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We extend the diffusion tensor (DT) signal model for multiple-coil acquisition systems. Considering the
sum-of-squares reconstruction method, we compute the Cramér–Rao bound (CRB) assuming the widely
accepted noncentral chi distribution. Within this framework, we assess the effect of noise in DT
estimation and other measures derived from it, as a function of the number of acquisition coils, as well as
other system parameters. We show the applications of CRB in many actual problems related to DT
estimation: we compare different gradient field setup schemes proposed in the literature and show how
the CRB can be used to choose a convenient one; we show that for fiber-type anisotropy tensors the
ellipsoidal area ratio (EAR) can be estimated with less error than other scalar factors such as the
fractional anisotropy (FA) or the relative anisotropy (RA), and that for this type of anisotropy tensors,
increasing the number of coils is equivalent to increasing the signal-to-noise ratio, i.e., the information of
the different coils can be regarded as independent. Also, we present results showing the CRB of several
parameters for actual DT-MRI data. We conclude that the CRB is a valuable tool to optimal experiment
design in DT-related studies.
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1. Introduction

Diffusion-weighted imaging is a magnetic resonance imaging
(MRI)-based technique which can be used to characterize the
structure of biological tissues in vivo, such as brain white matter [1].
It consists of measuring the diffusivity of water molecules in many
directions to analyze the orientation-dependent water mobility,
related to the structure of the internal medium. The diffusion
phenomena in the tissues is not free, since the water molecules
diffuse faster in directions aligned with the organs' inner structure
and slower in the direction perpendicular to the enclosing
membrane. Then, the resulting information is valuable to character-
ize the anatomical structure of soft tissues noninvasively.

If we assume a Gaussian probability density function for the
diffusion phenomena, this mobility will bemathematically described
by the diffusion tensor (DT) [1]. The DT is a simple model that
represents the mobility of water molecules in any volume of interest
by means of an ellipsoid whose semi-axis lengths are proportional to
the diffusivity in the semi-axis directions. Mathematically, the DT is a
3 × 3 matrix whose eigenvectors and eigenvalues define the
direction and length of each semi-axis. Given a number of diffusion
measurements, the DT is estimated with some criteria [1,2]. Then,
the main goal in DT-MRI studies lies in the estimation of the DT on
each voxel where the MR pulse echo is measured, obtaining a three-
dimensional DT map.

Many applications arise from the estimated DT map. One of them
is the quantification of the anisotropy of the white matter by
computing scalar and vector indices widely used in clinical practice,
such as the fractional anisotropy (FA) or the relative anisotropy (RA).
Their computation helps, for example, to make clinical diagnosis, as
in various central nervous systems disorders. Also, the DT map is
used to make in vivo fiber tractography studies [3], which is helpful
for assessing the degree of invasiveness of neoplasms to specific
functional tracts and for elucidating functional and anatomical
connectivity, among other uses [3,4].

As the DT-MRI measurements are corrupted by noise, every
function of the DT estimator will have some error. Even if the
variance of the error can be reduced by appropriately adjusting the
acquisition system, there exist theoretical limits that bound the
estimation errors in any practical situation. These limits are of
interest to the scientific community since they allow to define the
scope of the technique and to optimize the system configuration in
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order to reach them. Several works have considered the influence of
noise in the estimation of scalar indices by means of error
propagation techniques (e.g., Refs. [5,6]). However, this approach
does not handle appropriately the noise distribution, leading to
possible inaccuracies in the results. We propose using the Cramér–
Rao bound (CRB) to deal with this problem.

The CRB gives the minimum variance that can be achieved by
any unbiased estimator of the DT and the functions of it,
independently of the estimation algorithm. This can be used to
optimize the bounds in DT estimation as a function of tunable
parameters. It has been used to investigate the scope of the
technique in some experiments, such as in the study of the
feasibility of measuring direct features of brain-tissue microstruc-
ture (as axon density and radius in white matter) [7] or in the
analysis of diffusion properties in crossing fiber bundles [8]. These
articles present the CRB as a valuable tool when a single acquisition
coil montage is used, leading to expressions that may be inaccurate
in multiple-coil acquisition montages. These latter systems have
been proved to enhance the performance of MR-based studies [9]
and were discussed only in a few papers within the DT-MRI
community [10–13].

In this work, we propose a model for diffusion signals acquired
with multiple-coil MR systems, adapted from parallel MR (pMR)
background [9,14]. Then, we generalize the CRB for this case, to
study the theoretical limits in the DT estimation and in the
functions of it. Indeed, once the mathematical framework is
presented, we apply it to get results related to some recent
studies. First, we analyze the influence of the gradient field scheme
adopted for the acquisition in the estimation of the DT by
computing the minimum achievable variance. This is very
important since there exist many gradient schemes presented in
the literature, each of them optimal in some sense [5,15–17]. In
this context, the CRB is presented as a statistical tool for comparing
the proposed schemes considering the DT estimation bounds,
providing a direct link between the gradient scheme and the DT
estimation results.

Then, we analyze the minimum variance achievable in the
estimation of different scalar functions of the DT elements. These
functions could be the eigenvalues or the functions of them, such as
the RA, the FA or the ellipsoidal area ratio (EAR) [18]. In this context,
the CRB is used as a benchmark to compare the performance of the
scalar functions estimation. This is relevant to applications, such as
tractography, where the FA is generally used as a threshold in fiber
reconstruction [3].

