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Abstract In this paper we prove that the variation operators of the heat semigroup
and the truncations of Riesz transforms associated to the Schrodinger operator are
bounded on a suitable BM O type space.
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1 Introduction

We consider the Schrodinger operator . defined by ¥ = —A +V on R”, n > 3.
Here V is a nonnegative and not identically zero function satisfying, for some g >
n/2, the following reverse Holder inequality:
(RH,) There exists C > 0 such that, for every ball B C R”,
1

1/q 1
. q -
(|B| /Z;V(x) dx) < C|B| . V(x)dx.
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712 J.J. Betancor et al.

We write V € RH, when V verifies the property (RH,). Note that if V is a nonneg-
ative polynomial, then V € RH, for every 1 < g < oo. Also, if V,(x) = [x|*, x ¢ R",
V. belongs to RH, provided that aqg > —n. Hence, V, € RH,, when o > —2, and
Vo€ RH, iffa > —1.

Harmonic analysis operators derived from Schrodinger operator (Riesz trans-
forms, maximal operators associated with heat and Poisson semigroups for &£,
Littlewood-Paley g-functions, fractional integrals,...) have been extensively studied
in last years. The papers of Shen [27] and Zhong [33] can be considered as starting
points. In [27] and [33] Riesz transforms in the Schrodinger setting were studied
on LP-spaces. The behaviour on L? of other operators related to .Z has been
investigated on L”-spaces in [5, 18, 24, 25, 29], amongst others.

Dziubariski and Zienkiewicz introduced appropriate Hardy spaces associated with
& (see [12, 13, 15]). A function f e L'(R") is said to be in HZ (R") if and only if
WZ(f) e L'(R"), where

W2 (f) = sup [WZ (P,

>0

and W< = {W;f }i=0 denotes the heat semigroup generated by —.Z.

The dual space of H;? (R") was investigated in [14]. This dual space, denoted by
BMO“ (R"), was characterized as the natural space of bounded mean oscillation
functions in this setting. More precisely, a function f e L (R") is said to be in

BM O (R") provided that there exists C > 0 such that the following two properties
are satisfied:

(i) Foreveryx e R"andr > 0,

1

. — 1) — fonldy < C.,
BOr )] Sy 1) Joenldy

where, as usual, fgy, = m fB(x,r) f(»)dy, and |B(x,r)| denotes the
Lebesgue measure of B(x, r); and
(i) Foreveryx e R"andr > y(x),

. — dy < C.
Bl B(xyr)lf(y)l y <

Here, for any x € R”, the critical radius y (x) is defined by
y(x):sup{r>0:r2’”f V(y)dy < 1}.
B(x,r)

Since V is not identically zero and V € RH, with g > n/2, it follows that
0 <y < 0o. The norm | fll zyro @ of f € BMOZ (R") is defined by

| fllpoez ®ny =inf{C > 0: (i) and (ii) hold}.
In [14] the behavior of certain maximal operators, Littlewood-Paley g func-

tions and fractional integrals on BM 0% (R") were studied. Also, the BM O< (R")-
boundedness of the Riesz transforms has been analyzed in [4, 11, 31, 32].
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Variation Operators on BMO in the Schrodinger Setting 713

Suppose that {T;},~¢ is a family of operators defined for functions in L?(R"),
1 <p<oo. If p>2, the p-variation operator associated with {7;};.0, V,(T}), is
defined by

1/p

VTN = sup [ S IT(H0) T (Hhor | .

{tj}:,)i]io ]‘:]

where the supremum is taken over all the real decreasing sequences {¢ 72, that
converge to zero. The operator V,(T) is related to the convergence of T}, as t — 0*,
and it estimates the fluctuations near the origin of the family {7};o.

We consider the linear space E, that consists of all those real functions F' defined
on (0, co) such that

[e'9) P
IFllg, = sup |F(tj) — Fti)l” | < oo,
e \ S
where the supremum is taken over all the real decreasing sequence {t;}%2, that
converge to zero. |.|| g, is a seminorm on E,. The variation operator V,(7;) can be
rewritten in the following way

Vo (To(Hx) = 1T (HX®E,-

The variation operator V, was introduced in the ergodic context by Bourgain [6]
(see also Jones et al. [21]). In last years many authors have investigated the variation
operator associated to semigroups of operators and singular integrals [7-10, 17, 19,
20, 23]. Recently, Oberlin et al. [26] have analyzed the variation norm related to
Carleson Theorem.

In a previous paper (see [2]) the authors studied the L”-boundedness properties of
the variation operators for the heat semigroup {W;?},.o and the family of truncated
Riesz transforms {Rf‘p “}e=0, £ = 1,---, n, in the Schrodinger context. Here our aim
is to study the behavior of the variation operators VP(W;g ) and Vp(Rj? #) acting
on functions in BM O (R"). Previously, we shall analyze the variation operators
V,(W,) and V,(R}) over the classical BMO(R"), where {W,},~¢ and {R}}.~0, £ =
1,...,n, stand for the classical heat semigroup and truncated Riesz transforms,
respectively. As usual, by BMO(R") we denote the well known space of bounded
mean oscillation functions in R”. We believe that these results in the classical setting
are of independent interest.

This paper is organized as follows. In Section 2 we state our results. The proof of
the theorems are shown in Sections 3 (classical setting) and 4 (Schrodinger context).

Throughout this paper we denote by C and c positive constants that can change
from one line to another. Moreover, if B(xy, rg) with xo € R” and ry > 0, we define
B* = B(xy, 2ry) and B** = (B*)*.

2 Main Results

In this section we present the main results of the paper, stated as Theorems 2.2, 2.4,
2.6, and 2.8 below.
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714 J.J. Betancor et al.

As it is well known the heat semigroup {W,},~o generated by —A is defined, for
every f € LP(R"),1 < p < o0, by

W,(f)(x) = /R Wix— y) f()dy. x€R" and t > 0,

where W,(z) = (dr1) 2" 13"/% 7z ¢ R" and t > 0.

The LP-boundedness properties of the variation operator V,(W,), p > 2, were
studied in [22, Theorem 3.3] and [9, Theorem 1.1]. We provide here the precise
statement.

Theorem 2.1 ([22, Theorem 3.3] and [9, Theorem 1.1]) If p > 2, the variation opera-
tor V,(W,) is bounded from LP(R") into itself, for every 1 < p < oo, and from L'(R")
into L' (R™).

In [9] it was shown that the variation operator V,(W,) is not bounded on L*>(R").
In fact, in [9, Section 5], the authors give an example of a function f € L*(R) such
that V,,(W))(f)(x) = 0o, a.e. x € R, for every p > 2. As it is well known L*(R") is
a subset of the space BM O(R") of bounded mean oscillation functions. In the next
result we take care of the behavior of V,(W;) on BMO(R").

