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1 Introduction

The propagation of superstrings in AdS3×S3× T 4 (or K3) backgrounds has become one of
the most fruitful frameworks for exploring the AdS/CFT correspondence. Unlike for the case
of AdS5×S5, perhaps the other prototypical model for studying holography, identifying the
corresponding dual quantum field theory has been an elusive task.1 Nevertheless, the AdS3
case outperforms the higher-dimensional one in that it provides a scenario in which one can
describe a wide range of exciting phenomena beyond the supergravity limit. Indeed, one has
access to a worldsheet description which is, in principle, exactly solvable [3–8]. The relevance
of this model has recently increased due not only to multiple advances in the computation
of string correlation functions [9–11] and the construction of the associated tensionless

1In fact a precise albeit perturbative definition has been provided only recently in [1], a proposal that
was further tested in [2].
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limit [12–14], but also because of the role they play in the microscopic description of black
holes [15–19]. The study of string correlation functions in this context has revealed crucial
information about fundamental aspects of holography [20, 21] and black hole phenomena [22–
26], as well as single-trace T T̄ and JT̄ deformations of 2d CFTs and holography beyond
AdS [27–30], and even condensed matter [31].

Although the determination of the spectrum and the calculation of correlators in the
S3 bosonic sector can be considered canonical, being the associated sector of the worldsheet
CFT a conformal rational model, the AdS3 sector presents several unusual features, mainly
due to the fact that the underlying conformal field theory is a Wess-Zumino-Witten (WZW)
model built upon a non-compact Lorentzian target space, i.e. the universal cover of SL(2,R).
A consistent set of physical states necessarily involves the non-trivial action of the so-called
spectral flow automorphisms [6]. Consistency of the conjectured spectrum was strengthened
after determining the associated partition function [7]. As opposed to the rational case,
spectral flow gives rise to representations that are inequivalent to the canonical ones, which
encompass, in particular, a continuum of long string configurations, namely the states
describing strings that can reach the asymptotic boundary while remaining finite in energy.

Spectral flow also plays a crucial role in the short-string sector of the theory. Focusing
on the supersymmetric version of the AdS3 × S3 × T 4 model, when the AdS scale is larger
than the string scale this sector contains the operators that are dual to chiral primaries of
the spacetime theory. One can think of these operators in terms of the symmetric orbifold
CFT SymN

(
T 4), which lives in the same moduli space. Here N = n1n5 is identified in terms

of the number of NS5-branes and fundamental strings sourcing the near-horizon geometry.
The unflowed sector of the worldsheet theory describes a subset of these operators, i.e. those
with low-lying spacetime weights H < n5/2. As it was shown in [32, 33], (almost) all of the
remaining chiral primaries correspond to spectrally flowed operators. The precise form of
the corresponding vertex operators was provided in [34].

The systematic computation of correlation functions for the bosonic string in pure AdS3
was initiated in [8]. Several of the papers that continued this line of work [35–43] dealt with
the calculation of correlators in the basis in which the Cartan current is diagonal. This so-
calledm-basis is best suited for performing the spectral flow operation. Correlation functions
in this representation have proven to be useful for describing string interactions both in
AdS3 and in related cosets [16, 24, 25] from a worldsheet perspective. Other papers deal
with alternative bases, such as the so-called t-basis [44] or the x-basis [3, 9, 33, 34, 45, 46].
The latter is best suited when it comes to holographic applications of the theory, as
the continuous parameter x is identified with the (holomorphic) coordinate on the AdS3
boundary where the holographic CFT is defined. As m and x are conjugate variables,
integrated vertex operators in the x-basis are local in spacetime, and they can be expressed
as a sum over (an infinite number of) m-basis fields, i.e. their spacetime Virasoro modes.

Vertex operators with non-trivial spectral flow charges are not affine primaries. Their
complicated OPEs with the affine currents, together with the fact that the spectral flow
charge is not a conserved quantity, render the computation of correlation functions involving
these operators rather complicated. In the bosonic theory, a number of papers [45, 46] have
managed to compute certain subfamilies of their x-basis three-point functions by using
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and further developing some techniques introduced in [8]. More recently, an interesting
novel approach was developed in [2, 9, 10], based on a set of Ward identities arising in
spectrally flowed sectors, leading to a number of conjectures regarding the analytic structure
of spectrally-flowed correlators for more general configurations. The relation between these
complementary methods was recently clarified in [11].

We will be interested in three-point functions of spectrally-flowed operators in the
supersymmetric AdS3×S3×T 4 model. Some of these, involving short strings and conserving
the total amount of spectral flow, were discussed in [34]. Two major new issues that, unlike
the bosonic cases, must be carefully treated, emerge in this context. On the one hand, the
collusion of AdS3 and S3 strongly impacts the definition of the physical spectrum. Both the
GSO projection and BRST invariance constrain the consistent configurations contributing
to the supersymmetric model. They require, in particular, the introduction of spectral flow
on the 3-sphere when dealing with discrete states. On the other hand, the picture-changing
procedure one needs to implement to cancel the background ghost charge in the RNS
formalism renders the computation of bosonic correlators involving affine current insertions
necessary. These have not been determined so far, as they cannot be derived in the usual
way due to the peculiar properties of the spectrally flowed states, which produce many
unknown terms in their OPEs with the currents. They are moreover required in order to
complete the study initiated in [34] for three-point functions of spacetime chiral primaries
from the worldsheet CFT. These constitute protected quantities [47], which can and should
be matched with the exact results obtained from the symmetric orbifold CFT2 [33, 50, 51].

In this paper, we address an important gap in the literature by providing explicit
expressions for these correlation functions. We first develop a method for dealing with
bosonic correlators involving the relevant affine current insertions in the m-basis, based
on [8, 52]. The computation is done for arbitrary spectral flow assignments, that is, we
compute all descendant three-point functions of the form

〈
[
ja,ω1V ω1

h1,m1

]
V ω2
h2,m2

V ω3
h3,m3

〉 , (1.1)

where ja and V are the bosonic currents and spectrally flowed primaries, respectively. As
already mentioned, these expressions are not only relevant from a pure AdS3 perspective,
but they can be useful in the context of other related coset models. Next, in order to deduce
the corresponding results for operators in the spacetime representation, we follow a path
similar to that introduced in [8] and further developed in [46]. Although we are not able to
obtain the x-basis correlators in full generality, as was the case in [46], we compute this
kind of three-point functions for a wide range of spectral flow assignments. More precisely,
we focus on the NS-NS sector of the worldsheet theory, and compute

〈V(0)
h1

(x1)Vω2
h2

(x2)Vω3
h3

(x3)〉 , (1.2)

where Vω are the supersymmetric vertex operators and h are their spacetime weights,
while the superscript “(0)” stands for the ghost picture-zero version of the corresponding
unflowed operator.

2This matching was recently completed in [48] for the somewhat special case of n5 = 1 [14], whose
worldsheet theory must be formulated in the so-called hybrid formalism [49].
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We then show that the precise matching with the holographic CFT results holds for the
associated families of chiral primary correlators as well, thus extending the analysis of [34].
Although somewhat restrictive, our results further allow us to explore, for the first time,
how processes, where the background emits/absorbs a unit of fundamental string charge
take place within the supersymmetric model with n5 > 1.

The paper is organized as follows. In section 2, after reviewing some basics about
superstring theory in AdS3 × S3 × T 4, we re-compute explicitly all unflowed bosonic three-
point functions involving descendant insertions, both in the m and in the x basis, obtaining
the unflowed three-point functions in a way that is well suited for the generalization to the
spectrally flowed cases. In section 3 we discuss in detail the vertex algebra in spectrally
flowed sectors and the so-called series identification. We define field operators for both short
and long strings and their ghost picture-zero versions. We also compute the corresponding
two-point functions. Then, in section 4, we extend the computation of three-point correlators
in the m basis to arbitrary spectrally flowed insertions by introducing a method for dealing
with bosonic correlation functions with descendant insertions. We also compute three-point
correlators in the x basis. Finally, in section 5, we present our concluding remarks.

2 Superstring theory on AdS3 × S3 × T 4

We start by briefly reviewing the relevant aspects of superstring theory on AdS3 × S3 × T 4,
the near-horizon region of the background sourced by n5 NS5-branes and n1 fundamental
strings. The main building block of the worldsheet theory is given by the SL(2,R)-WZW
model introduced in [3, 6–8]. The supersymmetric extension was investigated in [4, 5, 32],
while the corresponding extremal correlators were studied in [33, 34, 53].

2.1 Basic definitions

The propagation of strings in AdS3 × S3 × T 4 is described in terms of a product of
supersymmetric SL(2,R) and SU(2) affine algebras at level n5, whose currents and fermions
will be denoted as Ja, ψa, Kα and χα, respectively, with a, α = 0, 1, 2. They satisfy
the OPEs

Ja(z)Jb(w) ∼
n5
2 η

ab

(z − w)2 + iεabcJ
c(w)

z − w
, (2.1a)

Ja(z)ψb(w) ∼ iεabcψ
c(w)

z − w
, (2.1b)

ψa(z)ψb(w) ∼
n5
2 η

ab

z − w
, (2.1c)

and

Kα(z)Kβ(w) ∼
n5
2 δ

αβ

(z − w)2 + iεαβγK
γ(w)

z − w
, (2.2a)

Kα(z)χβ(w) ∼ iεαβγχ
γ(w)

z − w
, (2.2b)

χα(z)χβ(w) ∼
n5
2 δ

αβ

z − w
, (2.2c)
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where ε012 = 1 ηab = ηab = (− + +), and δαβ = δαβ = (+ + +). We will mostly use the
ladder operators J± = J1 ± iJ2, and similarly for K±, ψ± and χ±. The supersymmetric
currents split as

Ja = ja + ĵa , Kα = kα + k̂α, (2.3)

where ja and kα generate bosonic affine algebras SL(2,R)k and SU(2)k′ with shifted levels
with levels k = n5 + 2 and k′ = n5 − 2, while

ĵa = − i

n5
εabcψ

bψc , k̂α = − i

n5
εαβγχ

βχγ (2.4)

generate fermionic SL(2,R)−2 and SU(2)2 algebras. Finally, we also have the free bosons and
fermions associated with the T 4 directions, which will be denoted as Y i and λi, respectively,
with i = 6, . . . , 9.

