(2)] dz> <C | fwl[ga/a
- 0 t B(xo,2r)° |‘T0 - 2|N - ||wXB||L°° 7

for every N > 0 +d — a.
In order to estimate IT we call By = B(wzg,2%r) and let ky = max{k : 2kr <

o
2p(zg)}. From estimates (55) and (56) and considering that (1 + 2:(;;) < 57 for
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every k < kg, we obtain

o zg—yl2 dt
II < C|x—x0|5/ f(y)|(/ e o t(a—d—é)m)dy
B(z0,2p(z0))\ B(x0,2r) 2 t

o0
< Cré(/ e—tt(d+5—a)/zdt> (/ \f(yd)|5 dy>
0 t B(wo,20(z0))\B(wo,2r) |T0 — y|THo—

<05§’:/ LOTEERPOR . [ i
<Cr T dae—ady > LT Th ldto—a y)lay
k=1 Br+1\Bs |0 — g+ k=1 | Bi|#+° Brt1
ko d—a)/d k41, 0
| fwllga/a | Bros1 25 1
<
<C rd—a kzﬂ ok(d+6—a) L+ P(fEO) ||wXBk+1 HLOO
S C ||waLd/“ <22—k5>’
loxslz~ \ &
and this finishes the proof of the theorem.
O
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