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1 Introduction

The propagation of superstrings in AdS3 x S x T* (or K3) backgrounds has become one of
the most fruitful frameworks for exploring the AdS/CFT correspondence. Unlike for the case
of AdSs x S®, perhaps the other prototypical model for studying holography, identifying the
corresponding dual quantum field theory has been an elusive task.! Nevertheless, the AdS3
case outperforms the higher-dimensional one in that it provides a scenario in which one can
describe a wide range of exciting phenomena beyond the supergravity limit. Indeed, one has
access to a worldsheet description which is, in principle, exactly solvable [3-8]. The relevance
of this model has recently increased due not only to multiple advances in the computation
of string correlation functions [9-11] and the construction of the associated tensionless

In fact a precise albeit perturbative definition has been provided only recently in [1], a proposal that
was further tested in [2].



limit [12-14], but also because of the role they play in the microscopic description of black
holes [15-19]. The study of string correlation functions in this context has revealed crucial
information about fundamental aspects of holography [20, 21] and black hole phenomena [22—
26], as well as single-trace TT and JT deformations of 2d CFTs and holography beyond
AdS [27-30], and even condensed matter [31].

Although the determination of the spectrum and the calculation of correlators in the
S3 bosonic sector can be considered canonical, being the associated sector of the worldsheet
CFT a conformal rational model, the AdSs sector presents several unusual features, mainly
due to the fact that the underlying conformal field theory is a Wess-Zumino-Witten (WZW)
model built upon a non-compact Lorentzian target space, i.e. the universal cover of SL(2,R).
A consistent set of physical states necessarily involves the non-trivial action of the so-called
spectral flow automorphisms [6]. Consistency of the conjectured spectrum was strengthened
after determining the associated partition function [7]. As opposed to the rational case,
spectral flow gives rise to representations that are inequivalent to the canonical ones, which
encompass, in particular, a continuum of long string configurations, namely the states
describing strings that can reach the asymptotic boundary while remaining finite in energy.

Spectral flow also plays a crucial role in the short-string sector of the theory. Focusing
on the supersymmetric version of the AdS3 x S x T* model, when the AdS scale is larger
than the string scale this sector contains the operators that are dual to chiral primaries of
the spacetime theory. One can think of these operators in terms of the symmetric orbifold
CFT Sympy (T4), which lives in the same moduli space. Here N = nins is identified in terms
of the number of NS5-branes and fundamental strings sourcing the near-horizon geometry.
The unflowed sector of the worldsheet theory describes a subset of these operators, i.e. those
with low-lying spacetime weights H < n5/2. As it was shown in [32, 33], (almost) all of the
remaining chiral primaries correspond to spectrally flowed operators. The precise form of
the corresponding vertex operators was provided in [34].

The systematic computation of correlation functions for the bosonic string in pure AdSs
was initiated in [8]. Several of the papers that continued this line of work [35-43] dealt with
the calculation of correlators in the basis in which the Cartan current is diagonal. This so-
called m-basis is best suited for performing the spectral flow operation. Correlation functions
in this representation have proven to be useful for describing string interactions both in
AdSs and in related cosets [16, 24, 25] from a worldsheet perspective. Other papers deal
with alternative bases, such as the so-called t-basis [44] or the z-basis [3, 9, 33, 34, 45, 46].
The latter is best suited when it comes to holographic applications of the theory, as
the continuous parameter z is identified with the (holomorphic) coordinate on the AdS;
boundary where the holographic CFT is defined. As m and x are conjugate variables,
integrated vertex operators in the x-basis are local in spacetime, and they can be expressed
as a sum over (an infinite number of) m-basis fields, i.e. their spacetime Virasoro modes.

Vertex operators with non-trivial spectral flow charges are not affine primaries. Their
complicated OPEs with the affine currents, together with the fact that the spectral flow
charge is not a conserved quantity, render the computation of correlation functions involving
these operators rather complicated. In the bosonic theory, a number of papers [45, 46] have
managed to compute certain subfamilies of their x-basis three-point functions by using



and further developing some techniques introduced in [8]. More recently, an interesting
novel approach was developed in [2, 9, 10], based on a set of Ward identities arising in
spectrally flowed sectors, leading to a number of conjectures regarding the analytic structure
of spectrally-flowed correlators for more general configurations. The relation between these
complementary methods was recently clarified in [11].

We will be interested in three-point functions of spectrally-flowed operators in the
supersymmetric AdS3 x S% x T model. Some of these, involving short strings and conserving
the total amount of spectral flow, were discussed in [34]. Two major new issues that, unlike
the bosonic cases, must be carefully treated, emerge in this context. On the one hand, the
collusion of AdS3 and S? strongly impacts the definition of the physical spectrum. Both the
GSO projection and BRST invariance constrain the consistent configurations contributing
to the supersymmetric model. They require, in particular, the introduction of spectral flow
on the 3-sphere when dealing with discrete states. On the other hand, the picture-changing
procedure one needs to implement to cancel the background ghost charge in the RNS
formalism renders the computation of bosonic correlators involving affine current insertions
necessary. These have not been determined so far, as they cannot be derived in the usual
way due to the peculiar properties of the spectrally flowed states, which produce many
unknown terms in their OPEs with the currents. They are moreover required in order to
complete the study initiated in [34] for three-point functions of spacetime chiral primaries
from the worldsheet CFT. These constitute protected quantities [47], which can and should
be matched with the exact results obtained from the symmetric orbifold CFT? [33, 50, 51].

In this paper, we address an important gap in the literature by providing explicit
expressions for these correlation functions. We first develop a method for dealing with
bosonic correlators involving the relevant affine current insertions in the m-basis, based
on [8, 52]. The computation is done for arbitrary spectral flow assignments, that is, we
compute all descendant three-point functions of the form

<[ jasn Vfi”ﬁ,ml] Vi Vs Y, (1.1)

where j* and V are the bosonic currents and spectrally flowed primaries, respectively. As
already mentioned, these expressions are not only relevant from a pure AdSs perspective,
but they can be useful in the context of other related coset models. Next, in order to deduce
the corresponding results for operators in the spacetime representation, we follow a path
similar to that introduced in [8] and further developed in [46]. Although we are not able to
obtain the z-basis correlators in full generality, as was the case in [46], we compute this
kind of three-point functions for a wide range of spectral flow assignments. More precisely,
we focus on the NS-NS sector of the worldsheet theory, and compute

VO (@1)VE2 (22) Vi (23)) (1.2)

where V¥ are the supersymmetric vertex operators and h are their spacetime weights,
while the superscript “(0)” stands for the ghost picture-zero version of the corresponding
unflowed operator.

2This matching was recently completed in [48] for the somewhat special case of ns = 1 [14], whose
worldsheet theory must be formulated in the so-called hybrid formalism [49].



We then show that the precise matching with the holographic CFT results holds for the
associated families of chiral primary correlators as well, thus extending the analysis of [34].
Although somewhat restrictive, our results further allow us to explore, for the first time,
how processes, where the background emits/absorbs a unit of fundamental string charge
take place within the supersymmetric model with ns > 1.

