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Abstract. We deal with quasilinear elliptic problems with measure data:

Lw=H(z,w,Vw)+p inQ (0.1)
w =0 on 99, ’
where Lw := —div(A(z)Vw) with A = A(z) a bounded, coercive, and symmetric matrix field, the

Hamiltonian H has at most g-growth in the gradient for 0 < ¢ < 1, and p is any Radon measure.
We employ the compactness of the Green operator associated to L from the space of measures to
Wol’p(Q) for all p € [1, N/(N — 1)) together with fixed point arguments to solve problem (0.1) for
any measure p. Moreover, we provide explicit estimates of the solution in terms of the data. As an
application, stability results are given. We also give conditions for the existence of VVO1 2_solutions
through the classic theory of monotone and coercive operators. In any case, we do not impose any
size restriction on p and any sign condition on H.
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1. INTRODUCTION

In this paper, we consider second-order quasilinear elliptic problems of the form

{ Lw = H(z,w,Vw)+p inQ

w =0 on 91, (1.1)

where Q C RY is a bounded domain, N > 3, L is a linear and uniformly elliptic
operator Lw = —div(A(z)Vw), with A = A(z) a bounded, coercive, and symmetric
matrix field. Also, the Hamiltonian H is a continuous function satisfying a ¢-growth
condition in the gradient with 0 < ¢ < 1, and p is a Radon measure. Further details
in the assumptions will be given in Section 2.

Problems with first order terms arise naturally in the study of stationary models of
growing interfaces, like the Kardar-Parisi-Zhang model [22], and in stochastic control
problems, see for instance [23].
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The main assumption on H will be the following growth condition

|H (x,7,€)| < coh(z)|r| +b(z)|£|? + |g(z)| forallr € R, € RN and a. e. z € Q,

(1.2)
for ¢ € (0,1), h,b >0, and g € L*(Q2). The model problem reads as
—Aw + b(x)|Vw|? = coh(x)w + p in Q (1.3)
w=0 on 0. '

Our main contributions are the following. We prove that if b and h in (1.2) satisfy
certain variational conditions (see (2.3) and (2.4)) and ¢( is small enough, then a
solution u of (1.1) exists for any measure p. Here, we do not impose any size condition
on p and any sign condition on H. Furthermore, we state the regularity u € WO1 P(Q)
for all p € [1, N/(N — 1)), and we give a control on the norm of u in terms of the
data. As a consequence of these estimates, and among other stability results, we
may recover solutions of equations like —Awu + |Vu|? = g as limits of solutions u.
as € — 07 of perturbed problems —Aue + |Vue|? = eue + pe. Moreover, in the case
h =1, and when |r| is replaced by |r|" in (1.2), with I € (0, 1), we show that no size
condition on ¢ is requested to solve (1.1). Finally, we show that W,(€)-regularity
may be expected for solutions when the source p belongs to M(Q) N W~12(Q) and
co is small.

There are several references considering linear problems like (1.1). We first mention
the works [25] and [28], where they introduced a notion of solution by duality that
we recover in this paper. They also proved existence and uniqueness of solutions,
and stated that when the right-hand side is a measure or an L'-function, the solution
belongs to WP(Q), for all p € [1, N/(N —1)). In [28], Stampacchia also provided a
further hierarchy of regularity, depending on the regularity of the source terms. We
remark that coercivity of the elliptic operator is essential in his results.

We now discuss about noncoercivity of the linear operators. We first mention the
work [6], where it is proved that the same results of existence and regularity of [28]
may be obtained for noncoercive linear operators, using techniques from nonlinear
problems. In [8], the authors studied noncoercive linear problems with discontinuous
coefficients and singular drifts in L. By duality methods and a nonlinear approach,
the Spampacchia theory is recovered when the source is sufficiently integrable, and,
when the integrability is lower, the Calderén-Zygmund theory of distributional solu-
tions is obtained. In the second case, there is a parallelism with [11] when there is no
drift term. Weak maximum principles in this framework can be found in [9]. For less
regular drift terms, we quote the works [12] and [7].

We recall that for problems with first order terms having sub-quadratic growth in
the gradient, a size condition or higher regularity on the source are needed to obtain
existence of solutions (see for instance [1], [14], [16], [15], [21], and the references
therein). We also cite the surveys [27] and [17] where nice presentations of elliptic
problems with first order terms are given. Finally, a discussion of existence of weak
solutions for structures with g-power in the norm of the gradient (for any ¢ > 1) is
provided in [20] and, for more general growths, in [4] and [1, Remark 2.5], among
many other references.
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Existence of solutions to boundary value problems with a g-power of the gradient,
where ¢ € (0,1), was treated in [5] and [26]. The problem (1.1) with A =1, u =0,
H(z,&) = —|¢]%, and non homogeneous boundary data, has been treated in [26],
where existence of very weak solutions is obtained. More general, in [5], the authors
established existence of renormalized solutions for the Laplace operator and first order
structures with sub-linear growth in the gradient, without any size condition on the
data. Much more general structures are considered in the book [29]. However, the
results contained in Chapters 5 and 6 of [29], like Theorem 6.2.3, for renormalized
solutions do not apply to our case since the growth or the sign assumptions imposed
there on the source and the absorption terms H are not valid for our case.

