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Abstract

Partially greedy bases in Banach spaces were introduced by Dilworth et al. as a strictly
weaker notion than the (almost) greedy bases. In this paper, we study two natural ways
to strengthen the definition of partial greediness. The first way produces what we call
the consecutive almost greedy property, which turns out to be equivalent to the almost
greedy property. Meanwhile, the second way reproduces the PG property for Schauder
bases but a strictly stronger property for general bases.
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1 Introduction

One main goal of approximation theory is to approximate a vector (signal) x using
finite linear combinations of basis vectors. To do so, an adaptive, nonlinear approxi-
mation algorithm, also called sparse approximations, is desirable, where elements in
an approximation are found by greedy steps; that is, largest terms are chosen for the
aforementioned linear combinations. This sort of approximation is called the thresh-
olding greedy algorithm (TGA) introduced by Konyagin and Temlyakov [14]. On the
application side, the adaptive nature of sparse approximations makes them powerful in
processing large data sets in the areas of signal processing and numerical computation.
On the theoretical side, the last two decades have witnessed a flurry of papers studying
sparse approximations from the functional analysis perspective.

We can classify bases of a space based on the effectiveness of approximations given
by the TGA. Amongst the most studied in the literature, and ordered by decreasing
strength in terms of the TGA’s effectiveness, we find greedy bases [14], almost greedy
bases [11], (strong) partially greedy bases [5, 11] and quasi-greedy bases [14]. Almost
greedy bases are those in which the TGA is better (up to some constant) than the best
approximation via projections on the basis vectors, whereas partially greedy ones are
those in which it is similarly better than the best approximation via partial sums. In
this paper, we strengthen the concept of partially greedy bases in two natural ways,
with the following aims. First, we study whether we can find naturally defined types of
greedy-like bases which lie strictly between strong partially greedy and almost greedy
bases—which might be worthy of further research in themselves. Second, we look for
characterizations of almost greedy bases in terms of formally weaker definitions, or
of (strong) partially greedy bases in terms of formally stronger ones. Our choice of
the partially greedy property is due to the fact that the approximations involve linear
projections, which are generally easier to handle than nonlinear ones. The first way
of modifying the definition (see Definition 2.7) surprisingly produces almost greedy
bases, while the second way (see Definition 2.11) reproduces the partially greedy
property in the case of Schauder bases but a strictly stronger property in general.

2 Main Definitions and Notation
2.1 Bases in Quasi-Banach Spaces

A quasi-Banach space (p-Banach space, resp.) X is a vector space that is complete
with respect to a quasi-norm (p-norm, resp.) || - ||. A quasi-norm || - || on X satisfies

(@) |lx|| = 0,Vx € X, and ||x|| = 0 if and only if x = 0,
(d) llax|| = |alllx]l,Vx € Xanda € F,
(c) there exists k > 0 such that

lx +yll < kx|l + 1yID-

On the other hand, if || - || is @ p-norm, then || - || satisfies (a), (b), and
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(d) there exists 0 < p < 1 such that
lx +yI” < llxlI” + [IylI”, ¥x, y € X.

By the celebrated Aoki-Rolewicz’s theorem, any quasi-Banach space is p-convex
for some 0 < p < 1; that is, there exists C > 0 such that

m m 1/p
> sC<Z ||xn||f’) neNx, eX.
n=1 n=1

As aresult, any quasi-Banach space can be renormed to become a p-Banach space. We,
therefore, assume that our quasi-Banach space X has been renormed to be a p-Banach
space.