The paper is organized as follows. In section 2, after reviewing some basics about
superstring theory in AdSs x S3 x T*, we re-compute explicitly all unflowed bosonic three-
point functions involving descendant insertions, both in the m and in the x basis, obtaining
the unflowed three-point functions in a way that is well suited for the generalization to the
spectrally flowed cases. In section 3 we discuss in detail the vertex algebra in spectrally
flowed sectors and the so-called series identification. We define field operators for both short
and long strings and their ghost picture-zero versions. We also compute the corresponding
two-point functions. Then, in section 4, we extend the computation of three-point correlators
in the m basis to arbitrary spectrally flowed insertions by introducing a method for dealing
with bosonic correlation functions with descendant insertions. We also compute three-point

correlators in the x basis. Finally, in section 5, we present our concluding remarks.

2 Superstring theory on AdS; x S3 x T4

We start by briefly reviewing the relevant aspects of superstring theory on AdSs x S% x T4,
the near-horizon region of the background sourced by ns NS5-branes and n; fundamental
strings. The main building block of the worldsheet theory is given by the SL(2,R)-WZW
model introduced in [3, 6-8]. The supersymmetric extension was investigated in [4, 5, 32],
while the corresponding extremal correlators were studied in [33, 34, 53].

2.1 Basic definitions

The propagation of strings in AdSs x S® x T* is described in terms of a product of
supersymmetric SL(2,R) and SU(2) affine algebras at level ns, whose currents and fermions
will be denoted as J%, ¥%, K% and x<, respectively, with a,a = 0,1,2. They satisfy
the OPEs

J(2) T (w) ~ (E”;b)Q “2_‘] if}w), (2.1a)
Ty (u) ~ L), (2.1b)
o) ~ 2 (210
and
K(2) KB (w) ~ (;25_528)2 “aif{;(w) (2.22)
Ko (P ) 00, (2.20)
i) ~ 2 (2.20



where "2 =1 7% = n,, = (= + +), and 6*% = 6,5 = (+ + +). We will mostly use the
ladder operators J* = J! +iJ?, and similarly for K*, 1)* and y*. The supersymmetric
currents split as

J¢ = j%+ 79, K® = k® + k°, (2.3)
where j® and k% generate bosonic affine algebras SL(2,R); and SU(2), with shifted levels
with levels k = ns + 2 and k' = n5 — 2, while

7%= —— %t kY = ——eY5 X7\ (2.4)
ns N5

generate fermionic SL(2,R)_2 and SU(2)s algebras. Finally, we also have the free bosons and
fermions associated with the T directions, which will be denoted as Y* and !, respectively,
with ¢ =6,...,9.

It will also be useful to use the bosonized forms for the SL(2,R) and SU(2) fermions.

We consider canonically normalized bosonic fields Hy, with I = 1,...5, and introduce
Hy=H+7Y Ny, szjfiaHJ, (2.5)
J<I

where the number operators N; are introduced in order to keep track of the cocycle
factors, with A A A A
€zaHIeszJ — eZbHJeZ(ZH[ ezwab, it I>J. (2.6)

The bosonization of ¥® and x® then reads

R 1 X 1 . 2

0H, = — oty ,  i0H,=— Ty, i0Hs;=—y%"°, (2.7a)
ns ns ns

iOHy = iXSAT, i0Hs = iX3)\Y (2.7b)

where ﬁ} = Hy for I # 3 and al = —H;. Conversely,

»E = \/@eiml 7 Y= \/7756111?2 ’ A6 i)\ = ptiHa ’ A8 4 i)\ = otifs :
(2.8a)
WO = v;ls (eiﬁg _ e—ng) ’ 0= \/2”5 (eiﬁs n e—iH3) . (2.8b)

In the remainder of the paper we will mostly omit the hats and explicitly include the phase
factors only if necessary.

The stress tensor and the supercurrent of the matter sector of the worldsheet CFT
derived from the Sugawara construction are

1 1 . .
=~ (§%ja = 0700 + ko — X"Oxa) + 5 (9Y'0Y: = XON;) (2.9)
5
2 a, 1 a b c a 1 / a.b.c © N1
G=— (V"5 — 5 fabeV"V"V" + x ka_ifabCX XX + 1 \'0Y;. (2.10)
ns 3ns 3ns
We also have the standard bc and B ghost systems, leading to the BRST charge

Q- fd [c (T +Ts,) — G+ c(0c)h — ibﬂyQ] . (2.11)



The B~ system is also bosonized as
B = e_wagv Y= 77690 ) (212)

where ¢(z)p(w) ~ —In(z — w) has background charge 2, and &(2)n(w) ~ (z —w)~!. The
spacetime supercharges can be written as

.5
_ i
Q: = fdze /23, S, = exp (2;151H1> , (2.13)

where S; are spin fields and e; = +1. These are constrained by 16963 = 465 = 1 due to
BRST-invariance and mutual locality, giving the supercharges of the spacetime N = (4,4)
superconformal algebra. Moreover, the R-symmetry of the boundary theory is generated by
the worldsheet SU(2) currents.

2.2 Vertex operators in the unflowed sector

Let us define the physical vertex operators. We will mostly follow the conventions of [33,
34, 53]. We also focus on the holomorphic part of the theory, omitting the anti-holomorphic
dependence in most of the expressions below.

Since bosonic and fermionic currents commute, vertex operators factorize into a product
of bosonic primaries and free fermions. Let Vj,(x, z) be an SL(2,R);, primary field of weight

Ay = _h(h=1) : (2.14)
ns
and spin h. It satisfies
-a V D;’th(ﬂ% w) 2 15
7*(2) h(a:,w)w—ﬁ, (2.15)
with
Dy=0, DYy =20,+h,  Df, =120, +2ha (2.16)

The fields Vj(z,z) are defined in the so-called z-basis, the = variable being identified
holographically with the complex coordinate of the boundary theory [5]. Their spacetime
modes then correspond to the m-basis operators

Viim (2) = /deth“m*li:thm*th(x,z). (2.17)

The bosonic currents OPEs with the fields Vj,,(2) are

) Vh,m+a (w)

7)) Vim(w) ~ (m —a(h —1 W

: a=0,41. (2.18)

The relevant unflowed representations of the zero-mode algebra are

- Principal series discrete representation of lowest/highest-weight: these are
built by acting with ji on the state |h,+h) (created by Vj, 11,(0) acting on the
vacuum), which is annihilated by jg:

D = (|h,m),m =+(h+n),n €N). (2.19)



Note that for operators in D,:—L one can invert (2.17). Indeed, the (residues of the)
poles located at x = 0 give states in the highest-weight representations, namely

Vi(z, 2) = Z x_h_mi_h_th,m(z). (2.20)
m,m=h

Conversely, operators in the lowest-weight representation give the power-series expan-

sion around z = oo. In particular, we have

Vi_n(2) = Vi(z =0,2), Vin(2) = lim 2"V, (2, 2). (2.21)

- Principal continuous series: these are given by

1
Ci = {(|h,a,m),a € [O,l),hzi—i-is,sER,m:a+n,n€Z>. (2.22)

It was shown in [6] that the spectrum of the SL(2,R);-WZW model is built out of continuous
and lowest weight representations with

1 kE—1

s<h<—/— 2.23

5 5 (2.23)
together with their spectrally flowed images, defined below.