Theorem 2.2 Let p > 2. Then, if f € BMOR") and V,(W)(f)(x) < oo, a.e. x € R",
V,(W)(f) € BMO®R") and |V,(W)( )l smowr < Cll fllBmomwn-

For every ¢ =1, -+, n, the Riesz transform R,(f) of fe LP(R"),1 < p < o0, is
given by

Ri(fHx) = 812})3 RE(f)(x), ae. xeR",

where

Xe— Ve
Ripm =c, [ e fond.
¢ f ! [x—y|>¢e |x - Y|n+l f ey
and ¢, = T'((n+ 1)/2)/a D72,
Regarding the variation operator for R,, £ =1, ..., n, their LP-boundedness was
investigated in [7] and [8]. We reproduce here their precise statement.

Theorem 2.3 ([7, Theorem 1.2] and [8, Theorem A and Corollary 1.4]) Let ¢ =
1,...,n If p > 2, the variation operator V,(Ry}) is bounded from LP(R") into itself,
for every 1 < p < oo, and from L' (R") into L' (R™).

By using transference methods Gillespie and Torrea [17, Theorem B], obtained
dimension free L?(R", |x|*dx) norm inequalities, forevery 1l < p <ocand —1 < o <
p — 1, for variation operators of the Riesz transform R,, £ = 1, ..., n. Using the idea
developed in the proof of [17, Lemma 1.4], we are able to analyze the behavior of the
operators V,(R;) on the space BM O(R").

First notice that for ¢=1,...,n, fe BMOMR") and & > 0, the integral
fley\>e f (y)lyyi%dy may be non-convergent. Indeed, for instance, the func-

tion f(x) = log(++2)x(0’°°)(x)’ x € R, belongs to L®(R) ¢ BMO(R) but the limit
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Variation Operators on BMO in the Schrodinger Setting 715

Iimpy_ oo f€<‘x_y‘<N )/:(fyy)dy does not exist, for any x € R and ¢ > 0. However, it is

clear that, for every 0 <& < n, f£<|x_y|<n |'xff§)|/'t dy < oo for any fe Ll (R") and
x € R". Therefore, in this situation, the operators V,(Rj) can be defined on
BMO(R") in the obvious way, that is, by replacing R} (f)(x) — R/ (f)(x) by
Cn Jopy<puoyize, fO)p5prdy, £ =1, -+ . nand j € N. Let us mention that in [10, The-
orem B] it was proved that if f € L*(R) and p > 2, then either V,(H®)(f)(x) = oo,
ae.x e R, or V,(H®)(f)(x) < oo, a.e. x € R, where H denotes the Riesz transform
on R, that is, the Hilbert transform. Moreover, as it can be seen in [10, Section 1], if
f(x) =sgn(x), x € R, then V,,(H*)(f)(x) = o0, a.e. x € R.

We can say that the above continuous results have their antecedents in other
discrete results due to Jones et al. [21]. Suppose that {,,}en denotes a nested
sequence of intervals in Z such that /; = {0} and #/,, = m, where ff A means, as usual,

the cardinal of A C Z. For every m € N, we define

1
My () = — 3 O+ ).

j€lm

In [21, p. 915] the authors considered the variation operator V,(M,,), p > 2,
defined by

00 1/p
V(M) (f)(x) = sup (Z [ Mo, (f)(x) — Mm,ﬂ(f)(x)lp) .

mi} \'\ 24

They proved that, for every p > 2, the operator V,(M,,) is bounded from L*(R)
into BMO(R) [21, Theorem 4.4]. Other oscillation operators and square sums type
operators associated with M,, are also considered in [21, Section 4]. Moreover,
they defined a square function that does not map L*(R) into BMO(R) (see
[21, Remark 4.5]).

In the next result we establish the behavior of the variation operators V,(Rj;) for
functions in BM O(R").

Theorem 2.4 Letl=1,...,nandp>2. Then,if fe BMOR")and V,(R;)(f)(x) < oo,
ae x € R", then V,(R})(f) € BMOMR") and |V, (R) (Nl smorn = Cll fllBmo®»)-

We turn now to the Schrodinger operator setting. Let us denote by {W:%},., the
heat semigroup associated with .Z. For every ¢ > 0, they can be written in the integral
form

W2 () = /R W (x, y) f)dy, f e LARM.

Even though we do not have an explicit formula for the kernels W;? (x, y), many
properties are known and can be encountered, for instance, in [14].

LP-boundedness properties of the variation operator V,(W;?) were studied in [2].
We reproduce here the exact result.

Theorem 2.5 [2, Theorem 1.1]. Let V € RH, where g > n/2 and let p > 2. Then, the

variation operator V,(W;%) is bounded from LP(R") into itself, for every 1 < p < o0,
and from L'(R") into L' (R").
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716 J.J. Betancor et al.

Our next result shows the behavior of the variation operator V,(W;?) on
BMO“ (R").

Theorem 2.6 Let V € RH, where q > n/2 and let p > 2. Then, the variation operator
Vp(W;% ) is bounded from BMO“Z (R™) into itself.

Let¢ =1, ..., n. The Riesz transform R‘ff) is defined by
d
RE(fy =527 f feCE®R,
Xe

where C*(R") denotes the space of smooth functions with compact support in
R". Here, the negative square root #~'/? of % is defined in terms of the heat
semigroup by

LV f)x) = % /0 N WZ ()t

Fractional powers of the Schrédinger operator .Z have been studied in [3].
In [2, Proposition 1.1] it was proved that sz can be extended to L”(R") as the
principal value operator

R‘f(f)(x) = Fli%1+ R;?(x, »fydy, ae. x e R, (1)
0" Jix—yl>e
where
P 1 0
Rz’“p(x, y)=——— / (—it) YT (x, y, 7)dr, x,y e R", x # y,
2w BXE R

and, for every 7 € R, I'(x, y, 1), x, y € R”, represents the fundamental solution for
the operator .Z + it, provided that

(i) 1<p<oo,andV e RHy;
(i1) 1<P<P0,Where$=%—%,andVeRHq,n/2§q<n,

Moreover, Rz% is bounded from LP(R") into itself when 1 < p < oo and from
L'(R")into L"*°(R"), provided that V € RH,. Also, R is bounded from L (R") into
itself when 1 < p < ppand V € RH,, withn/2 < q < n [27, Theorems 0.5 and 0.8].