Throughout the paper, let X be a separable and infinite-dimensional quasi-Banach
(or p-Banach space) over the field F = R or C. Let X* be the dual space of X. A
collection B = (en)fji1 C Xis said to be a (semi-normalized) basis of X if

(1) X =[e, : n € N], where [e,, : n € N] denotes the span of (en);'zozl;

(2) there is a unique semi-normalized sequence (e;;)>°> ; C X* such that e;f (ex) =0k
forall j,k e N;

(3) there exist c1, ¢ > 0 such that

0 <ci:=inf{llenll, lle,ll} < supfllenll, leyll} =: €2 < o0
n

If B also satisfies

@ X* = [gneN",

then B is a Markushevich basis. Additionally, if the partial sum operators S, (x) =
221:1 el (x)e, form € N are uniformly bounded, i.e., there exists C > 0 such that
(5) ISm )l = Clix|l, Vx € X, Vm € N,

then we say B is a Schauder basis. Given a basis B, we associate each x € X with
the formal series ), N € (x)ey. Since B and B* are both semi-normalized, we have
limy oo € (x)] = 0.

We mention some notation that appear throughout the paper. Fix x € X, finite

subsets A and B C N, and ¢ = (¢,) C FY, where |¢,| = 1. Let

(@) |lxlloo = max, |e, (x)| and supp(x) = {n : e;;(x) # 0},

(b) Pa(x) =73 ,caen(x)eyand Ppe(x) :=x — Pa(x),

(©) la:=) ,caenand lgq =3 4 &nen,

2/PA, ifF=R
d) A, =27 —1)"'P for 0 <landB, = P ’
@Ay =Cr=1D sr= 77 |avrA, ifF=C.

Throughout the paper, we will use the following result.

Proposition 2.1 [2, Corollaries 2.3 and 2.4] Let X be a p-Banach space for some
0<p<lLetyeXand (xp)ney C Xwith J finite. Then
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(1) For any scalars (ap)nej with0 < a, <1,

y+ Z AanXn

nel

Y+an

neJ

< A, sup
AC

(2) For any scalars (ap)ney with |a,| < 1,

y+ Z anXn

nelJ

< A, sup
len|=1

y+ Zgnxn

neJ

(3) For any scalars (ap)ney with |a,| < 1,

E anXp

nelJ

< B, sup
AcCJ

oLt

neJ

We write A < B tomean thata < b foralla € A and b € B!, while U;c; A;, for
some index set I and sets (A;);cs, means that the A;’s are pairwise disjoint. Finally,
for a number a,

Alg = {n€eA:n>a}.
Finally, for every m € Ny, let Z™ := {A C N : |A| = m and A is an interval},

I=m — U I7® and 7 = U zm,

0<k<m meNy

2.2 Thresholding Greedy Algorithm and Greedy-like Bases

In 1999, Konyagin and Temlyakov [14] introduced the TGA, which since then has
been extensively studied by many researchers. For each x € X, the algorithm chooses
the largest coefficients (in modulus) with respect to a basis 3. In particular,aset A C N
is an m-greedy set of x if |[A| = m and

min e (x)| > max|e) (x)].
neA n¢A
The corresponding greedy sum is

Gu(x) = Y ei(x)en.

neA

Note that for a vector x having two or more coefficients of equal modulus, m-greedy
sets and greedy sums may not be unique. Let G (x, m) denote the set of all greedy sets

1 Note that A > Jand A < ¢ forany A C N.
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of x of size m, and let A, (x) be the only B € G(x, m) such that
B\A < A\B,VYA € G(x,m)\{B}.

The minimal condition to guarantee the convergence of the TGA is quasi-
greediness.

Definition 2.2 ( [14])A basis B in a quasi-Banach space X is quasi-greedy if there
exists C > 0 such that

1Gnx)| < Clix|,Vx e X,m € N,VGp, (x).

The least such C is denoted by C,, called the quasi-greedy constant. Also when B is
quasi-greedy, let C; be the least constant such that

lx =Gl = Cellxll,Vx € X,m € N, VG, (x).

We call C, the suppression quasi-greedy constant.