The bosonic SU(2),y WZW model has primary fields W, with n = —[,..., [ and weight

A = D (2.24)
ns
where the spin [ is bounded by [54]
k‘/
0<i< . (2.25)
The OPEs with the currents k¢ are given by
Win(w)
k° n(w) ~ n—" 2.2
(Wi () ~ o2 (2260)
Win
KE(2)Wip(w) ~ (1+1+ n)lzvf;w). (2.26b)
Similarly to the SL(2,R) case, one can make use of the isospin variables y, with
!
Wily,z) = >y "Win(z), (2.27)
n=-1
so that egs. (2.26) read
PrWiy, w)
kK (2)W, ~ ol 2.28
(IWilyw) ~ 2L (228)
where
By =-0,, P)=yd,—1l, Pl =y0,-2y. (2.29)



The properties of SL(2,R) and SU(2) bosonic primary operators can be written com-
pactly in the following form:

J(xl, zl)Vh(xg, 22) ~ j(xl, Zl)Vh(xg, 2’2) ~ 712 {x%ﬁm - 2h$12} Vh(xg, 2’2), (2.30&)
1
K (y1, 20)Wi(y2, z2) ~ k(y1, 21)Wi(y2, 22) ~ " [9%281/2 + 253/12} Wi(y2, 22), (2.30b)

where x19 = 1 — x2, and we have introduced the currents

J(z,2) = =J"(2) + 22J%(2) — 22T (2) = j(=, 2) + j(z, 2), (2.31a)
K(y,2) = —K* () + 29K%) + K~ () = k(g 2) + h(,2),  (2:31D)
which satisfy
% Lra
J(.%'l, Zl)J(a}Q, 22) ~N5—- + — [1'128352 + 21‘12} J(xg, ZQ) (2.32)
12 %12
yia Lo
Ky, 20K (g2, 22) ~ =15 3 + —— [yha0ys + 20n0] K (1, 2) (2:33)
12

It will be useful to work similarly with the fermions

U(x,2) = —pT(2) + 220°(2) — 22~ (2), (2.34a)
X(y,2) = —xT(2) + 2yx°(2) + X" (2), (2.34b)

for which
J(x1, 21)Y (22, 22) ~ 5($17 21)Y(x2, 22) ~ 212 [x%@m + 2x12} P(x9, 22), (2.35a)
K(y1,20)x(y2, 22) ~ k(y1, 21)x (y2, 22) ~ . [9%283/2 + 23/12} xX(y2, 22), (2.35b)

as expected for fields with SL(2,R) spin h = —1 and SU(2) spin [ = 1, respectively.

In the supersymmetric theory, unflowed vertex operators that belong to the continuous
series representations are projected out by GSO due to their tachyonic nature. Physical ver-
tex operators polarized in the SL(2,R) and SU(2) directions belonging to the unflowed sector
are given in [33, 53, 55]. We focus on operators dual chiral primaries of the holographically
dual CFT,? namely

Vh;l(xv y) = e_wq)h;l('% y)¢(x)v (2.36&)
Wha(z,y) = e ?@pa(z, y)x(y)- (2.36b)

3There are additional families of physical operators in the NSNS sector which are not dual to chiral
primaries. We will not discuss them in this paper due to the fact that their three-point functions are
not protected by supersymmetry. In any case, it would be interesting to use the techniques developed
here to compute the corresponding three-point functions in order to compare them with the correlators
in the recent proposal of [1] for the holographic dual. Indeed, and as opposed to the usual symmetric
orbifold theory considered for instance in [33, 53], this is conjectured to be the dual CFT at the same
point in the moduli space where the worldsheet theory is defined, so that one should also be able to match
non-protected quantities.



where ®,.(x,y) = Vj,(x)Wi(y) and the exponential of the free boson ¢ comes from the ghost
sector of the theory. The worldsheet dependence is omitted. These operators have definite
(supersymmetric) spins (H, L) = (h—1,0) and (H, L) = (h,l + 1), and represent massless
excitations polarized in the AdSs and S? directions, respectively. Recall that one must also
include fermion excitations in the anti-holomorphic sector. The Virasoro conditions impose

h(h—1) =11 +1), (2.37)

which is solved by setting h = + 1 (the second solution falls outside of the range (2.23)).
Therefore, we will omit the subscript [ assuming this relation. In both cases, H gives the
corresponding spacetime weight and, since H = L with L the spacetime R-charge, these are
chiral primary operators of the boundary theory.

From now we will focus our attention on V. The treatment for Wp, is analogous. Using
the relation (2.17) it is possible to express V, in the m-basis. Explicitly, we have

Vi) = [ a1, = 7 (Vi) Ly Wit (), (2.38)
with
Va1 = =¥ Vi1 + 20Vim — ™ Vime1, (2.39)

and where we have once again ignored the anti-holomorphic sector.

2.3 Two-point functions

The string theory two-point function factorizes into bosonic, fermionic and ghost contri-
butions. The latter is given by (e~#?(*1)e=#(22)) = 2ol The SL(2,R) two-point function is
given by [56]

1 o(h1 —h
(Vi (21, 20) Viy (22, 22)) = —55 =55 7m2 [52(501 —22)0(h1 +hy —1) + B(hl)(;2h12)
212 12
(2.40)
where [3, §]
J—2h+1 ) I(x) .
B(h) = ——5— (1 — b2(2h — 1)) . () = o P=nzl,  (241)

and v is an arbitrary constant. As for the fermion propagator, we recall that the x- and
z-dependence of the propagator is fixed by worldsheet and spacetime Ward identities. ¥ (x, z)
is a primary field of spin h = —1 and worldsheet weight A, = 1/2 with respect to the
SL(2,RR)_, algebra generated by the currents 5. Making use of eq. (2.21), we have

ns

lim 5% (Y(21 = 0,21)¢ (w9, 22)) = (VT (21)0 (22)) = —, (2.42)

o —>00 212

such that )

(W1, 21) (w2, 20)) = n5L2 (2.43)



as expected. On the other hand, the SU(2) contributions read

2(h1—1)
Y
(Why—1(y1, 20)Why—1(y2, 22)) = 5h1,hgm , (2.44)
212
and
Yio
(X(y1, 21)x(y2, 22)) = —nssz- (2.45)
The full two-point functions then take the form
B(h 2H
(Vh1Vh2> =0(h — h2)”5¥ (y12) ) (2.46)
12 \T12
where H; = h; — 1, and
B(h 2H,
<Wh1Wh2> = _5(h1 - h2)n5 (2 1) <y12> s (247)
212 12

with Hy = h;. Note that the first term of the r.h.s. of eq. (2.40) does not contribute to the
short string two-point functions. The factor §(hy + he — 1) imposes hy + hy = 1, which can
not be archived if both h; are in the range (2.23).