Here, we do not follow the renormalized-solution approach. The existence of
Sobolev weak solutions to (1.1) for any measure is achieved by using compactness
arguments in the Green operator G (see [28] and [13] for related arguments). Here,
and as a consequence of an LP-estimate of solutions, we will provide a proof of the
compactness of G. Moreover, our solution belongs to W1 (Q) for all p € [1, N/(N—1))
and hence we recover the well-known regularity results of solutions to linear uniformly
elliptic problems with measure data ([25], [28], see also [10] and [11]). Finally, for any
data in W12, we provide the existence of weak solutions in W,">. This is achieved
by applying the classical theory of coercive and monotone operators of Leray-Lions
type.

The paper is organized as follows. In Section 2, we give notation, definitions, and
assumptions. In Section 3, we prove the compactness of the Green operator. In
Section 4, we provide the main result of the paper and we also give some stability
results. Finally, in Section 5, we state the solvability of problem (1.1) for € W12,

2. NOTATION AND PRELIMINARIES

2.1. Basic notation. For a given real Banach space B, we let (-,-) for the usual
pairing between B and its dual. The underlying norm in B will be denoted by || - ||
or || - ||z when is needed for clarity. When B = RY for some N > 1, we denote the
Euclidean norm by | - |.

Let E c RY be a non empty set. The distance function to the complementary E°¢
of E is §(z) = dist(z, E¢), x € RY. We now recall some well-known notation for
function spaces. We let M(E) be the set of all signed Radon measures v in E such
that F is v-measurable and the total variation norm ||v||sq(g) := [} d|v| is finite. By
M (E) we denote the positive cone of M(E). For any real-valued function ¢, we set
e :==max {0, p}, and ¢~ := —min {0, p}.

For E Cc RY open, we denote by C.(E) the set of continuous functions with
compact support in E, and by Co(E) the closure of C.(E) in C(E), that is Co(E) =
{¢ € C(E):¢=00ndE}.By C(E) we denote the space of infinitely differentiable
functions which belong to C.(E).

We use the standard notation for Lebesgue and Sobolev spaces. Moreover, for
p € (1,00), p’ denotes its conjugate and for p € [1, N), p* denotes the critical exponent
in the Sobolev imbedding. Finally, in long calculations, by C' we denote a positive
universal constant, which may differ from line to line.
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2.2. Set of assumptions. We now give the main assumptions that we will use in
the paper. Further hypothesis may be specified in some particular results.
(H1) The subset Q C RY (N > 3) is a bounded, open and C? domain;
(H2) The matrix field A(x) = [a;;(x)] is symmetric, measurable, bounded and
uniformly elliptic, i.e., there exists v > 0 such that
N
Z aij(x)&& > v|¢?, for all ¢ € RY and a. e. x € (2.1)
i,j=1
(H3) The structural term H : Q x R x RY — R is a continuous function
satisfying
|H (z,7,6)| < coh(z)|r|+b(z)|€|7+]|g(x)| for all r € R, ¢ € RY and a. e. z € Q, (2.2)

where ¢ > 0,0 < ¢ < 1, g € L*(Q) and the non-negative functions b and h,
not zero in a set of positive measure, satisfy

[B,0)] " = inf Jo l0d

$7#0, pcL1(Q) (fo, blo|e dz) 4

and
0 fQ |Vo|dx
640, 0w (@) Jo gl dz
(H4) The measure u belongs to M ().

We say that ‘assumption (H) holds’ if the hypothesis (H1) — (H4) are valid.

Observe that since 0 < ¢ < 1, b = 1 satisfies (2.3). More generally, if
be LY(-9(Q), b # 0, then Holder’s inequality gives that E(b) > 0.

Also, we point out that condition (2.4) is analogous to the variational assumption
impose to h in [2, Theorem 2.9] to obtain existence of solutions. Finally, observe that
(2.4) implies that h € W—=1°°((Q).

[E(h)]! = > 0. (2.4)

2.3. Notions of solutions. We now give the meaning of solutions that we use in the
paper. We first introduce the notion of weak solutions to problem (1.1). Afterwards,
for the linear problem, we provide the connection between weak solutions and the
notion of very weak solutions presented in [30]. Throughout the section, assume that
(H) holds. From now on we let Lu := —div (A(x)Vu).

Definition 2.1. We say that u € W' () is a weak subsolution of problem (1.1) if

N
ou OJy
Iy X dr < .
/QE a”(x)ami oz, da:_/ﬂH(x,u,Vu)gpdm+/Qgpd,u (2.5)

ij=1

for all non-negative ¢ € C°(€2). A similar definition is given for weak supersolutions.
A weak solution is a weak sub- and supersolution.