It will also be useful to use the bosonized forms for the SL(2,R) and SU(2) fermions.
We consider canonically normalized bosonic fields HI , with I = 1, . . . 5, and introduce

ĤI = HI + π
∑
J<I

NJ , NJ ≡
∮
i∂HJ , (2.5)

where the number operators NI are introduced in order to keep track of the cocycle
factors, with

eiaĤIeibĤJ = eibĤJ eiaĤI eiπab , if I > J . (2.6)

The bosonization of ψa and χα then reads

i∂Ĥ1 = 1
n5

ψ+ψ− , i∂Ĥ2 = 1
n5

χ+χ− , i∂Ĥ3 = 2
n5

ψ0χ0 , (2.7a)

i∂Ĥ4 = iλ6λ7 , i∂Ĥ5 = iλ8λ9 , (2.7b)

where Ĥ†I = ĤI for I 6= 3 and Ĥ†3 = −Ĥ3. Conversely,

ψ± =
√
n5 e

±iĤ1 , χ± =
√
n5 e

±iĤ2 , λ6 ± iλ7 = e±iĤ4 , λ8 ± iλ9 = e±iĤ5 ,

(2.8a)

ψ0 =
√
n5
2

(
eiĤ3 − e−iĤ3

)
, χ0 =

√
n5
2

(
eiĤ3 + e−iĤ3

)
. (2.8b)

In the remainder of the paper we will mostly omit the hats and explicitly include the phase
factors only if necessary.

The stress tensor and the supercurrent of the matter sector of the worldsheet CFT
derived from the Sugawara construction are

T = 1
n5

(jaja − ψa∂ψa + kaka − χa∂χa) + 1
2
(
∂Y i∂Yi − λi∂λi

)
, (2.9)

G = 2
n5

(
ψaja −

1
3n5

fabcψ
aψbψc + χaka −

1
3n5

f ′abcχ
aχbχc

)
+ i λi∂Yi . (2.10)

We also have the standard bc and βγ ghost systems, leading to the BRST charge

Q =
∮
dz

[
c (T + Tβγ)− γ G+ c(∂c)b− 1

4bγ
2
]
. (2.11)
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The βγ system is also bosonized as

β = e−ϕ∂ξ , γ = ηeϕ , (2.12)

where ϕ(z)ϕ(w) ' − ln(z − w) has background charge 2, and ξ(z)η(w) ∼ (z − w)−1. The
spacetime supercharges can be written as

Qε =
∮
dz e−ϕ/2Sε , Sε = exp

(
i

2

5∑
I=1

εIHI

)
, (2.13)

where Sε are spin fields and εI = ±1. These are constrained by ε1ε2ε3 = ε4ε5 = 1 due to
BRST-invariance and mutual locality, giving the supercharges of the spacetime N = (4, 4)
superconformal algebra. Moreover, the R-symmetry of the boundary theory is generated by
the worldsheet SU(2) currents.

2.2 Vertex operators in the unflowed sector

Let us define the physical vertex operators. We will mostly follow the conventions of [33,
34, 53]. We also focus on the holomorphic part of the theory, omitting the anti-holomorphic
dependence in most of the expressions below.

Since bosonic and fermionic currents commute, vertex operators factorize into a product
of bosonic primaries and free fermions. Let Vh(x, z) be an SL(2,R)k primary field of weight

∆h = −h(h− 1)
n5

, (2.14)

and spin h. It satisfies

ja(z)Vh(x,w) ∼ −
Da
x,hVh(x,w)
z − w

, (2.15)

with
D−x,h = ∂x, D0

x,h = x∂x + h, D+
x,h = x2∂x + 2hx (2.16)

The fields Vh(x, z) are defined in the so-called x-basis, the x variable being identified
holographically with the complex coordinate of the boundary theory [5]. Their spacetime
modes then correspond to the m-basis operators

Vhm(z) =
∫
d2xxh+m−1x̄h+m̄−1Vh(x, z). (2.17)

The bosonic currents OPEs with the fields Vhm(z) are

ja(z)Vhm(w) ∼ (m− a(h− 1))Vh,m+a(w)
z − w

, a = 0,±1 . (2.18)

The relevant unflowed representations of the zero-mode algebra are

- Principal series discrete representation of lowest/highest-weight: these are
built by acting with j±0 on the state |h,±h〉 (created by Vh,±h(0) acting on the
vacuum), which is annihilated by j∓0 :

D±h =
〈
|h,m〉 ,m = ±(h+ n), n ∈ N

〉
. (2.19)
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Note that for operators in D±h one can invert (2.17). Indeed, the (residues of the)
poles located at x = 0 give states in the highest-weight representations, namely

Vh(x, z) =
∞∑

m,m̄=h
x−h−mx̄−h−m̄Vh,m(z) . (2.20)

Conversely, operators in the lowest-weight representation give the power-series expan-
sion around x =∞. In particular, we have

Vh,−h(z) = Vh(x = 0, z) , Vh,h(z) = lim
x,x̄→∞

|x|4hVh(x, z). (2.21)

- Principal continuous series: these are given by

Cαh =
〈
|h, α,m〉 , α ∈ [0, 1), h = 1

2 + is, s ∈ R,m = α+ n, n ∈ Z
〉
. (2.22)

It was shown in [6] that the spectrum of the SL(2,R)k-WZW model is built out of continuous
and lowest weight representations with

1
2 < h <

k − 1
2 (2.23)

together with their spectrally flowed images, defined below.
The bosonic SU(2)k′ WZW model has primary fields Wl,n with n = −l, . . . , l and weight

∆l = l(l + 1)
n5

, (2.24)

where the spin l is bounded by [54]

0 ≤ l ≤ k′

2 . (2.25)

The OPEs with the currents kα are given by

k0(z)Wl,n(w) ∼ nWl,n(w)
z − w

, (2.26a)

k±(z)Wl,n(w) ∼ (l + 1± n)Wl,n±1(w)
z − w

. (2.26b)

Similarly to the SL(2,R) case, one can make use of the isospin variables y, with

Wl(y, z) =
l∑

n=−l
yl−nWl,n(z), (2.27)

so that eqs. (2.26) read

kα(z)Wl(y, w) ∼ −
Pαy,lWl(y, w)

z − w
, (2.28)

where
P−y,l = −∂y , P 0

y,l = y∂y − l , P+
y,l = y2∂y − 2ly. (2.29)
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The properties of SL(2,R) and SU(2) bosonic primary operators can be written com-
pactly in the following form:

J(x1, z1)Vh(x2, z2) ∼ j(x1, z1)Vh(x2, z2) ∼ 1
z12

[
x2

12∂x2 − 2hx12
]
Vh(x2, z2), (2.30a)

K(y1, z1)Wl(y2, z2) ∼ k(y1, z1)Wl(y2, z2) ∼ 1
z12

[
y2

12∂y2 + 2ly12
]
Wl(y2, z2), (2.30b)

where x12 = x1 − x2, and we have introduced the currents

J(x, z) = −J+(z) + 2xJ0(z)− x2J−(z) = j(x, z) + ĵ(x, z), (2.31a)
K(y, z) = −K+(z) + 2yK0(z) + y2K−(z) = k(y, z) + k̂(y, z), (2.31b)

which satisfy

J(x1, z1)J(x2, z2) ∼ n5
x2

12
z2

12
+ 1
z12

[
x2

12∂x2 + 2x12
]
J(x2, z2) (2.32)

K(y1, z1)K(y2, z2) ∼ −n5
y2

12
z2

12
+ 1
z12

[
y2

12∂y2 + 2y12
]
K(y2, z2) (2.33)

It will be useful to work similarly with the fermions

ψ(x, z) = −ψ+(z) + 2xψ0(z)− x2ψ−(z), (2.34a)
χ(y, z) = −χ+(z) + 2yχ0(z) + y2χ−(z), (2.34b)

for which

J(x1, z1)ψ(x2, z2) ∼ ĵ(x1, z1)ψ(x2, z2) ∼ 1
z12

[
x2

12∂x2 + 2x12
]
ψ(x2, z2), (2.35a)

K(y1, z1)χ(y2, z2) ∼ k̂(y1, z1)χ(y2, z2) ∼ 1
z12

[
y2

12∂y2 + 2y12
]
χ(y2, z2), (2.35b)

as expected for fields with SL(2,R) spin h = −1 and SU(2) spin l = 1, respectively.
In the supersymmetric theory, unflowed vertex operators that belong to the continuous

series representations are projected out by GSO due to their tachyonic nature. Physical ver-
tex operators polarized in the SL(2,R) and SU(2) directions belonging to the unflowed sector
are given in [33, 53, 55]. We focus on operators dual chiral primaries of the holographically
dual CFT,3 namely

Vh;l(x, y) = e−ϕΦh;l(x, y)ψ(x), (2.36a)
Wh;l(x, y) = e−ϕΦh;l(x, y)χ(y). (2.36b)

3There are additional families of physical operators in the NSNS sector which are not dual to chiral
primaries. We will not discuss them in this paper due to the fact that their three-point functions are
not protected by supersymmetry. In any case, it would be interesting to use the techniques developed
here to compute the corresponding three-point functions in order to compare them with the correlators
in the recent proposal of [1] for the holographic dual. Indeed, and as opposed to the usual symmetric
orbifold theory considered for instance in [33, 53], this is conjectured to be the dual CFT at the same
point in the moduli space where the worldsheet theory is defined, so that one should also be able to match
non-protected quantities.
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where Φh;l(x, y) = Vh(x)Wl(y) and the exponential of the free boson ϕ comes from the ghost
sector of the theory. The worldsheet dependence is omitted. These operators have definite
(supersymmetric) spins (H,L) = (h− 1, l) and (H,L) = (h, l + 1), and represent massless
excitations polarized in the AdS3 and S3 directions, respectively. Recall that one must also
include fermion excitations in the anti-holomorphic sector. The Virasoro conditions impose

h(h− 1) = l(l + 1) , (2.37)

which is solved by setting h = l + 1 (the second solution falls outside of the range (2.23)).
Therefore, we will omit the subscript l assuming this relation. In both cases, H gives the
corresponding spacetime weight and, since H = L with L the spacetime R-charge, these are
chiral primary operators of the boundary theory.

From now we will focus our attention on Vh. The treatment for Wh is analogous. Using
the relation (2.17) it is possible to express Vh in the m-basis. Explicitly, we have

Vh,m(y) =
∫
dxxH+m−1Vh = e−ϕ (Vhψ)h−1,mWh−1(y), (2.38)

with
(Vhψ)h−1,m = −ψ+Vh,m−1 + 2ψ0Vh,m − ψ−Vh,m+1, (2.39)

and where we have once again ignored the anti-holomorphic sector.