2.4 Picture changing and three-point functions

In order to compute string three-point functions in the NS sector of the theory it is
necessary to obtain the ghost picture-zero version of the above vertex operators. As usual,
the picture-changing operator is defined in terms of the total (matter) supercurrent G,
so that

00 (z) = lim (¢#G)(w)O(2), (2.48)
where O stands for a generic vertex operator. For unflowed states, this was derived in [33, 53],
giving
A . 2 o
V0) = (1= W)ja) + (o) + —d@xaPii 1) Baler), (2.49a)
~ 2 a
Wi 9) = (kG + b0) + X(@)VaDE, ) (). (2.490)

Due to the second term appearing on the r.h.s. of egs. (2.49), three-point correlators
generically involve bosonic correlators with descendant insertions. More precisely, and
focusing on the SL(2,R) case, besides the usual primary correlators one needs

((1Vhy) (21) Viy (22) Vig (23)) - (2.50)

These correlators were computed in [33, 53] directly in the x-basis from the OPEs between
currents and primaries by means of the usual contour integration techniques. However, and
as will be discussed below, this method is unavailable for vertex operators with arbitrary
spectral flow charges since the corresponding OPEs contain many unknown terms [20]
(except for the singly-flowed case [8, 57]).

~10 -



We now derive (2.50) in an alternative way, best suited for the generalization to the
spectrally flowed cases. Similar to what was done in [46] for primary correlators, the idea is
to relate it with some m-basis correlator, and read out the corresponding structure constant.
We first determine the z- and xz-dependence the correlator. This is fixed by the action of
the global currents. We know that V}, is a primary field of spin h and conformal weight
Ap = —h(h —1)/ns. On the other hand, (jV}) is a descendant that has well-defined spin
h — 1 and weight Ay + 1. Indeed, using (2.32) and (2.30a) we have

. . kai 1 .
31, 21) GVh) (@2, 2) ~ =52 Vi (@3, 22) + —— [958, — 2(h = D] (V) (22, 22). (251)
12

Hence,
xflls,—(hq—1)—h2xé/§1—1)—h2—h3xh§—(h1—1)—h3
. . , 1
((GVhy) (21) Vg (22) Vs (23)) = C(hi) Ay + 1+ A0, —Ang Apy+Bng—Bp,—1 Ap +148,,—Ap,
293 z

12 13
(2.52)
The goal is to derive the relation between the structure constants C(h;) and those of the

primary three-point functions

<Vh1 ($1)Vh2 (mQ)vhs (z3)) = Cu(h;) ZA2h1+Ah27Ah3 Z;A?)hQ +Ap,—Apy nghl +Apy—Apy’ (2.53)

derived in [3, 8] in terms of Barnes double Gamma functions. For this, we note that the
identities in egs. (2.17) and (2.21) imply
[ oyt dm gt (V) (00) Vi (2 = 0)Vig () (2.54)
= ((IVhi)hy 1.0y -1 Vihor—ha Vhgms) »
with
GVidhetam = =3 V-1 + 25 Vim — 3~ Vimt1- (2.55)
Using (2.52) on the first line of (2.54) it turns out that, up to the z-dependence,

C(hi)6(h1 —1 — hg +m3) = <(th1)h1—1,h1—1 Vh2,—h2Vh3,m3> (2.56)
We are then interested in m-basis correlators of the form

<[jth1,m1] th,mQVh3,m3> . (2'57)

By using .
[1Vhm] (2) = ¢ dw——"—3%(w)Vh.m(2), (2.58)

and reversing the contour, the OPEs in (2.30a) imply
(mg —a(hy — 1))

<[jth1,m1] th,mz Vh3,m3> - 212 <Vh1,m1 VhQ,m2+th3,m3> (2'59)

+ (m3 —a(hs — 1))
213

<Vh1 ,m1 th ,ma Vh3 ,m3 +a> .
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Consequently, given that (jVi, )h—1.h1-1 = =5 Vai h1s

223

(Vi) ny =1, -1 Vha,—ho Viha,ms) = (h1 = ha = h3) (Vay by Vho,—hs Vhgms—1) , (2.60)

212213

where we have used the relation

<Vh1,h1 Vh27—h2—1Vh3,m3> = (m3 + hg — 1) <Vh17h1Vh2,—h2Vh3,m3—1> : (2'61)

Applying the same strategy we can re-derive the relevant m-basis three-point function [58] as

[T it @ (Vi (210 Vaa (22) Vi (2)) = Vi Ve, Vi) - (262)

1 —00 xo—0

The z-basis three-point function is given by
(Vi (21) Vi (22) Vg (w3)) = Clr(hi)aryy ™" Mahy=he-hagz=ha=in (2.63)

where, again, we have ignored the z-dependence. Therefore

<V v v > . CH(hl)(S(hl —-1- hg — m3)
hi,hy Yhe,=ha Yhs,ms/ = Apy+Apy—Apy Apg+Apg—Apy Ap +Ap,—Ap,
z z z
12 23 13

(2.64)

Note that the delta function coincides with that of (2.56). Hence, we find C(h;) =
(h1 — ha — h3)Cp(h;). In other words,

(Vi) (21)Vis (22)Vig (3)) = (o) =22 =2 (Vi (1) Vi (22) Vi (3)) , (2:65)

which agrees with the results of [33]. This result can also be used to compute the fermionic
correlator with an extra j(z) insertion. Setting h; = 0 (for the identity operator) and
he = hg = —1 in eq. (2.65), we get

(Gla1)d(@a)b(ws)) = 2 728 2B () (g )ip(as)) - (2.66)

T23 212213

Analogous expressions hold for the SU(2) correlators.
We have now obtained all the necessary ingredients of the (unflowed) supersymmetric
three-point function, which gives

<V}(L?) (@1, Y1) Vhy (@2, Y2) Vs (23,93)) = (2.67)

T12X23713
h) ———{

ns (2 —
212723213

Vit (1) Vi (22) Vg (23)) (Why =1 (Y1) Why -1 (y2) Why—1(y3))
where we have defined h = hy + ho + hz. As it was discussed in [33, 53], the shifts in the
bosonic levels of SL(2,R),.+2 and SU(2),,_2 conspire precisely so that, for operators in
the discrete representations with h; = I; + 1, the product of the corresponding three-point
functions simplify considerably. Explicitly, and omitting the  and y dependence,

pyl=h 3 1

202407 1;[1 V(2 (2h; — 1))
(2.68)

<Vh1 Vh2vh3> <Wh1—1Wh2—1Wh3—1> = D(ht)
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Consequently, one gets

V) @1, 91)Via (2, 32) Vi (73,1)) = (2.60)
ns (2 — h) D(h;) <y12>H1+H2H3 <y23>H2+H3H1 (yls)H1+H3H2
212%423%13 Z12 23 Z13 ’

where, as before, H; = h; — 1. One can compute all other NSNS correlators involving V
and W insertions analogously, see [33, 53].

