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FLUID LIMIT FOR THE COARSENING PHASE
OF THE CONDENSING ZERO-RANGE PROCESS

INES ARMENDARIZ, JOHEL BELTRAN, DANIELA CUESTA AND MILTON JARA

ABsTRACT. We prove a fluid limit for the coarsening phase of the condensing zero-range process on a
finite number of sites. When time and occupation per site are linearly rescaled by the total number
of particles, the evolution of the process is described by a piecewise linear trajectory in the simplex
indexed by the sites. The linear coefficients are determined by the trace process of the underlying
random walk on the subset of non-empty sites, and the trajectory reaches an absorbing configuration
in finite time. A boundary of the simplex is called absorbing for the fluid limit if a trajectory started
at a configuration in the boundary remains in it for all times. We identify the set of absorbing
configurations and characterize the absorbing boundaries.

1. INTRODUCTION

The zero-range process was introduced in [31] as an interacting particle system on a graph, where
the jump rates of particles depend only on the occupation of the departure site. Once a particle
jumps, it changes its position according to a transition probability p. When the jump rates are
decreasing, particles spend more time in highly occupied sites and the dynamics favours the formation
of clusters. As the density diverges, in a typical stationary configuration, a macroscopic number of
particles accumulates on a single site, the condensate. During the past twenty years, this phenomenon
has been rigorously studied for the families of condensing zero-range processes with decreasing rates
introduced in [14, 15|, and several results including the equivalence of ensembles, a law of large numbers
and a central limit theorem for the condensate size have been established in [24, 19, 3, 7, 4].

The next step is to study the time evolution of the process, which involves several time scales. The
slowest time scale is related to the dynamics of the condensate. When the graph V is finite and the
number of particles tends to infinity, starting from a stationary initial configuration with a condensate,
the position of the condensate follows a Markov chain on V with jump rates that are proportional
to the capacities between pairs of sites of the random walk with transition probabilities p. This
metastable description was first derived for reversible, supercritical systems [7], extended to totally
asymmetric dynamics [26], general non-reversible dynamics [30], and recently to critical, reversible
zero-range processes [27]. The analogous problem in the thermodynamical limit, when the number of
sites in V' increases together with the number of the particles, was studied in [2].

Slower times scales are related to the coarsening phase that leads to a stationary state with a condensate
at a single site. Starting from an initial uniform distribution, sites exchange particles until only a few
accumulate the excess number of particles; these are the cluster sites. This transition occurs on a fast
hydrodynamic time scale. On a slower time scale, cluster sites interact, with some clusters growing
(macroscopically) at the expense of the others, up to the time when only one of them remains. The
different stages of this description were first predicted in [16, 17|, which were followed by several studies
in the theoretical physics literature [16, 17, 29, 23, 18|.

Beltran, Jara and Landim [6] consider the second phase of the coarsening transition for zero-range
processes on a fixed graph V. They show that on a time scale of order N2, N the diverging number of
particles, the vector of linearly rescaled cluster sizes converges to an absorbed diffusion in the simplex

Y={>icvui=1,u; >0,7€V} The vector is absorbed upon hitting a boundary, and thereafter, it
1


http://arxiv.org/abs/2302.05497v1

2 I. ARMENDARIZ, J. BELTRAN, D. CUESTA AND M. JARA

evolves as a diffusion on a lower dimensional simplex. The process stops when the diffusion reaches a
vertex of 3, the macroscopic manifestation of the condensed phase. These results confirm the previous
description, and identify the precise dynamics of the transition.

In this paper we establish the fluid dynamics of the initial phase of the coarsening process for a broad
family of zero-range processes on a fixed graph, including condensing zero-range processes [14, 15].
If time and occupation per site are linearly rescaled by the total number of particles N, the process
approximately follows an explicit piecewise linear trajectory in ¥, with velocities determined by the
rates of the random walk underlying the zero-range dynamics. The trajectory evolves in progressively
lower dimensional simplices until it eventually stabilizes when it arrives at an absorbing configuration.

Boundaries of the simplex are characterized as absorbing or non-absorbing. Inspired by the characteri-
zation of stochastic processes by their martingale properties, we identify the piecewise linear trajectory
as the unique solution to a generalized ODE that instantaneously exits non-absorbing boundaries. For
initial configurations on absorbing boundaries, the ODE formulation alone suffices to characterize the
trajectory, and the problem reduces to proving that weak limits satisfy the equation. To derive the
result for the general case, we show that the rescaled zero-range process exits non-absorbing boundaries
using a coupling construction that compares the process with an open queueing network.

It is a simple observation that when the jump rates out of non-empty sites are constant, the zero-range
process reduces to a closed Jackson network on the graph. Chen and Mandelbaum derive a fluid limit
theorem for this process when time is scaled linearly in the number of particles [11], and show that
under diffusive scaling it converges to a Brownian motion reflected at the boundaries of the simplex
[12]. The first result is a particular case of the fluid limit derived in this paper: closed Jackson networks
belong to the class of zero-range processes covered by our results. On the other hand, we see that the
macroscopic evolutions of Jackson networks and condensing zero-range processes already diverge on a
diffusive time scale, as the latter converge to diffusions absorbed at the boundaries [6].

Over the years, there have been several studies of the hydrodynamic limit of the zero-range process
describing the macroscopic evolution of the empirical density as the number of sites tends to infinity,
in different regimes [25, 21|. For condensing zero-range processes this is a difficult problem, as the
standard approach does not apply, and moreover the expected limiting partial differential equation is
not always well-posed; partial results are established in [32, 28|.

The article is organized as follows.

In § 2 we introduce notation and state a series of results. We provide an explicit construction of the
trajectory of the fluid limit and state Theorem 2.9, our main result, in § 2.4.

In § 3 we propose a new characterization of the fluid limit as a weak solution (in some precisely defined
sense) to an ordinary differential equation that instantaneously exits non-absorbing sets, Definition
3.2, and identify the solution to the ORP described in § 2.6 as the unique solution to this problem.

We study the family of rescaled zero-range processes in § 4. We prove tightness in § 4.1, and show
that weak limits of the zero-range process are supported on solutions of the ODE, § 4.3. In order to
completely characterize fluid limits, it remains to prove that they exit non-absorbing boundaries. We
first establish this property when the zero-range process reduces to a system of queues (constant rates)
and extend it to the general case by a coupling argument in § 4.4. We collect all the information to
conclude the proof of our main result in § 4.5.

2. SETUP AND RESULTS

2.1. The zero-range process. Throughout this article we denote Ny = {0,1,2,... } and Ry = [0, 00).
Let us fix a finite set V' and consider the zero-range process on V with jump rates

g:No— R;, such that g(0) =0,
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and underlying random walk determined by an irreducible set of transition rates
r= (r(i,j))ijev, so that r(i,7) =0, Vi € V.

In this process, particles are indistinguishable and a particle leaves a given site i at rate r(i)g(n), where
n is the number of particles at i and r(7) is given in (2.1) below. Once a particle jumps from i, it
moves to a site j chosen with probability given by

p(i, ) = T(i’,j) where (i) := Zr(i,j). (2.1)

r(i) =

Formally, the zero-range process (15, s > 0) is a Markov process with state space NE)/ and generator
acting on each f : N(‘)/ — R by

Lf(n) =Y g())r(i,5) [fm") - fm), neNy,

1,jEV
with
N n(i) —1, forl=1i,
n (1) =9 n@)+1, forl=j

(M), forl#i,j.
Since the number of particles is preserved by these transitions, when the zero-range process (s, s > 0)
starts with N particles, the rescaled process (Cfv , t > 0) defined as
N _ TN
=—, t>0 2.2

Ct N ’ - ( )
can be viewed as a Markov process with state space the standard simplex on the set of vertices V:

={ucl0,1]" > u@) =1}

eV

We aim to study the sequence (¢, ¢ > 0), N > 1, under the assumption that g(n) converges to a

strictly positive constant. Since such constant can be absorbed by the transition rates r, we may and
will assume that

lim g(n)=1. (2:3)

n—oo

We will also assume that
g(n)>1,neN. (2.4)

This assumption will only be used in the coupling construction in Section 4.4, to minimize technical
details, but the arguments can be adapted without much difficulty to the general case.

Denote by D(R4, ) the space of ¥-valued right continuous functions with left limits endowed with
the Skorokhod topology and the respective borel sigma field. In addition, let C'(R4,X) stand for the
space of Y-valued continuous trajectories. Consider the following sequence of discretizations of X:

Sv={ueT:NueNj}, NeN

For each N € N and u € Xy, let PYY be the law on D(R,Y) of the rescaled process (¢/¥, t > 0), when
the zero-range process (15, s > 0) starts at Nu € NJ.

Proposition 2.1. Under hypothesis (2.3), the family of probability laws (]P’UN)
compact. In addition, any limit point is supported on C(Ry,¥).