2.3 Two-point functions

The string theory two-point function factorizes into bosonic, fermionic and ghost contri-
butions. The latter is given by 〈e−ϕ(z1)e−ϕ(z2)〉 = z−1

12 . The SL(2,R) two-point function is
given by [56]

〈Vh1(x1, z1)Vh2(x2, z2)〉 = 1
z
−2h1(h1−1)/n5
12

[
δ2(x1 − x2)δ(h1 + h2 − 1) +B(h1)δ(h1 − h2)

x2h1
12

]
(2.40)

where [3, 8]

B(h) = −ν
−2h+1

πb2
γ
(
1− b2(2h− 1)

)
, γ(x) = Γ(x)

Γ(1− x̄) , b2 = n−1
5 , (2.41)

and ν is an arbitrary constant. As for the fermion propagator, we recall that the x- and
z-dependence of the propagator is fixed by worldsheet and spacetime Ward identities. ψ(x, z)
is a primary field of spin h = −1 and worldsheet weight ∆ψ = 1/2 with respect to the
SL(2,R)−2 algebra generated by the currents ĵa. Making use of eq. (2.21), we have

lim
x2→∞

x−2
2 〈ψ(x1 = 0, z1)ψ(x2, z2)〉 = 〈ψ+(z1)ψ−(z2)〉 = n5

z12
, (2.42)

such that

〈ψ(x1, z1)ψ(x2, z2)〉 = n5
x2

12
z12

, (2.43)
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as expected. On the other hand, the SU(2) contributions read

〈Wh1−1(y1, z1)Wh2−1(y2, z2)〉 = δh1,h2
y

2(h1−1)
12

z
2h1(h1−1)/n5
12

, (2.44)

and
〈χ(y1, z1)χ(y2, z2)〉 = −n5

y2
12
z12

. (2.45)

The full two-point functions then take the form

〈Vh1Vh2〉 = δ(h1 − h2)n5
B(h1)
z2

12

(
y12
x12

)2H1

, (2.46)

where H1 = h1 − 1, and

〈Wh1Wh2〉 = −δ(h1 − h2)n5
B(h1)
z2

12

(
y12
x12

)2H1

, (2.47)

with H1 = h1. Note that the first term of the r.h.s. of eq. (2.40) does not contribute to the
short string two-point functions. The factor δ(h1 + h2 − 1) imposes h1 + h2 = 1, which can
not be archived if both hi are in the range (2.23).

2.4 Picture changing and three-point functions

In order to compute string three-point functions in the NS sector of the theory it is
necessary to obtain the ghost picture-zero version of the above vertex operators. As usual,
the picture-changing operator is defined in terms of the total (matter) supercurrent G,
so that

O(0)(z) = lim
w→z

(eϕG)(w)O(z), (2.48)

where O stands for a generic vertex operator. For unflowed states, this was derived in [33, 53],
giving

V(0)
h (x, y) =

(
(1− h)ĵ(x) + j(x) + 2

n5
ψ(x)χαPαy,h−1

)
Φh(x, y) , (2.49a)

W(0)
h (x, y) =

(
hk̂(y) + k(y) + 2

n5
χ(y)ψaDa

x,h

)
Φh(x, y). (2.49b)

Due to the second term appearing on the r.h.s. of eqs. (2.49), three-point correlators
generically involve bosonic correlators with descendant insertions. More precisely, and
focusing on the SL(2,R) case, besides the usual primary correlators one needs

〈(jVh1) (x1)Vh2(x2)Vh3(x3)〉 . (2.50)

These correlators were computed in [33, 53] directly in the x-basis from the OPEs between
currents and primaries by means of the usual contour integration techniques. However, and
as will be discussed below, this method is unavailable for vertex operators with arbitrary
spectral flow charges since the corresponding OPEs contain many unknown terms [20]
(except for the singly-flowed case [8, 57]).
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We now derive (2.50) in an alternative way, best suited for the generalization to the
spectrally flowed cases. Similar to what was done in [46] for primary correlators, the idea is
to relate it with some m-basis correlator, and read out the corresponding structure constant.
We first determine the z- and x-dependence the correlator. This is fixed by the action of
the global currents. We know that Vh is a primary field of spin h and conformal weight
∆h = −h(h− 1)/n5. On the other hand, (jVh) is a descendant that has well-defined spin
h− 1 and weight ∆h + 1. Indeed, using (2.32) and (2.30a) we have

j(x1, z1) (jVh) (x2, z2) ∼ kx2
12

z2
12
Vh(x2, z2) + 1

z12

[
x2

12∂x2 − 2(h− 1)x12
]

(jVh) (x2, z2). (2.51)

Hence,

〈(jVh1) (x1)Vh2(x2)Vh3(x3)〉 = C(hi)
x
h3−(h1−1)−h2
12 x

(h1−1)−h2−h3
23 x

h2−(h1−1)−h3
13

z
∆h1+1+∆h2−∆h3
12 z

∆h2+∆h3−∆h1−1
23 z

∆h1+1+∆h3−∆h2
13

.

(2.52)
The goal is to derive the relation between the structure constants C(hi) and those of the
primary three-point functions

〈Vh1(x1)Vh2(x2)Vh3(x3)〉 = CH(hi)
xh3−h1−h2

12 xh1−h2−h3
23 xh2−h1−h3

13

z
∆h1+∆h2−∆h3
12 z

∆h2+∆h3−∆h1
23 z

∆h1+∆h3−∆h2
13

, (2.53)

derived in [3, 8] in terms of Barnes double Gamma functions. For this, we note that the
identities in eqs. (2.17) and (2.21) imply∫

dx3 x
h3+m3−1
3 lim

x1→∞
x

2(h1−1)
1 〈(jVh1) (x1)Vh2(x2 = 0)Vh3(x3)〉 (2.54)

= 〈(jVh1)h1−1,h1−1 Vh2,−h2Vh3,m3〉 ,

with
(jVh)h−1,m = −j+Vh,m−1 + 2j0Vh,m − j−Vh,m+1. (2.55)

Using (2.52) on the first line of (2.54) it turns out that, up to the z-dependence,

C(hi)δ(h1 − 1− h2 +m3) = 〈(jVh1)h1−1,h1−1 Vh2,−h2Vh3,m3〉 (2.56)

We are then interested in m-basis correlators of the form

〈[jaVh1,m1 ]Vh2,m2Vh3,m3〉 . (2.57)

By using
[jaVh,m] (z) =

∮
z
dw

1
w − z

ja(w)Vh.m(z), (2.58)

and reversing the contour, the OPEs in (2.30a) imply

〈[jaVh1,m1 ]Vh2,m2Vh3,m3〉 = (m2 − a(h2 − 1))
z12

〈Vh1,m1Vh2,m2+aVh3,m3〉 (2.59)

+ (m3 − a(h3 − 1))
z13

〈Vh1,m1Vh2,m2Vh3,m3+a〉 .
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Consequently, given that (jVh1)h1−1,h1−1 = −j−Vh1,h1 ,

〈(jVh1)h1−1,h1−1 Vh2,−h2Vh3,m3〉 = z23
z12z13

(h1 − h2 − h3) 〈Vh1,h1Vh2,−h2Vh3,m3−1〉 , (2.60)

where we have used the relation

〈Vh1,h1Vh2,−h2−1Vh3,m3〉 = (m3 + h3 − 1) 〈Vh1,h1Vh2,−h2Vh3,m3−1〉 . (2.61)

Applying the same strategy we can re-derive the relevant m-basis three-point function [58] as∫
xm3−1+h3−1

3 lim
x1→∞

lim
x2→0

x2h1
1 〈Vh1(x1)Vh2(x2)Vh3(x3)〉 = 〈Vh1,h1Vh2,−h2Vh3,m3〉 . (2.62)

The x-basis three-point function is given by

〈Vh1(x1)Vh2(x2)Vh3(x3)〉 = CH(hi)xh3−h2−h1
12 xh1−h2−h3

23 xh2−h3−h1
13 (2.63)

where, again, we have ignored the z-dependence. Therefore

〈Vh1,h1Vh2,−h2Vh3,m3〉 = CH(hi)δ(h1 − 1− h2 −m3)
z

∆h1+∆h2−∆h3
12 z

∆h2+∆h3−∆h1
23 z

∆h1+∆h3−∆h2
13

. (2.64)

Note that the delta function coincides with that of (2.56). Hence, we find C(hi) =
(h1 − h2 − h3)CH(hi). In other words,

〈(jVh1) (x1)Vh2(x2)Vh3(x3)〉 = (h1−h2−h3)x12x13
x23

z23
z12z13

〈Vh1(x1)Vh2(x2)Vh3(x3)〉 , (2.65)

which agrees with the results of [33]. This result can also be used to compute the fermionic
correlator with an extra ĵ(x) insertion. Setting h1 = 0 (for the identity operator) and
h2 = h3 = −1 in eq. (2.65), we get

〈ĵ(x1)ψ(x2)ψ(x3)〉 = 2 x12x13
x23

z23
z12z13

〈ψ(x2)ψ(x3)〉 . (2.66)

Analogous expressions hold for the SU(2) correlators.
We have now obtained all the necessary ingredients of the (unflowed) supersymmetric

three-point function, which gives

〈V(0)
h1

(x1, y1)Vh2(x2, y2)Vh3(x3, y3)〉 = (2.67)

n5 (2− h) x12x23x13
z12z23z13

〈Vh1(x1)Vh2(x2)Vh3(x3)〉 〈Wh1−1(y1)Wh2−1(y2)Wh3−1(y3)〉 ,

where we have defined h = h1 + h2 + h3. As it was discussed in [33, 53], the shifts in the
bosonic levels of SL(2,R)n5+2 and SU(2)n5−2 conspire precisely so that, for operators in
the discrete representations with hi = li + 1, the product of the corresponding three-point
functions simplify considerably. Explicitly, and omitting the x and y dependence,

〈Vh1Vh2Vh3〉 〈Wh1−1Wh2−1Wh3−1〉 ≡ D(hi) = ν1−h

2π2b4
√
γ(b2)

3∏
i=1

1√
γ(b2(2hi − 1))

.

(2.68)
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Consequently, one gets

〈V(0)
h1

(x1, y1)Vh2(x2, y2)Vh3(x3, y3)〉 = (2.69)

n5 (2− h)D(hi)
z12z23z13

(
y12
x12

)H1+H2−H3 ( y23
x23

)H2+H3−H1 ( y13
x13

)H1+H3−H2

,

where, as before, Hi = hi − 1. One can compute all other NSNS correlators involving V
and W insertions analogously, see [33, 53].

In order to identify the precise boundary duals one has to integrate over the worldsheet
insertion points. It was shown in [8, 33] that this procedure removes the divergence appearing
in the two-point functions (2.46) and (2.47) coming from the δ(h1 − h2) factors, but it also
generates a finite multiplicative factor 1− 2h. This, together with the correct normalization
for the spacetime operators, can be derived by making use of the spacetime Ward identities.
We review this computation in section 4.2.2 below, where we further provide the extension
to the spectrally flowed sectors.

Finally, in order to compare the three-point worldsheet three-point functions with those
of the holographic CFT we also need to include the usual factors associated with the string
coupling gs and the volume of the T 4. As discussed in [33, 53], this leads to a precise
matching with the correlators of the symmetric product orbifold CFT. At this point of the
moduli space, the operators defined above correspond to families of chiral primaries of twist
n = 2h− 1 and weights H = (n± 1)/2, respectively.

However, due to eq. (2.23), operators in the unflowed sector of the worldsheet theory
only account for chiral primaries with twists n < n5. Except for the rather special cases
where n ∈ n5N [59] (see also [60]), all primaries with higher twists live in the spectrally
flowed sectors of the worldsheet theory [34], which now turn to.