The relation between this property and the convergence was given by Wojtaszczkyk
in [15], where the author proved that a basis in a quasi-Banach space is quasi-greedy
if and only if

lim ||x — G,(x)|| =0, Vx € X.
n—0o0o

From another point of view, the strongest property in terms of convergence of the
TGA is greediness ( [14]): a basis is greedy if there exists C > 0 such that

x — Gm(x)| < C inf lx — zll, Vm € N,Vx € X, VG (x).
zeX:|supp(z)|<m

Remark 2.3 Konyagin and Temlyakov proved in [14] that a basis in a Banach space is
greedy if and only if the basis is unconditional and democratic, and the characterization
was extended to quasi-Banach spaces in [2]. We recall that a basis B3 in a quasi-Banach
space X is K-unconditional with K > O if forall N € N,

< K

N
E apénp

n=1

’

N
Z buey,
n=1

whenever |a,| < |b,| forall 1 <n < N. Also, a basis is C-democratic with C > 0 if
ITall = Cli1gll, VIA| < |B]| < oo.
Our paper is concerned with almost greedy and partially greedy bases introduced

by Dilworth, Kalton, Kutzarova, and Temlyakov [11], and strong partially greedy
bases, introduced in [5].
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Definition 2.4 A basis B in a quasi-Banach space X is almost greedy if there exists
C > 1 such that

lx — Gn(x)|| < Copn(x),Vx € X,Vm € N,VG,,(x). 2.1

where 0, (x) = 6, [B](x) := inf{||x — P4(x)| : |A| = m}. If C verifies (2.1), then B
is said to be C-almost greedy.

The main characterization of almost-greedy bases was given in [11] where the
authors proved that a basis in a Banach space is almost-greedy if and only if the basis
is quasi-greedy and democratic.

Remark 2.5 Several papers have studied characterizations of almost greedy bases in
terms of other greedy-like properties, see for example [1, Theorem 3.3], [6, Theorem
1.10], [9, Theorem 1.12], [4, Corollary 4.3], [10, Theorem 5.4], [12, Theorems 3.2
and 3.6], and [11, Theorem 3.3]. Also, the extension of the main characterization of
almost-greedy bases in terms of quasi-greediness and democracy was extended in [2]
to the context of quasi-Banach spaces.

Definition 2.6 A basis B in a quasi-Banach space X is
(1) partially greedy if there exists C > 0 such that

[x =Gl = Cllx = Su()l, Vx € X, Vm € N, VG, (x). (2.2)
(2) strong partially greedy if there exists C > O such that

lx =G| < C min |x —S,x)|,Vx € X,Vm € N,VG,,(x). (2.3)
0<n<m

In [11], the authors characterized partially-greediness for Schauder bases in Banach
spaces as those bases verifying quasi-greediness and conservativeness, where the last
condition is exactly as democracy but taken A < B. Also, the same characteriza-
tion works for strong partially greedy bases for general Markushevich bases and the
extension for quasi-Banach spaces was proved in [7].

2.3 Main Results

The right sides of (2.2) and (2.3) measure the distance between x and the projection
of x onto the first consecutive vectors in B. Hence, it is natural to investigate a sim-
ilar condition without restricting the consecutive projection to these first terms. This
motivates us to introduce what we call consecutive almost greedy bases.

Definition 2.7 A basis B in a quasi-Banach space X is said to be consecutive almost
greedy (CAQG) if there exists C > 1 such that

x = Gm@) = Com(x),Vx € X,Vm € N,YG, (x),
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where
Om(x) = opu[Bl(x) = inf{|lx —Prx)|:1€Z, |Il=m}. 2.4)

The least such C is denoted by C,,,.

It is clear that 7, (x) < &, (x) < |lx — S (x) |, Vx € X, Vm € N, so we know that
almost greedy = consecutive almost greedy = partially greedy.

Given a basis B = (e;)nen and a bijection 7 on N, let By = (ex))neN be the
reordered basis corresponding to 7. Since the property of being a greedy set is not
affected by reorderings, it is easy to see that 3 is C-almost greedy if and only if B is
C-CAG for every bijection 7.

Theorem 2.8 Let B be a basis in a p-Banach space X. The following statements are
equivalent:

(i) Bis almost greedy.
(ii) There is C > 1 such that

Ix — Gn(x)| < Cor(x),Vx € X,Vm € N,VG,,(x),V0 < k <m.

(iii) B is CAG.
Moreover, if B is 1-CAG and p = 1, then B is 1-almost greedy.