Now we establish the definition of very weak solution from [30] for the linear case

Lw=ypu inQ,
{ w=0 on 9. (2.6)
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Definition 2.2. We say that u € L'(2) is a very weak subsolution of problem (2.6)

if
/wﬁdwé/sﬂdu,
Q Q

for all non-negative ¢ € C}(Q2) solving (2.6) with u = ¢ € L*°() in the following
sense

/ Z gw gj :/ngbdx for all ¢ € WH2(Q). (2.7)
7,7=1 J

A similar definition is given for very weak supersolutions. A very weak solution is
a very weak sub- and supersolution.

In the sequel, we will write Ly instead of ¢. The following proposition states the
equivalence between weak and very weak solutions in the linear problem.

Proposition 2.1. Suppose that (H1), (H2) and (H4) hold, and that A = [a;;] is

Lipschitz. Let u € Wy (). Then u is a weak subsolution of problem (2.6) if and
only if u is a very weak subsolution of (2.6). A similar result holds for supersolutions.

Proof. Take u € Wy (Q) a very weak subsolution of (2.6) and ¢ € C(Q), non-

negative. Then, there is a sequence {u,} C C°(Q) such that u, — u in Wy ().

Since the coefficients a;; are Lipschitz, Ly € L*°(Q) and (2.7) holds for ¢ = L.
Now, since u,, — u in W' (Q) and ¢ is a test function for Definition 2.2 we have

. . 8un 8@
/QuLga dx = nl;rrgo/gluan dzx = nl;rr;@/ Z a;;(x axl oz, dz. (2.8)

1,7=1

Therefore, since u is a very weak subsolution of (2.6), by (2.8) we get

8u Oy 6Un I
= < . .
/. > g et = Jim, | > aito g das e @9

i,j=1 i,j=1

Conversely, if u € VVOH(Q) satisfies Definition 2.1, then for non-negative ¢ € C(9Q)
with Ly € L*(€2) we have

au O
<
[ 3w [ i

7,7=1

for any ¢, € C°(Q2) converging to ¢ in C1(Q) with ¢, > 0. Taking n — oo and
recalling (2.8), we obtain that u is a very weak subsolution. t

2.4. Preliminaries on Green operators. The Green function G = G(z,y) of the
operator L in € is defined as the unique very weak solution of (2.6) with u = J,, the
Dirac measure at y. The following result can be found in [30, Sections 2.3 and 2.4].

Theorem 2.1. (i) For A = [a;;] Lipschitz and for any p € M(RQ), the unique very
weak (or weak) solution u of (2.6) can be represented, for a.e. x in Q, as

u(z) = . Gz, y)du(y), (2.10)
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and uw € Wy P(Q) for all p € [1,N/(N —1)). (ii) For all p € [1,N/(N — 1)), the
mapping G : M(Q) — Wy P(Q) which assigns to each p € M(Q) the solution (2.10)
is called the Green operator and it is continuous, that is, there is 01/7 > 0 depending
on N, p and 2 so that

IG () oy < Collullaneys for all p € M(Q). (2.11)

Remark 2.1. It is worth mentioning that, when A = [a;;] is Lipschitz, very weak
solutions u € L1(Q) of (2.6) are also duality solutions in the sense of [25] since
very weak solutions are unique and by Theorem 2.1 satisfy the representation (2.10).
Hence, the estimate in Theorem 2.1 also follows from [25, Sections 5 and 6].

Remark 2.2. The representation (2.10) gives that u ({x}) = 0 for a.e. zin Q. Indeed,
take = for which (2.10) holds and is finite. Since G > 0 and lim,_,, G(z,y) = +o0,
for each positive integer n, there is r > 0 such that G(x,y) > n for all y € B(x,r).
Hence, u(x) > np (B(z,r)) > nu ({x}) . Letting n — oo, we prove the claim.

For convenience of the reader, we also provide some estimates for the Green function
G and its gradient of uniformly elliptic operators L with Lipschitz coefficients. From
[18] and [30, Theorem 2.11], it follows that

O~ min {5(2), 6(y)} | -y < Glz,y) < Cmin{d(x),6(y)} [z -y (2.12)

for some C' > 0 and all « # y in Q. Finally, by [19, Theorem 3.3], we have the next
upper bound for the norm of the gradient of G,

V.G(z,y)| < Cmin {|z —y|" N, 6|z —y| ™}, C>0,2#y. (2.13)
3. THE LINEAR CASE: H =0

Throughout this section, we consider uniformly elliptic operators L of the form
L = —div (A(x)Vu) with associate Green operator G.

The aim of this section is to provide an LP-estimate for weak subsolutions in the
linear case. Afterwards, we apply the estimate to prove that the Green operator
G of L with Lipschitz coefficients is compact from M(Q) into W, ?(Q) for any p €
[1, N/(N — 1)) (some related results can be found in [11]).