3 Spectrally flowed states

We now discuss states belonging to the spectrally flowed representations in the NSNS sector
of the worldsheet theory. These include both short strings, which encompass most of the
spacetime chiral primaries, and also long strings which remain at finite energy when reaching
the asymptotic boundary of AdS3, and for which the spectral flow charge is understood as
a winding number.

3.1 Vertex operators for short strings

When considering the discrete representations it is useful to perform spectral flow not
only in the SL(2,R) sector but also in SU(2) [34]. For the latter, the spectral flow maps
different standard affine representations into each other, while for SL(2,R) it generates new
inequivalent representations, for which the conformal weight is not bounded from below [6].

The relevant spectral flow isomorphisms act on the current modes as

J0,ω
n = J0

n −
n5
2 ωδn,0 , K0,ω

n = K0
n + n5

2 ωδn,0 , J±,ωn = J±n±ω , K±,ωn = K±n±ω ,

(3.1)
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while the fermions transform as

ψ0,ω
n = ψ0

n , χ0,ω
n = χ0

n , ψ±,ωn = ψ±n±ω , χ±,ωn = χ±n±ω, (3.2)

with ω ∈ Z. The currents ja, ka, ĵa and k̂a transform similarly with n5 replaced by the
corresponding levels. The Virasoro modes shift according to

LAdS3
n = LAdS3,ω

n − ωJ0,ω
n − n5ω

2

4 δn,0, (3.3a)

LS
3

n = LS
3,ω

n − ωK0,ω
n + n5ω

2

4 δn,0, (3.3b)

while for the (total) matter supercurrent we have

Gr = Gωr − ω
(
ψ0,ω
r + χ0,ω

r

)
. (3.4)

Let us focus on the SL(2,R) sector. Flowed vertex operators in the m-basis are
constructed upon the spectrally flowed primaries, whose bosonic part we denote by V ω

hm.
These are primary fields with respect to the flowed currents ja,ω. Hence, for ω > 0 they
satisfy the following OPEs:

j0(z)V ω
h,m(w) ∼ (m+ k

2ω)
V ω
h,m(w)
z − w

, (3.5a)

j−(z)V ω
h,m(w) ∼ 0 , (3.5b)

j+(z)V ω
h,m(w) ∼ (m− h+ 1)

V ω
h,m+1(w)

(z − w)1+ω +
ω−1∑
l=0

[
j0
l V

ω
h,m

]
(w)

(z − w)l+1 . (3.5c)

Moreover, V ω
h,m has conformal weight

∆ω
h = −h(h− 1)

n5
− ωm− kω2

4 , (3.6)

and it is the lowest-weight state in a representation of the zero-mode algebra with spin

hω = m+ kω/2. (3.7)

Similarly, V −ωh,m corresponds to a highest-weight state with spin hω = −m+ kω/2. Note also
that V ω

h,m and V −ωh,−m (with ω > 0) have the same spin; they will contribute to the same
x-basis operator.

Flowed fermionic fields conveniently expressed in terms of their bosonized form as

ψ−,ω =
√
n5e
−i(1+ω)H1 , ψ+,ω =

√
n5e

i(1−ω)H1 , ψ0,ω = ψ0e−iωH1 . (3.8)

These correspond to lowest-weight states in spin a− ω representations, respectively, with
a = 0,+,−. Note that, for any ω > 0, the flowed fermions have either negative or zero
spin, and belong to a finite representation of the global part of the symmetry algebra. Also,
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ψ0,ω=1 =
√
n5
2 ĵ−, hence ψ0,ω+1 =

√
n5
2 ĵ−,ω. Moreover, the fermionic identity is mapped to a

field of spin −ω and conformal weight ω2/2 given by

1ω = 1
√
n5
ψ−,ω−1 = e−iωH1 . (3.9)

Combining the above expressions, we see that flowed primary states of the complete
supersymmetric SL(2,R)n5 algebra are of the form

(ψVh)ωh−1,m = −ψ+,ωV ω
h,m−1 + ψ0,ωV ω

h,m − ψ−,ωV ω
h,m+1. (3.10)

By including the analogous SU(2) factors, this leads to vertex operators given by

e−ϕ (ψVh)ωh−1,mW
ω
l,ne
−iωH2 . (3.11)

However, not all of these are physical. From eqs. (3.3) and (3.4) one finds that BRST-
invariant operators must satisfy l = h − 1 and m = −n = ±(h − 1), thus giving [34]

Vωh,±h = e−ϕψ∓,ωV ω
h,±hW

ω
h−1,∓(h−1)e

−iωH2 , (3.12a)

Wω
h,±h = e−ϕe−iωH1V ω

h,±hW
ω
h−1,∓(h−1)χ

∓,ω , (3.12b)

where we have included the analogous construction based upon the unflowed states polarized
in the SU(2) directions.

The corresponding x-basis operators are constructed analogously to those of the un-
flowed sector, that is, by constructing the appropriate linear combination of all fields
in the associated global multiplet. These are obtained by acting freely with J±0 on the
highest/lowest-weight states defined above. In the bosonic SL(2,R) sector, we have

V ω
h (x) =

∞∑
m̃=h+kω/2+n

x−(h+kω/2)−m̃Uωh,m̃ Uωh,±(h+kω/2) = V ±ωh,±h. (3.13)

Note, however, that for ω 6= 0, the modes Uωh,m̃ with m̃ 6= ±(h + kω/2) have no simple
m-basis expressions. As anticipated above, the x-basis field contains both the lowest- and
highest-weights representations, i.e. both those with positive and negative spectral flow
charges. It follows from eqs. (3.5) that the zero-mode currents still act on the flowed x-basis
operators through the differential operators Da

x,h+kω/2 defined in (2.16). An analogous
construction can be done for the fermions and the fermionic currents:

ψω(x) =
1+ω∑

m̃=−(1+ω)
x(1+ω)−m̃Ûω−1,m̃, Ûω−1,∓(1+ω) = ψ∓,±ω =

√
n5e
∓i(ω+1)H1 , (3.14a)

ĵω(x) = 2
√
n5

1+ω∑
m̃=−(1+ω)

x(1+ω)−m̃Û0,ω
ĥω ,m̃

, Û0,ω
−1,∓(1+ω) = ψ0e∓i(ω+1)H1 . (3.14b)
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The supersymmetric x-basis vertex operators come in four families, depending on the
sign choice in eq. (3.12) and also on the polarization. On the one hand, we have

Vωh (x, y) = 1
√
n5
e−ϕψω(x)V ω

h (x)Wω
h−1(y)χω−1(y) (3.15a)

Vω−h(x, y) = 1
√
n5
e−ϕψω−2(x)V ω

−h(x)Wω
−(h−1)(y)χω−1(y), (3.15b)

where we defined Wl(y) and χω(y) analogously to their SL(2,R) counterparts, and used
ψ+,ω = ψ−,ω−2. Here V ω

±h(x) are the x-basis bosonic primary fields of spin hω = ±h+kω/2,
defined in such a way that the corresponding lowest- and highest-weight modes can be
extracted of the vertex as follows:

lim
x→∞

x2(kω/2+h)V ω
h (x) = V ω

h,h , lim
x→0

V ω
h (x) = V −ωh,−h , (3.16a)

lim
x→∞

x2(kω/2−h)V ω
−h(x) = V ω

h,−h , lim
x→0

V ω
−h(x) = V −ωh,h . (3.16b)

Similarly, we also have

Wω
h (x, y) = 1

√
n5
e−ϕψω−1(x)V ω

h (x)Wω
h−1(y)χω(y), (3.17a)

Wω
−h(x, y) = 1

√
n5
e−ϕψω−1(x)V ω

−h(x)Wω
−(h−1)(y)χω−2(y). (3.17b)

However, and as we discuss next, only two of these four families of vertex operators are
actually independent.

3.2 Series identifications

As is well known, for short strings the independence of the spectrally flowed representations
holds only up to the identifications [8]

V ω
hh = R(h)V ω+1

k
2−h,−( k

2−h)
, Wω

l,−l = Wω+1
k′
2 −l,

k′
2 −l

(3.18)

where the proportionality factor for the SL(2,R) case takes the form

R(h) = πb2νk/2B(h), (3.19)

as can be derived from the two-point function, using that

B(h)B
(
k

2 − h
)

=
(
πb2νk/2

)−2
. (3.20)

In other words, R(h) ∼ B(h) ∼ B
(
k
2 − h

)−1
up to h-independent but k-dependent factors.

In the supersymmetric theory, this translates into [18]

Vωhh = R(h)Wω+1
k
2−h,−( k

2−h)
, Wω

hh = R(h)Vω+1
k
2−h,−( k

2−h)
. (3.21)

As it was shown recently in [11] for the bosonic SL(2,R) case, these identifications also
hold in for x-basis operators involving the global descendants. This can be understood
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intuitively as follows. Vertex operators in the x-basis can be thought of as a translated
version of the m-basis flowed primaries associated to their values at the origin x = 0,
see eqs. (3.16) [20]. Indeed, translations in the complex x-plane are generated by the
action of J−0 ∼ ∂x. A similar discussion holds for the SU(2) primaries and the respective
fermions. As a consequence, we find that the supersymmetric vertex operators satisfy the
following identities:

Vωh (x, y) = R(h)Wω+1
−( n5

2 −h+1)(x, y) , Wω
h (x, y) = R(h)Vω+1

−( n5
2 −h+1)(x, y). (3.22)

Hence, we can focus our attention on the computation of correlators involving only Vωh
and/or Wω

h insertions, the remaining ones being fixed by means of the series identifications
in eq. (3.22).

3.3 Two-point functions

With the definitions given in the previous section, it is possible to compute the two-point
functions straightforwardly as in the unflowed sector. The bosonic two-point functions can
be computed by taking the limits

lim
x1→0

lim
x2→∞

x
2hω1
1 〈V ω1

h2
(x1)V ω2

h2
(x2)〉 = 〈V ω1

h1,h1
V −ω2
h2,−h2

〉 (3.23)

where hωi = hi + kωi/2. The m-basis two-point function must conserve the total amount of
spectral flow, ω1 = ω2 [8]. Additionally, and as can be shown by using the parafermionic
decomposition, the m-basis correlators only depend on the total spectral flow charge, but
not on the specific assignment of spectral flow charges. This is up to the shifts in the usual
powers of zij . Then

〈V ω1
h1

(x1)V ω2
h2

(x2)〉 = δ(h1 − h2)δω1,ω2

z
2∆ω1

h1
12 x

2hω1
12

B(h1), (3.24)

with ∆ω
h defined as in eq. (3.6). Similarly, this can be done for the other sectors and we have

〈Vωh1(x1)Vωh2(x2)〉 = n5
δ(h1 − h2)

z2
12

(
y12
x12

)2Hω1
B(h1), Hω1 = h1 − 1 + n5

2 ω, (3.25)

〈Wω
h1(x1)Wω

h2(x2)〉 = n5
δ(h1 − h2)

z2
12

(
y12
x12

)2Hω1
B(h1), Hω1 = h+ n5

2 ω, (3.26)

where we have used that

〈Wω
l (y1)Wω

l (y2)〉 = y2l+k′ω
12

z
2l(l+1)/n5+2lω+k′ω2/2
12

, (3.27)

and

〈ψω(x1)ψω(x2)〉 = n5
x

2(ω+1)
12

z
(ω1+1)2

12
, 〈χω(x1)χω(x2)〉 = n5

y
2(ω+1)
12

z
(ω1+1)2

12
. (3.28)

The correlators involving the vertex operators Vω−h and Wω
−h can be derived by the series

identification given in eq. (3.22).
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3.4 Picture changing

As in the unflowed case, in order to compute string three-point we will need the picture-zero
version of the spectrally flowed vertex operators [34]. We first discuss the flowed primaries
and then consider the x-basis operators.