The formal adjoint operator %Z;° of R defined by

A (H) = lim R (y, %) f(n)dy, ae. xeR",
- [x—y|>e
is bounded from L?(R") into itself when p;, < p <ocand V € RH,, withn/2 <q <
n, where, as usual, p; denotes the exponent conjugated to po. In the case that V e
RH,,itisbounded in L?(R"),for 1 < p < oo, and it also maps L' (R") into L' (R").
By defining the truncated Riesz transforms le *, & > 0, in the natural way, the

L?-boundedness properties for the variation operator V,,(RZ? *) were established
in [2].
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Variation Operators on BMO in the Schrodinger Setting 717

Theorem 2.7 [2, Theorem 1.2] Let € =1, ..., n. Assume that p > 2. Then, the varia-
tion operator VP(R;%’E) is bounded

(i) from LP(R") into itself, when 1 < p < oo, and from L'(R") into L“*(R"),
provided that V € RH,,.

(ii) from LP(R") into itself, when 1 < p < po, where ﬁ = é — %, and V € RH,,
n/2<q<n.

If fe BMOZ(R") and £=1,---,n, the limit in Eq. 1 exists for a.e. x € R”
(see [2, Proposition 1.1]). Thus, the Riesz transforms Ry are defined by Eq. 1
in BMO< (R"). As it was remarked earlier, the situation is quite different in the
classical case. In the next result we describe the behavior on BM O~ (R") of the
variation operators associated with the Riesz transforms R‘f and their adjoints.

Theorem 2.8 Let p >2, ¢ =1,...,n. If V e RH; where q > n, then the variation
operator Vp(R;? #) is bounded from BM 0<% [R") into itself. Also, the variation

operator V,, (%f’g) is bounded from BM O (R") into itself, provided that V € RH,
where g > n/2.

Note that there is a remarkable difference between the results in the classical and
in the Schrodinger settings. In the latter, the operators are defined in the whole
BMO“ (R"), while in the classical case it is necessary to impose an additional
"finiteness hypothesis". This fact was observed by the first time in [14].

In order to analyze operators in the Schrédinger context on BMO“ (R") we shall
use some ideas developed in [14] and we will again exploit that the Schrodinger op-
erator £ = —A + V, where V € RH,, with ¢ > n/2, is actually a nice perturbation
of the Laplacian operator —A.

Throughout the proof of the results that we have just stated, the following
properties will play an important role.

According to [14, Proposition 5] it is possible to choose a sequence {x;}72, C R”,
such that if Oy = B(xg, y(xx)), k € N, the following properties hold:

(1) Upsy Ok =R7
(i) Forevery m € N there exist C, 8 > 0 such that, for every k € N,

#HleN:2"Q;N2" Q) # @) < C2™.

Also, from [14, p. 346, after Lemma 9], for any operator H and f € BMO“ (R™),
Hf e BMO¥ (R™) provided that there exists a positive constant C such that, for
every k € N,

() 17 S, IH(D@dx < Cll fllgyo# - and
(llk) Hf c BMO(QZ) and ||Hf||BMO(QZ) < C||f||BMO'Z(R")' Here BMO(Qz) de-
notes the usual BMO-space over Q5.

Moreover, we have that

VHfll smoswny < Ml fllsmoz @e

where the constant M > 0 depends only on the constant C.
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718 J.J. Betancor et al.

Note that if the property (ix) above holds for every k € N then, | H( f)(x)| < oo for
almost every x € R”. This fact is quite different from what happens in the classical
Euclidean case (see Theorem 2.2 and Theorem 2.4, and [1]).

3 Proof of Theorems 2.2 and 2.4

In this section we show our results about the behavior of the variation operator for
the classical heat semigroup and Riesz transforms on BM O(R").

3.1 Proof of Theorem 2.2

Let p > 2. Assume that f € BMOR") and V,(W)(f)(x) < 00,a.e.x € R". Let B =
B(xy, r9), with xo € R" and ry > 0. We write

f=(—-rfxp+f—fBxey+fe=hH+ L+ 6

Note that this type of decomposition allows us to see that W,(| f]) < oo, t > 0.
According to Theorem 2.1, we have

L 1v,macwl dr< ¢ [ 1760 = fof dx < CBI o @)

In particular this means that V,(W,)(fi)(x) < oo, a.e. x € R". Moreover, since
{Wi}i=0 is Markovian, V,(W,)(f3) = 0. Then, using the hypothesis, we may choose
X1 € B(xog, ro) such that V,(W)(f2)(x1) < oo.

If £, denotes the space introduced in Section 1, we can write

|memwm Vo (W)(f2)(x1)| dx

1
= [ W, — W el | dx
|Bl /B ’ ’

1
= 7/ Wi ()(x) = Wi( L) (xD)l g, dx
|B| B P
1
= E/B W:(f1)(x) + Wi(f)(x) — Wt(fZ)(xl)”Ep dx

ﬁmmmhw+ ﬁmwm Wil dx.  (3)

IB | | B
Therefore, according to Eq. 2 we get

1 2
/”Wt(fl)(x)”E dx < (7/ IVp(Wt)(fl)(x)Izdx> < C|l fllBmown. (4)
|B| |B| JB
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Variation Operators on BMO in the Schrodinger Setting 719

Also, Minkowski inequality and [9, p. 88] lead to

|B|/||Wt<fz>(x) W), dx

“ i),

1
< C?I/ / [Wi(x = y) = Wix1 = 9l g, | L(0)dydx

|B|//B)( Ix — )|Cnl-0|—1|f(y) feldydx

1
= IBl / / ) (|y — x0| — |x0 x|)n+1 |f()’) fB|dde

[ Wity vy - /R Wt — y) u(y)dy

dx
E,

< ) — faldydx
|B|/B /zk,0<|y wiostein (1 = o] = g =yt ) = Jaldy
<1

Z F o 2,%) | f(») = fsldy < Cll fllsmos.- (5)

ly—xol<2k+1rg

In the last inequality we have used the well known property (see [[30], VIII,
Proposition 3.2])

S | 170) = faldy < Cmll flswore, m <

From Egs. 3, 4 and 5 we conclude that

|B| / |V (Wt)(f)(x) \4 (W,)(fz)(x])| dx < C”f”BMO(]R"

Thus, we prove that V,,(W,)(f) € BMO(R").

Remark 3.1 After a careful reading of the proof of Theorem 2.2 we can deduce the
following result that will be useful in the proof of Theorem 2.6.

Proposition 3.1 Let p > 2 and </ be a set of decreasing real sequences converging to
zero. Assume that

1/p
Vs (W)(f)x) = sup (DW,/.(f)(x)—Wt,.H(f)(x)W) <00, ae xeQ,
{32

=1

where Q is a ball in R". Suppose that f € BMO(R") and B is a ball contained in Q.
Ifwe define f, = (f — fp)x(B+ and choose x, € B such that V,, o (W) (f2)(x1) < oo,
then there is a constant C > 0 independent of <7, f, and B such that

1Bl / IW:()(x) = Wi( ) (xDlE, ., dx < Cll fllBmo®n,
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720 J.J. Betancor et al.

where, for every function h : (0, 00) = C, ||h||g, ,, means

[t]}] e

1/p
Ihllg,., = sup (Z|h(r,)—h<r,+1)|P) :

3.2 Proof of Theorem 2.4

Let p>2and £ =1,...,n. Assume that f € BMO(R") and that V,(R}))(f)(x) <
00, a.e. x € R". To see that V,,(R})(f) € BMO(R") we extend to R” the technique
developed in the proof of [17, Lemma 1.4].