NeNuesy 8 sequentially

Actually, we shall prove in our main result that the limit points of (PY) are deterministic continuous
paths on . The description of such paths makes use of the trace of the underlying random walk in a
fundamental fashion.
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2.2. Trace process. Let us recall the notion of the trace process. Let (X¥ s > 0) stand for a

S
continuous-time random walk on V', with transition rates r and starting at k € V. For each nonempty

B C V, let us denote by T]_’; the hitting time of B starting at k:

Tk =inf{s >0, X* € B}. In addition, denote T]k = Tf“‘j}, for jeV. (2.5)
Since r is irreducible, then T§ is almost surely finite. Now, we define 74 = (’I“A(’L',j))i,j ca, for each
nonempty A C V, as r(i,i) =0, Vi € A, and
r(i,5) = r(@,5) + Y _r(@ k) P(TE = Tf), Vi, jeAi#] (2.6)
kg A

Trivially, ¥ = r. The set r? corresponds to the rates of an irreducible random walk on A, called
the trace process. A more detailed description and properties of the trace process can be found in [§],
Section 6.1. From now on, we will refer to r4 as the trace of r on A.

We may easily compute 74, recursively. When A = V' \ {k}, equation (2.6) reduces to
r4(i,4) = r(ig) + (i, k) p(k.5), Vi, j € Ai# ], (27)

where p(k, j) is given by (2.1). Since the trace of 74 on any nonempty B C A coincides with 72 (see
e.g. [8]) then (2.7) can be used repeatedly to compute the trace of r on any nonempty subset of V.

2.3. Minimal r-absorbing sets. In this subsection we introduce a terminology for a class of subsets
of V' and state some of its properties. For each nonempty A C V', and ¢ € A, let us define

M (i) =[P4, 1) — (i, 4)].  Observe that Y A(i) = 0. (2.8)

jEA i€A
Definition 2.2. Let us say that a subset A of V is r-absorbing if A=V or
YY) <0, VeV A

Notice that @ is trivially r-absorbing. We will be interested in the minimal r-absorbing set containing
a given S C V. For this purpose, the following lemma provides a key result.

Lemma 2.3. Let B be r-absorbing and let A be a proper subset of B. If \B(i) <0, Vi € B\ A, then
A is also r-absorbing.

As an immediate consequence of Lemma 2.3 we have the following result.

Lemma 2.4. Given S CV there exists an r-absorbing subset A such that

SCA and M(i)>0,Vie A\S. (2.9)

Proof. We provide an algorithm to generate such subset. Initialize with any r-absorbing A; containing
S, for instance A; = V. Compute

Op:={ic A \S: 23 <0}
If Oy = @ then A; is the desired subset. Otherwise, set As := A; \ O; and clearly Ay C A;. By

=

Lemma 2.3, As is r-absorbing. Since S C Ay, we may repeat the procedure. This process must stop
since V is finite and we get at the end the desired subset. O

We will show that the class of r-absorbing subsets is stable by intersection.

Lemma 2.5. If A and B are r-absorbing then AN B is r-absorbing.

This property permits us to define the minimal r-absorbing subset containing a given S.

Definition 2.6. For each S C V', we define A(S) as the intersection of all r-absorbing subsets of V
containing S.



FLUID LIMIT FOR CONDENSING ZERO-RANGE PROCESSES 5

It follows from Lemma 2.3 that A(S) must satisfy (2.9). Actually, it will be very important to notice
that property (2.9) characterizes it.

Lemma 2.7. For any nonempty S C V', A(S) is the unique r-absorbing subset of V' satisfying (2.9).
Therefore, the proof of Lemma 2.4 provides an algorithm to compute A(S).

2.4. The fluid limit. In this subsection we construct the set of continuous paths
("eCRy,Y), uel,

that arises as the limit points of (PY). Let us start introducing some ingredients. For each u € %,
denote

S(w):={ieV:u(@)>0} and Au):=A(S(u)). (2.10)
Also, define the set of vectors \* € RV, u € ¥ as
(i) 1= { M@ (), for i € A(u),

0, otherwise.
Let T" be the exit time from 3 of a path starting at « and with constant velocity A\":
T :=min{t > 0: u+t\“ ¢ ¥}, where min@ = occ.

By Lemma 2.7, A“(j) > 0, Vj € A(u) \ S(u). Hence, in order to compute T", it suffices to consider
the set of coordinates

Si(u) :=={i e S(u) : \“(i) <0}
Since ;e () A"(#) = 0 then
S(u)=0 <= Nismll <= T"=oc. (2.11)

Furthermore, if S| (u) is nonempty then

i _u(z) iy w)p =T" < o0
0<m1n{ ) €S )} T" < o0. (2.12)

Lemma 2.8. Given u € 3, if T" < oo then
Sv) = A(v) € A(u), where v:=u+T"\"

Proof. Since A" vanishes outside A(u), then S(v) C A(u). Now, for any j € A(u) \ S(v) we have

‘ : ‘ , u(j
0=0v(j) =u(l) + T"\(j) = X)) = —% <0. (Recall that 7" > 0.)
Since A(u) is r-absorbing, we may apply Lemma 2.3 to conclude that S(v) is r-absorbing. On the
other hand, since T < oo, then S| (u) is nonempty. Thus, in virtue of (2.12), by taking any

i € argmin {—;u((ii)) (i€ Si(u)}

we have v(2) = 0, that is ¢ & S(v). Since ¢ € S| (u) C A(u), we are done. O

Now, for each u € X, we compute a finite sequence of pairs
(T, vn) €10,00) x 3, n=0,1,...,f, (2.13)

as follows. Initialize with (7o, vo) = (0,u). Suppose (1}, v,) has already been defined for n =0, 1,... k.
If A% is null, we stop and k equals f in (2.13). Otherwise, we compute

Si(vg) ={i € S(vg) : A% (i) <0} and T =min {—;fk((zl)) tie S¢(vk)} .
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By (2.11) and (2.12), we have 0 < T < oo and we define (vgy1,Tk41) as

Vgy1 = v + TR and  Tpyq =T + T,
We now repeat the same procedure. By Lemma 2.8, the cardinality of A(v,,) is strictly decreasing and
therefore, this process must stop.

We finally construct ¢* as a concatenation of the rectilinear paths determined by (75, v,):

Cu_ ?}k—i-(t—Tk))\vk, if T}, <t<Tpp and k < f, (2 14)
t vy, for all ¢ > Ty. '

It is not difficult to verify from its construction that this family of paths satisfies the following property:
For all 5, > 0 and v € 3, we have ¢/ = (', where v = ({. (2.15)

We may now state our main result which establishes a fluid limit for the zero-range process.

Theorem 2.9. Let uy € X, N > 1, be a sequence converging to some u € 3. Under assumptions
(2.3)-(2.4), P converges weakly to the Dirac measure dcu, where ¢* € C(R4,X) is defined in (2.14).

Hence, when time and occupation levels are rescaled linearly, the discrete, stochastic flow of individual
particles converges to a deterministic limit that evolves in the continuum. When the jump process
rates are constant, g(n) = 1¢p>1y, the zero-range process reduces to a closed Jackson network on the
set V, and the result was first derived by Chen and Mandelbaum in [11].

2.5. Absorbing faces and bottlenecks. Let us remark some important features of the fluid limit.
For each A C V, let us denote by 043 the A-face of 3:

04T :={CeX: ) ((j)=1}
JEA
We start justifying our terminology of r-absorbing sets.

Remark 2.10. If A is r-absorbing then 04X turns out to be an absorbing face in the following sense:
for anyu € X and s > 0,

(L eSS = (FEILD, V> s, (2.16)

Indeed, by Lemma 2.8, we have

S(¢) = A(¢) € A(¢Y), whenever 0 < s <t. (2.17)
In particular,
S(¢}') is r-absorbing, Vit > 0. (2.18)

Then, (' € 4% implies that A(¢¥) C A and (2.16) follows from (2.17).

Notice now that, even if B is not r-absorbing, it could contain an r-absorbing set A. In that case, if
S(u) C A then ¢ € 9%, Vt > 0. Nevertheless, M5B (5) > 0, for all j € A(B)\ B, and so

Remark 2.11. If B is not r-absorbing and S(u) = B then (" exits from 0¥ instantly:
inf{t >0:¢'¢0pX} =0.

We finish by providing a characterization of those faces where the fluid limit equilibrates. Let (i),
i € V be the invariant distribution associated to r, i.e.

S (uiyr(i.d) - wiyrii) =0, VieV.
9%
Let M stand for the set of sites with maximal p-measure:

Mi={i €V, p(i) = maxu(j)}
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Proposition 2.12. Let A be a nonempty subset of V.. The following assertions are equivalent.

a) u € 04X = (¢ =u, Vt>0.
b) A is r-absorbing and M is null.
c) AC M.

In the terminology of Jackson networks, sites in M are called bottlenecks. The fact that the fluid
limit of closed networks equilibrates at a finite time, after which all nonbottlenecks remain empty, was
already proved by [11], see also §7.10 in [13].

2.6. Oblique reflection problem. In this subsection, we relate the fluid limit with the so-called

oblique reflection problem. Let p = (p(i, j))ij v be an irreducible set of transition probabilities so

that p(i,i) = 0, for all i € V. For each i € V, let 1y;, € RY stand for the indicator of i. Define the set
of vectors

w; =Y p(i,5)(1gy — 1), i€V (2.19)
JjeEV
Denote by D(R,,R"Y) the space of RV -valued right continuous functions with left limits and let RK
stand for the nonnegative orthant {u € RV : u(i) > 0, Vi € V'}.