In order to identify the precise boundary duals one has to integrate over the worldsheet
insertion points. It was shown in [8, 33| that this procedure removes the divergence appearing
in the two-point functions (2.46) and (2.47) coming from the d(h; — ha) factors, but it also
generates a finite multiplicative factor 1 — 2h. This, together with the correct normalization
for the spacetime operators, can be derived by making use of the spacetime Ward identities.
We review this computation in section 4.2.2 below, where we further provide the extension
to the spectrally flowed sectors.

Finally, in order to compare the three-point worldsheet three-point functions with those
of the holographic CFT we also need to include the usual factors associated with the string
coupling gs and the volume of the 7. As discussed in [33, 53], this leads to a precise
matching with the correlators of the symmetric product orbifold CEFT. At this point of the
moduli space, the operators defined above correspond to families of chiral primaries of twist
n = 2h — 1 and weights H = (n 4 1) /2, respectively.

However, due to eq. (2.23), operators in the unflowed sector of the worldsheet theory
only account for chiral primaries with twists n < ns. Except for the rather special cases
where n € nsN [59] (see also [60]), all primaries with higher twists live in the spectrally
flowed sectors of the worldsheet theory [34], which now turn to.

3 Spectrally flowed states

We now discuss states belonging to the spectrally flowed representations in the NSNS sector
of the worldsheet theory. These include both short strings, which encompass most of the
spacetime chiral primaries, and also long strings which remain at finite energy when reaching
the asymptotic boundary of AdSs, and for which the spectral flow charge is understood as
a winding number.

3.1 Vertex operators for short strings

When considering the discrete representations it is useful to perform spectral flow not

only in the SL(2,R) sector but also in SU(2) [34]. For the latter, the spectral flow maps

different standard affine representations into each other, while for SL(2,R) it generates new

inequivalent representations, for which the conformal weight is not bounded from below [6].
The relevant spectral flow isomorphisms act on the current modes as

ns ns

Ow _ 70 Ow __ 0 +w _ 7% +.w +
Jn Y= ‘]n - ?(M(Sn’o, an - Kn + ?waﬂ,()? ‘]n Y= Jn:l:w? Kn Y= Kn:l:w ’

(3.1)
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while the fermions transform as

Ow __ .0 Ow _ .0 +tw o E tw . &E
nw - wn7 an = Xn> n Y= wn:l:w? Xn Y= Xn+tw>s (32)

with w € Z. The currents ;% k%, j* and ke transform similarly with ns replaced by the
corresponding levels. The Virasoro modes shift according to

2

LAdSs = pAdSsw _ 0w ”5:) S0, (3.3a)
L5° = 5% KO 4 ”552 Sn0, (3.3b)

while for the (total) matter supercurrent we have
Gy =G —w (Y0 4+ X0%) . (3.4)

Let us focus on the SL(2,R) sector. Flowed vertex operators in the m-basis are
constructed upon the spectrally flowed primaries, whose bosonic part we denote by V2 .
These are primary fields with respect to the flowed currents j**. Hence, for w > 0 they
satisfy the following OPEs:

ko Vim(w)
.0 w n h,m
P Vi) ~ (m+ Sw) 2 (3.50)
I (2)Vim(w) ~ 0, (3.5b)
Ve () et [19Vi,] ()
.4 w h,m+1 M
JT () Vim(w) ~ (m —h+1) = w)le + 2 = w)h (3.5¢)
Moreover, V;’,, has conformal weight
h(h —1) kw?
Ay = ———2— - — 3.6
h ns wm 4’ ( )

and it is the lowest-weight state in a representation of the zero-mode algebra with spin
hy =m + kw/2. (3.7)

Similarly, Vh_m"i corresponds to a highest-weight state with spin h,, = —m + kw/2. Note also
that V;%,, and V,“  (with w > 0) have the same spin; they will contribute to the same
z-basis operator.

Flowed fermionic fields conveniently expressed in terms of their bosonized form as

w*,w _ \/n*567i(1+w)H1 7 er,w _ \/@ei(lfw)H1 ’ 1/}070.1 _ woe*iWHl_ (38)

These correspond to lowest-weight states in spin a — w representations, respectively, with
a = 0,4, —. Note that, for any w > 0, the flowed fermions have either negative or zero
spin, and belong to a finite representation of the global part of the symmetry algebra. Also,
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PpOw=1 = @3*, hence %« t! = @5*’“. Moreover, the fermionic identity is mapped to a

field of spin —w and conformal weight w?/2 given by

1 .
1@ = —w—1 _ G_szl. 3.9
\/%@Z) (3.9)

Combining the above expressions, we see that flowed primary states of the complete
supersymmetric SL(2,R),, algebra are of the form

(WOVi)hoim = — Vi1 0PV — 0 Vi (3.10)
By including the analogous SU(2) factors, this leads to vertex operators given by
€ (WVa)iosm Wie ™. (3.11)

However, not all of these are physical. From egs. (3.3) and (3.4) one finds that BRST-

invariant operators must satisfy | = h — 1 and m = —n = £(h — 1), thus giving [34]
Vﬁ,ih = e_ww:';wvffﬂ:hwlfflg(hfl)e_inQ ) (3-123)
Wilan = e e MVE L Wiy X ™ (3.12b)

where we have included the analogous construction based upon the unflowed states polarized
in the SU(2) directions.

The corresponding z-basis operators are constructed analogously to those of the un-
flowed sector, that is, by constructing the appropriate linear combination of all fields
in the associated global multiplet. These are obtained by acting freely with JSE on the
highest /lowest-weight states defined above. In the bosonic SL(2,R) sector, we have

V]:J(CU) = Z f]}'i(h+kw/2)7mu;:m u;:j:(h-‘,—k;w/?) = th,::(i:uh (313)
m=h+kw/24+n

Note, however, that for w # 0, the modes U}’ ; with m # +(h + kw/2) have no simple
m-basis expressions. As anticipated above, the z-basis field contains both the lowest- and
highest-weights representations, i.e. both those with positive and negative spectral flow
charges. It follows from egs. (3.5) that the zero-mode currents still act on the flowed z-basis
operators through the differential operators D, ., /2 defined in (2.16). An analogous
construction can be done for the fermions and the fermionic currents:

1+w
ay= Y TS U pg) =0T = ase TV (314a)
m=—(1+w)
N 2 fasy 1 727770 ~0 0, Fi(w+1)H
)= = U= g0y = e, (3.14b)
m=—(14w)
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The supersymmetric z-basis vertex operators come in four families, depending on the
sign choice in eq. (3.12) and also on the polarization. On the one hand, we have

1
Vi(z,y) = —e ¥ (x) Vi (o)W w=1 3.15a
i (2,9) N V@)V (@)W ()X (y) (3.152)
1
NG
where we defined W;(y) and x“(y) analogously to their SL(2,R) counterparts, and used

YT =792 Here V¥, (z) are the z-basis bosonic primary fields of spin hy, = +h+ kw/2,
defined in such a way that the corresponding lowest- and highest-weight modes can be

V(@) = ——=e P2 (@) VEL (@) W2y ()X (), (3.15b)

extracted of the vertex as follows:

Tim_ g2 RNy () = Vi, | lim Vi (x) =V, %, (3.16a)
lim 2?02V, (1) = Vi, lim V¥, () = V3¢ (3.16b)

Similarly, we also have

Wi () = P () () Wi () ), (3.17)
W (@) = ——e P @)V Wy (0 2(). (3.17D)

V15
However, and as we discuss next, only two of these four families of vertex operators are
actually independent.
3.2 Series identifications

As is well known, for short strings the independence of the spectrally flowed representations
holds only up to the identifications [8]

Ve = R(h)VET! W =wgtt (3.18)

S5 R
where the proportionality factor for the SL(2,R) case takes the form
R(h) = nb*/*/2B(h), (3.19)

as can be derived from the two-point function, using that

B(h)B (l; - h) = (wb%’“ﬂ)”. (3.20)

2
In the supersymmetric theory, this translates into [18]

-1
In other words, R(h) ~ B(h) ~ B (E - h) up to h-independent but k-dependent factors.