Let B = B(xp,r9) be a ball in R". We decompose f setting f= fi+ fo +

f3, where fi=(f— fe)xp+, fo=(f— fB)xm+ and f; = fg. According to
Theorem 2.3, we have

L va (&) (s = ¢ [ 10— faPds < CUBI flop. ©)

Then, V,(R)(fi)(x) < oo, a.e. x € R". Moreover, V,(R})(f3) =0. Then, we can
choose x; € B such that V,(R})(f2)(x1) < oo.
If E, denotes the space defined in Section 1, by Eq. 6 we can write

|B|/ |V RY) (N (x) =V, (R)) (fz)(x1)|dx
1
= *f ’||R§(f)(x)||Ep — ||R§(f2)(xl)||Ep|dX
|B| Jp
|B|/ I R;()(x) — Ry(f)(xD g, dx

|B|/ IR g, dx + |B|/ IRSS)) — RSl d

1
< Cllflamonn + [ IRECE® = R @l 7)
B
Here, the expressions with ||| g, have the obvious meaning.
Denoting R,(z) = cn‘z‘%, z=(21, -, 2zn) € R"\ {0}, we have that
IR (f2)(x) — Ry(f)(xp) g, < A1(x) + Ax(x), x € B, ®)

where, for every x € B,

A (x) :‘

/I I (Re(x = y) = Re(xy — ) L(y)dy
x—y|>¢

E,

and

A = [ Gteas ) = o) Resa =9 oy
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Variation Operators on BMO in the Schrodinger Setting 721

By using Minkowski inequality and well known properties of the function R;(z)
we get

A < /R IRux = ) = ReCxt = IFG) = Filxasr (dy

o0

|x — xi]
<c f P )~ fald
; 2kro<|xg—y|<2k+1ry |)C— |n+1 fy fB Y
> 1
< 3 3 i fony T~ Tl
< Cl fllsmowrn, x € B. )

In order to analyze A, we split, for every j € N, the integral there in four terms as
follows. Let {&;}72, be a real decreasing sequence that converges to zero. It follows
that

/lé |X{s/-+1<|x7y\<ej}(y) - X{s,+1<\x17y\<s,'}(y)| |R€(xl - y)||f2()’)|dy

1
Ay
i

<C (A X{8j+|<\X—y|<s,+1+2r<,}(y)X{s,-H<|x_y|<£7}(y) o

1
EE—— d
Iy

+ / X{sjg\x]7y|<s]-+2r0}(y)X{sj+|<\x7y\<s,'}(y)
R" |1

1
_ d
| Iy

+/}é X{Ej+1<\x1—y|<€]+1+2r0}(y)X(Em<|X1—y|<8j}(y) X

1
_ d
— A y)

+ / X{ej<\x7y\<s,'+2ro}(y)X(sH] <lxi—yl<ej} (y)
Rr 1

=c (Al w+al,@+ A0+ AL,®), xeBandjeN.  (10)

Observe that if x € B, then Ag,m(x) =0,whenm =1,3, je Nandry > ej;,. Also,
if x € B, then A}, (x) =0,whenm =2,4, je Nandry > ¢;.

Since 2|x — y| > |x; — y| > %|x —y|, y ¢ B™ and x € B, Holder inequality leads,
for every j € N, to

1 A
WUZ(}’)P‘W) viy, X€B,

Aéy](x) = C </ X{s]+1<|x—y|<£]}(y)
R~ |x

1
51
ra

. 1 s 1
A =C </R X(max(e,-ﬂ,%e,-1<|x—y|<e/>(Y)W|f2(y>|sdy> vi, x€B,

1
1 vl
WMZ(}’)P@’) Vi, X€B,

Aég(x) =< C </ X{s,+1<\x|—y|<£,}(y)
R |1
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and

1

s

1 s
7m|f2()’)|sdy> v/, x€B.
1=y

j
A2,4(x) < C (/R X{max{st,%E,‘}<\x1—y|<s]-)(y) |X

Here 1 <s<oo, s'= %, and v; = (g;+2r0)" — &7, jeN. Note that v;=<C

max{ro, &;}"'ro, j € N, for a certain C > 0.
We define the set 4 = {j € N :ry < ¢;}. We have that

1/s' s
. V. K
j j+1 | (DI
Az,l(x) = CW (~/]R” X{8j+|<\x—y|<sj](y)mdy

1/s' |f2(y)|s /s
= CI’O/Y (/Rn X{5/+|<\x7y|<sj}(Y)mdy ,

forevery x € Band j+ 1 € ¢. In a similar way we can see that

LW

1/s
W@) , xeBandje¥,

A£,2(x) =< Cr(l)/S/ </I~§ X[€j+]<|x7y|<aj}(y)

LRI

1/s
W@) , x€Bandj+1€e¥9,

Aéﬁ(X) < Cr(l)/S </R X{£j+1<|x|7y|<£j}(y)

and

s 1/s
j 1/s | 2(p)] :
A2’4(X) =< Cro </Rn X{sj+]<\x1—y|<s,-)(Y)Wdy , X€ B and J € 9.

Hence, we get

00 1/p
i ; P
> (Aé,l(x) + Aé,z(x)>
j=1
1/p
<c| Y 1Al P+ > 1AL
+1e¥ je9
1AW o N
2P o
<C Z </ X{s,-+|<\x—y|<s,)()’)mdy) rg/
jeN /R y

IA

Ifz(}’)ls s 1/s'
C — d
<\/l.§" |x_y|n+sfl Yy Ty

[} 1/s
1 1
< Ly 1)~ fabdy s
(; (Zkro)n /\Xo—y|<2"+‘r0 f y fB yzk(sfl)
< C|lfllsmo®», xe€ B. (11)
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In a similar way we get

1/p
(Z | AL 5(x) + A§,4(x>|f’) < ClIfllemon. X € B. (12)
j=1

From Eqgs. 10, 11 and 12 we infer that
Ax(x) < Cll flleMmo®r), X € B. (13)

Altogether Egs. 7, 8, 9 and 13 imply that
1
ﬁf IV, (R]) (/(x) = V(R (f)(x1)ldx < C| fllBmOGn)- (14)
B

Thus, we prove that V,(R})(f) € BMO(R").
By proceeding as in the above proof we can establish the following result that will
be useful in the sequel.