Definition 2.13. Given & € D(R,RY), a pair ,p € D(R,RY) is said to solve the oblique reflection
problem (ORP) if

i) For each i € V', the path pi(i), t > 0, is nondecreasing and

t

ii) For allt >0, we have (s = & + ) ;v pe(i)w; and ¢ € RK,

Roughly speaking, solving the ORP amounts to finding a constrained version ¢ of an input path &
that is restricted to live in RY, so that, when ¢ hits a face {u € RY : u(i) = 0}, threatening to go
negative, increments of p(i), the i-th coordinate of the so-called regulator p, push ¢ along the direction
w;. Condition (2.20) restricts each coordinate p(i) to increase only at times ¢ > 0 when (i) = 0. A
very interesting interpretation of the solution ((, p) as a temporal evolution of a Leontief economy can
be found in [10].

Notice that the ORP is determined by the irreducible set of transition probabilities p. In addition, let
us fix a vector A € RV satisfying

D> @) =0. (2.21)
icV
The following result is an immediate consequence of Theorem 2.5 in [10] and we state it here for future
reference.

Proposition 2.14. For each u € X, there exists a unique (C)"“,p)"“) solving the ORP with input
Eh=u+tx, t>0.

Furthermore, (M € C(Ry, %) and the map T' : ¥ — C(R4, %) given by T'(u) = (MY, is continuous

when C(R4,X) is endowed with the topology of uniform convergence on compact subsets of R.

We claim that each (M, u € ¥, coincides with the fluid limit ¢* for a suitably chosen 7.

Proposition 2.15. If r = (1(i,7))i jev is related to p and X by (2.1) and
A== r(i)w;, (2.22)

9%
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then (M = %, for all u € X, where C* is the path constructed in (2.14) using r.

We complement the previous proposition assuring that it is always possible to choose such r.

Lemma 2.16. Given an irreducible set of transition probabilities p, satisfying p(i,i) =0, Vi € S and
a vector \ satisfying (2.21), there exists some (i) >0, ¢ € V', such that (2.22) holds.

3. CHARACTERIZATION OF THE FLUID LIMIT

In this section we propose a more suitable alternative to the ORP introduced in Subsection 2.6. In this
problem (see Definition 3.2), we make use of a family of test functions to characterize the behaviour of
a path. This feature fits with the martingale approach we shall use to prove Theorem 2.9. Additionally,
this alternative problem provides a natural connection between the paths constructed in (2.14) and
the solutions of the ORP.

Let us start introducing the space of test functions. Denote
CYZ,R):={feC(UR):UopeninR", ¥ cU CR"}.
For each f € C'(X,R) and v € R, we define v(f) : ¥ — R as the derivative of f in direction v:

o(f)(u) = %(u), u € X.

Recall that r is an irreducible set of transition rates on V. It determines the set of vectors

keV

Definition 3.1. For each i € V, let D; denote the family of functions f € C1(Z,R) satisfying
vi(f)(u) =0, forallu € ¥ such that u(i) = 0.

In addition, for every nonempty B C V', let us denote Dg := (;epD;.

The set of transition rates r also determines the vector

A= Zvi, or equivalently A(j) = Z [r(i,5) —r(5,9)], j e V. (3.2)
i€V eV

Observe that A coincides with AV in (2.8) and also satisfies (2.22) if p corresponds to r as in (2.1).
Recall the notion of r-absorbing subsets of V' introduced in Definition 2.2. Let us denote,

Yaps := {u € ¥ : S(u) is r-absorbing}
where S(u) is the support of u, as defined in (2.10).

Definition 3.2. Let us say that ( € C(Ry,Y) solves the (X, Dy )-problem if it satisfies the following
two conditions.

(A) For every f € Dy,
t
£G) = @)+ [ AN ds ez
(B) The path ¢ enters instantly to Xaps, i.e. inf{t > 0:( € Xgps} = 0.

The main goal of this section is to prove that, for each v € 3, the path ¢%* introduced in Proposition
2.14 is the unique solution of the (A, Dy )-problem starting at w.
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3.1. Trace and harmonic extension. For each nonempty A C V and v, w € R4 we denote
(v,w) =Y v(@)w(d).
i€cA
The Markov generator L : RV — RY associated to r is given by
Lw(i) = (vi,w), weRY icV,
where v; is the vector given in (3.1). Let us say that w € R is harmonic on B C V if

(v, w) =0, Yk € B.

Recall that (X¥, s > 0) stands for a continuous-time random walk with transition rates r and starting
at k € V, and we denote by T]_’; the respective hitting time of B C V, as defined in (2.5). For each
nonempty A C V and i € A, define the vector 124 € RV as

1A(h) = P(Th = TF), keV.
It is well known that 1Z~A is the unique vector satisfying

{ 14 = Lgiy, on A,

3
12 is harmonic on V' \ A.

Given w € R4, let us denote by w” € RV its (unique) harmonic extension:

{wA:w, on A,

w? is harmonic on V' \ A.

(3.3)

It is easy to verify that
w? = Zw(i)lf. (3.4)
i€A
Recall from Subsection 2.2 the notion of the trace of r on A, denoted by 74.
A C V., define the set of vectors vf‘ eRA iec Aas

v = A E) (L — 1)
kcA

For each nonempty

A

The following lemma provides an alternative definition of vectors v;".

Lemma 3.3. For any nonempty A CV, w € R and i € A we have

< A

vl w) = <v,~,wA>

where w* € R stands for the harmonic extension of w, as in (3.3).

Proof. For each i,j € A, 1 # j we have
(i 1) = r(0,9) = r(i,5) + Y r(i k)L (k) = D r(i, k)1 (k) = (v, 17). (3.5)

kg A keV
Since vf‘ is orthogonal to any constant vector in R4 and similarly to v;, it follows from (3.5) that
A A A A
<Ui 71{z}> = Z <vi 71{j}> = - Z <’U2‘, 1] > - <vi7 11 >
jeA\{i} JjeA\{i}

Finally, the claim follows from (3.4). O
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3.2. Proof of Lemma 2.3. Recall the definition of the vector A € R4 from (2.8) or equivalently,

M = Zv?, for each nonempty A C V.
icA

It follows from Lemma 3.3 that, for any nonempty A C V and w € R4,
O w) = (A, w?),  where w? € RV stands for the harmonic extension of w. (3.6)
The following lemma allows us to relate the vectors A4, A C V.

Lemma 3.4. Given A C B CV, with A nonempty, we have

M) =D AB(k)1} k), Ve A
keB

Proof. By using Lemma 3.3 we have

M) = Z@Z‘A, Ly = Z@z‘, 1 = Z('Uia 1Y) (3.7)

icA 1€A i€B

In the last equality we used that 1]A is harmonic on B\ A. Now, since 1]A is also the harmonic extension
of 13»4|B (restriction of 13»4 to B), then Lemma 3.3 provides

(vP 13»4\B> = (v;, 13»4>, for each i € B (3.8)

7

Putting (3.7) and (3.8) together, we get the desired result. O

Proof of Lemma 2.3. We assume that B is r-absorbing, A is a proper subset of B and
MB(k) <0, VkeB\A. (3.9)
Fix first an arbitrary £ € B\ A. Applying Lemma 3.4 for MU and AP we get

)\Au{g}(g) _ Z )\B(k:)lfum(k‘) _ Z AB(k)lfLJ{Z}(k)‘
kEB keB\A

This last expression is nonpositive due to (3.9). Fix now an arbitrary j € V'\ B. Applying Lemma 3.4
for MYt and ABPYUY we get

MUY () = ABU () 4 ST AP ()1 (k) < ABVUY () ST APV (i), (3.10)
keB\A kEB\A

Let us now apply Lemma 3.4 to relate A® and A\BUL}
AB(k) = ABRUY (1B (5) + APUUH k), for each k € B. (3.11)
Recall that 12(j) = P(T} = Tg) Then, by summing up all the terms in (3.11), for £ € B\ A, we get

Yo Nk =GP =Th )+ Y AU R, (3.12)
keB\A keB\A
By using (3.12) in (3.10) and hypothesis (3.9) we obtain
MAG) <APVGP(TE =T3) + 30 AP (k) < APU).
keB\A

Since B is r-absorbing then )\Au{j}(j) < 0. We have thus shown that A is r-absorbing. O
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3.3. Absorption. The main feature of any ( € C(R,, X)) satisfying (A) is the emergence of absorbing
faces in the sense of Remark 2.10. In this subsection, we prove a preliminary result in this direction.
Namely, in Lemma 3.7, we prove that if ( € C(R,,X) satisfies (A) and S = S((p) is r-absorbing then
¢ does not exit dgY as long as its S-coordinates are strictly positive.

Given h € Dp, it will be useful to get a function f € Dy, so that f = h and A\(f) = A(h) on a large
subset of . This is guaranteed by the following lemma whose proof is very technical and we postpone
to Section 5.