W w+1 w w1

As it was shown recently in [11] for the bosonic SL(2,R) case, these identifications also
hold in for z-basis operators involving the global descendants. This can be understood
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intuitively as follows. Vertex operators in the z-basis can be thought of as a translated
version of the m-basis flowed primaries associated to their values at the origin z = 0,
see egs. (3.16) [20]. Indeed, translations in the complex z-plane are generated by the
action of Jj ~ 0. A similar discussion holds for the SU(2) primaries and the respective
fermions. As a consequence, we find that the supersymmetric vertex operators satisfy the
following identities:

Villw,y) = ROV g (@), Wi (@sy) = ROV (). (3:22)
Hence, we can focus our attention on the computation of correlators involving only Vy/
and/or Wy insertions, the remaining ones being fixed by means of the series identifications
in eq. (3.22).

3.3 Two-point functions

With the definitions given in the previous section, it is possible to compute the two-point
functions straightforwardly as in the unflowed sector. The bosonic two-point functions can
be computed by taking the limits

. . 2h, _

Jim T 0} (VR @)V () = Vi, Vin ) (3.23)
where hy,, = h; + kw; /2. The m-basis two-point function must conserve the total amount of
spectral flow, w1 = wy [8]. Additionally, and as can be shown by using the parafermionic
decomposition, the m-basis correlators only depend on the total spectral flow charge, but
not on the specific assignment of spectral flow charges. This is up to the shifts in the usual
powers of z;;. Then
d(h1 — h2)0w, w,

- = B(h1), 3.24
et 2 B(b) (3.21)
12 T

(Vi (@1)Vy)! (w2)) =

with Ay defined as in eq. (3.6). Similarly, this can be done for the other sectors and we have

) (ym

Vi (@) Vi (22)) = ns
x12

2., .
ot ) B(h),  Huy =hi =1+ Zw, (3.25)
12
3(hy —h
WE (@)W (22)) = ny 20— 112) <y12

2H,,, ns
) B(h), Ha —h+ 5y (3.26)
X192 2

2
212

where we have used that

yis ™
(W (Wit (2)) = 2D /s 2l KW /2 (3.27)
12
and
e A
(*(21)9" (22)) = 12 (X*(@1)x* (x2)) = s (12 (3.28)
%12 212

The correlators involving the vertex operators V=, and W<, can be derived by the series
identification given in eq. (3.22).
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3.4 Picture changing

As in the unflowed case, in order to compute string three-point we will need the picture-zero
version of the spectrally flowed vertex operators [34]. We first discuss the flowed primaries
and then consider the z-basis operators.

The SL(2,R) relevant contributions to the supercurrent G can be expressed in terms of
the H; bosons as

2 T /ns /. .
Gads; = — [nf’ (e’Hl jT e j+) — %50 — woaﬂl} , (3.29a)
ns 2
2 T /ns /. .
Ggo = — [;5 (e@HQkf + e*“bk:*) +xK0 + iXOE?Hg] : (3.29b)
5
Using egs. (2.48) and (3.4), one finds that
Vi = AT 4 (1) Ay (3.30)
with
A—,w _ i '—,ww—,w—l 1 S—w Ve, WY —w—1 (3 31 )
1= 715] 7\/71—5 w) hh W h—1,—(h—1)X ) -ola
—w 1 w w — W —,W w —wl—,w—
Ay = \/T—E]Vh,h [Wh—1,—(h—2)1/f XA HOWE ¥ TR 1} ; (3.31Db)
where H, = h — 1 + nsw/2 total spacetime weight. In the z-basis, this reads
Vi (@,y) = A (2,) + (—1)° 7 A5 (2, ) (3.32)
with
w 1 W w— Sw w w w—
A (.y) = —= @) (@) = Haj (@) Vit @)W ()X~ (). (3.33a)
45 @.y) = e @) (Wi oy X ) + BV B )] . (3.33b)
’ \/,’75 h—1,—(h—2) — ’
where
j'ro;(x) = j;fw - 2ijOL—w + 1’2]';,&, . (334)

Here W,‘f_l’_ (h_2)(y) are the sum over the multiplet constructed from the flowed primary
Wlf—l,—(h—2)' Note that, both in the 9 and x sectors, the fermion number on each factor
of A; differs in one unit with respect to those in As. Hence, whenever A{ leads to a
non-zero contribution in a given correlator, that of A% will vanish, and vice-versa. Finally,
an analogous discussion gives

Wi© = By (w,y) + (~1)°Bs (,y), (3.35)

where
Bt (x,y) = jT Vi1 ()0 (@) = HoVid ()77 @) | x“ Wit (y), - (3.36a)
B (z,y) = jﬁww—%w) T )R (y) — Hob (@) Vi (@)W1 (v), (3.36b)
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with
kw(y)n = k:—w - 2yk27w - ka;—w' (337)

It follows from the above expressions that generic NS sector three-point functions will
involve bosonic correlator of the form

(Vi @ovie@aViss)) . (Wil Wi s ) Wil s () (338)

To the best of our knowledge, these have not been computed in the literature. One of
the main results of this paper is to obtain closed-form expressions for all such m-basis
correlators. We will also compute several families of their x-basis counterparts. These
computations are performed in section 4.