Surprisingly, this first result shows that if 5, is CAG for just one bijection, then we
already have an almost greedy basis (though not necessarily with the same constant.)
In Example 3.5, we further show that this result is unexpected because &, (x) is not
bounded by 7, (x).

Next, we talk about almost greediness using 1-dimensional subspaces. In [8, Corol-
lary 1.8], the authors characterized greedy bases as those bases for which thereis C > 0
such that

[x — Gu(x)|| < Cinf{d(x,[14]): A CN, |A] =m},Vx € X,V¥m € N, ¥Gp (x).

A similar characterization was also proven for almost greedy Schauder bases in [13,
Theorem 2.15]: a Schauder basis is almost greedy if and only if there is C > 0 such
that for all x € X, we have

X = Pa, (I = Cd(x, [14])

forall A C N, |A| = m, either A > A, (x) or A < Ay (x). In the next proposition,
we shall use approximations involving both intervals and 1-dimensional subspaces to
characterize almost greedy bases.

Proposition 2.9 Let B be a basis of a quasi-Banach space X. The following statements
are equivalent:
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(i) B is almost greedy.
(ii) There is C > 0 such that, for everyx € X, m € N, and A € G(x, m),

lx — Pa(x)|| < Cinf{|lx —tlep| :t€R,|B| <m,BUA, signe}.

(iii) There is C > 0 such that, for every x € X and m € N, there is A € G(x, m) for
which

lx = PAa(x)|| < Cinf{||x —¢t17]|:t eR, 1 €Z,I <AorA < I,|I Nsupp(x)| < m}.

Remark 2.10 Note the contrast between Theorem 2.8 and Proposition 2.9: in the for-
mer, we limit the length of the intervals, whereas in the latter, we only limit the
cardinality of their intersection with the support of x. One may wonder whether there
is a characterization of almost greedy bases that strengthens Proposition 2.9 by limit-
ing the lengths of the intervals to the cardinality of the relevant greedy sets. Example
4.2 shows that there is no such characterization.

Finally, we study bases that satisfy a stronger condition than (2.3).

Definition 2.11 A basis is said to be super-strong partially greedy if there exists C > 0
such that

Ix = Gu @Il < Cop(x), 2.5)

where

X — E aney,

neA

Gn(x) = 6,[Bl(x) = inf {
apelF

:AC{l,...,m}}.

For Schauder bases, (2.5) is equivalent to both (2.2) and (2.3). Indeed, from definitions,
25 = 23) = (2.2).
Hence, we need only to verify that (2.2) = (2.5), i.e., there exists D such that
lx = Sm(x)] < Dém(x), Vx € X,Vm € N. (2.6)

Pickx e X,m e N, A C {1,...,m}, and (a,),eca C IF. Since our basis is Schauder,
we have

lx = Sm@)ll = (14+K)

X — E apey

neA

3

where K is the basis constant. Taking the infinum over all (a,),cr and over all subsets
A C{l,...,m}, we have (2.6).
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However, the equivalence does not hold in general if we drop the Schauder con-
dition, which we state as the following theorem. The theorem involves conditional
almost greedy bases, which are well-known to exist ( [3, Example 10.2.9].)

Theorem 2.12 Let B be a conditional almost greedy basis of a Banach space X. There
is a bijection w on N and x € X such that

b= Gu@ll _

meN, G (x) é:m [Bﬂ](x)

Therefore, By is strong partially greedy but is not super-strong partially greedy.

3 Consecutive Almost Greedy Bases

In this section, we show that a basis is consecutive almost greedy if and only if it is
almost greedy. For that, we will use an stronger property than democracy.

Definition 3.1 ( [14]) A basis in a quasi-Banach space is super-democractic if there is
C > 0 such that

[1eall = Clilsall, (3.D

for all finite sets A, B C N with |A| < |B| and all §, . Let A; be the smallest
constant for which the above inequality holds. Also, when ¢ = § = 1, we say that
B is A-democratic. If additionally, we require that A LI B, then the basis is said
to be disjoint super-democratic. The corresponding disjoint democratic and disjoint
super-democratic constants are Ay and Agg, respectively.