Lemma 3.5. Let A CV be nonempty and B =V \ A. Given h € Dg and € > 0, there exists f € Dy
such that

u€ X, IZIéI/Illu(Z) >e¢ = f(u)=h(u) and Xf)(u)=Ah)(u). (3.13)

In the following lemma we show how A\ arises as the velocity of a certain projection of ¢ on R4,
Lemma 3.6. If ( € C(Ry,Y) satisfies (A) then, for any nonempty A CV and 0 < s1 < s9,
min G(i) >0 = (17,G) = (111 ¢) + M)t —s1), Vi€ A, VEE [s1,5)]
s1<t<s2
Proof. Fix some i € A and consider h(u) = (12, u), u € ¥. Since, for all u € %, we have
vj(h)(u) = (v;,17), VjeV,
then h € Dy 4. Due to (3.6) we have
Ah)(u) = (N 18 = M 3E), Yue .
Denote € := min{(;(j) : j € A,s1 <t < so}. By Lemma 3.5, there exists f € Dy such that

minu() ze = fw) = (1) ad Af)w) = M),

Now, the desired result follows from applying (A) to function f. O

We now introduce some elements from linear algebra that we shall use in the proof of Lemma 3.7. Let
S be a nonempty proper subset of V' and denote B =V \ S. Consider the set of vectors

B — 1]$U{j}

! , jEB.

Notice that, for any j, k € B, we have
<vk,ef> =0, ifk#j and <vj,e§3> < 0.

Therefore, (e§3 )jeB, is linearly independent and, for each k € B, we may write

. . vi, 1
Ly = Zaief, where o] = L{gﬁ- (3.14)
jEB <’Uj,€j >

For all j, k € B, it is simple to verify that

af >0 and o <0, if j # k. (3.15)
Lemma 3.7. Fiz some ¢ € C(R4,X). Denote S = S((p) and

T =inf {t>0:[],cq (i) =0}.
If ¢ satisfies condition (A) and S is r-absorbing then

G(j) =0, VjeV\S and te]|0,T).
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Proof. Assume that B :=V \ S is nonempty, otherwise the claim is trivial. Clearly,
B .
(ef,1) >1, VjeB.
Define, for each j € B and u € ¥,

(e, u)
(eF,1)’

Also, denote ||ul|;, := maxjep hj(u) and observe that

hj(u) = so that 0 < hj(u) < 1.

|lullp, =0 <= wu(j) =0, VjeB. (3.16)
Let us assume that the claim is false and proceed by contradiction. By (3.16),

36 >0 such that  sup |[|&|[n > 9.
o<t<T

Define sg := inf{0 <t < T :||(||n > ¢}. By continuity of ¢,
s9>0, hj(Cs,) <6, VjeB and hg((s,) =0, for some k € B. (3.17)

Let us now prove that (s, (k) > J. By using (3.14), we have

Gso (k) = 1{k} Cs2) Zak €j ang Zak hij(Csz)-

JjEB jEB

By (3.17) and (3.15), the last expression is bounded below by

0> ad(e? 1) =61y, 1) =4,
jeB

Now, (s, (k) > § guarantees the existence of some s; € (0, s2), so that
C(1) >0, forallte sy, ss]andieSU{k}.

Therefore, by Lemma 3.6,
(e Coa) = (€8, Cor) + A (R) (52 — 1),

Since S is r-absorbing then ASY{#}(k) < 0 and so

<el?7 Cs1> > <eE7 CS2> = hk(CSl) > hk(ng) = 0.

This contradicts the minimality of so. We are done. O

3.4. Starting at X,s. In this subsection we shall prove that any solution of the (A, Dy )-problem
starting at u € X4, must coincide with ¢* constructed in (2.14). Our strategy will be to iterate the
result we state in the following lemma.

Lemma 3.8. Suppose that ( € C(R,X) satisfies condition (A) and that S := S((p) is r-absorbing.
Define,

S (4 AS(i), forie S . A
’ = , ’ = >0 S
F { 0,  otherwise, and T :=inf{t>0:( +1tA” ¢ 2},

where inf @ = oo. Then
C=Co+tAS, foralltel0,T). (3.18)

Moreover, if T < oo then S((r) is r-absorbing and a proper subset of S((p).-
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Proof. Consider
T:=inf{t>0:][;cg¢(i) =0}, where inf@ =oc.

By continuity of (, we have T > 0. Fix an arbitrary 7" < T'. Since ¢e(i) > 0, foralli € Sand t € [0,77]
then, by Lemma 3.6,

(17.¢) = (17, ¢o) +tA%(i), forallie S and ¢ € [0,7]. (3.19)
By Lemma 3.7, we conclude from (3.19) that
G =Co+t\%, foralltel0,T). (3.20)

We now show that 7' = T. By (3.20) and definition of T we have, for all ¢t < T’
[Tics(G(@) +A5(@) >0 = G +tA% e,

Therefore, T' < T. So, it remains to analyse the case in which T < . By definition of A% and T, we
have

S(¢p) €S and S\S((p) ={ieS:¢p(i) =0} #@. (3.21)
In addition, for any i € S\ S(¢z) we have

0=C(p(i) =) +TA6E) = M) = —CO;Z) <0. (3.22)
Hence, for all i € S\ §((;) and t > T we have Co(i) + tA5(i) < 0. That is, T < T and so

T=inf{t>0:¢+tA% g%} =inf{t>0:[[;cg () = 0}.

Now, (3.18) follows from (3.20). For the final assertion, suppose that T' < oo. (3.21) implies that S((r)
is a proper subset of S. By Lemma 2.3 (proved in Subsection 3.2) and (3.22) we conclude that S((r)
is r-absorbing. O

Lemma 3.9. For each u € Xy, there exists at most one ( € C(R,X) satisfying (A) and {p = u.

Proof. Set Ty = 0, vg = u, define

. S (3, for i € S(ug)
Vo _ ) )
A() = { 0, otherwise,

and denote
T := inf {t >0:v9+tA° & E} where inf @ = cc.
By Lemma 3.8,
Gt =vo +tA™, forall t €[0,T).
If T" = oo, we are done. Otherwise, we set T} := T, vy := (r,, define

. AW (G), for i € S(vy)
U1 _ ) )
AR() = { 0, otherwise,

and denote

T := inf {t >0:v +tA" & E} where inf @ = oo.
Consider the path ¢ € C(R,,Y) defined by

(o=Criee, t>0,

It is not difficult to check thatj satisfies (A). Lemma 3.8 assures that S({p) is r-absorbing. Therefore,
we may apply Lemma 3.8 to ( and conclude that

G=v1+ (t — Tl))\vl, for all t € [Tl,Tl + TUI).
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If T = oo, we are done. Otherwise, we set T := 17 + 1", vy := (7, and repeat the same procedure.

Since S(vg) 2 S(v1) 2 ... this procedure must stop. We end up obtaining a finite sequence of pairs
(Th,vn) ERy x X, n=0,1,...,f,

and vectors

Sun) (; .
A (i) = { A (1), forie S(vy),

0, otherwise,
so that, for each n < f,
Gt =vp+ (t —=Ty)A™, forte [Ty, Thi1),
AU is null and ¢ = vy for all £ > T. O

Notice that at this point we are not allowed to use A(-) because we have not proven Lemma 2.5 yet.
Nevertheless, Lemma 3.8 and the proof of Lemma 3.9 make clear that

Remark 3.10. For u € Xy, the construction of ¢* in (2.14) avoids the use of A(-) and is in force.
Furthermore, " is the only possible X-valued continuous path satisfying (A) and ( = u.

Our next step is to relate the (A, Dy )-problem with the ORP.

3.5. Proof of Proposition 2.15. Consider the ORP introduced in Definition 2.13 and corresponding
to the set of transition probabilities p, related to r as in (2.1). For the vector A given in (3.2) and each
u € 3, recall that (¢M*, pM*) stands for the unique solution of the ORP with input

Eh=u+tA, t>0.
Lemma 3.11. For all u € &, the path (M satisfies (A).

Proof. Fix an arbitrary f € Dy. To keep notation simple, denote ¢ = (M and p = pM*. By ii) in
Definition 2.13 we have that each ((j) is a function of bounded variation and

G (7) = AG)dt + > wi(§)dpi(i), for j € V.
eV

We may now apply the chain rule for bounded variation functions (see e.g. Theorem 3.96 in [1]) to get

, v (f) (G ,
Q) = MO dt+ Dol N@dn) = @ -3 " ap), o)
eV eV

where, for the last equality, we have used the relation

v; = —r()w;, with r(i)= Zr(i,j), for each i € V.

JjeV

From definition of Dy and (2.20), it follows that

vi(f)(¢) : vi(f)(¢) :

o) Mem=0ydp(i) =0 and - —TE i >0y dpe(i) =0, (3.24)
for each i € V. Putting (3.23) and (3.24) together we get the desired result. O

As an immediate consequence of this lemma and Remark 3.10, we conclude that,

Remark 3.12. If u € Yg then (M is the unique solution of the (X, Dy)-problem starting at wu.
Furthermore, (M = (%, Yu € Sgps.