Proposition 3.2 Let a >0 and € =1,...,n. We define, for every ¢ >0 and f €
Lige (R"),

Rahw= [ oy

e<|x—y|<a |)C -

Then, if p > 2, Vp(Rj’a)(f) € BMOR?"), provided that f € BMO(R").

Note that, V, (R )(f)(x) < 00, ae. x € R”", for every a > 0, f € BMO(R") and
¢=1,...,n. Indeed, let a > 0, f e BMOR") and ¢ =1, ..., n. Suppose that m €
N. Since V,(R; )(f) < V,(R)(f) and f € LIZOC(R”), according to Theorem 2.3, we
have that '

fB . V,(R;,) (H@dx = / V, (R} ,) (f XBo.m+a) (X)dx
1)

B(0,m)

< / V, (R) (f X 50msa) ()
B(0,m)

12
< Cm”/z(/B(O )(Vp (R?) (fxBom+a) (x))zdx>

12
< Cm”/2</ If(x)lzdx) < 0.
B(0,m+a)

Hence, V,(R; ) (f)(x) < o0, a.e. x € B(0, m).

4 Proof of Theorems 2.6 and 2.8

In this section we establish the boundedness in BM O (R") of the variation opera-
tors for the heat semigroup and Riesz transforms in the Schrodinger setting.
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4.1 Proof of Theorem 2.6

Let p > 2. Assume that f € BMO‘X(R"). Our goal is to show that V,,(W;Z)(f)
satisfies the properties (ix) and (iiy), for every k € N.

Fix k € N. We now prove (i), that is, there exists C > 0, independent of k,
such that

1
10l /Qk 1V, (W;‘g) (H@)ldx < Cll fll syo= @n-

We decompose W:Z ( f) as follows
WZ(H(x) = HE(H ) + L (H(). x e O and >0,
where
HE (Hx) = WZ () A=y ) (O, x € Qk and ¢ > 0.
It is clear that
v, (W) (he =V, (HE) (D +V, (LE) (H@, xe Q.  (15)

Let {t;}%2, be areal decreasing sequence that converges to zero. Suppose that ji €
Nis such that ;1 < y(xx)* < t;,. We can write

1/p
(Z |HE () — HE, (f)(x)l”)
j=1

k=1

= Y IWZ(Hw =W (HWI+ W (NH)l

Ljs1
=1

k=1
=X
j=1

o0
y(xx)? JR”

= Qi(HX) + QL (HX), x € Ok

tj a
/ W (P + W (H)l
tit1

a
W ()| f0)ldyde+ sup (W (F00)

=y (x)?

Hence
V, (HZ) (D@ = 2u(N@ + 2a(H), x € O (16)
According to [14, (5.4)], we get
1
7/ Qo (H@dx < Cll fllsmo= wn)- (17)
1Okl Jox

By [14, (2.7)] we have that

). o e—cl—yl*/t ¢ -1
th (x, y)‘ <C e (l + y(x)2> , x,yeR"'andt > 0.
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Hence, since y (x) ~ y (xx), when x € Qy, we obtain

1f0I,- o\
Q <C ebe—yP/t dydt
wpws=cf /R e toa) @
S B (= )/ +i/
Ty 02 v (x0)? RV i SN LI PR RN
x—y\~""
<1 f)] (1 n dydr
Vi

<c/w ! <1+ ! >_li ! f | F(y)dydt
< — — — y)ldydt,

Y ()2 l«1+n/2 V(xk)2 — 2m(l+n) |x7y|<2’”\ﬂ

X € Qk-

Moreover, by [14, Lemma 2], since | f| € BM 0% (RM), there exists C > 0 (which
does not depend on f) such that, for every B = B(x, r), with x € R" and r < y(x),

1
|B(x,2r)| JBx,2n)

| f(nldy = C<1 +lo gM) I fllBmoz @n-

Then, it follows that

it 1

P — | fn)ldy
,;) 2m(1+n)tn/2 \[r—y|<2'”\ﬂ

1
= 2 ZWW/M,QM'JC(”'@

meN, 2m/t<y (x)

1 /
+ — | F)ldy

meN, 2/t>y (x)

1 1
<Clflsywozan | D zm (1 log ;(}) * 2o

meN, 2. /i<y (x) meN

i
<C|1+log I fllpmo= @n. t>y()* and x € O.
v (Xk)
Then,
00 t -1 «/i dt
Qii(Hx) < C||f||BMo$(R~>/ (1 + 72> 1 +log =
y ()? ¥ (xk) y(xp) |t

<C||f||BMoff(Rnf (1 +log(u) ——— (1+u)

< Cll fllpmo< ®ny, x € Ok.
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Hence, we obtain

1
L f Qu(Hdx = Cl Fll pao - (18)
| Okl Jo,

By combining Eqs. 16, 17 and 18 we get

1
o1 /. v (1) (H@dx < Cll fllawo o (19

Here C > 0 does not depend on k.
We now decompose f as follows

f=Ffxo; + fxwop = hH+ fa
It is clear that
Vo (L) (D = Vo (LE) (o + v, (LE) (. (20)
By proceeding as above we get

1/p
V, (L&) (0@ = sup ( 3 IWf(fl)(x)—Wfl(fl)(x)lp)

10\ e

+ sup  IWEZ(fH)]

0<t=y(xx)?
<V, (W) (@ +WZ (), xe O

Since W and V,(W;?) are bounded operators from L*(R") into itself (see
Theorem 2.5) it follows that

|Q%| v, (L) (hodx < (@ /R (v, (1) (f.)(x))zdx)l/2

. 12
C 2d )
< (|Qk|fQ;|f(xn x)

Then, from [14, Corollary 3], we deduce that

1
@/Q V, (Lﬁ) (fxdx < Cll fll pmo= @ny- 1)

On the other hand, we can write

y()? 9
Vo(tE) s [0 [ [EwEe|ifolddes sp (W ()
0 Q)¢ ot

0<t<y(xx)?

= Q3 (/X)) + Qur(H), x € Ok (22)
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According to [14, (2.7)], for certain C, ¢ > 0, we get

¥ (x)?
2 L(NH() < / /
[x=y|>y (xk)

¥ ()? e—clx— v/t
<c / f 0| —
[x=y[>y (xk) /21

y (xx)? 1 ¢ (n+1)/2
<cC f 1 / £ (—) dyd
o ,;: 2y (5 <lx—y| <271y (x0) lx—yP?