The SL(2,R) relevant contributions to the supercurrent G can be expressed in terms of
the HI bosons as

GAdS3 = 2
n5

[√
n5
2

(
eiH1j− + e−iH1j+

)
− ψ0j0 − iψ0∂H1

]
, (3.29a)

GS3 = 2
n5

[√
n5
2

(
eiH2k− + e−iH2k+

)
+ χ0k0 + iχ0∂H2

]
. (3.29b)

Using eqs. (2.48) and (3.4), one finds that

Vω,(0)
h,h = A−,ω1 + (−1)ω+1A−,ω2 , (3.30)

with

A−,ω1 =
[

1
n5
j−,ωψ−,ω−1 − 1

√
n5
Hω ĵ

−,ω
]
V ω
h,hW

ω
h−1,−(h−1)χ

−,ω−1 , (3.31a)

A−,ω2 = 1
√
n5
V ω
h,h

[
Wω
h−1,−(h−2)ψ

−,ωχ−,ω +HωW
ω
h−1,−(h−1)ψ

−,ωk̂−,ω−1
]
, (3.31b)

where Hω = h− 1 + n5ω/2 total spacetime weight. In the x-basis, this reads

Vω,(0)
h (x, y) = Aω1 (x, y) + (−1)ω+1Aω2 (x, y) (3.32)

with

Aω1 (x, y) = 1
√
n5

[
jω(x)ψω−1(x)−Hω ĵ

ω(x)
]
V ω
h (x)Wω

h−1(y)χω−1(y) , (3.33a)

Aω2 (x, y) = ψω(x)
√
n5

V ω
h (x)

[
Wω
h−1,−(h−2)(y)χω(y) +HωW

ω
h−1(y)k̂ω−1(y)

]
, (3.33b)

where
jωn (x) = j+

n−ω − 2xj0
n−ω + x2j−n−ω . (3.34)

Here Wω
h−1,−(h−2)(y) are the sum over the multiplet constructed from the flowed primary

Wω
h−1,−(h−2). Note that, both in the ψ and χ sectors, the fermion number on each factor

of A1 differs in one unit with respect to those in A2. Hence, whenever Aω1 leads to a
non-zero contribution in a given correlator, that of Aω2 will vanish, and vice-versa. Finally,
an analogous discussion gives

Wω,(0)
h = Bω1 (x, y) + (−1)ωBω2 (x, y), (3.35)

where

Bω1 (x, y) = 1
√
n5

[
V ω
h,h+1(x)ψω(x)−HωV

ω
h (x)ĵω−1(x)

]
χω(y)Wω

h−1(y) , (3.36a)

Bω2 (x, y) = 1
√
n5
ψω−1(x)

[
χω−1(y)kω(y)−Hωk̂

ω(x)
]
V ω
h (x)Wω

h−1(y) , (3.36b)
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with
kω(y)n = k+

n−ω − 2yk0
n−ω − y2k−n−ω. (3.37)

It follows from the above expressions that generic NS sector three-point functions will
involve bosonic correlator of the form

〈
[
jω1V ω1

h1

]
(x1)V ω2

h2
(x2)V ω3

h3
(x3)〉 , 〈

[
kω1Wω1

h1−1

]
(y1)Wω2

h2−1(y2)Wω3
h3−1(y3)〉 . (3.38)

To the best of our knowledge, these have not been computed in the literature. One of
the main results of this paper is to obtain closed-form expressions for all such m-basis
correlators. We will also compute several families of their x-basis counterparts. These
computations are performed in section 4.

3.5 Vertex operators for long strings

The long string sector of the model is built upon vertex operators belonging to the continuous
representation of the SL(2,R)k algebra. The simplest vertex operator that can be constructed
by this is the non-excited state given by

Zh,m;l,n = e−ϕVh,mWl,n. (3.39)

This field does not satisfy the GSO projection. However, we will consider the flowed versions

Zωh,m;l,n = 1
√
n5
e−ϕψ−,ω−1V ω

h,mWl,n. (3.40)

For odd ω this is a physical field allowed by the GSO projection. (A similar construction
can be carried out for even spectral flow charges.) The Virasoro condition reads

− h(h− 1)
n5

− ωm− n5ω
2

4 + l(l + 1)
n5

= 1
2 . (3.41)

For states in the continuous representation, the SL(2,R)k projection m can take any real
value. Therefore, the Virasoro condition can be satisfied for all values of h, l and ω. Note
that, unlike the short-string states of the previous section, long strings do not require a
relation between the SL(2,R)k and SU(2)k′ spin. The vertex operator given by eq. (3.40)
has spacetime weight Hω = m+ n5ω/2 (ω > 0). The x-basis field is built as

Zωh,m;l(x, y) = 1
√
n5
e−ϕψω−1(x)V ω

h,m(x)Wl(y). (3.42)

Note that we must keep track of the value of m even in the x-basis since the spacetime
weight depends directly on it. As before, the x-basis field contains both positive and
negative flow representations and satisfies that

lim
x→∞

x2HωZωh,m;l(x, y) = 1
√
n5
e−ϕψ−,ω−1V ω

h,mWl(y), (3.43)

lim
x→0
Zωh,m;l(x, y) = 1

√
n5
e−ϕψ+,−(ω−1)V −ωh,−mWl(y). (3.44)
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The picture zero version of the long strings operator is given by

Zω,(0)
h,m;l,n = ηabψ

a,ωgbh,mV
ω
h,m+bWl,n + δαβψ

−,ω−1χαgβl,nV
ω
h,mWl,n+β , (3.45)

where we assume an implicit sum over a, b and α, β, and with

gbhm =
(
m+ h− 1,m+ n5

2 ω,m− h+ 1
)
, (3.46)

gβln = (l + 1− n, n, l + 1 + n) , (3.47)

where b = −, 0,+. Note that both terms in (3.45) have the same total fermion number
ω+ 1, but they differ in one unit with respect to fermion numbers in the SL(2,R) and SU(2)
sectors. Consequently, similarly to the short strings picture zero operators of the previous
section, both terms are mutually exclusive inside a correlator.

4 Correlators, currents and spectral flow

As discussed above, the computation of the three-point functions in the NSNS sector of the
worldsheet theory involves bosonic correlation functions with descendant insertions. These
are non-trivial in the presence of spectrally flowed vertex operators. Due to the complicated
OPEs between the latter and the currents, these correlators cannot be obtained by the
standard contour integration methods. In this section, which contains our main results, we
present a strategy to compute some families of such correlators.

4.1 Bosonic correlators with current insertions and general m-basis results

Let us focus on the SL(2,R) case. Our goal is to compute

〈
(
jω1V ω1

h1

)
(x1)V ω2

h2
(x2)V ω3

h3
(x3)〉 . (4.1)

In order to do so, we will follow a similar strategy to that used in the unflowed case, see
section 2.4. The x- and z-dependence of (4.1) is fixed by the global Ward identities. Indeed,
the zero-mode currents act on the operator (jωV ω

h ) in terms of its worldsheet conformal
dimension and spin, namely

∆̃ω
h = ∆ω

h + ω + 1. , h̃ω = hω − 1 , (4.2)

where ∆ω
h and hω were defined in eqs. (3.6) and (3.7) with m = h, respectively, and we

have used (3.34). Hence, we can write

〈
[
jω1V ω1

h1

]
(x1)V ω2

h2
(x2)V ω3

h3
(x3)〉 = Cωi(hi)

x
hω3−h̃ω1−hω2
12 x

h̃ω1−hω2−hω3
23 x

hω2−hω3−h̃ω1
13

z
∆̃ω1

h1
+∆ω2

h2
−∆ω3

h3
12 z

∆ω3
h3

+∆ω2
h2
−∆̃ω1

h1
23 z

∆̃ω1
h1

+∆ω3
h3
−∆ω2

h2
13

,

(4.3)
such that we only need to determine the structure constants Cωi(hi).

As in the unflowed case, the goal is to compute these constants by relating the correlator
in eq. (4.3) with some m-basis three-point functions. Generically, we are interested in
correlators of the form

〈
[
ja,ω1V ω1

h1,m1

]
V ω2
h2,m2

V ω3
h3,m3

〉 , (4.4)
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where, from now on, ωi is allowed to be positive or negative. These have not been computed
in the literature.

When the current involved is j0, one can proceed analogously to the unflowed case. By
writing the normal-ordered operator

[
ja,ω1V ω1

h1,m1

]
as a Cauchy integral and inverting the

contour, we obtain

〈
[
j0,ω1V ω1

h1,m1

]
V ω2
h2,m2

V ω3
h3,m3

〉 =
[
m2 + kω2/2

z12
+ m3 + kω3/2

z13

]
〈V ω1
h1,m1

V ω2
h2,m2

V ω3
h3,m3

〉 , (4.5)

showcasing the expected eigenvalues as shifted by spectral flow. On the other hand, for
the currents j± case one needs to take into account the pole structure appearing in the
OPEs of eqs. (3.5). V ωi

hi,mi
and the currents ja,ω1 , that are non-trivial whenever a = ± and

ωi 6= ω1. In these cases, the normal-ordered products appearing in (4.5) are given by[
j±,ω1V ω1

h1,m1

]
(z1) =

∮
z1
dw

j±,ω1(w)
(w − z1)V

ω1
h1,m1

(z1) =
∮
z1
dw

j±(w)
(w − z1)∓ω1+1V

ω1
h1,m1

(z1). (4.6)

In order to compute (4.5) for a = ±, and for a given correlator, we define

J ±,ωi(z) ≡ j±(z)
∏
i

(z − zi)±ωi . (4.7)

The powers of (z − zi)±ωi ensure that the modified currents J ±,ωi(z) behave near each
flowed primary insertion analogously to unflowed currents near unflowed vertex operators.
In particular, using the OPEs (3.5b) and (3.5c), we find that∮