3.5 Vertex operators for long strings

The long string sector of the model is built upon vertex operators belonging to the continuous
representation of the SL(2,R ), algebra. The simplest vertex operator that can be constructed
by this is the non-excited state given by

Zh,m;l,n = e_¢Vh,mm,n- (339)

This field does not satisfy the GSO projection. However, we will consider the flowed versions

1
ZP i = \/—7756 POV W, (3.40)

For odd w this is a physical field allowed by the GSO projection. (A similar construction
can be carried out for even spectral flow charges.) The Virasoro condition reads
h(h —1) nsw?  1(l+1) 1

_ Z — = _. 3.41
ns wim 4 + ns 2 ( )

For states in the continuous representation, the SL(2,R); projection m can take any real
value. Therefore, the Virasoro condition can be satisfied for all values of h, [ and w. Note
that, unlike the short-string states of the previous section, long strings do not require a
relation between the SL(2,R); and SU(2); spin. The vertex operator given by eq. (3.40)
has spacetime weight H,, = m + nsw/2 (w > 0). The z-basis field is built as

1
ze  (z,y) = ——e PPN @)V ()W (y). 3.42
hma (T, y) N P (@) Vi (2) Wi (y) (3.42)
Note that we must keep track of the value of m even in the z-basis since the spacetime
weight depends directly on it. As before, the z-basis field contains both positive and

negative flow representations and satisfies that

: I e

Ji, o @) = e VTV ) (3.43)
: 1 (1)1 —
:llg[l)Zﬁ,m;l(x,y) = 756 Pt )Vh,fmI/Vl(y). (3.44)

~19 —



The picture zero version of the long strings operator is given by

) 0 —_ —
Z;Lu,r(n;)l,n = nabqpa’wgz,mvffm—&-bmﬁ + 50‘5w “ lxaglﬁ,nvﬁmmvn'i‘ﬁ? (345)

where we assume an implicit sum over a, b and «, 5, and with

g,bm:<m+h—1,m+7;5w,m—h—|—1>, (3.46)
g =(U+1—=n,n,l+1+n), (3.47)
where b = —,0,+. Note that both terms in (3.45) have the same total fermion number

w+ 1, but they differ in one unit with respect to fermion numbers in the SL(2,R) and SU(2)
sectors. Consequently, similarly to the short strings picture zero operators of the previous
section, both terms are mutually exclusive inside a correlator.

4 Correlators, currents and spectral flow

As discussed above, the computation of the three-point functions in the NSNS sector of the
worldsheet theory involves bosonic correlation functions with descendant insertions. These
are non-trivial in the presence of spectrally flowed vertex operators. Due to the complicated
OPEs between the latter and the currents, these correlators cannot be obtained by the
standard contour integration methods. In this section, which contains our main results, we
present a strategy to compute some families of such correlators.

4.1 Bosonic correlators with current insertions and general m-basis results

Let us focus on the SL(2,R) case. Our goal is to compute

(V) () Vi (22) Vi (23)) (4.1)

In order to do so, we will follow a similar strategy to that used in the unflowed case, see
section 2.4. The x- and z-dependence of (4.1) is fixed by the global Ward identities. Indeed,
the zero-mode currents act on the operator (j*V}*) in terms of its worldsheet conformal
dimension and spin, namely

AY = AY +w+1., ho =hy—1, (4.2)
where Ay and h,, were defined in egs. (3.6) and (3.7) with m = h, respectively, and we
have used (3.34). Hence, we can write

hewa—hwy —hws  Bewr —hwo —hws oo —hws —he
3 1 QSU 1 2 3.’17 2 3 1

. : ; 12 23 13
]wl Vw1:| X ng o] ~er‘3 I3 - Cwl h ~ W w w w w AW W w w!
<[ n | (@0)Viy (22) Vi (23)) ( Z)ZAh}JrAh;fAhngthrAhifAh}ZAhiJrAhngh; ’
12 23 13

(4.3)
such that we only need to determine the structure constants C*i(h;).

As in the unflowed case, the goal is to compute these constants by relating the correlator
in eq. (4.3) with some m-basis three-point functions. Generically, we are interested in
correlators of the form

5V | Vi Vi) (4.4)

1,m1| “ha,ma " hsmg
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where, from now on, w; is allowed to be positive or negative. These have not been computed
in the literature.

When the current involved is j°, one can proceed analogously to the unflowed case. By
writing the normal-ordered operator { ‘““Vh ml} as a Cauchy integral and inverting the
contour, we obtain

0,0 _
<[ 1Vh17m1i| th m2Vh37M3> - [ :| <Vh1 m1Vh2 mQVh3 m3> ) (4'5)

showcasing the expected eigenvalues as shifted by spectral flow. On the other hand, for

ma + kwa/2 n ms + kws/2

212 <13

the currents j* case one needs to take into account the pole structure appearing in the
OPEs of egs. (3.5). V,;”i ", and the currents j**, that are non-trivial whenever a = & and
w; # wy. In these cases, the normal-ordered products appearing in (4.5) are given by

4 ]i “1( (w)
w w
v e = § v = f S e, )
In order to compute (4.5) for a= i, and for a given correlator, we define
ji’w"(z) = ji(z) H(z — z)Fwi (4.7)

i
The powers of (z — ;)i ensure that the modified currents J“i(z) behave near each
flowed primary insertion analogously to unflowed currents near unflowed vertex operators.
In particular, using the OPEs (3.5b) and (3.5¢), we find that
dz +,

fé z—2 <‘7 Wz( ) hi, m1Vh2 m2Vh; m3> - 0’ (4'8)
when the contour C encircles all three insertion points. To be precise, this holds only
when there is no pole at infinity, but this happens for any configuration which satisfies the
so-called m-basis spectral flow violation rules, i.e. whenever

\wl “+ wo + (,LJ3| < 1. (49)
On the other hand, we have
j{ j:l:wl( ) hllml(zl) B
Z1 zZ—z
+wy _+ w2 w3
ST {[ e Vuilml} (1) + (212 + 213) (m1 F (ha = ))V37) mlil} (4.10)

Note that we have picked up a contribution from the first two non-trivial terms in the
corresponding OPEs (3.5) due to the extra (z — z1)~! factor in the integrand. Proceeding
similarly with the other insertions, we find that (4.8) implies the following identity:

<[ iWIVhl mJ VhQ m2Vh3 m3> -

+ws
wi _F(wi—w2)—1 [ 223
(71):‘: 1212( 1 2) <m> (m2 + (h2 — 1)) <Vh1 my th mz:tlvhg,m3>

ot —ton)— Py Fwo
(_1):‘:&112;%( 1 3) 1 <32> (m3 :F (h,3 )) <Vh1 mi th mZVhS m3:|:1> +

212
w2 w3
+ (ml + (hl - 1)) (212 + 2’13) <Vh1,m1:|:1Vh2 szhg, m3> (411)
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This allows us to compute m-basis correlators with descendant insertions we need in terms
of known primary correlators with spectral flow.

Actually, when spectral flow is conserved, i.e. when w; + wo + w3 = 0, the expression
obtained in eq. (4.11) can be simplified further by making use of the recursions relating the
different terms on the r.h.s. Alternatively, we note that in this case, it turns out that

%dzz -2 ji MOY ha, mlvlg2m2vi:;3m3> =0. (4.12)
This can be used to compute the descendant correlator directly, giving
-+
<[ WIVhl mJ th mgvhg,m3> -

¢(m1¢(h1—1))<w2+w3i1

Vw2
212 213 ) < h1 ;mi1E1l" hoymo " hs, m3>

by E(wi—w)—1 [ 723\ T
(1)t e (m) (ma ¥ (ha— D) (Vi Vi Vi ) (413)
An analogous expression can be obtained by inserting an extra (z — z2) power in the
integrand of eq. (4.12) instead of (z — z3).
Of course, a similar computation can be carried out in the SU(2) sector of the theory.
Using
K5 (2) = k= (2) [[ (2 — 20)™, (4.14)
7

leads to

<[ki “ Wll m} M/lQ TLQW

I3, n3> -
1)Ew (Wi —w)—1 (223 - lo+14+ Ul Wy
(=1)™" 215 (2 + na) (Wi Wi, e Wiss) +