Theorem 3.1. Assume (H1), (H2) and that A(z) = [a;;(x)] is Lipschitz. Let p €
M(Q) and let u € Wi'(Q), u = 0, be a weak subsolution to (2.6). Then, u €
WoP(Q) for any p € [1, N/(N —1)), and for any such p there is ro € [1, N/(N —2))

such that
uP ()

o 0P()

[ wutrar<c| o+ 2 o il ey | - (3.1)

Proof. For ¢ € C°(€2), define

F(p) ::/Qcpdu*/ﬂu!l@

Then, by Proposition 2.1, F(p) > 0 for ¢ > 0. Thus, by the Riesz representation
Theorem, there is v € M () so that

Lu=p—v (3.2)
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in the sense that [, uLydz = [, ¢d(u — v) for any ¢ € C°(Q). By Proposition 2.1,
(3.2) also holds in the very weak sense. By comparison principle ([30, Theorem 2.9]),
we have Lu > 0 weakly, because otherwise we would obtain v < 0. In particular,

/ od(i—v) >0 (3.3)
Q

for any ¢ € C°(2), ¢ > 0. We now prove that (3.3) implies p > v. Indeed, let
B cC Q be open, with B C €, and take ¢, — xp locally uniformly as n — oo
with ¢, € C2(Q), ¢n > 0, and supp ¢, C K C Q for some fixed compact K. Then
Jo end(p—v) > 0 for all n. Taking n — oo, we get ju(B) > v(B). Now, suppose there
is a Borel set A such that p(A) < v(A). For each j, take open sets B; containing A
so that u(B;) < u(A) + % Hence p(A) < v(A) < v(Bj) < pu(By) < pu(4) + % which
gives a contradiction when 7 — oo.

By Theorem 2.1, we have u € W,?(Q) for any p € [1,N/(N — 1)) and u(z) =
Jo Gz, y)d(p — v)(y) for a.e. x in Q. Observe that (u —v) ({z}) = 0 for a. e. x by
Remark 2.2. Thus, for a.e. x,

Vu(a)] S/Q|VxG(a:,y)\d(,u—y)(y):/ [VaGla,y)|

L Gy G(x,y)d(p —v)(y).

Fix pe [1,N/(N —1)). Then
Vu(@)P < ( [ ch,y) i — v><y>) .

By the estimates (2.12) and (2.13), it follows that

VoG )| _ e d L L
Gy -© {6<x>’|x—y|}

for all x # y in 2. Hence, we have

P 1 — ’
Vu)P <C| ( o b e ><y>>
G(z,y) —v ! = x x
" ( / o Tt ><y>> | =t + ).
For I; we have that I1(z) < g:éz)) Hence
/ I(z) de < / Zj(x) dz. (3.4)
Regarding I(z), using Holder’s inequality and estimate (2.12), we get
£E 1 1/pT\d) ( ) /e v :

o< (f e EEEE dn =)

<([ewnamm) ([ CC ) e p-v <

< Cu( (/ T |N Tp ())
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Ly(z)dx < C %dw du(y).
J =

Next, choose rg > 1 such that

p—1 N
N(Q—p><rO<N—2' (3.5)

The choice is possible since the quantity N(p — 1)/(2 — p) is increasing with p and

-1
N (]2)1)) Va % as p — % By Holder’s inequality,

/ I(z) dx
Q
e rg—(p—1)

iy dx o
SC/ (/u:c”’dx) / - d .
Q Q @) Q |z —y|(N_2+p)ro—<2—T> Hw)

Now, by the fact p < N/(N — 1) and (3.5), we have

Then

To

I1<N-1<(N-24p)—F—— = <N,
( )7"0 --1)
and so we obtain that
| 1oy de <l e (3.6)
Therefore, by (3.4) and (3.6) we get (3.1). O

Proposition 3.1. Suppose that (H1), (H2) and (H4) hold, and that A = [a;j] is
Lipschitz. Let u be the solution of (2.6). Then u™ and u™ solve respectively

Lw < u* in Q Lw < pu~ in Q
{ w = 0 on 02 and { w = 0 on Jf. (3.7)

Proof. Let u be the solution of (2.6) and take {s,} € C>®(RY) such that p,, = p in
the sense

/,unapdx — / odp  for all p € CF(Q). (3.8)
Q Q

Consider u,, the solution of Lw = p, in 2, with w = 0 on 9€2. Then, by Theorem 2.1,
we have for 1 <p < N/(N — 1) that ||un||W01,p(Q) < CllpnllLr (@) < C. Hence there is

v € WP () such that, up to a subsequence, u, — v in W, ().
Since u,, solves Lw = p,,, we have for all ¢ € C}(Q) that Ly € L°°(Q) and

/unLgodx:/ﬂngodx.
Q Q

Then, by the weak convergence of u,, to v in Wol’p(Q) and (3.8) we get

/ng@darz/gpd,u for all ¢ € C3(Q), Ly € L™(Q).
Q )
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Therefore, the uniqueness of solutions to problem (2.6) implies v = u. Hence u,(z) —
u(z) a.e. in Q. Now we can write [u,(z)]T = # + % Thus

[un ()]t — [u(x)]t  ae in Q. (3.9)
On the other hand, ||u;t||W01,p(Q) <

ut — w in Wy P(Q) for some w € WyP(Q). Hence, by (3.9) we get w = u't.
Now, applying Kato’s inequality (see for instance Theorem 2.4 in [30]) we have

/uﬁL(pde/ungodx.
Q Q

Therefore, by the weak convergence of u} to u™ in Wy**(€2) and (3.8) we obtain

/u+L<pdx§/<pdu§/sodu+,
Q Q Q

for all nonnegative function ¢ € C3(Q). Hence u™ solves the first problem in (3.7).
Finally, we may use the same argument with —u to get the conclusion for u~. O

< C. Then, up to a subsequence

Theorem 3.2 (Compactness of the Green operator). Assume (H1), (H2) and that
A(x) = [ai;(x)] 4s Lipschitz. Then, the Green operator G : M(Q) — W, P(Q) is
compact for any p € [1, N/(N —1)).