¥ (x0)? o0

¢ dyd
- Z <21y<xk>>"+' /xmmw | FD)ldyd

0 =0

0
5 Wi, y)‘ | F(y)|dydt

nd 1
ey L f L FO)ldy
;2’(2/3’(”))" e —y| <2742y (xp)
< Cllfllpmo# @ X € O (23)

Then, by Eq. 23

1
— | Si(HE)dx < Cll fllgpmo? @
Okl Jo,

Moreover, since | f| € BMO< (R"), [14, Theorem 6] implies that

! 1
@/ Qa(NH)dx < 0 1o Wff(|f|)(X)dx < Cll fllgpo# @n-

Hence, we conclude that
lel / L;;'?; (fz)(x)dx =< Cll fllpmo# @n)- (24)

By combining Eqgs. 20, 21 and 24 we deduce

b
[ Okl

Finally, Egs. 15, 19 and 25 imply that

Vo (1) (D00dx = Cll fllawio ey (25)

1
[ Okl

Note that C > 0 does not depend on k.

Thus the property (ix) is established.

Now, we are going to prove assertion (iix). Assume that B = B(x, rp) C O3, with
xo € R" and ry > 0. Our purpose is to check that

V, (W) (D@dx = Cll llgyo -
Ok

1
@ /B ‘Vp (Wz:g) (f)(x) — CB’dX < C”f”BMOg(R")v (26)
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for a certain constant ¢® and with C > 0 independent of k and B. To this end we
decompose W;% (f) as follows

WZ (P = HED@ + (LED = L H) () + L H@, x € Oj and > 0,
(27)
where HiZ, and Li, are defined as above, and

Li ())(x) = Wi( )0 X<ty oy (O, x € Q. > 0.

Suppose that c® = [|h®| ,, where % : (0, 00) > C is a function that will be specified
later. Then, we can write

Vo (W) (D) = 1 = IWZ (PIg, = 171, |
< W2 (NHx) —hP@)lle,
< IHE D@ g, + I LE )
— L HOlE, + 1 Li H) = hP D) g,

Therefore, Eq. 26 will be proved if we are able to show the following three
inequalities:

(A1) g [5 1HZE(H @l E,dx < ClI fllgpo® @

(A2) 1 [5 ILE(NH @) = L H0lE,dx < Cll fllgpo# @ and

(A3) g [ ILk( H) = hP D g, dx < Cll fllgpo® nys

for a certain function h®: (0, 00) — C, and a constant C > 0 independent of k

and B.
According to (16) we have

V, (HE) (F) = Qi) + Qi f).

By proceeding as above we get

121N = Cll fllgmo @y X € k- (28)
Moreover, by [14, (5.4)],
1206 (H] = Cll fllgmo# @y X € k- (29)

Then, from Egs. 28 and 29, (A1) holds.
To establish (A2) we firstly observe that

y()?
Vo(tt -t pw= [

+ sup W2 (HE) — Wi(H)]

0<t<y(xx)?

= Q51 (X)) + Qex(H(X), x € Q.

d
&(th (x, y) — Wo(x — ) || fF)|dydt

By [14, (5.5)] we get

Q6,k(f)(x) < C||f||BMoz(Rn)a X e Q}t (30)
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The perturbation formula ([14, (5.25)]) allows us to write
3
S(Wie=» =W @) = | VOWEE IWin - dz
ot R /
t/2 9
+ / f V(@) Wis(x = )WZ (z, y)dzds
0 n

t
3
+ / f V()Ws(x — 2) —W:Z (z, y)dzds
/2 n as

3
= ZKj(x,y,t), x,yeR" and ¢ > 0.
=1

According to [14, (2.2) and (2.8)], we get

=zl +iz—yl?

IKi(x,y, )] < Ct™" / V()e-  # dz
Rn

=y lx—zf?
< Cr"?e T / V)t e & dz
RVI

=y

< Cy@)rHe=mi2e="% x,ye Qf and 0 <t < y(xp)*

Here and in the sequel § represents a positive constant.
Moreover, by using [14, (2.2) and (2.8)], since /2 <t —s < twhen 0 < s < /2, it
follows that

-z 1 o=

[/2 ] v\z
\% —c = A
| Ka(x y. 1)l = C/O f @) (t—s)1+n/2e Toant dzds

<C . 14 41 ez 1 —C‘r-y‘zd d
 Jo Jme (Z)t1+"/2€ g2’ «“

1 e (12 S
< CWE t A ) V(Z)We s zas

1 w2 [1? gTIH9/2
5C1+ 2eic%f 5ds
g/ o YW

<y (y)—at—1+<5—n)/ze—c@’

xe€Qf ly—xl <y and 0 <1< y(xp).
By proceeding in a similar way we obtain

|K3(x7 y’ t)|

b=y

< Cy(y)f‘st*l*(s*")/zefc T, xe O Ix—yl <yl and 0 <t < )/(xk)z.
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Hence, since y(x) ~ y(y) ~ y(xx), provided that |x — y| < y(xx) and x € O, we
conclude that

(W2 o~ Wi )|

2
< Cy(x) PO F5  v e OF Ix—y| < y(x) and 0 < £ < y (x>

Therefore for some constants C, ¢ > 0 we get

y@)? g8/2-1 / e—clx—yl*/t

Qs 4(f) = C /0 o | S 1wy

y (xx)? Pr2-1 X2 —c22]
<c / oy f | F)ldydr
0 Y (xx)? s 112 [ x—y1<aiyi

¥ (xx)? /21 2]n —c2%i
<c / / \fO)ldydi, x € Q.
y(xm < QIO Jyi<aivi ,

Moreover, by [14, Lemma 2], since y (x) ~ y (xx), x € OF,

o zjne—CZZf

Z (NG /|xy<2fﬁ|f(y)| Y

j=0

- ¥

jeN, 2i/i<y (x)

D>

JjeN, 2i/t>y (x)

zjne—czzf
—_— [ fnldy
@IV Jiemyi<2ivi

2jnefc22f

QIO Jix—yi2ivi

[ f(»ldy

< Cll fllgmo# @ 3 2ine—c22f<1+l ;’(\[)>+ S e

JeN, 2i/t<y (x) JeN, 2//t>y (x)

(xx) \* .
= C||f||BMO$(R") <V7:> , XE€ Qk and0 <t < )/(xk)z,

where ¢ € (0, §).
With this estimate we have that

¥ (xx)? 5/2—1-¢/2

Wd[ =< C”f”BMOi”(R")’ x e Q5. (31)

Qs k(Hx) < C||f||131\40201v>/0

Putting together Egs. 30 and 31, we infer (A2).
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Next we notice that by Eq. 27 it follows that

Vo(Lid() =V, (W) (P +V, (HE) (D +V, (LE = Lia) (.

By proceeding as in the proof of (ix) we get
f v, (W;%’) (H)dx < .
0

Then, V,(W)(f)(x) < o0, a.e. x € OF.

From Egs. 30 and 31 we deduce Vp(L,fi — L) (H(x) < o0,a.e. x € O;. Also, by
Egs. 28 and 29, Vp(H;f)(f)(x) < o00,a.e. x € 0.