The analysis of the minimum standard deviation in the
estimation of the DT major eigenvector is also of great interest
[19], since in tractography applications the direction of the fiber is
usually selected parallel to the major eigenvector [3]. Since this
eigenvector is a function of the DT elements, it has an associated
covariance, which must be properly studied when analyzing the
confidence regions of the reconstructed tracts. Thus, we find the CRB
associated with the major eigenvector estimation and evaluate the
minimum angular deviation of any unbiased estimator with respect
to its true value. We examine the variation of such error bound as a
function of the MR system parameters and show how to reach
optimal estimation conditions.

We also explore the relevance of the multiple-coil model and
evaluate the differences with the single-coil montage [7]. This allows
us to validate the assumption of statistical independence among
coils in order to simplify the signal model for multiple-coil montages.

All these studies are made by varying some parameters of
interest, such as the signal-to-noise ratio (SNR), the diffusion
weighting b value, the number of acquisition coils, and the tensor
shape (i.e., disc-, oblate- or spherical type). Results are shown using
synthetic as well as real data.
2. Materials and methods

2.1. Signal and noise models

The main problems in DT-MRI applications are the limited spatial
resolution and SNR achievable with a single-coil acquisition system.
Therefore, multiple-coil acquisition systems (originally proposed in
Ref. [14]) were adapted from the MRI framework to ensure better
spatial resolution and higher SNR (e.g., Ref. [20]). In this section, we
present the adopted signalmodel. First, we review the pMR statistical
signal model. Then, we present a parallel DT-MRI statistical model
that incorporates the multiple-coil acquisition setup.

2.1.1. MR signal model
MR data are usually modeled as a complex Gaussian process,

where the real and imaginaryparts of the original signal are corrupted
with uncorrelated Gaussian noise with zeromean and equal variance
σ2. Some authors studied the statistical properties of noise for a
single-coil acquisition system, concluding that it is reasonable to
consider themagnitude of the received signal as Rice distributed or as
Rayleigh distributed in case of no-signal state [21,22]. These models
are important for many applications, such as estimating the SNR or
the contrast-to-noise ratio (CNR), among others [21].

However, single-coil acquisition systems have some limiting
properties, such as the acquisition speed or the maximum SNR
achievable. To improve these aspects, multiple-coil acquisition
systems were proposed [9,14]. These systems have the advantage
of allowing to choose the method used to fuse the information
measured by each RF acquisition coil. If we want to improve the SNR
and the coil montage is completely known, the spatial matched
filter approach is adequate [23]. On the other hand, if the coil
montage is completely characterized and we want to speed up the
acquisition time, some methods can be used, such as the
generalized auto-calibrating partially parallel acquisition (GRAPPA)
algorithm [24] in the frequency domain or the sensitivity-encoded
MRI (SENSE) [25] in the image domain. Nevertheless, even if these
methods are most adequate, it is infrequent in clinical practice to
know the complete characterization of the coil system used, and it is
unusual to have access to the technical settings of the MR machine.
In these cases, the sum-of-squares (SoS) technique is the recom-
mended method [9,14,26] and the one adopted for the analysis
presented in this work.

Let St be the complex signal measured by the lth coil and At be the
complex signal without noise in the same coil. Then, if we assume no
magnetic coupling among the RF coils, the measured signal will be

Sl ¼ ρl pð ÞAl þ ξ;

where ρl(p) is the sensitivity of the lth coil in the space point p and ξ
is a zero-mean complex Gaussian random variable with variance σ2.
Then, the SoS output of an L-coil system will be ST ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑L

l¼1 Sl
2jj

q
[21]. Under these assumptions, it can be shown that the SoS method
will return, in the presence of signal, a noncentral chi distribution,
with probability density function [22]

f ST;AT;σ;Lð Þ ¼ A
1−L
T

σ2 S
L
Texp −S

2
T þA

2
T

2σ2

 !
I L−1

ATST

σ2

� �
; ð1Þ

where AT = (∑l = 1
L |ρl(p)Al|2)1/2 and Iα(⋅) is the αth-order mod-

ified Bessel function of the first kind. Note that (1) reduces to a Rician
distributed signal if a single-coil system is used (i.e., L = 1).

A general SoS framework must consider the differences among
the variance on each coil, leading to a generalized noncentral chi
distribution [22]. However, in practical situations the noise variance
is homogeneous enough across pixels and coils [23], and then data
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are usually considered to follow a noncentral chi distribution when
reconstructed with SoS or GRAPPA [23].

2.1.2. Parallel DT-MRI signal model
As stated before, DT-MRI is a technique that allows to measure

the anisotropy of the media and characterize the internal
structure of brain tissues in vivo and noninvasively. This is done
by applying a magnetic field gradient sequence in a number of
directions, after which the echo attenuation in each voxel is
measured. Then, the measurement depends on the applied
sequence and the gradient field direction and strength. Some of
these parameters are summarized in the diffusion weighting
parameter b (called b value), which selects the diffusivity scale of
measurements and depends on the gradient strength and
diffusion time [1]. With the use of conventional pulsed-gradient
spin-echo (PGSE) sequence, the diffusion time is Δ−δ/3, where Δ
is the time between both gradients and δ the diffusion weighting
gradient duration [1]. Then, the b value is defined as b ¼
γ2δ2 Δ−δ

3ð Þg2a [27], where γ is the gyromagnetic constant and ga
is the magnitude of the applied gradient field, usually between
1000 s/mm2 and 3000 s/mm2.