The next theorem shows the main characterization of almost greedy bases in quasi-
Banach spaces.

Theorem 3.2 Let B be a basis for a quasi-Banach space X. The following statements
are equivalent:

(i) B is almost greedy.
(ii) B is quasi-greedy and democratic.
(iii) B is quasi-greedy and super-democratic.
(iv) B is quasi-greedy and disjoint super-democratic.

Remark 3.3 The equivalences are proved in [11, Theorem 3.3] and [2, Theorem 6.3],

except for the implication disjoint super-democratic = super-democratic, but this is
clear since

Ieall < Awallpll < AZl1581,

for all sets A, B, D C Nwith |[A| = |D| < |B|, D > AU B, and signs &8.
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The next lemma was used in [12] without a proof and was proved for Banach spaces
in [1, Lemma 2.2] and for quasi-Banach spaces in [2, Lemma 6.2] under a different
formulation. For completeness, we include the proof.

Lemma 3.4 Let B be a C-almost greedy basis of a p-Banach space X. Then

Ix — Gu()| < C min & (x), ¥x € X, Vm € N, VG (x).
0<k<m

Proof Choose 0 < k < m.Let A C N with |A| = k. We show that |[x — G, (x)| <
C|lx — P4(x)|| for an arbitrary G,,(x). Choose By C Nsuchthat By > N, By U A,
and |By| = m — k. By C-almost greediness and p-convexity, we have

x = Gm@)I” = CPllx = Pa(x) — Py (O)II” = CPllx = Pa()II” + CP|| Py ()11

Let oy = max,~n |e;(x)|, which approaches 0 as N — ooc. Then

1
| Py ()| < mPanycy — Oas N — oo.

Therefore, ||x — G (x)]| < Cllx — Pa(x)]], as desired. ]

Proof of Theorem 2.8 That (i) — (ii) follows at once by Lemma 3.4, whereas (ii)) —>
(iii) is immediate. To prove (iii)) = (i), we use one of the equivalences of Theorem
3.2.

First, we prove that B is quasi-greedy: pick x € X and m € N, and let I,, :=
{(n+1,...,n+m}forall n € N. Since B* is weak™ null and B is bounded, we have

I¥ = Gu (Il = Ceallx = P, ()l —= Caallx|l

Hence, B is C¢-suppression quasi-greedy with C; < Cq.
Next, we prove that 3 is democratic: choose finite sets A, B C N with |A| < |B]|.
Let I1, I € T such that A C Ij and || = |B|. We have

ITall = 1Ay +1p) — Apa + 1)l < Ceall(Iyy + 1) =151 = Cealllpll.
On the other hand,
Ipll = 1A, +1p) =1l < Ceall(Ap, +18) — 1]l = Cealllpll.

We have that ||[14]| < Cga II1p] and so, B is democratic.

Finally, if X is a Banach space, we show that a 1-CAG basis is 1-almost greedy. Fix
x € Xwith [[x[lec < 1,and k, j ¢ supp(x), k # j, and signs g, ¢;. For all € > 0, we
have

[[x + exexll = ||X+€kek+(1+6)€j€j—(1+6)8jej|| < ||X+(1+6)8j€j||.
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Since € is arbitrary, it follows that
lx + ererll < llx +¢€je;ll. (3.2)

An inductive argument using (3.2) combined with [1, Theorem 1.5] gives that B is
1-almost greedy. O

Example 3.5 We use the canonical basis of £| to show that

5m(x)
sup = = o0
xeX,meN Om (x)

which makes Theorem 2.8 quite surprising. We show that for any C > 1, there are
x € Xand m € N satisfying Co,,(x) < 7,,(x). Indeed, fix C > 1 and choose m € N
and a real scalar a such that a(m — 1) > C. Consider the following vector:

1 1 1 1

x=\|la,—,...,—,...,4, —,...,—,0,0,...
m2 m2 m2 m2
— —— ——— ——
m times m times
1 1 . . .
There are m blocks of a, S T Removing all the coefficients of magnitude a,
m m
—_— —
m times
we have
~ 2 _
on(x) < m c— = 1.
m

In contrast, by the definition of &,,(x), we cannot remove more than one coefficient
of magnitude a; hence,

om(x) > (m—1a > C.