Proof. Take a sequence {u;} C M() such that ||u;||rp(0) < C for all i. Hence, up

to a subsequence which we do not relabel, p; — p in M(Q) for some pu € M(Q).

Let u; be the weak solution of (2.6) with p = p;, and let u the weak solution of
(2.6) with the limiting p. Then, L(u; — u) = p; — p, and by Proposition 2.1 and
Theorem 2.1, u; — u € WyP(€) and |ju; — ullwiry < Cforall p e [I, N/(N —1)).
In particular, up to a subsequence, u; — u — @ in LP(Q), for some @ € Wolp(Q)
Moreover, applying Definitions 2.1 and 2.2 we get for all ¢ € C°(Q) that

_ i —w) Bp / ,_

as i — o0o. Hence, fQ uLpdxr = 0 for all ¢ € C°(Q2). Consequently, @ € Wol’p(Q)
solves Lii = 0 in Q. By uniqueness, we deduce @ = 0. Let v; (resp. v;) be the
positive (resp. negative) part of u; — u. By Proposition 3.1, it follows that

Lv; (ti—pw)*  inQ
{ vF 0 on 012, (3.10)

I IA

in the weak sense. Now, for each i, by definition we have vii € Wol’T(Q) for all
N
r < y—y and

Vo @) < VUi = Vall pr) < Clliuw — pllamey < C. (3.11)

Thus, there are v(+) € Wol’p(Q) such that, up to subsequences,

N
vE = o® in WyP(Q), and vof — &) in LYQ) for all o < ~ (3.12)
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However, by the weak convergence of u; to u in W1P(Q), we get v(#) = 0. On the
other hand, (3.1) yields

A|V1}f|pdm§0[/§2%dz+”vﬂ

Since ||t; — g1l pme) < C for all i and v — 0 in L™(9), the last term in (3.13) tends
to 0 as ¢ — oo.

For the first term observe the following: if {h;} satisfies [, |h;|" dz < C for some
r > 1 and for all ¢, then {h;} is uniformly integrable. Indeed, let € > 0 and choose
~v > 0 such that ”y% < &i77- Then, by Holder’s inequality, for any measurable set
A C Q with |A] < v we have

bl — il |- (313)

/ |hal dax :/ |hi|lXa dz < [[hi]| o) |A v <e.
A Q
ESY3
We can apply this fact to h’i — (ng) , which is in LS(Q) for some s > 1 such that

ps < % Indeed, by Hardy’s inequality and (3.11) with r = ps, we get

£y °
[(%F) a<c [mirasc oran
Q \ 0P Q

+\p
Thus, the sequence {(vgp) } is uniformly integrable in €.

Hence, by Vitali’s convergence theorem, the first term in the right hand side of (3.13)
goes to 0 as i — oo. Therefore we get the strong convergence of vl?t to 0 in Wol’p(Q).
Consequently, u; — u strongly in WyP(Q). O

4. THE GENERAL CASE: EXISTENCE OF SOLUTIONS FOR LIPSCHITZ COEFFICIENTS
AND ANY MEASURE DATA

In this section, we deal with the existence of solutions to (1.1) for Lipschitz coeffi-
cients. Without loss of generality, we assume that [|g|[z1(q) in (2.2) is so that

Collgllre + lnllame) = 1, (4.1)

where Cj, is the constant from (2.11).

Theorem 4.1. Assume that (H) holds, with (4.1), and that A(x) = [a;j(x)] is Lips-
chitz. Let 1 <p< % Suppose that ¢y in (2.2) satisfies

1

_ 4.
= 5,CrEh) (4.2)

where C}, and E(h) come from (2.11) and (2.4), respectively, and S, > 1 is a constant
from the inclusion LP(Q) C L*(Q). Then, problem (1.1) admits a weak solution v such

that
ve [ W),

1<r< 75
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Moreover, the following estimate holds

[Eq(b)]q + ||g||L1(Q) + ”/J/HM(Q) 1/(1—q)
1= S,CheoB(h) :

lollwer <C (4.3)

Remark 4.1. As illustrative examples, Theorem 4.1 may be applied to problems
where the main operator is —A (i.e., A(x) = I), —div(a(z)Vu) for 0 < c < a(z) < M
(i.e.,, A(z) = a(x)I), or —div(diag[a;|Vu),for 0 < ¢ < a;(z) < M, among many
others. Regarding the lower order term H, we may take

H(z,u, Vu) = coh(x)u + b(x)|Vu|? + u,
where

e h and b are any L°°-functions, |||l # 0. Then we may take E(h) =
C||h||Le, for some C' > 0 and ¢ satisfying (4.2).

e Similarly, we may have b € LY(1=9(Q) (for instance, b(x) = |z|*, for any
a>—-N(1-gq),or b(z) =|z|*log|z|, « > —N(1 — ¢)) and h as in the above
item.

e Finally, our theorem applies to the standard and largely studied problems:
—Au £ |Vu|? =y in Q, with u = 0 on 9Q.