C

dz

z − z1
〈J ±,ωi(z)V ω1

h1,m1
V ω2
h2,m2

V ω3
h3,m3

〉 = 0, (4.8)

when the contour C encircles all three insertion points. To be precise, this holds only
when there is no pole at infinity, but this happens for any configuration which satisfies the
so-called m-basis spectral flow violation rules, i.e. whenever

|ω1 + ω2 + ω3| ≤ 1. (4.9)

On the other hand, we have∮
z1
dz
J ±,ωi(z)V ω1

h1,m1
(z1)

z − z1
=

z±ω2
12 z±ω3

13

{[
j±,ω1V ω1

h1,m1

]
(z1)±

(
ω2
z12

+ ω3
z13

)
(m1 ∓ (h1 − 1))V ω1

h1,m1±1

}
. (4.10)

Note that we have picked up a contribution from the first two non-trivial terms in the
corresponding OPEs (3.5) due to the extra (z − z1)−1 factor in the integrand. Proceeding
similarly with the other insertions, we find that (4.8) implies the following identity:

〈
[
j±,ω1V ω1

h1,m1

]
V ω2
h2,m2

V ω3
h3,m3

〉 =

(−1)±ω1z
±(ω1−ω2)−1
12

(
z23
z13

)±ω3

(m2 ∓ (h2 − 1)) 〈V ω1
h1,m1

V ω2
h2,m2±1V

ω3
h3,m3

〉+

(−1)±ω1z
±(ω1−ω3)−1
13

(
z32
z12

)±ω2

(m3 ∓ (h3 − 1)) 〈V ω1
h1,m1

V ω2
h2,m2

V ω3
h3,m3±1〉+

∓ (m1 ∓ (h1 − 1))
(
ω2
z12

+ ω3
z13

)
〈V ω1
h1,m1±1V

ω2
h2,m2

V ω3
h3,m3

〉 . (4.11)

– 21 –



J
H
E
P
0
1
(
2
0
2
3
)
1
6
1

This allows us to compute m-basis correlators with descendant insertions we need in terms
of known primary correlators with spectral flow.

Actually, when spectral flow is conserved, i.e. when ω1 + ω2 + ω3 = 0, the expression
obtained in eq. (4.11) can be simplified further by making use of the recursions relating the
different terms on the r.h.s. Alternatively, we note that in this case, it turns out that∮

C
dz
z − z3
z − z1

〈J ±,ωi(z)V ω1
h1,m1

V ω2
h2,m2

V ω3
h3,m3

〉 = 0. (4.12)

This can be used to compute the descendant correlator directly, giving

〈
[
j±,ω1V ω1

h1,m1

]
V ω2
h2,m2

V ω3
h3,m3

〉 =

∓ (m1 ∓ (h1 − 1))
(
ω2
z12

+ ω3 ± 1
z13

)
〈V ω1
h1,m1±1V

ω2
h2,m2

V ω3
h3,m3

〉

+ (−1)±ω1z
±(ω1−ω2)−1
12

(
z23
z13

)±ω3+1
(m2 ∓ (h2 − 1)) 〈V ω1

h1,m1
V ω2
h2,m2±1V

ω3
h3,m3

〉 (4.13)

An analogous expression can be obtained by inserting an extra (z − z2) power in the
integrand of eq. (4.12) instead of (z − z3).

Of course, a similar computation can be carried out in the SU(2) sector of the theory.
Using

K±,ωi(z) ≡ k±(z)
∏
i

(z − zi)±ωi , (4.14)

leads to

〈
[
k±,ω1Wω1

l1,n1

]
Wω2
l2,n2

Wω3
l3,n3
〉 =

(−1)±ω1z
±(ω1−ω2)−1
12

(
z23
z13

)±ω3

(l2 + 1± n2) 〈Wω1
l1,n1

Wω2
l2,n2±1W

ω3
l3,n3
〉+

(−1)±ω1z
±(ω1−ω3)−1
13

(
z32
z12

)±ω2

(l3 + 1± n3) 〈Wω1
l1,n1

Wω2
l2n2

Wω3
l3,n3±1〉+

∓ (l1 + 1± n1)
(
ω2
z12

+ ω3
z13

)
〈Wω1

l1,n1±1W
ω2
l2,n2

Wω3
l3,n3
〉 . (4.15)

For ω1 + ω2 + ω3 = 0 this takes the form

〈
[
k±,ω1Wω1

l1,n1

]
Wω2
l2,n2

Wω3
l3,n3
〉 =

∓ (l1 + 1± n1)
(
ω2
z12

+ ω3 ± 1
z13

)
〈Wω1

l1,n1±1W
ω2
l2,n2

Wω3
l3,n3
〉

+ (−1)±ω1z
±(ω1−ω2)−1
12

(
z23
z13

)±ω3+1
(l2 + 1± n2) 〈Wω1

l1,n1
Wω2
l2,n2±1W

ω3
l3,n3
〉 (4.16)

4.2 Short strings: chiral primary three-point functions

In this section, we compute supersymmetric spectrally flowed correlators involving short
strings in the x-basis by using them-basis results obtained above. We first consider situations
where the total spectral flow charge vanishes, and then move on to general configurations.
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Before continuing, let us stress that even though we have obtained closed-form ex-
pressions for m-basis three-point functions with arbitrary spectral flow assignments, the
strategy we shall use for computing x-basis correlators based on these results has somewhat
limited potential. It was discussed in [46] in the context of the bosonic SL(2,R)-WZW
model that if all three primary vertex operators involved in a three-point function have
non-zero spectral flow, the m-basis techniques can not be used to obtain the x-basis ones
for generic values of the corresponding spins h.

Here we find that a similar obstruction is also present for bosonic correlators involving
extra current insertions, relevant for the supersymmetric model. In both cases, the problem
is that the only way to reduce the x-basis correlator to a known m-basis one is by taking
limits such as (x1, x2, x3) → (0, 0,∞), which are not well-defined in general. This was
highlighted recently in [9]. The computation of the remaining descendant correlators should
follow from a non-trivial generalization of the approach used in that paper. We leave this
important investigation for future work. In this paper, we restrict ourselves to situations
involving only two spectrally flowed states. For this class of correlators, the x-basis fusion
rules of [8] reduce to the m-basis ones.

4.2.1 Spectral flow conservation

Let us set ω1 = 0. Similarly to what was discussed in [46], these correlators can only be
non-zero if ω2 = ω3 or |ω3 − ω2| = 1. Recall that all spectral flow charges are non-negative
in the x-basis terminology. We first focus on the case where spectral flow is conserved and
consider correlators of the form

〈V(0)
h1

(x1)Vωh2(x2)Vωh3(x3)〉 . (4.17)

Here we have chosen to write the unflowed operator in its ghost picture-zero version, given
in (2.49). Then we have to compute

〈V(0)
h1

(x1)Vωh2(x2)Vωh3(x3)〉 = (4.18)

〈
{[
j(x1) + (1− h1)ĵ(x1) + 2

n5
ψ(x1)χαPαy1,h1−1

]
Vh1(x1)Wh1−1

}
Vωh2(x2)Vωh3(x3)〉

Given that both vertex Vωh2
and Vωh3

have the same SL(2,R) and SU(2) fermion number
only the terms with even fermion number of V0

h1
will be non-zero. Hence, the computation

of (4.17) involves that of the bosonic correlator

〈(jVh1) (x1)V ω
h2(x2)V ω

h3(x3)〉 . (4.19)

As argued in section 2.4, we have

〈(jVh1) (x1)V ω
h2(x2)V ω

h3(x3)〉 = (4.20)

Cω(hi)
x12x13
x23

z23
z12z13

x
hω3−h1−hω2
12 x

h1−hω2−hω3
23 x

hω2−hω3−h1
13

z
∆h1+∆ω

h2
−∆ω

h3
12 z

∆ω
h3

+∆ω
h2
−∆h1

23 z
∆h1+∆ω

h3
−∆ω

h2
13

,

where hω2 = h2 + kω/2 and hω3 = h3 + kω/2. By using the identities

lim
x→0

V ω
h (x) = V −ωh,−h , lim

x→∞
x2(h+kω/2)V ω

h (x) = V ω
h,h , (4.21)
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we obtain the relation
δ2(m1 + h2 − h3)Cω(hi)

z
∆h1+∆ω

h2
−∆ω

h3
12 z

∆ω3
h3

+∆ω2
h2
−∆h1

23 z
∆h1+∆ω3

h3
−∆ω2

h2
13

= z12z13
z23

〈(jVh1)h1−1,m1
V ω
h2,h2V

−ω
h3,−h3

〉

(4.22)
which will allow us to compute the structure constant. Here (jVh)h−1,m is defined as in
eq. (2.55). The three distinct terms appearing on the r.h.s. of eq. (4.22) can be written
using (4.11). More explicitly, we get

〈
[
j+Vh1,m1−1

]
V ω
h2,h2V

−ω
h3,−h3

〉 = (h3 − h2 − h1)
(
ω

z13
− ω + 1

z12

)
〈Vh1,m1V

ω
h2,h2V

−ω
h3,−h3

〉 ,

〈
[
j−Vh1,m1+1

]
V ω
h2,h2V

−ω
h3,−h3

〉 = (h3 − h2 + h1)
(
ω

z12
− ω + 1

z13

)
〈Vh1,m1V

ω
h2,h2V

−ω
h3,−h3

〉 ,

〈
[
j0Vh1,m1

]
V ω
h2,h2V

−ω
h3,−h3

〉 =
(
h2 + kω/2

z12
− h3 + kω/2

z13

)
〈Vh1,m1V

ω
h2,h2V

−ω
h3,−h3

〉 ,

(4.23)

where we have set m1 = h3 − h2. This leads to
z12z13
z23

〈(jVh1)h1−1,m1
V ω
h2,h2V

−ω
h3,−h3

〉 = [(2ω + 1)h1 − hω2 − hω3 ] 〈Vh1,m1V
ω
h2,h2V

−ω
h3,−h3

〉
(4.24)

Given that in the m-basis the primary structure constants only depend on the total amount
of spectral flow, we get
z12z13
z23

〈(jVh1)h1−1,m1
V ω
h2,h2V

−ω
h3,−h3

〉 = [(2ω + 1)h1 − hω2 − hω3 ] 〈Vh1,m1Vh2,h2Vh3,−h3〉 .
(4.25)

The m-basis three-point function is derived from the x-basis ones by taking the limits

〈Vh1,m1Vh2,h2Vh3,−h3〉 =
∫
dx1x

m1+h1−1
1 lim

x2→∞,x3→0
x2h2

2 〈Vh1(x1)Vh2(x2)Vh3(x3)〉

= δ2(m1 + h2 − h3)CH(hi). (4.26)

Comparing this with eq. (4.22) we get

Cω(hi) = [(2ω + 1)h1 − hω2 − hω3 ]CH(hi), (4.27)

where CH(hi) is the unflowed three-point function. In other words,

〈(jVh1) (x1)V ω
h2(x2)V ω

h3(x3)〉 =
x12x13
x23

z23
z12z13

[(2ω + 1)h1 − hω2 − hω3 ] 〈Vh1(x1)V ω
h2(x2)V ω

h3(x3)〉 . (4.28)