Therefore, 5, (x) > Co, (x).

4 Characterizations of Almost Greedy Bases Using Intervals and
1-Dimensional Subspaces

In 2017, Bernd and Blasco [8] characterized greedy bases, that is, bases where the
TGA produces the best possible approximation (see [14]), using 1-dimensional sub-
spaces. Later, Dilworth and Khurana [13] obtained an analog for almost greedy bases.
Recently, the last two authors of the present paper [9] allowed the coefficients of a
nonzero vector in these 1-dimensional subspaces to be different and examine whether
these characterizations still hold. Below we prove Proposition 2.9 which characterizes
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almost greedy bases using both intervals and 1-dimensional subspaces. Furthermore,
we show that it is not possible to strengthen the result in a natural way.

Proof of Proposition 2.9 (i) = (ii): Let B be a C,-almost greedy basis. By Theorem
3.2, B is C;-quasi-greedy, C,-suppression quasi-greedy, and Agg-disjoint super-
democratic for some Cy, C¢, Agg > 0. Assume B # ) and Pa(x) # x. Let
mp = |B| and @ := min,cyg |e,(x)]. We consider two cases: if || < 2a, pick
A1 e G(x —tlgg,my). Since m; <m = |A| and

A C (neN:lei(x —tlyp)| > a},

it follows that

. t
b = min |ej(x —tlep)| > a > u
neA 2

Now pick D > A1 U B with |D| = m. Note that

bilpll

1b1p + Pa,(x —tlep) — Pa, (x — t1gp)ll
CullPa;(x —t1ep)|l < CuCyllx —t1gpll.

IA

Hence,
tlepll < 2bAsalllpll = 2A,aCaCylix — t1ep].
On the other hand, if |¢| > 2a,

t
e —tLp)| = 1] — e = il —a > %,Vneza.

Thus, there is A, € G(x — tl.p, m) with

. |7]
min |e,(x —tlgp)| > —.
neA2|n( eB)| = >

Hence, the same argument as above gives
t1e,Bll = 2A5aCaCyllx — 11epll.

Therefore,

A

Ix = PA)IIP < CIxIIP < C]llx —tlepll? + Cllt1ep)”

Clllx — t1.g]1” + (2CeCyCalAsa) Ix — t1spI7,

IA

1
from which we obtain (ii) with C = C¢(1 +27C{C{12 )7
(ii) = (iii) is immediate.
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(ili) = (i): By Theorem 3.2, it is enough to prove that B is quasi-greedy and
democratic. To prove the former, fix x € X\{0}, m € Nand A € G(x,m). By a
standard small perturbation argument and density, given € > 0, we can find y € X
with ||[x — y|| < €]lx]|| such that G(y, m) = {A}. Hence, taking I to be the empty
interval, we get

lx = Pa@)NI” < llx = ylI? + 11Pax) = PaWIP + lly = PaWII?
< e =ylIP + 1Pa(x) = PaWII” + CPlly — x|I” + CP[lx||”
< eP(L+|Pall” +CP) + CPIx|IP.

Since € is arbitrary and A is finite, this shows that B is C-suppression-quasi-greedy.

To prove that B is democratic, choose finite sets A, B C N with 0 < |A| < |B].
Pick I} € Tsothat I} > AU B and |I;| = |B|, and let I; € Z be the smallest interval
containing A. For every € > 0, projecting on I gives

Al = s+ A+, — A+l < CA+g]l.
Similarly, projecting on /] gives
Il = 1 +d+e)lp -0 +e)lpll = CA+e)llal.
Thus, B is C2-democratic. O

We give an example showing that we cannot replace the condition |/ Nsupp(x)| < m
by |I| < m in item (iii) of Proposition 2.9. In fact, even if

lx = Pa)|l = Cllx — yl 4.1

forallx € X, m € N, A € G(x,m), and all y € X with supp(y) C I for some
I € T such that I Ui A, the basis may not even be partially democratic.