Proof of Theorem 4.1. Let 1 <p < %
First consider sequences {H,,} C C(Q x R x RY) and {u,} C C}(RY) such that

-n, if H(z,r,£) < —n,
Hn(.’Iiﬂ",f) = H(I7T7£)a lf 7”SH(I,T,£)§H,
n, if H(z,r,€) > n,
and
lim / Eut da = / Edpt  for all £ € Cy(Q). (4.4)

Now, u*(Q) > limsup,,_, . it (Q2). Then, for any a > 0, there is n, so that n > n,
implies

linll sy = H (D) + 1 () < 1™(Q) + 17 () + @ = ||l pym) + - (4.5)
From now on, we take n > n,.

In what follows, we will apply a fixed point argument to find a solution for each of
the approximating problems

{Lw = Hp(z,w,Vw)+ u, inQ,

w = 0 on ON. (4.6)

For that purpose, define the closed and convex set
Ox:={ve Wol’p(Q) CIVolle) < A

for some A > 0 to be determined. For v € Ox, let v, = T},(v) be the weak solution to
(4.6) with right-hand side H,(x, v, Vv) + pp,. The existence of such v, is guaranteed
by Theorem 2.1 and Proposition 2.1 since H,(z,v, Vv) + u, € L'(Q). In addition,
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by Theorem 2.1 again, we have the representation v,, = T}, (v) = G[H, (-, v, Vv) + ],
and

IVonler@ < Gy [ (Hue0,90)|+ ) da. (4.7)

We will prove, for an appropriate A, that T}, maps Ox into itself. Take v € Oy. Then,
(4.7), the fact that |H,| < |H|, (2.2), and (4.5) yield

19T ()l ooy < C, [ [ r@lolds -+ [ ) oldo + gl @ + il +a} |
Thus, appealing to (2.3) and (2.4) we have
IV (0)| (0
< C; [cBM)IV0l 22 @) + [Ea®I V0] ) + gl + Il + o]
< C; [BM)S|IVello) + Ba®SEIVEIL, 0 + 9@ + o) + o
< 5,Cp [0 B (1) V0l r(oy + Ba®) V0], 0y + gz + il + 0]
Then, since v € O we get
IV (@) o) < SpCp [0 BN + B0’ + llglza o) + Il mmey +a] - (4.8)

Now consider

l9llzr @) + ll#lame) +a
A

and recall by the assumption on cq that S,C},coE(h) < 1. Then, for
A= SpCh(llgllzr @) + llellame) =1
(by (4.1)), we get F(A") > 0. On the other hand, taking

v [SpCH B + llglzr @) + llane) /7
1—S,CleoE(h)

F(\) = S,C,, {[Eq(b)mql + + coE(h)} -1,

and recalling that S, > 1 > el 1(91""”““/\4((1))7 it follows that \”/ > 1, X < X’ and
P L

F(X") <0 for all a < (||g]lz1(o) + il rmce))[(A7)9 = 1]. Therefore there is 0 < A < X”
such that F(\) = 0. Then, for such X (4.8) implies

SpCl([EL (0] + lgll 0y + el mgey) 1470
1—S5,CleoE(h)

IV T (0) 2oy < X < [ (1.9)
and we get T), : Ox — Ox. Observe that A does not depend on n (but on ).

Next we prove that T), is continuous. So, take up — wu in WyP(Q). Then
H,(x,ug, Vug) — Hy,(z,u,Vu) in LY(Q) since {H,} is bounded in Q x R x R¥
and (ug, |Vug|) = (u,|Vul|) a.e. in Q. Thus, by continuity of G from L! into W1?,
we obtain that 7), is a continuous operator.
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On the other hand, if {v;} is a (bounded) sequence in Oy, {H,(x,vi, Vv)} is
bounded in L(Q) for each n. Hence, by Theorem 3.2 we can extract a convergent
subsequence of {T},(vg)} in Wy(). Thus T, is a compact operator.

Therefore, since Oy is a convex and closed subset of WO1 (Q), by Schauder’s fixed
point Theorem there is v, € Oy such that T, (v,) = v, and v,, solves (4.6), that is,

N
/ Z a1 () vy Do dzx = / H, (2, v, Vg, ) dx—i—/ pnpdz, for all ¢ € C°(Q).
s Ox; Ox; Q Q
i,j=1 J
(4.10)
To finish the proof, we will prove that up to a subsequence {v,} converges to some v
and that v solves problem (1.1) by taking the limit in (4.10).
First, observe that {H,(x,v,, Vv,)} is bounded in L*(£) since by (2.4) and (2.3):