If we assume a Gaussian distribution for the diffusion phenom-
enon, the signal intensity measured in the lth coil when the nth
gradient field is applied will be [26]

Sln ¼ ρl pð ÞAn þ ξ;

where An = S0exp(−gn
Tθ), S0 is the signal measured when no

gradient field is applied, gn is a six-element vector related to the
gradient field direction and to the b value, and θ = [θ1, ⋯,θ6]T is the
six-element vector rearrangement of the DT elements,

D ¼
θ1 θ4 θ5
θ4 θ2 θ6
θ5 θ6 θ3

0
@

1
A:

(see Appendix A for gn definition and Ref. [27] for model details).
Note that, since we are only interested in the signal intensity,
its phase is not taken into account and the signal intensity
without noise will only vary among coils depending on their
sensitivity pattern.

If we consider independence among coils (i.e., totally decoupled
coils) and the same standard deviation in each measurement, the
SoS method can be applied and the measurement will be distributed
according to Eq. (1). Using previous definitions, it is easily found
that, when the nth gradient field is applied, the SoS signal will
be distributed according to the probability density function f(STn;
ATn,σ,L), where STn = (∑l = 1

L |Sln|2)1/2 is the SoS signal, ATn = CL(p)
S0exp(−gn

Tθ) is the DT signal model considering the multiple-coil
montage, and CL(p) = (∑l = 1

L ρl2(p))1/2 is the sensitivity factor in p.

2.2. Performance bounds

The main goal of this work was to study the influence of
measurement errors in the DT estimation and in the functions of it.
This is done with the help of the Cramér–Rao inequality, which gives
a lower bound on the variance of any unbiased estimator, regardless
of the estimation algorithm used [28]. Let z(θ) be a vector function
of the parameter vector θ to estimate. Then, the CRB establishes
that [28]

E z θð Þ−ẑ θð Þð Þ z θð Þ−ẑ θð Þð ÞT
n o

≥CRBz ¼
∂z θð Þ
∂θ

T

J
−1 ∂z θð Þ

∂θ ; ð2Þ

where CRBz is the matrix that represents the lower bound on the
covariance of z(θ); J is the Fisher information matrix, which depends
on the signal model; and the inequality means that the difference
between the matrices is positive semi-definite. The unknown
parameters are the elements of θ, and the inequality means that
any unbiased estimator of a function of the DT elements (such as the
FA, RA, its eigenvalues or eigenvectors) has an error variance not
lower than the right term of Eq. (2).

It is shown in Appendix A that if we consider the signal model for
the L-coil acquisition system developed in Section 2.2, the Fisher
information matrix reduces to

J ¼ C
2
L pð ÞGηϒG

T
η; ð3Þ

where Gη is a matrix depending on the gradient field (direction and
strength), the b value and the SNR, and ϒ is a diagonal matrix
depending on the sensitivity factor CL(p) and the SNR. Also, it can be
shown that the Fisher information matrix reduces to the Rice case
when a single-coil acquisition system is considered, as presented in
Ref. [7].

Once J is computed, it is straightforward to obtain CRBz.
Changing the function z(θ), we can obtain error bounds for some
functions of the DT, such as the RA, the FA, the EAR, the eigenvalues
and the eigenvectors, as shown below. It must be noted that J is a
function of the gradient field scheme properties (strength and
direction), the DT elements and the coil montage. Then, the CRB can
be used to compare the performance bounds for different DT
shapes, i.e., different relations among eigenvalues. Under certain
regularity conditions, widely used algorithms such as maximum
likelihood asymptotically achieve the CRB. Therefore, minimizing
the CRB promises obtaining better performance from many
estimation algorithms [28] through designing optimal measure-
ment conditions.

2.2.1. Minimum mean square error
Let D be the DT under analysis. Since D is a 3 × 3 matrix, it is

necessary to develop an appropriate metric that allows to quantify
the distance between any estimator D̂ and its true value D. Then, the
mean square error (MSE) under the Frobenius norm seems to be an
appropriate choice [29]. The MSE is defined as

MSE D̂
� �

¼ E jjD̂−Djj2F
n o

:

In order to obtain the minimum MSE achievable by any estimator of
the DT, it may be noted that

MSE D̂
� �

¼ E jjD̂−Djj2F
n o

¼
X3
i;j¼1

E Dij−D̂ij

� �2� �

¼
X3
i;j¼1

Var D̂ij

n o
≥
X3
i;j¼1

CRB Dij

� �

¼
X6
k¼1

ξkCRBkk≜MSEmin D̂
� �

ð4Þ

whereMSEmin D̂
� �

is the minimumMSE achievable by any unbiased
estimator of D, and ξk is 1 if k = 1, 2, 3 or 2 if k = 4, 5, 6. Then, using
Eqs. (4) and (3), we can obtain the minimum error in the DT
estimation, as well as its variation with the system parameters (i.e.,
gradient field setup and coil montage) and tensor shape (i.e., prolate,
oblate or spherical).

2.2.2. Minimum standard deviation achievable in scalar
parameters estimation

As mentioned in Section 1, the DT classification by means of
scalar factors is of great interest in both theoretical analysis and
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clinical applications. These factors can be the widely accepted RA, FA
and EAR, defined as [18]

RA ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ1−λ2ð Þ2 þ λ1−λ3ð Þ2 þ λ2−λ3ð Þ2

λ1 þ λ2 þ λ3ð Þ2

s
;

FA ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ1−λ2ð Þ2 þ λ1−λ3ð Þ2 þ λ2−λ3ð Þ2

2 λ2
1 þ λ2

2 þ λ2
3

	 

s

;

EAR ¼ 1−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λp
1λ

p
2 þ λp

1λ
p
3 þ λp

2λ
p
3

3λ2p
1

p

s

where λ1≥λ2≥λ3 are the eigenvalues of D and p = 1.6075.
If we replace z(θ) with the FA, RA or EAR definitions in Eq. (2), we

can obtain the minimum standard deviation achievable by any
unbiased estimator of these factors. Then, we can test the influence
of the system acquisition setup and the DT shape in the lower bounds
of these factor estimators. The bounds are used as a theoretical
benchmark to choose among factors.