Definition 4.1 A basis B of a quasi-Banach space is C-partially democratic for some
C > 0 if for every finite set A C N, there exists a finite set D C N such that A C D
and for every B C N\ D with |A| = | B|, we have

ITall = Cli1gl.
Example4.2 Choose 1 < p < g < oo. The space X = £, x £, with the norm

Iz, I = max(|lzll p, lyll4) has an 1-unconditional basis for which (4.1) holds but
is not partially democratic.

Proof Let Bi = (24)nen and By = (¥u)nen be the canonical unit vector bases of £,
and £, respectively. Choose a sequence (sy)ren C N so that for eachm € N,

smo > (m~+DYPand sy > 1+ 25,
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and let B = (ep)nen be an ordering of the basis {(z;, 0), (0, y;)}i, jen with the fol-
lowing property: for each n € N, there is i € N such that e, = (z;, 0) if and only if
n = sy for some k € N.

Since both B and B, are 1-unconditional, B3 is 1-unconditional. Moreover, B is
not partially democratic because it has one subsequence equivalent to 3; and one
equivalent to 3. We show that (4.1) holds for B. Pick x, m, A, I, y as in (4.1). First
note that by 1-unconditionality, we have

lx =yl = llx = Pr)]-
Hence, we only need to find C > 0 such that
lx — PAx)| < Cllx — Prx)ll, 4.2)

and which is independent of the vectors and sets involved. To thatend, assume P4 (x) #
x, write x = (z, y), and set

Al = AN{sr}ren and Ar := A\Ay;
By = I N{sg}ren and By := I\By;

a min |e) (x)].
neA

Now define finite sets A}, A}, B}, Bj so that

(Pa;(2),0) = Pa,(x);
(Pp(2),0) = Pp,(x);
(0, Pyy (y)) = Pay(y);
0, Pg;(y)) = Pp,y(¥).

We proceed by case analysis.
Case 1 If || P;(x)]| < |lx|l/2, then

lx = Preoll = lxll/2 = [lx — Pa(o)ll/2.

Case 2 If 1Pg, (Mg > llxl/2 and |Bj| < 2|A}], then

\%

1 _1 1
Ix = Preoll = Ny = Peyllqg = 1P4, Mg = alAjle = 27 9alBy|s

_1_ 4
24 x = Pa()]l.

v
v

_1 _1_ 4
2 1 PgMllg > 2 ¢ x|
Case 3 If ||PBé(y)||q > |lx|l/2 and |B;| < 2|A]], then
1 _1 1
Ilx = Preoll = llz = Pg@llp = 1P4, @I, = alAjl? = 27 7a|By|?
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1 1 _1 _1_ 4 _1_
> 2" 7alByl1 = 2 PP DIl > 27 llxll = 2 7 flx = Pa(x)].
Case 4 If 1P ()N p > NIxll/2 and |Bj| < |A]l, then

llx = Prx)ll

\

1 1
15 A
Iz = Pp I, = I1Pa(Dllp = alAy[P = alBi|?

1Pg; ()lp > lIxll/2 = llx = PaC)l/2.

v

Case 5 If 1P p > llxll/2, |B| > |A}l, and |B{| > 2, let ko := max{k € N :
sr € Bi}. We have

q
|A5] > |By| = I\ Bil > sk, — Skg—1 — 1 > Skg—1 = siB; =1 > |B1|?.
Hence,
At 1
lx = Proll = lly = PgyWllqy = [1Pa,Mllq = alAzle = alBil» = [P (2)lp

v

xll/2 = llx — Pa()ll/2.