Recall that we have already proved Lemma 2.3 and so Lemma 2.4 is in force at this point.
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Lemma 3.13. Let S be nonempty and A be r-absorbing such that

SCA and M(j)>0, VjeA\S. (3.25)
For any u € X, such that S(u) = S, there exists some 6 > 0 such that

Sy = A, Vte (0,6

Proof. If S = A then, by Remark 3.12, (M = (* and the assertion follows from the construction of
¢". Suppose now that S C A. Define

CAL M(i), foric A
A o ; 5
AT(I) = { 0, otherwise,

fix some u € ¥ such that S(u) = S and consider

T=inf{t>0:u+t\* ¢ 2}
By (3.25) and definition of M we have 0 < T < oo. Fix now some § > 0 and a sequence s,, > 0,
n > 1, so that

0+s,<T,¥Yn>1 and s,/|0. (3.26)
Define the sequences (uy,) and (T") as

Up = U+ s\ and T" = inf{t >0:u,+ A4 g3}
By (3.25) and the fact that s,, < T, we have S(u,) = A. Then, by Remark 3.12, for all n > 1,

M = u, + AL, VEE [0,T7). (3.27)
Due to the fact that s, < T < oo, we have T" =T — s, and so, by (3.26),
d<T", foralln>1. (3.28)

Finally, from (3.28), (3.27) and the continuity of I', as stated in Proposition 2.14, we have
G = lim (M =u+ A, Ve (0,4).
n—oo

By (3.25), S(¢") = A, for all t € (0, 4. O

We may now provide the following characterization of the r-absorbing sets.

Lemma 3.14. A nonempty A CV is r-absorbing if, and only if, for all u € 043,
(M e us, VE>0. (3.29)

Proof. Let us first assume that A is r-absorbing and fix some u € 043. Denote S := S(u). If § = A
then, by Remark 3.12, ¢M* = ¢* and (3.29) follows from the construction of (. So, we may assume
that S C A and denote by |A \ S| the cardinality of A\ S. Define a sequence (uy) as

(1 —=2"™u(i) forie S,
un(i) =< (27|A\ S|)~! forie A\ S,

0 forie V\ A,
so that S(u,) = A, Vn > 1, and u, — u. As we have already noticed, for all n > 1, we have
un i e 9%, VE >0, (3.30)

By letting n — oo in (3.30) and using the continuity of I" as stated in Proposition 2.14, we get (3.29).
Assume now that A is not r-absorbing. By Lemma 2.4, there exists an r-absorbing set B such that
ACB and M(j) >0, VjeB\A.

Take some u € ¥, such that S(u) = A. By Lemma 3.13, there exists some ¢ > 0 such that S(Cg"u) =B
contradicting (3.29). We are done. O
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From this, it is now clear that the intersection of two r-absorbing subsets is still r-absorbing.

Proof of Lemma 2.5. Let A and B be r-absorbing subsets. Since @ is considered r-absorbing, we may
assume that S = AN B is nonempty. Fix an arbitrary u € 9g¥ = 94X NJdpY. By Lemma 3.14 applied
to subsets A and B we have

(e dsxs, Vit > 0.
Finally, Lemma 3.14 applied to S assures that S is r-absorbing. U

We have finally the notion of A(-) in force. Let us prove its characterization as stated in Lemma 2.7.

Proof of Lemma 2.7. Fix a nonempty S C V. By Lemma 2.3, A(S) is an r-absorbing set satisfying
SCAS) and MO () >0, VjeAS)\S.

Let A be an r-absorbing set satisfying (3.25). Fix some u € ¥ such that S(u) = S. According to
Lemma 3.13, there exists some d > 0 such that

A =8 = A(S).
We are done. O

We have finally collected all the results used in Subsection 2.4 for the construction of
" e C(Ry,Y), forallueX.

We are now ready to prove that (% = (M, for all u € 3.

Proof of Proposition 2.15. Fix an arbitrary u € X, a sequence s, > 0, n > 1, such that s, | 0, and
denote u, := (¢, n > 1. By property (2.15),

i =Co 1y, forallt>0andn>1. (3.31)
As we have already noticed in (2.18), we have wu,, € X5 and then, by Remark 3.12,

Mun = ¢in - p > 1, (3.32)
By using (3.31), (3.32) and the continuity of I' as stated in Proposition 2.14, we get

¢* = lim (' = lim ¢ =M
n—oo n—oo

for any ¢t > 0. We are done. U

3.6. Well-posedness of the (A, Dy )-problem. We may finally prove the main result of this section.
The uniqueness part of Proposition 3.15 below is crucial in our approach to get the fluid limit for the
ZEero-range process.

Proposition 3.15. For any u € X, the unique solution of the (\,Dy)-problem that starts at u is

C)\,u — Cu

Proof. Suppose that ¢ € C(R4, ) solves the (A, Dy )-problem and (y = u. According to Remark 3.12,
if u € Bgps then ¢ = ¢* = (M. Assume then that u € X\ Bgps. According to (B), there exists a
sequence S, | 0 so that

Up = (s, € Xgps, forallm > 1. (3.33)

Consider the sequence of paths

™= Cois, >0
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It is simple to verify that each ¢(™ satisfies (A). Therefore, by (3.33) and Remark 3.12 we have
¢ = ¢Mun Wn > 1) and so

G = lim ¢™ = lim M =M, v >0
n— o0 n—oo

In the last equality, we have used the continuity of I' as stated in Proposition 2.14. We have thus
proved uniqueness for the (), Dy )-problem. By Lemma 3.11, it remains to show that (% satisfies
(B), when u € ¥\ ¥4p,. But this follows immediately from the fact that (M = (¥, Proposition 2.15,
and (2.18). O

3.7. Remaining results. We finish this section by proving Lemma 2.16 and Proposition 2.12, which
complete the description of the fluid limit (¥, u € X.

Proof of Lemma 2.16. Fix an irreducible set of transition probabilities p on V' satisfying p(i,i) = 0,
Vi € V, and recall the definition of the set of vectors w;, ¢ € V, given in (2.19). Let pu(i), i € V be the
invariant distribution corresponding to p so that

> p(i)yw; =0 (3.34)
eV
Consider the subspace orthogonal to the constant 1 € RY:
1t :={weR":(1,0) =0}
and the closed convex cone
C:= {Zaifwi ta; > 0,Vi € V} c1t.
1%
The polar cone of C respect to 11+ is
cr={ve 1+ (v,u) <0,Yu € C}.
If v € C* then
p(i){w;,v) <0, VieV.
From this fact and (3.34) it follows that (w;,v) =0, ¢ € V, and therefore
o(i) = Y p(i, ().
JjeV
Since p is irreducible then v is constant. But v € 11 and so v is null. We have proved that C* = {0},
which in turn implies that C = 1. Therefore, there exists some a;, i € V, such that

A= Z aw; = Z(ai + sp(i))w;, Vs eR,
eV eV
where the second identity holds by (3.34). By choosing a sufficiently large s > 0, we get r(i) :=
a; + sp(i) >0, Vi € V as desired. O

We now aim to prove Proposition 2.12. Let u(i), i € V be the invariant distribution corresponding to
the transition rates r and denote

M = {z eVi:u@)= rglg;{u(k)}.

B

Since 7 is irreducible then, for all nonempty B C V, the trace r” is also irreducible and p(i), i € V, is

an invariant measure for 2, that is

> o u(@)rP (i, ) = uli) Y _rP@G0), Vie B

i€EB 1€EB
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Therefore,
MOEDBIGETIHIESY (1 - %)rB(z,y), Vj € B. (3.35)
i€B i€B KA
The following lemma is a straightforward consequence of (3.35).
Lemma 3.16. For any nonempty B C V' we have

NBis null <= is constant on B.

Proof. Assume that AP is null. Therefore, for each j € B,

_M rBi i) =
2 (- )i =0 (3.36)
Denote
Mp:={j € B: u(j) = maxp()}.

Suppose that Mp C B. Fix some iqg € B\ Mp. Since r? is irreducible,

rB(ig, jo) > 0, for some jy € Mp. (3.37)
Since
(1- M)r%,jo) >0, VieB,
p(jo)
then, from (3.36) and (3.37), it follows that u(ig) = p(jo), which contradicts ig € B \ Mp. Therefore
 is constant on B. The converse follows immediately from (3.35). u

Proof of Proposition 2.12. We first prove that a) and b) are equivalent. Assume that a) holds. By
Lemma 3.14, A is r-absorbing. Besides, by construction of ¢*, A must be null. That proves a) =b).
b) = a) is obvious from the construction of (*. Now, let us prove that b) and c) are equivalent.
Assuming b), by Lemma 3.16, u is constant on A. To conclude ¢), it remains to show that A N M is
nonempty. Suppose that A N M = @ and fix some j € M. Then

p(i)

w(g)

Since AU} is irreducible, there exists some i € A such that 7417} (4, 5) > 0. From this fact, (3.38)
and (3.35), we have that

SOEDS <1 - %))) A, ) (3.39)
1€A

1- >0, Vi€ A. (3.38)

turns out to be strictly positive, contradicting that A is r-absorbing. Hence b) = ¢). Finally assume
that ¢) holds. By Lemma 3.16, A is null. For j € V \ A, we may apply (3.39) and the fact that
w(7) < u(i), Vi € A, to conclude that

MV (5) < 0.
Thus A is r-absorbing. By the fact that )\A(i) = 0, we conclude that ( = u, t > 0. We are done. [

4. FLUID LIMIT FOR THE ZERO-RANGE PROCESS

We will denote by Ly the generator of the Markov process ¢V, given in (2.2), which acts on a test
function f: Xy — R by

L) =N 32 a3u) (i) ot 20 p), e sy,
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4.1. Tightness.