According to Eq. (2), it is necessary to evaluate the derivatives of
these functions with respect to θ, which is easily done considering
the reported results in Ref. [30].

2.2.3. Minimum standard deviation in the major eigenvector estimation
As mentioned before, analysis of errors in the estimation of the

major eigenvector is of great importance in some DT-based studies,
such as fiber tract reconstruction (see Ref. [3] and references
therein). These errors are seen as angular variations in the estimated
eigenvector, which usually determines the tract direction. Therefore,
the computation of the CRB on the estimated eigenvector gives us
very valuable information about the confidence region of the
reconstructed tracts, taking into account the noise distribution.

Let q be the major eigenvector of D, i.e., the eigenvector
corresponding to λ1. In Ref. [30], it is shown that q = a/∥a∥, where

a ¼ ½ θ4θ6−Bθ5ð Þ θ5θ6−Cθ4ð Þ; θ5θ6−Cθ4ð Þ θ5θ4−Aθ6ð Þ;
θ4θ6−Bθ5ð Þ θ5θ4−Aθ6ð Þ�T ;
5
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Fig. 1. Comparison between gradient field setups. We show the boxplot with the eMSE (A) an
field directions, for a fiber-type DT (λ1 = 1 × 10−3 mm2/s and λ2 = λ3 = 0.1 × 10−3 mm
setups proposed in 1 [5], 2 [16], 3 [17] and 4: [15]. We considered the typical values b =
A = θ1−λ1, B = θ2−λ1, and C = θ3−λ1. Then, the CRB in the
estimation of the major eigenvector (CRBq) is computed by
considering z(θ) = q in Eq. (2).

Let q̂ be an unbiased estimator of q. Then, it can be shown [19,31]
that the covariance matrix of this estimator is

Σq ¼ ω1c1c
T
1 þω2c2c

T
2 þ 0qqT;

where c1 and c2 are the eigenvectors of ∑q corresponding to the
eigenvalues ω1 and ω2, respectively. This means that∑q has rank 2,
so q̂ will only vary in the plane normally oriented to q. If we assume
q̂~ N(q, ∑q), we can compute the ellipsoid that contains the
estimates with probability P. This means that we can compute a
confidence bound that ensures that the estimated eigenvector is
contained inside it with a certain probability. It is known that the
probability that the estimates of q are contained in the ellipsoid
xTΣq

−1
x ¼ c2 is [32]

P ¼ 1− K

Γ K
2 þ 1ð Þ2K=2 ∫

∞
c x

Kexp −x
2
=2

� �
dx;

where K is the dimension of the ellipsoid (3 in the present analysis)
and Γ(⋅) is the Gamma function. The mentioned ellipsoid encloses
the ellipsoid xTCRBq

−1x = c2, which is a theoretical bound,
regardless of the used algorithm [32]. The latter is defined by the
matrix c2CRBq and has semi-axes related to the eigenvector
directions, with length equal to the square root of their correspond-
ing eigenvalues. Since the eigenvalue of CRBq corresponding to q is 0,
the locus that denotes the theoretical bound is the ellipse with semi-
axis c

ffiffiffiffiffiffiffiffiffi
ωCR

1

q
and c

ffiffiffiffiffiffiffiffiffi
ωCR

2

q
, where ω1

CR and ω2
CR are the remaining

eigenvalues of CRBq. This locus is usually depicted as the cone of
uncertainty of the major eigenvector [19]. This is a valuable tool
since it denotes local directional information and global structural
information and is crucial in understanding changes in tissue
microstructure as well as in white matter tracts [19]. Under the
previous analysis, this cone represents the smallest region where the
major eigenvector can be found with probability P.
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It is useful to compute the aperture angle of the cone, given by
αP ¼ atan cmaxj

ffiffiffiffiffiffiffiffiffi
ωCR

j

q� �
. Then, if we consider P = .95, the theoret-

ical minimum deviation in the estimation of the major eigenvector is
bellow α95 with 95% probability.

3. Results

In this section, we use the presented framework to test the
influence ofmeasurement noise inDT estimation and in the functions
of it. First, we show results considering synthetic data to test the DT
estimation procedure and its variation with the gradient setup, the
number of acquisition coils, the tensor shape, the SNR and the b value.
Then we show these effects considering true DT-MRI data and obtain
some conditions for an accurate estimation. Whenever assumed
constant, we considered the typical values b = 1200 s/mm2 and
SNR = 30. We also assumed that the sensitivity pattern of each coil
was homogeneous across the volume of interest [23].

In order to show results, we considered the coefficient of
variation as a relative error measure. If A is a scalar function of the
DT and σA

MIN is theminimum standard deviation in the estimation of
A (given by its CRB), then the coefficient of variation relative to A is
given by eA ¼ σmin

A

A � 100. We also defined eMSE ¼ MSE1=2min D̂
� �

=jjDjjF �
100 to be consistent.
Fig. 2. Influence of tensor shape in DT estimation. We display the error bounds in the est
varying in [0.1;1] × 10−3 mm2/s), keeping the major eigenvalue fixed to λ1 = 1 × 10−3 m
the eEAR (E), as defined in Section 3. We considered the typical values b = 1200 s/mm2 a
3.1. Results using synthetic data

To evaluate the developed performance bounds, we simulate
synthetic DT data with different shapes and in approximately 1000
directions uniformly distributed along one spherical hemisphere.
According to Eq. (3), the CRB can be used to test the influence of
noise in the DT estimation when the tensor shape, gradient scheme
and other acquisition factors (such as the SNR and the b value) are
changed. This is of special interest when comparing different
acquisition setups, providing useful results that could lead to optimal
experiment designing criteria.