Hence, V,(Li)(f)(x) < o0, a.e. x € Q;. We consider the following decomposi-
tion of f

f=(=rfxp+ = Bxar+ = hH+ L+ f
Note that

{t152,10, 1=y (xp)? j=1

1/p
V(L) (fi)(x) < C sup (Z W, (fi) () — WZH,(fl)(x)l”)

+ sup  [Wi(fi))(x)]

0<r<y (xx)?
< CV,(W)(f(x) + W.(fx),

where W, represents the maximal operator defined by W..(g) = sup,. o |W:(g)I.
Then, since W, and V,(W,) are bounded operators from L*(R™) into itself (see
Theorem 2.1), we obtain

12
/Q* |V, (Li)(f)(x)|dx < C (|Qk| /B | f(x) — fB|2dx)
< CUBINQkD"?I fll smoz @y < 0.

Hence V, (L) (f1)(x) < 00, a.e. x € OF.
Also, since [, Wi(x, y)dy = 1,x e R" and 1 > 0, we get

V(L) (f3)(x) = | fpl <00, x € R".

Therefore, we deduce that V, (L ) (f2)(x) < 00, a.e. x € OF.
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Choosing z; € B such that V,(Lk)(f2)(z1) < oo, we define hB(t) = L, (f2)(z1),
t € (0, 00).

Suppose that {1;}72, is a real decreasing sequence that converges to zero and let
Jjk € Nbe such that 7;, < y(xx)? and ;1 > y(xx)>. We can write

1/p
(Z | LD = Ly (@) = L (A = Ly, (fz)(zl))\”)

j=1

= (Z W,(D@ = Wi(F) (@) = Wy (N = Wiy, (S|

J=Jk
1/p

+ Wi, (D - Wt,.k<fz>(z1>\p)

o 1/p

<C ((Z ‘W[,-(f)(x) — Wi, (£)@1) = (Wi, (Hx) — Wi, (ﬁ)(m))]”)
J=Jk
+ sup  [Wi(Hx) - Wt(fZ)(Zl)) , xe 0O,
0<t=<y(xk)?

and then

I L. (Hx) = RP @) g,

< c( sup ( Wo (D@ = Wi (B
{tj} 1

240, 0<t=y () \ o

1/p
- Wy (N ~ Wzm(fz)(zl))‘ﬂ)

0<t=<y(xk)?

+ sup  [Wi(HHx) — Wt(fZ)(Zl)) . x€ O

By taking into account Proposition 3.1 with &/ = {{r;}3, C (0, o) {12, 4
0, 0 < t; < y(xx)*}, we obtain

1 [ee]
S s Wi (D) = Wy () (@)
IBI JB (1,10, 0<t,<y 02 \ ‘5

=

1/p
- (le+1 (f)(x) - le+1 (fZ)(Zl))‘p) dx

< Cll fll smo= mn)- (32)
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Also, according to [14, pp. 348-349] it follows that

1
sup  [Wi()(x) — Wi(f2)(z)ldx < Cll fll pmo< @n)- (33)

| B| B 0<t<y(xx)?

From Egs. 32 and 33 we deduce (A3).
Note that the constant C > 0 does not depend on k and B in all the occurrences.
Thus the proof of (iiy) is finished.

4.2 Proof of Theorem 2.8

Let p > 2. We may assume without lost of generality that V € RH, with ¢ > n. In
fact, from [16], reverse Holder inequalities are open, i.e., if g € RH, then it is also
true that g € RH,,, for some ¢ > 0.

In order to prove that the variation operator Vp(R;%) ¥y is bounded from
BMO¥ (R") into itself, we consider, for every k € N, the local operators de-
fined as

RE(f)(x) = PV [ L RE@ oy,
x—y|<y (xx
and
Res(f)(x) = PV / Ro(x — ) f(y)dy.
[x—yl<y (xk)

Note that |y —xx| <3y(xx) when x e Qf and |x—y| < y(xx). Then, if fe
BMO“ (R"),

Rer(f)(x) = lim Re(x = y) f(W)x30,(0)dy, ae. x € O,

607 Jelx—yl<y ()
that is, this limit exists for almost all x € Q; when f € BMO“Z (R™). Also, Rﬁ( Hx)
is defined for almost every x € Q; when f € BMO¥Z (R") (see [2, Proposition 1.1]).

Let f e BMO“ (R"). We are going to analyze the properties (ix) and (iix) when
H= V,,(Rf’p’s). Let k € N. We can write

= 5 -, 50
+ (Vo (RE) 0 = Vi (R (D) + Vi (RE) ()
=Fi+Fi+V, (Ri,k) -

@ Springer



734 J.J. Betancor et al.

For x € Qf we have

Fil =V, (RE = RES) (H@)

[o¢]
- w (¥
ez \ ‘5

/8,‘+1 <lx=yl<ej, [x=yl<y (x)

/ RY (x, y) f()dy
ejp1<lx—yl<e;

o\ 1/p
RZ (x, y) f(y)dy )

o\ /P

o0

RZ (x, y) f(y)dy

= sup
{81}?‘21 10

j=1 /8/+|<Ixy<8j,lxy27/(m

IA

/ \RZ (e, L F)Idy.
[x=y|>y (xk)

Then, according to [4, Lemma 3, (a)], since y(xx) = My (x), x € O}, for a certain
0 < M < 1 that does not depend on k € N, it follows that
1

1
Frel = C | f)ld
ol —yl> My X — Y"1+ |x—yl/y(x) Jldy

o0
1
<c / | F3)Idy
=0 M2y (x)<|x—y|<M2/+1y(x) |)C - )’|" I+ |)C - Y|/)/(X)
<Cil 1 / | f(ldy < CIIfll xe Q;
i ara— = L nys .
T3 21 Iy () Jix—yl<M2it1y(x) BMO= () k

Also, by using [4, Lemma 3, (b)], we obtain

1Fax()] =V, (RES = RS, (Do)

o0
= sw |
tenEio \ 7o

f IRZ (x. y) — Rex — I f()ldy
[x—yl<y (xx)

1 _ 2—n/q
< c/ ('x y') 1FD)Idy, x € O}
|

x—y|<y(xx) |x - }’|” ]/(X)

o\ VP
(RZ (x,y) — Re(x — ) f(y)dy

/‘5“j+l<x_y<5j, [x—=yl<y (xx)

IA

Then, using Holder inequality and that y (x) ~ y (xx), x € Qj, we arrive to

1/r 1 ) 1/r
|Pai(0)] < C (/ |x—y|<2—"/q—”>’dy) T ( / If(y)l’dy)
W—yl<y (¥0) ¥ (Xk) = yl<y ()