Proof of Proposition 2.1. Since X is finite, for all N > 1, then, in order to prove Proposition 2.1, it
is enough to consider an arbitrary sequence uy € ¥, N > 1 and show that

(PUNN)NGN is tight and every limit point is supported on C'(R4, ). (4.1)
Since ¥ is compact, by Theorems 13.2 and 13.4 in [9], assertion (4.1) follows from,
lim lim sup P[ sup ICN — ¢V > €] =0, foralle>0andT >0, (4.2)
s,t

=0 N0

)

[s—t|<d

where ¢V is starting at uy. Let us denote f;(u) = u(j), j € V, u € X. For each j € V, we have

t .
NG =G+ /0 Infi(G)dr+ MM, >0, (4.3)

where M™J is a martingale with respect to the filtration generated by ¢V. By using (4.3), we can
bound the probability in (4.2) by

ZP sup \/ Ly fi(¢) dr| > 2!V\] ZP[ sup |MNI| > 4’;‘], (4.4)

s,t 0<s<T
jev |s— t|<5

where |V| denotes the cardinality of V. Now, it is clear that
Lfiw) = [g(Nu@) (. 5) = o(Nu(i)r(,1)|
icV
is bounded and so, the first term in (4.4) vanishes as § — 0. On the other hand, by Doob’s and
Chebyshev’s inequalities, the probability in the second term of (4.4) is bounded by

6 2 . 6 2 T
2L i) = L[ [ (@) - 2 0w e )as] 5)

The above equality is shown, for instance, in [25], Appendix 1.5. An elementary computation shows
that

, Yu € Xy, (4.6)

={le

Ln(f5)%(u) = 2u(j) Ly fi(u) <

for a positive constant C. Therefore, by

—

4.5) and (4.6) the second term in (4.4) vanishes as N — oco. [

4.2. Convergence of Ly on Dy .

Lemma 4.1. For any f € DV we have
lim sup |Lyf(u)— A(f)(uw)| = 0.

N—)OOue

Proof. Fix f € Dy. For each u € ¥y, we approximate f by its first-order Taylor polynomial to get

: N (u
Lnf) =N 3 g o) [(9 ), 2Ty Ty
j, kev

where
Rj(w) = (Vf(v) = Vf(u), Lixy — Lz,
for some v, satisfying ||v — ul| < %. Since Vf is continuous on the compact set 3,

lim sup \R;Vk(u)] =0, foreach jkeV. (4.7)
N—oo UEY ’

Denote



20 I. ARMENDARIZ, J. BELTRAN, D. CUESTA AND M. JARA

so that
Ly f(u) = M) () =D (g(Nu(f)) — Do (f)(u) + RN (). (4.8)
Jjev

Let M7 and Ms be positive constants such that

maxsup [v;(f)(u)| < My and sup |[g(n) — 1| < M. (4.9)
JEV yex neNg
For an arbitrary e > 0, there exists some § > 0 such that, for all j € V,
. €
Wl <5 = o) < 1 (1.10)
2
and there exists some Ny € N such that
n>Nod = |g(n)—1 <-=. (4.11)
M
From (4.9), (4.10) and (4.11), it follows that
lim sup\g(Nu( ) — v (f)(u)] =0, VjeV. (4.12)
N—oo UEY
Finally, by using (4.12) and (4.7) in equation (4.8) we obtain the desired result. O

4.3. Fluid limits satisfy condition (A). Let us fix a sequence uy, N > 1, so that u, — u. In
virtue of Proposition 2.1, we may assume that

IF’iVN converges weakly to some probability P in C'(R4, X).

Thanks to the Skorokhod representation theorem, there exists a sequence of random paths ¢V, N > 1,
and ¢ so that

N~PR, (P

uUN?

and ¢V converges to ¢ in the Skorokhod topology, almost surely. But, since ¢ is almost surely contin-
uous, then (see, for instance, Proposition 1.17, § V1 in [22])

¢ converges to ¢ uniformly in compact subsets of R, (4.13)

with probability one.
Proposition 4.2. The random path ¢ satisfies condition (A), almost surely.

Proof. Let f € Dy. Let us first prove that

t
M = 1G) = G~ [ MG ds, ez
0
determines a martingale with respect to the filtration generated by (:
Fi=0((:0<s<t), t>0.

Fix some s > 0, k € N, times (s1, 82,...,5%) € [0, s]¥, continuous functions ¥; : ¥ — R, i =1,...,k
and define U(X) = Uy (X, )Uo(Xs,) - \Ifk( ), for X € D(R4,Y). In virtue of (4.13), we have that

B[w(@) (160~ 16 - [ AnGar)] (414

is the limit of

B[ue(1@) - 565 = [ ADEar)]. s N o

But, for all N > 1, we have

Bl (s - e - | Laf(¢)ar)] =0,
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So, by Lemma 4.1, the expected value in (4.14) vanishes. Then, we conclude that Mtf, t>0is a
(Fi)-martingale, for any f € Dy. Now, Dy is an algebra, that is

frgeDy = fgeDy.

Therefore, (see for instance Lemma 6.7 in [5]) for any f, g € Dy, we have that

t
wiuif - [ TG ds =0
is a (F;)-martingale, where

L(f,9) = Afg) — g\(f) — fA(9).

By Leibniz rule, I' vanishes and so E[(M])?] =0, for all t > 0 and f € Dy. We conclude that

ﬂ@—ﬂ@—AAm@Mwﬂ7wza

almost surely, as desired. O

4.4. Coupled zero-range processes. We introduce a coupling method that will allow us to con-
struct and compare zero-range processes associated to different rate functions, for all initial particle
configurations, in the same probability space.

Graphical representation Independently for each site ¢ € V, consider an intensity 1-Poisson
process I on the first quadrant {(t,u) € [0,00) x [0, 00)}, and an independent sequence of i.i.d. random
variables (Y,f)n21 taking values in V' with distribution (p(4,j));jcv, with p(i,j) = %, (r(4,7))ijev
the rates of the random walk. Let I' = (I'");cy. We will now give an explicit construction of the
zero-range process (1, t > 0) associated to an initial configuration 7y, a bounded rate function ~y(n)
and the underlying (r(i, j))m ¢y random walk. Assume that the zero-range process (ns, s < t) has
been built up to time t—, and that up to time t— exactly m particles have exited site 7. By the fact
that (y(n))n>o is bounded, m < co with probability 1. Then, if the Poisson point process I'" has an
atom at (¢,u) and (i) > 1, the site ¢ will lose a particle if r(i)y(n.—(¢)) > u. If that is the case, the
particle will jump to the position Y,ib+1.

The sequence of i.i.d random variables (Y,f) associated to each site i € V works as an ordered stack

n>1
of instructions prescribing the next position of each particle that jumps out of 4, independently of the

time at which the jump is performed.

Remark 4.3. Let (1, t > 0) and (o, t > 0) be coupled versions of zero-range processes with rates
(9(n)) as in (2.3)-(2.4), and (1,>1), respectively, such that their initial configurations 7y, o9 € N}
satisfy

no(i) > oo(i), i € V. (4.15)

Given 1 € V, let
Je(n,1) = #{0 < s < t, ns(i) = 15— (1) + 1} (4.16)
and  Jy(o,i) = #{0 < s <t, 05(i) = 05— (i) + 1}

be the discrete processes counting the number of particles that arrive at ¢ over the interval [0,¢], for
the n and o processes, t > 0. With the graphical construction above and initial configurations as in
(4.15), the process (1, t > 0) goes through the instructions (Y)})icv,n>1 faster that (o¢, t > 0), and

Ji(o,i) < Je(n,i) for all £ > 0, for a.e. realization of (1, t > 0), (ov, t >0), 1 € V. (4.17)
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We now consider a family of particularly simple initial configurations, so that for a process started
from such a configuration, coordinates that are initially non-zero remain positive for all times, and
they operate as sources. Given a set S C V, define 05 € (Ng U {+00})V by

. 0 1€ V\S,
05(2):{ +00 iES.\

We also consider extended rate functions: for v : Ng — R, let

~ _ f)/(n)a ne NOa
We provide a proof of the following result to keep the presentation self-contained. Alternatively, it is
a consequence of the results in [11].

Lemma 4.4. Let S C V be non r-absorbing and C := A(S)\ S, A(S) the set in Definition 2.6. Let

(Jgs), t > 0) be the zero-range process with initial configuration s and extended rates 1,>1, constructed
with the graphical representation. Let § > 0. There exists 0 < t5 < oo such that
(S) (s

o0 () M) :
> >1-— . .
P( inf > S ) >1-4, jeC (4.18)

Proof. By the martingale decomposition of the zero-range process,
S), . . . . .
o1 (i) = Mot + M) + [ =pRIG), 20,5 €V\S, (4.19)

where (M;(j),t > 0) is a martingale, p’ is the transpose of the matrix p with entries p;; = p(i, j),
i,j €V,and Ry = (Rt(k))kev is defined as

t
Rt(k‘) = T‘(k‘)/o 1ags)(k):0 ds, keV.
Let now n € N. Changing variables in (4.19) we get

(S) (s i
)z B2 (- pREG), 120,5€ VS, (4.20

R} (k) = r(k) fg 1 s (k)=0 ds. From Chebychev’s and Doob’s L? inequalities it follows that for any
time T" > 0, o
[Mome(G) 1

> < _—
P(o?f% 2" - 2"/3) _K2"/3’

JEVAS,

where K is a positive constant that does not depend on n or T

()
t

We will now compare the process (0222 St > O) in (4.20) with the first coordinate of the solution
(( Ms pM0sy § > 0) to the ORP in the orthant RK\S

Mg/ - . \Og1 - .