3.1.1. Gradient field setup evaluation
The choice of a gradient field setup has different effects on the

quality of tensor-derived quantities [15]. Then, the CRB can be used
as a method to compare different gradient setups, allowing to
evaluate theminimum variance achievable by an unbiased estimator
of the DT and the functions of it. Several gradient setups have been
proposed in the literature, many of them optimal in some sense. In
Ref. [16], the authors propose a gradient field setup that minimizes
the condition number of the DT-MRI transformation matrix that
relates the DT coefficients and the apparent diffusion; in Ref. [5], the
authors propose a gradient setup based on equal solid angle
imation of the DT scalar factors as a function of its two minor eigenvalues (λ2 and λ3

m2/s, N = 6, and L = 1.We show the eMSE (A), the α95 (B), the eRA (C), the eFA (D) and
nd SNR = 30.
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weighting; in Ref. [17], the authors present a gradient field setup
based on minimal electrostatic repulsive forces between point
charges on a unit sphere; finally, in Ref. [15], the authors propose
an efficient algorithm that allows to consider a gradient field setup
uniformly distributed on a unit sphere.

In order to compare their performance, we computed the eMSE

and α95 scalar factors, which we used to evaluate the different
gradient field setups. The eMSE scalar factor allows to compare the
minimum standard deviation in the estimation of the DT, while the
α95 scalar factor allows to compare the angular errors associated
with the major eigenvector estimation. In Fig. 1, we show a boxplot
comparing eMSE (Fig. 1A) and α95 (Fig. 1B), considering a different
number of gradient directions (N), N = 10 (left), N = 30 (center)
and N = 40 (right) for a fiber-type DT (λ1 = 1 × 10−3 mm2/s and
λ2 = λ3 = 0.1 × 10−3 mm2/s) and a single-coil acquisition system.
Each figure shows the results for the setups presented in Refs. [5]
(Setup 1), [16] (Setup 2), [17] (Setup 3) and [15] (Setup 4).

It can be seen that Setups 3 and 4 allow a better performance
bound in the DT andmajor eigenvector estimation, obtaining smaller
median (red lines inside boxes) and higher spatial uniformity (closer
box limits) than the others. This is very important since the DT
orientations may be unknown a priori, and the use of these setups
may ensure uniformity of the errors regardless of its orientation.
Although Setups 3 and 4 present similar performance bounds, we
prefer to use Setup 4 because of its simplicity, computational cost
and easy adaptability to the desired number of gradients. For this
reason, we adopted Setup 4 for the rest of this work.

3.1.2. Influence of tensor shape
It is also of interest to evaluate the influence of the tensor shape

in the estimation procedure. By tensor shape, we mean the ratios
among eigenvalues. Since the DT is represented by an ellipsoid, we
distinguish between prolate, oblate and spherical tensors, hereafter
called fiber-type, disc-type and spherical-type tensors, respectively.

In Fig. 2,we show theerror bounds in the estimation of theDT scalar
factors asa functionof the two smallest eigenvaluesof theDT (λ2 andλ3
varying in [0.1;1] × 10−3mm2/s), keeping the largest eigenvaluefixed
to λ1 = 1 × 10−3 mm2/s. Also, we considered six gradient directions
anda single-coil acquisition system.We show the eMSE (Fig. 2A), theα95

(Fig. 2B), the eRA (Fig. 2C), the eFA (Fig. 2D) and the eEAR (Fig. 2E).
Fig. 3. Validation of the iid assumption. We show ρMSE (A), ρFA (B) and ρα (C) as a funct
considered the typical values b = 1200 s/mm2 and SNR = 30.
First, it can be seen from Fig. 2A that the normalizedMSE is higher
for fiber-type tensors (bottom-left corner), decreasing as their shape
turn spherical (upper-right corner). However, the tensor shape
drastically affects the major eigenvector estimates (Fig. 2B), growing
as the tensor shape turns into a disk-type or a spherical-type, i.e., one
or both smaller eigenvalues become closer to the major one.

Second, the direct comparison of the error bound in the estimates
of the RA (Fig. 2C), the FA (Fig. 2D) and the EAR (Fig. 2E) allows us to
elucidate the differences in order to select one of the anisotropy
indices. It can be seen that the coefficient of variation corresponding
to the FA is smaller than that corresponding to the RA, although their
variations with the shape have a similar tendency. Nevertheless, it
must be noted that the coefficient of variation corresponding to the
EAR differs significantly from those corresponding to the RA and FA.
It can be seen that the EAR has a lower bound for fiber-type tensors,
while the FA (and even the RA) performs better for disc-type tensors.
Therefore, the recommended scalar index may depend on the
application and/or the brain region under analysis.

It must be mentioned that the relations shown in Fig. 2 hold when
thenumberof gradientdirections is increased, reducing their amplitude
accordingly, as illustrated in Fig. 1. However, it is of great interest to test
the influence of multiple-coil acquisition systems in the estimation of
the DT and its related scalar factors, and their variationswith the tensor
shape. If we assume the noise in each coil to be independent and
identically distributed (iid), the minimum standard deviation in the
estimation (and, consequently, the coefficient of variation) considering
l coils will decrease

ffiffi
l

p
times with respect to a single-coil system.