Case 6 If ”PB{ (@lp > lx/2 and |Bj| = 1, then
lx = Pa)ll = lixll = 21Pp (Dllp = 2a < 2|lx = P10,

where the last inequality follows from the fact that for each n € A, |e}; (x — P;(x))| =

le, ()] = a.
Given that
1P|l = max{||Pg; (g, [ Pg (2l p},
we have covered all cases, so the proof is complete. O

5 A Strong Partially Greedy Basis that is not Super-Strong Partially
Greedy

Proof of Theorem 2.12 Since B = (e;,),>1 is not greedy, one can find y; € X, m; € N,
Ay € G(y1, m1), and z1 € X with | supp(z1)| < m such that

Iyt = Pa, DI > 2lly1 — 21l

By scaling, we may assume that ||y;|| < 2~!. Moreover, by standard small perturba-
tions and density arguments, we may assume further that there is /1 > m such that

supp(y1) = {1,...,/1} and that | supp(z1)| = m;.
Note that for each m € N, B,,, := (e;)n>m 18 a conditional almost greedy basis of
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Xy = [By]. In particular, taking m = [;, we can find y; € X, with ||y < 272,
my € N, Ay € G(y2, m2), and z» € X;; with | supp(z2)| = m3 such that

ly2 — Pa, vl > 2%01y2 — 22l

As before, we may also assume that there is /> > my such that supp(y2) = {l; +
1, ..., 11 + bb}. Moreover, by scaling, we can choose y; so that

max |ef(y2)| < min |ef(yp)]and [y2]] < 27%y1 — 21l
nesupp(y2) nesupp(y1)

In this manner, inductively we construct sequences (Vi) reN, (Zk)keN> i) keN> (Ui)keN
and (Ay)ren such that, for all k € N,

1 < my <
Ar € G(yk, mp);

lyell < 27% and [lyeerll < 274D min Jly; — z5); 5.1
1<j<k

lye — Pa, Ol > 280y — zells

max |e;(vir1)| < min e, (yo)l; (5.2)
nesupp(yi+1) nesupp(yk)
suppye) = {1 Y L+l Y It (5.3)
1<j<k—1 1<j<k

Define

x = w

keN

and, for each i € N, set

i = ) yesi= ) I Bi=AUKeN:1<k<si),

1<k<i 1<k<i

where so = 0. Note that for eachi € N,

supp(ui) = {1,...,si};
Bit1 = supp(ui) U Aij+1 C supp(ui+1).

Moreover, it follows from (5.2) and (5.3) that B;+1 € G(ui+1, si +mit+1) = G(x, s;+
m;41) for each i € N. Note that

luis1 — Py is DIl = yiset — Paroy Gie DIl > 27 yigr — zipall. (5.4)
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Now we define the bijection 7: for each j € N, let 7r; be a bijection on {s;_ +
1,...,s;} such that

{mjk) :sj—1+1 <k <sj_1+mj} = supp(z;).

and let w (k) :==m;(k)if s; 1 + 1 < k < s;. It follows from this choice that, for each
ieN,

suppig, 1 (Ss; (Wi+1) + Zit1)
{1, ... si +mip1} (5.5)

supp;g, 1(Ss; (¥) + zi+1)

Since greedy sets are preserved by reorderings, we have that B;+1 € G(uj+1, i +
mi4+1) = G(x, s; + m;41) with respect to B, as well.
Note also that

S [Bx1(y) = Ss[Bl(y),Vy € X,Vi € N.

Thus, applying (5.1) and (5.4) to B, we obtain

lx — Ppp I = llx — Py (uir DIl = Nuit1 — Py ir DI — l1x — uiall
- B .
> 2y =zl = Y 27"y — ziall = 2yip — zisa -
n>i+2
On the other hand,
lx — Ss; (%) — zit1ll = llx — Ss; (Ui+1) — zi+1ll
< luit1 — Ss; @i+1) — ziv1ll + lx — wip1 |

IA

yier = zigi 4+ Y 27" 1yirn — zistl
n>i+2

< 2/lyiv1 — zit1ll.
Combining the above inequalities for i > 2, we obtain
lx — Pp (Ol > 277 Mlx = S5, (x) — zig1ll = 27165 4m, [Br 1 (x),

and the proof is complete. O
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