1 , 177
=C / |(>|’d) < Cll fllgio# @ * € O
<y(xk)" lx—yl<y (xx) FONdy Mo eny k

Here,1 <r <n/(n—2+n/q).
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Since, for i=1,2, Fx € L*(Qp) and [[Fikllr=0p = Cll fllgmo# wey» Where C
does not depend on k € N, in order to see that the properties (ix) and (iix) hold for
H = V,,(Rf’e) it is sufficient to establish those properties for H = V(R -

Fix again k € N. Then

p) 1/p

Re(x = y) f(¥) xop (y)dy

Vo (R ) (H(x) = sup (Z Re(x — y) f(y)dy

o \ o

o0
= sw |
‘Sj}}?i|¢0 j=1

<V, (Rix) (fxor) @), xe O

Hence, according to Theorem 2.3, we have

‘/;Hl <|lx—yl<ej.lx=yl<y (xx)

/‘;Hl <|x—yl<ej |x—y|<y (xx)

p) 1/p

1 1 12
104 Jo IV, (R} 1) (Hx)ldx < (@ /Qk |Vp(Ri,k)(fXQ;*)(x)|2dx)
I 172
C|— 24
= <|Qk| sz*|f(x)| x)
= C”fHBMOZ(Rn). (34)

Let now xy € R" and r¢ > 0 such that B = B(xo, 7o) C QOj. Then, by using Propo-
sition 3.2 we can see

1
1B /B IV, (R} ) (H(x) =V, (R} ) (f)(zD)ldx < Cll fllgyo® @

where fo = (f — fp)xs~¢ and z; € B is such that V,(R; ,)(f2)(z1) < oo. Hence,
V,(R: )(f) € BMO(Q;) and

1V, (RS.) (Dllssocgp < Cll fllgyio# @ - (39)

Note that the constants C > 0 appearing in Egs. 34 and 35 do not depend on k € N.
Thus the proof of the desired result is finished.

Assume now that V e RH, where n/2 < g. In fact it is sufficient to consider n/2 <
q < n. We have to show that the variation operator for the adjoint Riesz transform,
V, (%’f’ﬂ ), is bounded from BM O (R") into itself. Looking at the proof above, this
result will be established when we see that, for every k € N, the operators defined by

Tir(H) = f \RZ (v, Il F0)Idy,
[x=y|>y (xk)
and
Tz,k<f>(x>=/| L IRE 000 = ROy = 0l )y
X—y|<y Xk
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map BMOg(R”) into L*(Q7), and, fori =1, 2,

Tk Hll=op < Cll fllgmo“ @ f € BMOZ (R"),

where C > 0 does not depend on k € N.
Let k € Nand f € BMOZ (R"). According to [27, p. 538], we have that

1 1
T C d
Tk (H O = (/IXPM) T |x_yw(x))alf(y)l y

1 Vv
n / _ [fD)] / (Z)n_ldzdy
e—yl=y oo X = Y0 (4 [x = yI/y () Sy, 12 =y

= C(T1,1.6(H) + Tipk(HX), x € O,

where o > 0 will be chosen later large enough.
As it was shown earlier, we have

||T1,l,k(f)||L°°(Q’k‘) = C||f||BMo-5f(]Rn)a (36)

provided that o > 1.
On the other hand, since y (x) ~ y(xx) when x € Oy, we can write

o
2 (zjy (x))! 20y (x) <lx—y| <2y (xi)

|4
X/ iledy
B,k 2= yI"”

[ee}

1 ” 1/pg
<Cy ————— f [ f(»)|Ped )
Z 2021y (x))r—1 ( Xyl <2y (xi0) 1o Y

j=0
Viz
[ e,
l—z]<2i2y (e 12— VI

IT12x( @ < CH | f)I
j=0

Po 1/po
dy) , x€e 0y,

(L

where ﬁ =_— % Then, the L”-boundedness properties of the fractional integrals
[28, p. 354] lead us to

1

1
200 21y (g )y P

[e¢]
T2k (DI = Cll fllppo# @n 9
j=0

1/q
X (f V(z)qdz) , x € Oy
[x—2| <272y (xx)

By using the properties of V and y [4, Lemma 1] we obtain, for a certain pu > 0,
1/q ) .
( / V(z)qdz> < CQly(x) 2"y (x)" %, x € Q.
—z] <272y (i)
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By choosing & > 0 large enough, it follows that
I T124(HI = Cll fllgpo? @ i 2,(%,1@011”/4/,#)
< Cll fllgmo# @ ¥ € Of. (37)
We conclude from Eqgs. 36 and 37 that

||T1,k(f)||Lx(Qj,) =< C||f||BM03(RH)v
where C > 0 does not depend on k € N
According to [27, (5.9)] we get

! |x—y|>2‘"/q
T C d
T (D] < ( /lem(m |x_y|,,( e | ()ldy

1 V(z
- T Oz fldy
le—yl<y o) 1X = VI ly—z]<B! |z — y|

= C(TZ,I,k(f)(X) + T2,2,k(f)(X)), x e Qk

As in the proof of the first part of this theorem we have that

||T2,1,k(f)||L°°(Q’,:) =< C||f||BMoﬁf’(Rn)
Also, we can write

(39)

oo

)l
Taasthor=cy | |
o /ZO: ) <lv—yl<2-iy e 27Ty ()
|4
<[ VD gy
x—zl<2iy e 1Y = 21"

1 ) 1/p,
—_— | F(p)Pe d}’>
—0 (Z_IV(xk))n_l (/Ix—y<2fy(xk)

<CY’
j
< ( V(z) dz) Po dy> 1/po
Z
—0

1
le—zl<2-y (e |¥ — 2|

1/q
V(z)qdz>
2 f)/(Xk))” 1=n/p} </|xz<2f+'y<xk>

1 ) 1/p
X R E— | ( )|P0d > 5 X € Q*7
((2*17/()%))” o=yl <2y () Ty ‘
where L =

S =

1
; .
Since V € RH, and y (x) ~ y(x;), when x € Q7, we have [4, Lemma 1]

1/q
(/ V(z)qdz) <Cyx)"i2, xe Q;
B(x,27 71y (xp))
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Moreover, an argument like the one used to show [14, Lemma 2] allows us to get

1 , 1/p,
- Pod <(j L oy -
((2_1)/()51())” |x—y\<2*/y(xk) |f(y)| y) o ]“f”BMOJ(R )

Then,

- ] n/q—2
1 T22x ()] < CY - ey ()72 fllgpo 2 )
@y oyt

< Cll fllgmo# ®ry» X € Ok- (39)

Notethatﬁ—l :3—2<O.
By combining Eqs. 38 and 39 we conclude that

I T2k(Dll~cop = Cll fllgmo @e)»

where C > 0 does not depend on k € N.
Thus the proof is finished.
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