However, thenoisemodel stated inprevious sections allows to consider
the correlation among signals acquiredwith different coils. Then, it is of
interest to evaluate the iid approximationand to study its significance in
the proposed model. To do so, we define a single coefficient ρ to
evaluate this in a simple way. Let eA(l) be the coefficient of variation of
the parameter A considering l acquisition coils. Then we define

ρA ¼
∑L

l¼1 eA 1ð Þ=
ffiffi
l

p
−eA lð Þ

� �2
∑L

l¼1 e
2
A lð Þ

0
B@

1
CA

1=2

� 100;

where L is the total number of acquisition coils. Then, small ρA values
will ensure the iid assumption when computing A.
ion of the minor eigenvalues, keeping the major fixed to λ1 = 1 × 10−3 mm2/s. We

image of Fig.�3


Fig. 4. Influence of the number of coils, the b value and the SNR in DT estimation. We show the eMSE (A) and the α95 (B) as a function of the number of gradient directions and the
number of coils (left), the b value (center) and the SNR (right). Black lines denote the contour lines, drawn only for comparison purposes. We considered L = 1, b = 1200 s/mm2,
and SNR = 30 whenever assumed constant. Whenever assumed constant, we considered the typical values b = 1200 s/mm2 and SNR = 30.

1 Available at http://www.iit.edu/~mri/Home.html.
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The validity of the independent assumption as a function of the
tensor shape is illustrated in Fig. 3. We show ρMSE (A), ρFA (B) and ρα
(C) as a functionof theminor eigenvalues, keeping themajorfixedas in
Fig. 2. It can be seen that the approximation is valid when considering
the eMSE (Fig. 3A) and the eFA (Fig. 3B), where ρ takes values of
approximately 0.03% (similar results are found for theeRAand the eEAR).
However, this is not the case forα95 (Fig. 3C),where the iid assumption
is valid for almost every tensor shape, but not all. Then, if we assume
λ3≤λ2≤0.85λ1, the assumption can be accepted (ραb5%). As a
consequence,we can affirm thatwhen estimatingDT and the functions
of it, we can reduce

ffiffi
l

p
times the performance boundwhen considering

an l-coil acquisition montage, for almost every practical situation.

3.1.3. Influence of the SNR and the b value
Lastly, we proceed to evaluate the influence of the SNR and the b

value. In Fig. 4, we show the eMSE (Fig. 4A) and the α95 (Fig. 4B) as a
function of the number of gradients and of the number of coils (left),
the b value (center) and the SNR (right). We considered L = 1, b =
1200 s/mm2 and SNR = 30 whenever assumed constant. Since
Gaussian diffusion may be assumed only if b b 3 × 103 s/mm2 [33],
we considered b values between 400 and 2500 s/mm2. It can be seen
that, although the SNR cannot be set by the user, their effects can be
mitigated by increasing the number of acquisition coils and/or
increasing the number of gradient directions and the b value. It
must be mentioned that the influence of the SNR and the b value
is practically constantwhenN changes, according to Fig. 1. Again, if we
consider an l-coil acquisition system, this bound is reducedby

ffiffi
l

p
times.

3.2. Results using true data

We now proceed to evaluate the theoretical limits with real data.
This allows to study the error bounds when performing the
estimation in a real scenario situations. To do so, we use the IIT2
atlas1 [34], which consists of an averaged DT map from 67 healthy

image of Fig.�4
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Fig. 5. Error in DT scalar functions estimation using true DT-MRI data. We show the eRA (red), the eFA (blue) and the eEAR (green) factors as a function of the FA considering N = 6
(A) and N = 30 (B).
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patients registered to the ICBM-152 atlas. First, we show the results
over the whole volume of interest. Then, we perform an analysis that
allows us to evaluate the spatial distribution of errors in the
estimation procedure.

3.2.1. Results over the whole brain
We consider all the available data to evaluate the influence of

the noise in the estimation of the DT and related parameters. In Fig. 5,
we show the eRA, the eFA and the eEAR computed in each voxel of the
atlas for a single-coil acquisition system as a function of the FA
considering N = 6 (Fig. 5A) and N = 30 (Fig. 5B). It can be seen that
for tensors with FA N0.3, theminimum standard deviation in the EAR
is lower than that corresponding to the FA and the RA. This is the case
in almost every practical situation, since the general purpose in DT-
MRI-based studies is to characterize the white matter, where the FA
takes values greater than 0.3.

Next, we evaluate the minimum standard deviation in the major
eigenvector estimation. As stated in Section 2, it depends on the
spatial distribution of tensors and their shape. For this reason, we
compute the empirical probability density function of α95 in the
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Fig. 6. Empirical probability density functions of α95. We show fα95(α95) as a function of α95

L. Only tensors with FA N0.2 were considered.
whole volume, fα95(α95), which allows us to quantify the influence of
measurement noise in the major eigenvector estimation as a
function of the number of gradient directions and the number of
coils. In Fig. 6, we show fα95(α95) as a function of N assuming L = 1
(Fig. 6A) and as a function of L assuming N = 30 (Fig. 6B). We
consider only tensors with FA N0.2, since these are the ones needed
to perform tract-based studies. It can be seen that better major
eigenvector estimation results can be achieved by incorporating
more coils in the acquisition montage. For instance, the performance
in the major eigenvector estimation can be doubled with respect to a
single-coil considering an eight-coil system, as seen in the red
curves. Moreover, increasing the number of acquisition coils should
be preferable to increasing the number of gradient field directions.