We also need the fermionic correlator 〈ĵ(x1)ψω(x2)ψω(x3)〉. Fortunately, this can be
obtained using the same methods as in the bosonic case. Indeed, we have mentioned
that ψω are flowed primary fields of spin ĥω = −(1 + ω) in the SL(2,R)−2 WZW model.
Hence, (4.12) implies

〈ĵ(x1)ψω(x2)ψω(x3)〉 = x12x13
x23

z23
z12z13

2 (1 + ω) 〈ψω(x2)ψω(x3)〉 , (4.29)

where we have set h1 = ∆1 = 0.
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We have now obtained all necessary ingredients for computing the supersymmetric
correlator (4.17). All the correlators that involve current insertions are expressed in terms
of primary ones and therefore

〈V(0)
h1

(x1)Vωh2(x2)Vωh3(x3)〉 = (4.30)

1
n5

x12x13
x23

z23
z12z13

[(2ω + 1)h1 − hω2 − hω3 + 2(1 + ω)(1− h1)] 〈ψω(x2)ψω(x3)〉×

× 〈χω−1(y2)χω−1(y3)〉 〈Vh1(x1)V ω
h2(x2)V ω

h3(x3)〉 〈Wh1−1(y1)Wω
h2−1(y2)Wω

h3−1(y3)〉

Using the worldsheet and conformal symmetry to trivialize the z- and x-dependence by
fixing z1 = x1 = 0, z2 = x2 = 1 and z3 = x3 =∞ as usual, we finally obtain

〈V(0)
h1

(0)Vωh2(1)Vωh3(∞)〉 = n5 [1 +H1 +Hω2 +Hω3 ]D(hi), (4.31)

where Hωi = hi − 1 + n5ωi/2 are the spacetime weights, D(hi) is the SL(2,R) and SU(2)
three-point function product given by the eq. (2.68), namely

D(hi) =

√
b2γ(−b2)

4πν

3∏
i=1

√
B(hi) ≡ Q

3∏
i=1

√
B(hi). (4.32)

This generalizes the results of [34] and [57].
Non-trivial current insertions also appear in similar NSNS supersymmetric three-

point functions involving short strings. We compute them analogously, our results can be
summarised as follows:

〈V(0)
h1

(0)Vωh2(1)Vωh3(∞)〉 = n5 [1 +H1 +Hω2 +Hω3 ]D(hi), (4.33a)

〈V(0)
h1

(0)Wω
h2(1)Wω

h3(∞)〉 = n5 [1 +H1 −Hω2 −Hω3 ]D(hi), (4.33b)

〈W(0)
h1

(0)Wω
h2(1)Wω

h3(∞)〉 = n5 [1−H1 −Hω2 −Hω3 ]D(hi). (4.33c)

Moreover, with the series identifications discussed in section 3.2 all correlators of the form

〈V(0)
h1

(x1)Vωh2(x2)Wω+1
−h3

(x3)〉 , 〈V(0)
h1

(x1)Wω
−h2(x2)Wω

−h3(x3)〉 , (4.34)

〈V(0)
h1

(x1)Vωh2(x2)Vω+1
−h3

(x3)〉 , 〈V(0)
h1

(x1)Vω−h2(x2)Vω−h3(x3)〉 , (4.35)

〈W(0)
h1

(x1)Vωh2(x2)Vω+1
−h3

(x3)〉 , 〈W(0)
h1

(x1)Vω−h2(x2)Vω−h3(x3)〉 , (4.36)

can be obtained from those of eq. (4.33) by using the relations given in eq. (3.21).

4.2.2 Normalization and matching with the symmetric orbifold CFT

Let us go back to the correlators we have obtained in (4.33). In this section, we describe
the matching with the corresponding chiral primary three-point functions in the symmetric
orbifold CFT.

As in the unflowed case, for this, we first need to find the correct normalization for
relating worldsheet operators with their holographic counterparts. More precisely, local
operators of the CFT living on the AdS3 boundary are given by vertex operators such as
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V(x, z) integrated over their worldsheet insertion point z. Indeed, note that the worldsheet
two-point functions contain a divergent factor δ(h1 − h2). As discussed in [8, 34], this
divergence is cancelled by the z-integrations, i.e. by fixing the insertion points at 0 and ∞
and dividing by the remaining conformal volume. However, this cancellation produces an
additional finite but non-trivial multiplicative factor, which depends on the h and ω.

This constant factor can be obtained by using the spacetime Ward identities associated
with the R-symmetry currents. It was shown in [5] that the operators

Kα(x, x̄) = − 1
n5cν

Kαj̄(x̄)V1(x, x̄), cν = πγ(1− b2)
νb2

, (4.37)

provide the worldsheet representation for the corresponding currents. Then a generic vertex
operator of the form V ω

h (x)Φint, where Φint stands for the internal, fermionic and ghost
contributions must satisfy

〈Kα(x1)V ω
h (x2)Φint,2V

ω
h (x3)Φint,3〉 =

[
q2
x12

+ q3
x13

]
〈V ω
h (x2)Φint,2V

ω
h (x3)Φint,3〉 ,

(4.38)
where q3 = −q2 denote the corresponding R-charges. Using the methods derived in this
paper, we can evaluate both sides of eq. (4.38) independently. Using (4.28) the l.h.s. becomes

−q2
n5cν

x̄12x̄13
x̄23

∣∣∣∣ z23
z12z13

∣∣∣∣2 [2ω + 1− 2hω] 〈V1(x1)V ω
h (x2)V ω

h (x3)〉 〈Φint,2Φint,3〉 , (4.39)

with hω = h+ kω/2. Moreover, using eq. (4.32), we have

〈V1(x1)V ω
h (x2)V ω

h (x3)〉 = CH(1, h, h) = D(1, h, h) = 2Q2B(h). (4.40)

Hence, we find that the string two-point function differs from the spacetime one by a factor

[2hω − 1− 2ω]n5c
−1
ν 2Q2B(h). (4.41)

This shows that the canonically normalized spacetime operators are given by

Vωh(x) = Vωh (x)√
2c−1
ν n5Q2 [2hω − 1− 2ω]B(h)

(4.42)

Wω
h(x) = Wω

h (x)√
2c−1
ν n5Q2 [2hω − 1− 2ω]B(h)

. (4.43)

The factor 2hω − 1 − 2ω is consistent with the unflowed result obtained in [8, 33, 53].
Although the generalization to the flowed case was anticipated in [8, 34], to the best of our
knowledge, we have presented the first formal proof available in the literature.

– 26 –



J
H
E
P
0
1
(
2
0
2
3
)
1
6
1

Having fixed the normalization in eq. (4.43), we obtain the following spacetime three-
point functions:

〈V(0)
h1

Vωh2V
ω
h3〉 = 1√

N

[
(1 +H1 +Hω2 +Hω3)4

(1 + 2H1)(1 + 2Hω2)(1 + 2Hω3)

]1/2

, (4.44a)

〈V(0)
h1

Wω
h2W

ω
h3〉 = 1√

N

[
(1 +H1 −Hω2 −Hω3)4

(1 + 2H1)(2Hω2 − 1)(2Hω3 − 1)

]1/2

, (4.44b)

〈W(0)
h1

Wω
h2W

ω
h3〉 = 1√

N

[
(1−H1 −Hω2 −Hω3)4

(2H1 − 1)(2Hω2 − 1)(2Hω3 − 1)

]1/2

, (4.44c)

where we call Hωi to the spacetime weight of each field, being Hω = h− 1 + n5ω/2 for Vωh
and H = h+ n5ω/2 for Wω

h , and we identify

1√
N

= gs√
v4

√
c3
νn5

8Q4 = gs√
v4

√
2π5

νγ(1 + b2) , (4.45)

where we have inserted the factor of gs appearing in the definition of the three-point function,
and the volume of the T 4 (which should also be included in the above normalizations).
Since gs =

√
v4n5/n1 and N = n1n5, this fixes the value of ν as in the unflowed sector [33].4

Our results then match exactly with the corresponding predictions from the symmetric
orbifold CFT, see for instance [33, 34].

4.2.3 Absence of spectral flow violation

According to the spectral flow selection rules for the three-point function, the most general
non-conserving spectrally flowed correlators with only two winding states are

〈V(0)
h1

(x1)Vωh2(x2)Vω+1
h3

(x3)〉 ,

〈V(0)
h1

(x1)Vωh2(x2)Wω+1
h3

(x3)〉 ,

〈V(0)
h1

(x1)Wω
h2(x2)Vω+1

h3
(x3)〉 ,

〈V(0)
h1

(x1)Wω
h2(x2)Wω+1

h3
(x3)〉 ,

(4.46)

together with similar ones with W(0)
h1

(x1) instead of V(0)
h1

(x1). Note that these correlators
can not be identified, via the eq. (3.21), with those derived in the previous section. In this
sense, they allow us to test for genuine spectral flow violations in the supersymmetric model.

As an example, we will compute the three-point function

〈V(0)
h1

(x1)Vωh2(x2)Vω+1
h3

(x3)〉 , (4.47)

while the rest can be treated similarly. The only possibly non-vanishing contribution is

2
n5
〈
[
ψ(x1)χαPαy1,h1−1Vh1(x1)Wh1−1(y2)

]
Vωh2(x2)Vω+1

h3
(x3)〉 . (4.48)

4We believe there is a typo in eq. (4.68) in [33] the same value for ν up to an overall π4 factor-.
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Using eq. (2.29) we identify

χαP
α
y1,l1 = 1

2 [χ(y1)∂y1 − l1∂y1χ(y1)] . (4.49)

The relevant fermionic three-point functions are written as

〈ψ(x1)ψω(x2)ψω+1(x3)〉 = Cψx
2(ω+1)
23 x2

13, (4.50)

〈χ(y1)χω−1(y2)χω(y3)〉 = Cχy2ω
23 y

2
13. (4.51)

By taking the appropriate limits on the xi and yi variables it is possible to identify these x
and y basis correlators with the m basis ones to determine the structure constants Cψ and
Cχ, giving

Cψ = n5 〈ψ(x1)ei(ω+1)H1e−i(ω+2)H1〉 = n
3/2
5 , (4.52)

Cχ = n5 〈χ(y1)eiωH2e−i(ω+1)H2〉 = n
3/2
5 . (4.53)

Then, inserting the operator (4.49) in a fermionic three-point function gives

〈12 [χ(y1)∂y1 − l1∂y1χ(y1)]χω−1(y2)χω(y3)〉 = 1
2 〈χ(y1)χω−1(y2)χω(y3)〉

[
∂y1 − 2l1y−1

13

]
.