£ @) =AU =P)ig)jens o Ul0), 120, 5 EVAS. (4.21)

It follows from the fact that p is irreducible that (pgj)l.j eV\s is a non-negative matrix with zeros on

the diagonal and spectral radius strictly less than 1. By Theorem 1 in [20], the solution to (4.21) is
unique.

On the other hand, by Proposition 2.15, the unique solution ((zt, yr), t > 0) to the ORP in X,
ze=a0+ M+ T —py, x0€X, S(xo) =5, (4.22)

satisfies

2(i) = (i) + MO (i) e, e A(S),

2(7) =0, jeV\A(S),
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for t <7 =1inf{s > 0, [[;cq(x0(i) + M) (7)s) = 0}. In particular, for t < 7,
(L=pye = W =)t and (i) =0, i€ A(S),

and denoting by Q% € RV\9*V\S the inverse of the submatrix ((I — pt)ij)ij s it follows that

(i) = [Q° (WO @) = A0),ens| ) <t 17 jeVS. (4.23)

Combining representation (4.23) of (yt, 0<t< 7') with the properties it satisfies as part of the solution
to the ORP in (4.22), we conclude that the vector Q% (A (i) — )\(i))iEV\S € RV is such that its
coordinates in A(S) \ S vanish, while those in V' \ A(S) are non-negative. For ¢ > 0, let us define

pe=Q% (W) = A(0) ;g ¥t and =M A((L=0i), jens oo
so that

G =20, e,

G(7) =0, jeV\NA(S).

The pair ((Ct, pt), t > 0) above verifies the conditions of the ORP (4.21), and by uniqueness of the
solution, we conclude that

A(S) (4) ¢ .
M5 () — { A (i) ieC -

) -

! 0 ieV\A(S)

Let 0 < tp < %, and 0 < € < %Ominjec M) (). By the continuity in the input function of the
reflection mapping, the processes in (4.20) and (4.21) are close in the topology of uniform convergence
over compact intervals, if the martingale terms are small. That is, there exists ng so that if n > ny,
Qn% is small enough that

() (s
Oo9n . .
‘ 7221;(]) ) ‘ <e  JEVAS, (4.24)
0<t<T

in the set O, = N1\ s{ supp<i<r % < =23} It follows from (4.24) that for realizations in O,

S)/ . .
o () . M)

i () A(S) ( ; €
sup | ZZLL — XAG)(j) | < £ <

1
— min M) (5 d inf 4.25
to<t<T | 2"t fy ~ 2 jeC U, an whisT 27t 2 (4.25)
j € C. From (4.25) and the choice ¢y < % that for realizations in Ny>p,Op, we conclude that
() NAS) (4
inf Os (]) > (]), J c C,
s>2m0ty S 2
with P((Np>neOn)¢) < KT > n>no 2,% Choose ng so that this series is bounded by ¢, and let
ts := 2"ty to obtain (4.18). O

The following result implies that limits of the rescaled zero-range process instantaneously exit non
r-absorbing boundaries. Let (¢/¥, t > 0) be the process with law Pé\g defined in (2.2).

Lemma 4.5. Let S C V' be non-absorbing, C = A(S)\ S. For any pair of times 0 < s <t, a >0 and
min; e o A5 ()
12

t—
0<b< Ts}

limsup sup IP’?(:N ({ inf ¢(i) >a,ie SN {inf inf ((j) < b}) = 0. (4.26)

N—oo ¢Nexy s<l<t jeC %?’t<l<t



24 I. ARMENDARIZ, J. BELTRAN, D. CUESTA AND M. JARA

N
Proof. Given an initial configuration Cév € X, construct ClN = %,l > 0, where (n), u > 0) is
obtained with the graphical representation. Fix § > 0 and j € C.

For u > 0, let H,(T') denote the shift of the family of Poisson point processes (I'');cy by u, so that
H, ()" has an atom at (v,z) if and only if I'* has an atom at (u + v,z). Let (oy (S)u ,v > 0) be the
zero-range process with rates 1;>1 and initial configuration #g obtained from the graphical construction
that uses the atoms of H,(T").

Given 0 < s < t, on the event G5 (s, t) := {infsci; (N (i) > a,i € S}, all sites i € S are occupied by at
least one i -particle over the period (Ns, Nt), and therefore every I'-atom in the strip (N s, Nt)x|0,1]
causes the exit of an n™V-particle from site . That is, no jump attempt used by (o (SN *) from sites in
S is missed by (nN,.,), u € (0, N(t —s)), and a bound similar to (4.17) holds for the arrival processes
defined in (4.16): J,(c®Ns 5) < Ingru(m™,5) — Ins(mN,5), 0 < u < N(t — 5).

Define € := w > 0. Let mg € N be such that g(n) < 14§ if n > myg, and ng = ng(d) € N as in the

proof of Lemma 4.4. Let O(ng) := Np>poOn, with O,, defined below equation (4.24). For configurations
n GE’N(s,t) such that, additionally, Hys(T') € O(ng), and times 2™ty < t; < u < N(t — s), with ¢
as in the proof of Lemma 4.4 and ¢; that we fix below, we have

MNoru(d) = 1Ns(G) + Insau (™ 5) — Ins(n™,5) = #{0 < v < uy NN o10(G) = MNogo_ (G) — 1}

> Ju (0N ) — {0 < v < uy N0 () = INapo- () — 1} by (4.17)
> T, (0N ) — w0 < v <u, oV (2) = ol () — 1) (4.27)
— Hns(T)([0,2"0t0] x [0,1]) (4.28)
= Hys(DY ([0, 1] x [1 + §, max g(m)]) (4.29)
—Hmwﬂmwxﬂ+aqymmD{ﬁﬁﬂmwm<m@@%>
— Hys(D) ([0, u] x [1,1+ £]). (4.31)
The first line on the right above, (4.27), equals o (7). The second line, (4.28), accounts for Poisson

(92N 5)

atoms that may have determined jumps for 77%8 +.(j) but were missed by o
time of the jump the queue at j was empty: after time 2"ty on the other hand, on the set O(nyg),
the queue is busy at all times, and no jumps are missed. The expression in (4.30) counts the atoms of
Hpy,(T)7 that determine an exit for n¥,,.(j) only when there are less than than mq particles at the
site and g(nN,,.(j)) = 1+ §, and (4.29) and (4.31) count the remaining atoms of Hy4(I')/ that may
cause an exit from 77NS+_(j).

, because at the

Let now ¢ = t1(6) > %22 be such that

1. P(Hns(I)?([0,2™0t0] x [0,1]) > i) = P(I9([0,2"0] x [0,1]) > &) < §2, where the identity
between these probabilities holds due to the translation invariance of Poisson processes,

2. P(Hns(D)([0,u]x [1,145]) < Zeu, u > t1) = P(IV([0,u]x [1,145]) < 3eu u > tl) > 1-6.
Note that by the LLN for Poisson processes 21V([0,u] x [1,1 4 §]) —> ¢ < Z¢, hence the

inequality will hold if ¢; is chosen large large enough.

Denote
§) = {I' € O(ng)} N {IY([0,2"¢] x [0,1]) < Zet1}
NI ([0,u] x [1,1+§]) < 2eu, u >t} (4.32)
NA{T7([0,#1] x [1 + §, max g(m)]) = 0}.
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For a configuration w € G5 (s,t) N {Hns(T) € £(8)}, it follows from (4.27)-(4.31), (4.32) and the
choice of ¢, that

N - (S)vNS Y j €
MNsta(d) 200 () = get1 — Seu — Hys(D) ([t1,u] x [1+ §,max g(m)]) 1
m {,min e (7) < mo}

> geu— Hys(DY ([tr,u] x [1 4§, maxg(m)]) 1

@I»—‘

{,min N () < mo}

t1 <u < N(t—s). Since t; > 6%, the first term on the right above is strictly greater than mg for
u > t1, and then

1
MWsrali) 2 geu i <u<N(t—s), we G (s,t) N {Hya(T) € £(0)} (4.33)

So far, we showed that 77%8 +.(j) grows at least linearly, for a macroscopic time interval, when the

configuration belongs to the set Ga™\ (s,t) N {Hxs(I') € £(5)}. Among the conditions in definition

(4.32), the one on the last line is the most restrictive. Therefore, in order to extend this result
to a set with almost full probability PZN(Gg’N(s,t)), instead of requiring that I'V have no marks in

[1+€/2, max g(m)] over the interval [Ns, Ns+t1], we wait for the first stretch of time having length ¢;
where this constraint occurs, and couple with the queue from this time forward. We do this rigorously
below.

Consider the stopping time
Ns+1nf{u>t1,HNs(F) ([w— t1,u] x [1—|—2,maxg )]) =0},

so that the shifted process H ~_; (I') satisfies the condition on the third line of the definition of £(4)
n (4.32) Note that P(TN < 00) = 1 by Borel-Cantelli’s lemma. Let

={T = ()iev : Hov_y, () € E(0)}.
By an argument similar to the one leading to (4.33), for realizations in G (s, ) N ON(8) we get
1 NAS)
77N+U(j)266v2 12(]) , 0 <v < max(Nt — 7V, 0).
If, morever, {7V < NSTH}, and we write u = 7V + v, it follows that
NAGS) (5 AAGS) (5
or, in terms of Cl = nﬁl, with [ = &,
. NAG) (4
i) > AW, S
To summarize, {mf GG )‘A(S)(] hold th t G HNONE) N {rN < Nt
sl poest 2 } olds in the even (s,) @) N{r" < =}

Let us estimate the probability of this event.