Once fα95(α95) is computed, we can get the limit of the 95%
probability of α95. This limit, defined as

β95 : ∫β95
0 fα95

α95ð Þdα95 ¼ 0:95;

asserts that 95% of the eigenvectors under study can be estimated
with α95 lower than β95. Since fα95(α95) is a function of both L and N,
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β95 allows to evaluate the need of increasing these parameters
according to the expected error. In Fig. 7, we show β95 as a function
of the number of gradient directions and considering 1, 4, 8, 12 and
16 acquisition coils, depicted with different markers. It can be seen
that the theoretical bounds decrease with both N and L, as expected.
Also, Fig. 7 allows to determine the relation between both
parameters in order to get a particular error. For example, since
β95 is lower when considering N = 10 and L = 8 than whenN = 80
and L = 1, it can be thought that it would be better (and faster!) to
consider 10 gradient directions and an eight-coil acquisition system
than a single-coil system and 80 gradient directions. Therefore,
these results show the advantages of using a multiple-coil system
in order to reduce the acquisition time without losing accuracy in
the estimation.

3.2.2. Results in an axial slice
Finally, we show the results in an axial slice (Z = 90 in the MNI

space). This allows to evaluate the advantages of the multiple-coil
acquisition systems for DT estimation as a function of the voxel
location in the brain and the number of gradient field directions
considered. To do so, we considered only tensors with FA ≥0.1. In
Fig. 8A, we show the eRA (left), the eFA (center) and the eEAR (right)
considering N = 6 (top) and N = 40 (bottom). The background
image corresponds to the MRI-T2 provided with the atlas. It can be
seen that the coefficients of variation are sensitive to the region
under analysis since, as mentioned before, they depend of the tensor
shape. To evaluate this situation, we show in Fig. 8B the coefficients
Cl, Ce and Cd, defined as [35]

C l ¼
λ1−λ2

λ1 þ λ2 þ λ3
;C e ¼

3λ3

λ1 þ λ2 þ λ3
;Cd ¼ 2 λ2−λ3ð Þ

λ1 þ 2 þ λ3
;

which allow to distinguish between fiber-type (high Cl), spherical-
type (high Ce) and disc-type (high Cd) diffusion tensors. It can be
seen that the coefficients of variation are high in regions where Ce is
high, especially near the ventricles and in the interface between the
gray and white matter. Also, it can be seen that the EAR is
recommended in regions where the Cl is high, which are of special
interest in white matter-related studies. As stated before, the use of
an L coil acquisition system will reduce the coefficient of variationffiffiffi
L

p
times.
Finally, in Fig. 9, we show the eMSE and the α95 considering L = 1

and N = 6, 20 and 50. It can be seen that the minimum standard
deviation decreases notably when increasing the number of gradient
ig. 7. Influence of multiple-coil systems in DT major eigenvector estimation. We
resent the β95 factor as a function of the number of gradient directions and
onsidering 1, 4, 8, 12 and 16 acquisition coils, depicted with different markers.
F
p
c

field directions, especially in regionswith high Cl. However, it may be
noted that the angular error in the major eigenvector estimation
cannot be reduced homogeneously as it happens with the MSE, since
this error is higher than 32 degrees even when a 50-gradient field
scheme is considered. Then, performing studies based on the
eigenvectors should be done cautiously. The

ffiffiffi
L

p
times reduction is

also valid in this region, although it may not be valid where Ce and Cd
are high, where special care is needed.
4. Discussion

We presented a general framework to study the influence of
noise in DT-MRI measurements when multiple-coil acquisition
systems are used. Assuming the SoS signal model, we derive the
performance bounds on the DT estimation and on the functions of it.
This theoretical bound allows us to investigate the scope of DT-MRI-
related studies, since it can be used as a tool that indicates the
minimum variance achievable by any unbiased estimator of a
function of the DT. Also, the CRB enables us to test the effect of
many factors in the estimation performance, such as the number and
direction of the applied gradient field, the number of acquisition
coils, the tensor shape, the SNR and the b value.

The framework presented here differs from those frequently
proposed in the literature, from the error propagation technique
(see Refs. [5,6,36] among others) in the consideration of informa-
tion regarding the noise distribution, and from the bootstrap
method (see Refs. [37,38] among others) in its simplicity (there is
no need for multiple acquisitions) and in obtaining parametric
formulas that allow to make an accurate theoretical analysis.
However, its greatest strength is that it permits performing an
accurate analysis of the estimation procedure, independent of the
estimation algorithm, and resulting in performance bounds valid for
any unbiased method.

Based on the CRB, we first tested the influence of the gradient
field setup used in DT-MRI acquisition. The setups proposed in Refs.
[15] and [17] result in lower standard deviation bounds in the MSE
and the α95, i.e., in the whole DT and the major eigenvector
estimation. They also provide higher spatial homogeneity and are
therefore the preferred setups. This is in agreement with some
existing works [39,40] where the gradient setup proposed in Ref.
[17] is also recommended. In addition, the performance of the setup
developed in Ref. [15] allows us to validate the hypothesis that the
best results could be obtained by using gradients as uniformly
distributed in the unit sphere as possible [41].

We presented results concerning the tensor shape and its effects
in the DT estimates, as well as in scalar functions derived from it. We
found that the minimal MSE attainable did not change drastically
with the tensor shape, although the deviation in the estimates of the
major eigenvector did. Also, we found that the minimum standard
deviation associated with the FA was smaller than that correspond-
ing to the RA, and its use is preferred, whenever possible. This is in
accordance with some existing works [37,42] where only a few
tensor shapes were studied. However, we showed that the EAR
performs better than the FA and the RA when considering fiber-type
tensors, which is of special interest when studying white matter
abnormalities [43]. Again, this result agrees with previous reports
[4,43]. The results presented here support the use of the EAR as a
threshold factor in tractography studies.