(4.54)
From the usual y dependence in the SU(2) bosonic correlator we have[

∂y1 − 2l1y−1
13

]
〈Wl1(y1)Wω

l2 (y2)Wω+1
l3

(y3)〉 = (4.55)

[l1 + lω2 − lω3 ] y23
y12y13

〈Wl1(y1)Wω
l2 (y2)Wω+1

l3
(y3)〉 ,

where lωi = hi − 1 + k′ωi/2. To determine the spectrally flowed three-point function we
take y2 → 0 and y3 →∞, so that∫

dy1y
n1−l1−1
1 lim

y3→∞
lim
y2→0

y
−2lω3
3 〈Wl1(y1)Wω

l2 (y2)Wω+1
l3

(y3)〉 = C(li)δ2(n1 + lω2 − lω3)

= 〈Wl1,n1W
−ω
l2,l2

Wω+1
l3,−l3〉 .

(4.56)

Now we can use the current defined in (4.14) and note that the K−,ωi(z, zi)(z − z2) has no
poles at z → ∞ for (ω1, ω2, ω3) = (0,−ω, ω + 1). Additionally, the extra (z − z2) power
guarantees that the OPE with W−ωl2,l2(z2) has only regular terms in (z − z2). Therefore, that∮

dz

2πi 〈K
−,ωi(z, zi)(z − z2)Wl1,n1+1(z1)W−ωl2,l2(z2)Wω+1

l3,−l3(z3)〉 =

= (l1 − n1)
(
z12
z13

)ω+1
〈Wl1,n1(z1)W−ωl2,l2(z2)Wω+1

l3,−l3(z3)〉 = 0. (4.57)

Consequently, the correlation function can only be non-zero if n1 = l1. This, together with
the SU(2) charge conservation imposes

l1 + lω2 − lω3 = 0, (4.58)
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such that the prefactor appearing in (4.55) vanish. We conclude that

〈V(0)
h1

(x1)Vωh2(x2)Vω+1
h3

(x3)〉 = 0. (4.59)

The same occurs for all similar non-conserving winding correlators in eq. (4.46). In
other words, we find that, for short string three-point composed by two flowed states, there
is no winding violation, in the sense that all the non-zero correlators for which the total
spectral flow is non-zero can be directly identified, using eq. (3.21), with configurations
were the spectral flow is conserved. This is consistent with the analysis of [8] and [34], and
also with the predictions from the holographic CFT at the symmetric orbifold point.

4.3 Long strings and spectral flow violation

We showed in the previous section how short-string correlators vanished for non-conserving
spectral flow processes. However, this is different for interactions involving long strings.
Consider the following correlator

〈V(0)
h1

(x1)Vh2(x2)Zω=1
h1,m1;l1(x3)〉 , (4.60)

representing the interaction between two short and a singly-wound long string. By using
the explicit form of the corresponding vertex operators, we find that, given the fermionic
numbers in both the SU(2) and SL(2,R) sectors, only the terms involving the currents j(x1)
and ĵ(x1) in V(0)

h1
(x1) can be non-vanishing. This leads us to the computation of the bosonic

three-point function

〈[jVh1 ] (x1)Vh2(x2)V ω=1
h3,m3(x3)〉 = (4.61)

C̃(hi,m3)x(m3+k/2)−(h1−1)−h2
12 x

(h1−1)−(m3+k/2)−h2
23 x

h2−(m3+k/2)−(h1−1)
13 ,

where here C̃(hi,m3) stands for a unknown structure constant. Transforming this to the
m-basis by taking the appropriate limits we have∮

dx2x
m2+h2−1
2 lim

x1→0
lim
x3→∞

x
2(m3+kω/2)
3 〈[jVh1 ] (x1)Vh2(x2)V ω=1

h3,m3(x3)〉 = (4.62)

= C̃(hi,m3)δ2(−(h1 − 1) +m2 +m3 + k/2) = 〈
[
j+Vh1,−h1

]
Vh2,m2V

ω=1
h3,m3〉 ,

and using eq. (4.11) gives

〈
[
j+,ω1Vh1,−h1

]
Vh2,m2V

ω=1
h3,m3〉 =

(
z23
z12z13

)
(m2 − (h2 − 1)) 〈Vh1,−h1Vh2,m2+1V

ω=1
h3m3〉+

1
z2

13
(m3 − (h3 − 1)) 〈Vh1,−h1Vh2,m2V

ω=1
h3,m3+1〉 . (4.63)

As was done above for the spectral flow conserving case, it is also possible to derive
recursion relations between the spectral flowed violating primary correlators. Consider the
operator defined in (4.7). Given that

∑
i ωi = 1, the integral∮

dzJ −,ωi(z, zi)(z − z1) =
∮
dzj(z)(z − z3)−1(z − z1) (4.64)
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has no poles at infinity. The integrand also acts regularly on Vh1,m1(z1). Consequently,

〈
∮
dzJ −,ωi(z, zi)(z − z1)Vh1,−h1(z1)Vh2,m2+1(z2)V ω=1

h3,m3+1(z3)〉 = 0, (4.65)

implying

〈Vh1,−h1Vh2,m2+1V
ω=1
h3,m3〉 = − z12

z23z13

m2 + h2
m3 + h3

〈Vh1,−h1Vh2,m2V
ω=1
h3,m3+1〉 . (4.66)

Note that we can not do the same for J +,ωi(z, zi) since
∑
i ωi = 1 the behavior at infinity

is different. By using (4.66) we obtain

〈
[
j+,ω1Vh1,−h1

]
Vh2,m2V

ω=1
h3,m3〉 =

(
z23
z12z13

)
H(mi, hi) 〈Vh1,−h1Vh2,m2+1V

ω=1
h3,m3〉 , (4.67)

where
H(mi, hi) = (m2 − h2 + 1)(m2 + h2)− (m3 − h3 + 1)(m3 + h3)

m2 + h2
. (4.68)

Since m2 = (h1 − 1)−m3 − k/2 this can be re-written as

H(hi,m3) = (h1 − h2 −m3 − k/2)(h1 − 1 + h2 −m3 − k/2)− (m3 − h3 + 1)(m3 + h3)
h1 − 1 + h2 −m3 − k/2

.

(4.69)
The primary non-conserving spectral flow three-point function of (4.67) was derived in [8].
For the x-basis we have

〈Vh1(x1)Vh2(x2)V ω=1
h3,m3(x3)〉 = G(hi,m3)xm3+k/2−h1−h2

12 x
h1−m3−k/2−h2
23 x

h2−m3−k/2−h1
13 ,

(4.70)
and we can obtain the m-basis function from

〈Vh1,−h1Vh2,m2+1V
ω=1
h3,m3〉 =

= lim
x1→0

lim
x3→∞

x
2(m3+k/2)
3

∫
dx2x

m2+1+h2−1
2 〈Vh1(x1)Vh2(x2)V ω=1

h3,m3(x3)〉

= G(hi,m3)δ2(m2 + (m3 + k/2)− (h1 − 1)). (4.71)

Finally, combining all the above results we get

C̃(hi,m3) = H(hi,m3)G(hi,m3), (4.72)

so that the supersymmetric correlator reads

〈V(0)
h1

(x1)Vh2(x2)Zω=1
h3,m3;l3(x3)〉 = n5M(Hi, h3)G(Hi, h3)CSU(2)(li), (4.73)

with

M(Hi, h3) = −(H1 +H2 +H3 + 1) +
(H3 − h3 − n5

2 + 1)(H3 + h3 − n5
2 )

H3 −H2 −H1
. (4.74)

Where H1 = h1 − 1, H2 = h2 − 1 and H3 = m3 + n5/2 are the spacestime weights of each
field. Recall that for long strings the SU(2) and SL(2,R) spins l and h are not related
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and therefore there is no cancellation scheme for the product of the bosonic three-point
functions involved in this result. This is in stark contrast with the short-string correlators
considered above.

Spectral flow, as a generator of new string states, is a distinctive aspect of the bosonic
theory in AdS3, as is the potential non-conservation of the total spectral flow charge in
a correlation function. Strangely, this non-conservation of spectral flow seems somewhat
elusive in the context of the supersymmetric model, so much so that it was assumed that
spectral flow non-conserving processes could even not take place, at least when discussing
short strings. The results reported in this section show that the violation of the conservation
of the total flow charge is possible in the supersymmetric context, although restricted to
the dynamics of long strings.

5 Discussion

This paper focuses on three-point functions as computed from NSNS sector of the worldsheet
description of type IIB superstrings propagating on AdS3 × S3 × T 4. Although some of
them were studied in [33, 34, 53], a large class of such correlators were not computed before.
This is because the RNS formalism used to define the supersymmetric model conspires with
the usual complications coming from the presence of spectrally flowed vertex operators, and
introduces several technical complications. In particular, the picture-changing procedure
needed for correlators with three or more insertions generates the appearance of extra
current insertions in the bosonic SL(2,R) sector. In this context, the usual strategies for
obtaining descendant correlators fail due to the highly non-trivial nature of OPEs between
currents and spectrally flowed operators. These OPEs contain a set of higher-order poles
whose precise form is mostly unknown [20].

We have presented an explicit method for overcoming these obstacles, based on the use
of the generalized currents defined in eq. (4.6). We first focused on the m-basis, obtaining
closed-form results for all three point functions involving SL(2,R) spectrally flowed fields with
arbitrary spectral flow charges, together with the relevant current insertions. The resulting
expression, given in eq. (4.11), takes the form of a linear combination of primary correlators.
This allows one to compute all m-basis three-point functions of the supersymmetric model.

We then turned to x-basis three-point functions, best suited for the comparison with
the dual holographic CFT. Following the techniques of [8] and [46], we have been able to
use our m-basis results to obtain all supersymmetric three-point functions where at least
one of the vertex operators is unflowed. For short strings, we considered spacetime chiral
primary operators. Using the language of [8, 46], we showed that all the so-called spectral
flow violating correlators vanish in the supersymmetric theory, while all the spectral flow
conserving ones match exactly with the predictions of the holographic CFT at the orbifold
point. In doing so, we derived the normalization appropriate for short string operators
in the flowed sectors of the theory, which, to the best of our knowledge had only been
discussed heuristically so far. This significantly extends the results of [33, 34].

Furthermore, we have also considered interactions involving long strings, which do allow
for spectral flow violation. More precisely, we have obtained the first exact non-vanishing

– 31 –



J
H
E
P
0
1
(
2
0
2
3
)
1
6
1

supersymmetric amplitude for a process that can be interpreted as the absorption/emission
of a long string by the background geometry, which then increases/decreases its fundamental
string charge by one unit [61].

We leave for the near future the computation of the remaining supersymmetric three-
point functions in the x-basis with arbitrary spectral flow charges, and the corresponding
matching with the orbifold CFT predictions. For this, it will be necessary to extend the
methods recently developed in [2, 9] (see also [11]) to the relevant descendant correlators.
Moreover, it would also be interesting to study non-protected three-point functions [62] and
to compare them with those of the proposed holographically dual theory of [1]. Finally, it
would also be important to consider four-point functions in the supersymmetric context,
where complications similar to those we have tackled in this paper appear as well [10, 63].
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