Denote by F,~ the c-algebra associated to 7V. We have
P(eN (%)) :E[P({(JS’T 1w > 0) € O(ng)y N {H,w_y, (DY (0,27%t0] x [0,1]) < Lety}
OV {Hyw_y (DY (10,u] x [1,1 + £]) < Zeu, u>t1}‘}" ol
- p({<a§f>, u>0) € O(ng)} M {T7([0,2%t0] x [0,1]) < Let;}
NI ([0,u] x [1,1+ 5]) < Bew, u> t1}), (4.34)

as the joint distribution of

(017" > 0), Hyw gy (DY ((0.2%0%0]) % [0.1), (Hyw gy (O (10,0] x [1,1 4+ §)), u> 1) (435)



26 I. ARMENDARIZ, J. BELTRAN, D. CUESTA AND M. JARA

given F_n, is a.s. equal to the joint distribution of
(087, u > 0), TY([0,2"t] x [0,1]), (I7([0,u] x [1,1+§]),u>1t).

This holds because 7% is determined by the distribution of I'V-Poisson atoms in Ry x [1+§, max g(m)],
while the processes and the variable in (4.35) depend on the I'*-atoms in Ry x [0,1+4 5], k € V, and
the intersection of these regions has Lebesgue measure zero. The claim follows from the independence
of the distribution of Poisson atoms in domains having measure zero intersection, and the translation
invariance of Poisson processes.

The events described in the last two lines of (4.34) are determined by the distribution of Poisson
marks in sets that have measure zero intersection, hence they are independent. It follows from (4.34),
properties 1. and 2. of ¢;, and Lemma 4.4, that

P(ON(8)) > [P(O(ng)) — 6% x (1 — %) > 1 — 36.
On the other hand,

P(rV < N&H) = P<inf{u >ty T ([u—ty,u] x [1+ §,maxg(m)]) = 0} < W) — 1
hence P(’TN < NSTH) >1—90if N > Nj large enough. For N > N5 we get
P(GIN(s,t) nON () N {7V < N=t}) > P(G2 N (s,1)) — 46,

and therefore

N (- . e Gl M)
Py (1,int, 6> a5} { B T }) <48

in A(S) (5
We restrict the set of times in the second event to %3’5 <1<t recall that 0 < b < %;‘(])t%s,
and add the probabilities above over j € C', to obtain
N . . . . .
< .
Py ({ 81<I}£t G>a,i€S}N {]lél(f; Sf)ltnjkt Qi) < b}) < 46|V, (4.36)

|V| the cardinality of V. The bound in (4.36) does not depend on the initial configuration, hence we
might take the supremum over Cév and then the limit superior as N — oco. As § is arbitrary, the result
follows. O

4.5. Fluid limits satisfy condition (B). In this section we prove our main result.

Proof of Theorem 2.9. We may assume that the full sequence PUNN converges weakly to a probability P
on C(Ry, ).

Let Sp = S(u). If Sy is r-absorbing the result follows from Proposition 4.2 and Remark 3.10.

Otherwise, for § > 0, define S : [0,6] — P(V) by S; := S(¢¢), P(V) the power set of V. Let |A| denote
the cardinality of A € P(V). Notice that if ({;, ¢ > 0) is continuous and ¢y € [0, ] is a local maximum
of |Sy|, then S; is constant in an open neighbourhood of ¢y3. Consider the family of intervals

T={(s,t): 0<s<t<g,|S|= lrr1[3>§]\51] if s <r<t}, (4.37)
€10,

and let

35:min{0§s: there is s <t <4, (s,t) € Z, and t — s = max t/—s'}.
(s't)eT

Since [0,4] is a bounded interval, the maximum in the definition above is achieved, and there are
finitely many intervals in Z with this length, hence ss is well-defined. Let t5 be the right endpoint of
the interval associated to sg, (ss,t5) € Z, set 75 := s‘“;“ € (ss,t5). We claim that

Srs = S(Crs) € Zabs, P-a.s.. (4.38)
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Consider N5 = {(;, t > 0, S, is not r-absorbing}. By the observation preceding (4.37), we have
N;NC(Ry, %) C U {S() =G, s<r<t},

0<s<t<d
s5,t€Q
GCV not r-absorbing
and, recalling that P is supported on C'(R4,Y), to conclude that P(Nj) = 0 it suffices to show that
P(S() =G, s<r<t)=0,

for any choice of times s, t € Q, 0 < s < t < 4, and non r-absorbing set G € P(V). Now

P(S((T):G,sgrgt)zlgﬁ)ﬂgigp({ 1nf Cr()>a ZEG}H{ 1nf ZQ >1—b})

Slﬁgl&igl}\rfgi?ofP({sni V(i) >aie Gy { inf ] Zgr >1—b}>

<limlimlimian( inf ¢N(i)>a,i€GIn su su ) <b )
~ al0 bJ0 N—oo {s r<tC ( ) } {je.A(GI’))\G s+3t<11<t< }

=0
by (4.26) in Lemma 4.5. The second line above follows from the Portmanteau theorem and the remark

n (4.13), as the set {infy<,<; (- (i) > a, i € G} N {infscp<t Y ;e G (i) > 1 — b} is open in D(Ry, )
with the local uniform topology. Then (4 38) holds.

Sicen 75 < 4, and 4 is arbitrary, (4.38) implies that P({inftzo, Ct € Vaps} = 0) =1, i.e. P is supported
on paths that satisfy condition (B) in Definition 3.2. Proposition 4.2 establishes that ((;, ¢ > 0) also
satisfies condition (A), P-a.s.. The result then follows from the uniqueness and identification of the
solution to the (A, D(V'))-problem, Proposition 3.15. O

5. PERTURBATIONS TO Dy

We adapt the proof of the proof of Lemma 4.4 in [6] to derive Lemma 3.5.
We will need the following result.

Lemma 5.1 (Lemma 4.1 in [6]). Let D C V be nonempty. There exist a nonnegative function
Ip : ¥ — R in Dp and constants ¢ and C such that

cll¢lp < In(€) < ClCII (5.1)
with ||¢]|% = - ¢(5)? and 0 < ¢ < C < 0.
jeD
Proof of Lemma 3.5. Let ¢ € C*(R,[0,1]) such that ¢(z) = 0,2 < %, and ¢(z) = 1,z > 1. Let

1
A= 35, c and C the constants in (5.1), and & (@)5 5. For ) # D C V, define

APIp
000 = o( 2210 )
€
|D| the cardinality of D. By Lemma (5.1), it is simple to check that this function satisfies
i) @p(Q) = 0if <IB < 3 er &,
i) ®p(C) = 1if K5 = or &,

iii) ®p(¢) € Dp.
Define
O =[] ®pup Q) k€S, @) =][2(¢), andlet f(¢)=h()D().

DCB kesS
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It follows from the choices of A and € and property i) above that (k) > %e implies ®,(¢) =1, k€ S,
and hence ® =1 in a neighbourhood of {u € ¥, min;c 4 u(i) > €}. This establishes (3.13).

Let us now verify that f € Dy. Let k € S and ( € ¥ with ((k) = 0. If £ € ¥ is such that
1€ = ClI? < 35 € then in particular [&]> < 345 &, and 7) implies @, (£) = Pyugy = f(£) = 0.
This shows that f = 0 in a neighbourhood of ¢, hence Vf({) = 0 and the boundary condition
(Vf(C),vx) = 0 is trivially satisfied, proving that f € D4.

Let us now check that f € Dp. Given j € B, we have

(VF(Q),v5) = (VR v) + RO D D> TI  ®ouwr () (VEpupy(Q)vy)- (5.2)
keS DCB k'eS, D'CB
D'U{k'}#£DU{k}

Let ¢ € ¥ such that {(j) = 0. The first term above vanishes since by hypothesis h € Dg. Also, we
claim that each term in the double sum on the right hand side vanishes as well. To see this, notice
that if the set D C B is such that j € D, then ® ) € Dpugry by i), and (VO py(C),vy) = 0. If,
on the other hand, j ¢ D, then ®p y; ) is one of the factors in the product in front of the brackets,

(T @00 () (Ve ougy (O v5) = (T ooy (©) @oug,ry(O) (VRpumy (O v).  (5.3)

D'CB D'#D
D'ZD D'#DU{5}
Now, by i) and i),
®pugi a3 (€) = 0 if €D r < 5 ampmses (5.4)

Ppugry(§) =1 if Hf”%u{k} > e and  V®pp; =0on Hf”%u{k} > el (5.5)

With the choice of A = z5 we have %CA‘lDHQ > c}\‘gm. If ( € ¥ is such that ((j) = 0 then

1< pugs, k) = ICIpugry, either (5.4) or (5.5) holds, and in both cases the expression in (5.3) vanishes.
This completes the proof of our claim, and it follows from (5.2) that (V f(¢),vj) = 0 when ((j) =0. O
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