/ | Ho (2,00, Vou) | dz < COA+ 2 + [lgll 21 . (4.11)
Q

Then, we use Theorem 3.2 to extract a convergent subsequence {v,,} from v, =
GlH, (-, 0n, VUn) + pn] in WyP(Q).  In particular, there exists v € Wy7P(Q)
such that H,, (z,vn,,Vo,,) — H(z,v,Vv), ae. in Q. Now we will prove that
{Hp, (2,0, , Vg, )} is uniformly integrable in 2. Let E C Q be a Borel subset.
Then,

/ |an(x’vnk7vvnk)| dr < C [Hh(vnk - U)”Ll(E) + ”thLl(E)]
E
+ C [[I6|Von,, — Vol gy + [0V 0] 1) ] + gl (m)-

Observe that by (2.4) and (2.3), hv,, — hv and b|Vu,, |? — b|Vv|? in L'(Q), and
hence in any measurable £ C Q. Let n > 0. Then there exist kg,79 > 0 so that
k > ko implies

(4.12)

hvm, — o)l i) + 18]V 0n, — Vol9]| 110y < % (4.13)

and for any |E| < 7o,

n
max{ C[hvl 1 (m), ClOIVO L1 (m)s gl )} < - (4.14)
On the other hand, for each k € {1,..., ko — 1} there is 75 > 0 such that
1A = 0)llz2 ) + 101V 0, = Vol 22m) < 355 (4.15)

for all F with |E| < ;. Choose v := min{vo,V1,...,Vke—1}- Then for any
|E| < v we have by (4.12)-(4.15) that [, |Hy, (x,vn,, Vo, )|dz < n, for all k.
Therefore we can apply Vitali’s convergence theorem and get Hy, (¢, vn,, VUp,) —
H(z,v,Vv) in L'(Q).

Hence, letting n = ny in (4.10) and taking k& — oo, we obtain that v is a weak
solution to problem (1.1). Also, observe that v € W, () for all 7 € [1, N/(N —1)).
Indeed, v = G(H(-,v, Vv)+u) and H(z,v, Vv) € L(Q2), hence by Theorem 2.1 v has
the desired regularity.
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Finally, by (4.9)

SuCh([Eo (07 + gl 110 + Il agey) 17
1—5,ClcoE(h) '

Then, letting k — oo yield (4.3). O

ank||W01>P(Q) <CX<C

Remark 4.2. We observe that the existence of solutions stated in Theorem 4.1
remains valid if H has sub-linear growth in u of the form:

|H (2,7, €)| < colul' +b(x)[€]7 + |g(x)], I,q € (0,1),

and with no need of imposing a size condition in ¢y. Indeed, the function F adopts
the form

N gl ) + Il ame) + o

]F(/\) = Spczlo [Eq(b)]qxzil )

+coB(h)AN] — 1.

Hence, the conclusion F()\) = 0 for some A > 0, follows by taking appropriate values
of \.

Remark 4.3. Theorem 4.1 may be compared to [5, Theorem 3.1] where it is proved
the existence of renormalized solutions for the p-Laplacian operator, and to the results
in the survey [29] and the references therein, where a sign condition in the lower order
term H is imposed. Here, the approach is different, appealing to the compactness of
the Green operator and fixed-point argument. Moreover, we provide estimates of the
solutions in terms of the data, which are, as we shall see below, useful to get stability
results. See also the Introduction for more related comments and references.

As a consequence of Theorem 4.1, we may establish the following stability results.
For simplicity, we state it for the model problem.

Corollary 4.1. Let

{—AwianwP = oW+ fle, in €,

w = 0 on Of. (4.16)

for e, < 1/S,CLE(1) and p., 5o for some p € M(Q). Let u., be the solution
obtained in Theorem 4.1 of (4.16). Then, there is a function u € Wy'P(Q) such that
ue, — u in Wy'P(Q) and u is the only weak solution of

{—Aw = pu in €,

w = 0 on 0N). (4.17)

Proof. Let €, be a subsequence of {e,}. Now, taking ¢ € C°(Q2), we have

/Vuenk ~thdx:|:€nk/ |Vu5nk|q<pdx:5nk/uEnkgodx—F/ pdpe,,  (4.18)
Q Q Q Q

and the following representation for Ue,,

u.,, =G {iaw Ve, |9+ enytic,, + MJ . (4.19)
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Now observe that [Eq(ey, )]? = [Eq(1)]%,, < C for all k. Therefore, by (4.3)

[Eq(eni)]? + HMenk | Mm@)
1—8,Cpen, E(1)

1 1/(1—q)
< .
=¢ L - SpC;;EnkEO)}

1/(1—q)
[Vue,, v < C { }

Thus, by Poincaré’s inequality and the fact that [|pe, [[m@) < C, we get that

{isnk_ Ve, |7+ entic,, +pic,, } is bounded in M(€). Due to (4.19), Theorem 3.2
allows us to get a further subsequence, which we do not relabel, Ue,,, and u € I/VO1 P(Q)

such that u., — uin W,yP(€2). Reasoning as in the proof of Theorem 4.1 we may
pass the limit in (4.18) and get u solves (4.17). Hence, every subsequence of u.,, has
a further subsequence converging, by uniqueness, to the same limit u. Therefore, the
whole sequence u., converges to u. O