The developed signal model allows us to study the influence of
the number of acquisition coils in DT-MRI-derived studies. We found
that the noise can be considered independent between coils when
estimating all the DT-based functions, with the exception of the
major eigenvector. However, this assumption became valid for
tensors with Cl factor of medium to high, and then it can be assumed



Fig. 8. (A) Errors in scalar indices estimation. We show the axial slices of eRA (left), eFA (center) and eEAR (right) considering N = 6 (top) and N = 40 (bottom). The background
image corresponds to the MRI-T2 provided with the IIT2 atlas. (B) Scalar indices Cl (left), Ce (center) and Cd (right), as defined in Section 3.2.
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to be valid in almost all practical situations. Thus, we conclude that a
reduction in the standard deviation by

ffiffiffi
L

p
times is attainable when

using a system with an array of L coils.
We also studied the influence of uncertainties in themeasurements

in the major eigenvector estimation. This is very important since this
vector is generally used inmostdeterministic tractographyalgorithms,
such as in the streamlines tracking (STT) and fiber assignment by
continuous tracking (FACT) techniques. We found valuable informa-
tion regarding the system setup for reducing the angular error asmuch
as possible. Results show that increasing the number of acquisition
coils should be preferable to increasing the number of gradient field
directions. This is relevant since it allows reducing the acquisition time
spent in gradientfield application by increasing the number of RF coils,
without losing precision in the estimation procedure.

The CRB developed here has many other potential applications in
DT-MRI-related studies. For instance, it can be used for designing
purposes, since it is possible to find the optimum gradient direction
scheme that minimizes the DT estimation variance for general and
individual cases. This optimal design is useful to study the
differences in optimal gradient schemes for different objectives,
because it could happen that the best scheme for FA or EAR
estimation differs from the best for eigenvector estimation. This
study can be done using both the CRB and Wald tests, as usual in
array signal processing-related studies [44].

image of Fig.�8


Fig. 9. Error in DT estimation as a function of the region of the brain under analysis. We show an axial slice of the eMSE (A) and the α95 (B) factors considering L = 1 and N = 6, 20
and 50. The background image corresponds to the MRI-T2 provided with the IIT2 atlas.
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The CRB can also be seen as a benchmark when comparing
different DT estimation algorithms. Even though there exist plenty of
DT estimation algorithms, there exists none that is uniformly best
[45]. Therefore, the CRB serves a dual purpose: if an estimator is
unbiased, the CRB tells how far it is from the best possible
performance; if the estimator is biased, it could be used to test its
improvement over the best unbiased estimator, justifying its choice.
We plan to perform this analysis in future work.

Similarly, the framework presented permits to study perfor-
mance bounds in the reconstruction of fiber tracts based on the DT
model [3]. Unlike in Ref. [46] and in references therein, the proposed
method makes it possible to study error bounds incorporating the
noise distribution and regardless of the DT estimation algorithm.
This can be done using the error variance in the major eigenvector
for STT and FACT, or using the error variance in the whole DT when
the tensor deflection algorithm (TEND) is used. We are currently
performing this analysis. We also plan to study the validity of the
constant CL(p) assumption by incorporating existing coil sensitivity
patterns into our study. Generalizations to multitensor models (or
other parametric models) will also be considered.

Appendix A

In this appendix, we show Eq. (3). The Fisher information matrix
is defined as [28]

Jij ¼ −E ∂2log Lð Þ
∂θi∂θj

( )
; ð5Þ
where L is the likelihood function of the measurements and θ =
[θ1…θp] is the p-element vector to estimate. In the present case, we
choose these parameters to be the elements of D, i.e., the six-element
vector θ defined in Section 2.1. In order to compute log(L), we
assume N independent and identically distributed measurements,
each one corresponding to a specific gradient direction. Then, using
Eq. (1), it can be shown that the log-likelihood function is

log Lð Þ ¼
XN
n¼1

log
A

1−L
Tn S

L
Tn

σ2

 !
þ log I L−1

ATnSTn

σ2

� �� �
− S

2
TnA

2
Tn

2σ2

 !
:

ð6Þ

The CRB requires the regularity condition to hold, which determines
that E ∂log Lð Þ=∂θif g ¼ 0. After some tedious but straightforward
simplifications, it can be shown that this condition is equivalent to
E STnI L βð Þ=I L−1 βð Þf g ¼ ATn , where β = ATnSTn/σ2. Then, it can be seen
from Eq. (1) that this condition always holds.

The next step is to take the derivatives of Eq. (6) and compute its
expected value. Again, after some algebra we get

Jij ¼
XN
n¼1

1
σ4

∂ATn

∂θi
∂ATn

∂θj
E S

2
Tn

I
2
L βð Þ

I 2L−1 βð Þ

( )
−A

2
Tn

 !
: ð7Þ

Let ηn = An/σ be the SNR of the nth measurement and Gη the 6 × N
matrix defined as Gη = [η1g1,… ηNgN], where each gn is a six-
element vector given by

gn ¼ b γ2
xn ;γ

2
yn ;γ

2
zn ;2γxnγyn ;2γxnγzn ;2γynγzn

h iT
;
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and [γxn, γyn, γzn]T is the direction of the nth gradient field. Then,
using Eq. (7) and previous definitions, we find the Fisher information
matrix to be

J ¼ C
2
L pð ÞGηϒG

T
η;

whereϒ is the diagonal matrix with {ϒ}ii = (CL(p)ηi)1 − LZ(ηi,L,p) −
CL
2(p)ηi2 and

Z ηi ;L; pð Þ ¼ ∫∞
0 x

2þL
exp − x

2 þ C
2
L pð Þη2

i

2

 !
I
2
L xCL pð Þηið Þ

I L−1 xCL pð Þηið Þdx:
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