Remark 4.4. Other stability results may also be obtained: let {e,,} be as in Corollary
4.1 and {u., } the sequence of functions solving —Aw=£|Vw|? = e, w+p., in Q, w =0
on 0Q, with ||pe, || m(@) < C. Then, we can reproduce the proof of Corollary 4.1 in a
simpler way applying (4.3) with E,(1) to get a subsequence {&,, } and u € Wy?(Q)
such that u., — uin W,yP() and u satisfies —Au 4 |Vw|? = g in 2, with u = 0
on 99, for u such that u., - p up to a subsequence in M(£2). In general, the limit
u depends on the subsequence {u,, } since by [3], uniqueness does not hold for the
considered problems.

5. EXISTENCE FOR DATA IN W~12((Q2)

The following necessary and sufficient conditions for solutions in VVO1 2(Q) resembles
the linear case ([25, Theorem 5.2]). Note that it is not necessary to impose the
Lipschitz condition on A.

Theorem 5.1. Assume (H), where:
(i) co satisfies co < v.cg® with cq > 0 so that lvllwr2) < callVVllp2(q) for all
ve W Q);
(i) h,b=1 and g € L*(Q).
Thlegz p € M(Q)NW=L2(Q) if and only if problem (1.1) has a weak solution u €
Wy~ (2).

Proof. Assume first that u € M(Q) N W~12(Q). We shall apply Theorem 2 in [24].
By Rellich-Kondrachov’s Theorem, assumption (1.1) in [24, Theorem 2] is satisfied.
Next, we define the operator A : Wy *(2) — W~12(Q), by

N
Ju Ov
(A(u),v) —/QZ aij(x)a—xi%j dx—/QH(x,u,Vu)vdm,

i,j=1
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for u,v € Wy*(2). To see that A is Well—deﬁned and that A(u) € W=12(Q) for all

u € W&’Q(Q), we first define r € (1, N) by r = Observe that
1L
2« 2/q r

Moreover, g € [L? ()] since L?(Q) C [L? (Q)])'. Hence, Holder’s inequality and the
Sobolev’s imbedding theorem imply

| <A(’U/)7’U> | S C(HU’HW(JIz(Q)”UHWOl?(Q)

QM NVl 2oy V]| 2= () + 9l 22 @y 191l 22+ (2y) (5.1)
< C||U||W01,2(Q).

N+2 qN*

Therefore A is well-defined and A(u) € W~12(Q) for all u. To mimic the decompo-
sition of the main operator in [24], we write

Z/A (z,Vu) dx—|—/onuVu)vdx
(%cj

where for ¢ € RY and z € Q, A;(x,¢) = Zf\ilaij(x)gi, (j = 1,...,N), and
Ao(z,7,&) = —H(z,7,&). Now observe that for a.e. z € Q and all £ € RV,

< < oo

|Aj(z, &)l Z Jaij (2)[16] < | max laijl| () [¢]

and |Ag(x, 7, €)| < C(|r|+ €] +|g(z)| +1), where g € L?(Q2). Hence assumptions (1.3),
(2.2); and (2.2)5 from [24, Theorem 2] hold true. We finally check that A is coercive,
Alu), u)

that i
at 18, HUHWOL?(Q)

— 00 as |\u||W01,2(Q) — 00. As in (5.1), we obtain

’ / H(z,u,Vu)udz
Q

< collulyraqa) + € (IVul$a) + lglwe @y IVul @) ) -

(5.2)
Hence, (2.1) and (5.2) yield
(A(u), u) .
T o 2 eg — : —C ([|Vul? - o ,
Jullwiz) ~— (v.cq = co)llullwr2@) (H “HLZ(Q) 9l (2" ) ) — 00

as ||u\|W01‘z(Q) — oco. In this way, by [24, Theorem 2], there is u € W,"?(€2) so that

(A(u),v) = (u,v), for all v e W 2(Q). (5.3)

Thus, (5.3) holds for any ¢ € C°(Q2). Hence, u is a weak solution of (1.1).
Next, suppose that problem (1.1) has a weak solution u in VVOL2 (©). By a density
1,2
argument we have for any ¢ € W;(Q)

[ o] = 1400911 = Cllellg oy
Hence, p € M(Q) N W~12(Q) O
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A measure is not the most general datum for (1.1). Indeed, Theorem 5.1 holds true
for data in W~=12(£2), and for solutions u € Wy >(Q) of (1.1) in the sense of (5.3).
Hence, we have the following result

Theorem 5.2. Assume (H) and (i) and (ii) from Theorem 5.1. If F € W~12(Q),
then problem (1.1) has a solution u € W,*(Q) in the sense

N
/ Z aij@ﬁdx = / H(z,u, Vu)vdz + (F,v) for all v € W,*(Q).
Qi,j:l 81’1‘ axJ Q

Remark 5.1. For diagonal A = [a;;] but depending also on u and Vu, and W—1?2

data, an existence result for non coercive problems having first order terms with
sub-linear growth has been obtained for instance in [14].
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