213

1)@ +(w1—w3)—1 [ 232 Fwo ;
(-1) %13 712 (I3 + 1+ mn3) <VV11 ni VVZQHQVVIS "3i1> +

w2 w3
T+ 1zm) (22422 W3, Wi, Wi, (4.15)

For w1 + w9 + w3 = 0 this takes the form

<[kiw1w/ll TLJ Www2 Wwws >:

la,na " l3,n3

w2 wz3x1
T+ 12m) (224 BE0) W, Wi, W)
+ws+1
+(wi—w2)—1 [ 223
+ (_l)j:wl le(m w2) (m) (Il + 1+ no9) <W m27n2i1m°;?n3> (4.16)

4.2 Short strings: chiral primary three-point functions

In this section, we compute supersymmetric spectrally flowed correlators involving short
strings in the z-basis by using the m-basis results obtained above. We first consider situations
where the total spectral flow charge vanishes, and then move on to general configurations.
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Before continuing, let us stress that even though we have obtained closed-form ex-
pressions for m-basis three-point functions with arbitrary spectral flow assignments, the
strategy we shall use for computing z-basis correlators based on these results has somewhat
limited potential. It was discussed in [46] in the context of the bosonic SL(2,R)-WZW
model that if all three primary vertex operators involved in a three-point function have
non-zero spectral flow, the m-basis techniques can not be used to obtain the x-basis ones
for generic values of the corresponding spins h.

Here we find that a similar obstruction is also present for bosonic correlators involving
extra current insertions, relevant for the supersymmetric model. In both cases, the problem
is that the only way to reduce the z-basis correlator to a known m-basis one is by taking
limits such as (z1,x2,23) — (0,0,00), which are not well-defined in general. This was
highlighted recently in [9]. The computation of the remaining descendant correlators should
follow from a non-trivial generalization of the approach used in that paper. We leave this
important investigation for future work. In this paper, we restrict ourselves to situations
involving only two spectrally flowed states. For this class of correlators, the z-basis fusion
rules of [8] reduce to the m-basis ones.

4.2.1 Spectral flow conservation

Let us set wp = 0. Similarly to what was discussed in [46], these correlators can only be
non-zero if wy = ws or |wg — we| = 1. Recall that all spectral flow charges are non-negative
in the z-basis terminology. We first focus on the case where spectral flow is conserved and
consider correlators of the form

VO (1) Vi, (22)Vi, (3)) (4.17)

Here we have chosen to write the unflowed operator in its ghost picture-zero version, given
in (2.49). Then we have to compute

W (@) Vi, (x2)VE, (a3)) = (4.18)
[0+ @ = i) + ZoxaP | Viule) Wayo1 b (e2)Vi o)

Given that both vertex Vi and Vi have the same SL(2,R) and SU(2) fermion number
only the terms with even fermion number of V,?l will be non-zero. Hence, the computation
of (4.17) involves that of the bosonic correlator

(G Vi) (21) V5, (22) Vi (23)) - (4.19)
As argued in section 2.4, we have
((GViy) (1) Vi3 (22) Vigg (3)) = (4.20)
g —h1—huwy  B1—huwy—huws  Buy—huws —h
Co(hy) T12T13 223 Tip B T L
Yomaz zipzig Am AR AR, AR HAR A An AR =AY
Z12 %23 £13

where hy, = ho + kw/2 and hy,, = h3 + kw/2. By using the identities

lim Vie(2) = Vi @, lim 2?02V () = v, (4.21)
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we obtain the relation
2
1) (m1 + ho — hg)C”(hl) 212213 <(]V ) Ve o e >
w w w w w Wy h — ha,h —
Any +A5 =A%, Ah§+Ah§7Ah1 Ah1+Ah§*Ah§ 293 1/h1—1,m1 " ha,h2 " h3,—hs3
212 293 213

(4.22)
which will allow us to compute the structure constant. Here (jV},) h—1,m 18 defined as in
eq. (2.55). The three distinct terms appearing on the r.h.s. of eq. (4.22) can be written

using (4.11). More explicitly, we get
w w+1

-4+ w —w —
<[J Vh1,m1—1] th,hzvha,—h3> = (hs = h2 = h1) (2’13 212

w —w
) <Vh1,m1 th,hz Vh37_h3> )

B y . w w+1
<[j Vhl,m1+1] Vh2,h2Vh3ﬁh3> - (h3 ~ha hl) (ZIQ B 213

ha +kw/2  h3+ kw/2 @ VY
_ ) <Vh1,m1vh2,hzvh37—h3> ’

Z12 213
(4.23)

w —Ww
) <Vh17m1 th,hz Vh3,7h3> ’

<[30Vh1,m1} V}thQVh;(:)—h3> = (

where we have set mq = hg — ho. This leads to

<(jvh1)h1_17m1 Vf(;;,hg Vh;f_h3> = [(2‘*’ + 1)h1 — huwy — hwg] <Vh1,m1 Vf‘bl;,hz Vh;fd_hg,)
(4.24)
Given that in the m-basis the primary structure constants only depend on the total amount

212213

<23

of spectral flow, we get

<(th1)h1—1,m1 Vhw27h2 Vh;(,u—h3> = [(2w + 1)h1 — he, — By <Vh1,m1 Vh27h2Vh3,—h3> :
(4.25)
The m-basis three-point function is derived from the z-basis ones by taking the limits

212213

<23

(Vhy,mi Vho,ha Vs, —hs) :/dxlxinﬁhrl lim 23" (Vi (21) Vi (22) Vig (23))

T2 —00,23—0

= 6%(my + hg — h3)Cr(hy). (4.26)
Comparing this with eq. (4.22) we get
C¥(h;) = [(2w 4+ 1)h1 — hyy — huy| Cr(hi), (4.27)
where Cg(h;) is the unflowed three-point function. In other words,

((GViy) (1) Vi (22) Vi (23)) =

127 z
R (2w Dbt hay — ] (Vi (20) Vi (22) Vi (23)) (4.28)
T23 212%213

We also need the fermionic correlator (j(x1)1“(x2)1 (x3)). Fortunately, this can be
obtained using the same methods as in the bosonic case. Indeed, we have mentioned
that ¢* are flowed primary fields of spin h, = —(1 + w) in the SL(2,R)_o WZW model.
Hence, (4.12) implies

Gl (@) (@y)) = o229 (14 w) (¥ (e2)y(2), (4.29)
T23 212213

where we have set h; = A1 = 0.

— 24 —



We have now obtained all necessary ingredients for computing the supersymmetric
correlator (4.17). All the correlators that involve current insertions are expressed in terms
of primary ones and therefore

W (1) Ve, () V8, (23)) = (4.30)

1 waw13 203
N5 23 212713
< O ) (ws)) (Vi (1) Vi (22) Vi (23)) (W, 1. (51) Wi, 1 (512) Wity 1 ()

(2w + 1)1 = huy — hay +2(1 +w)(1 = h1)] (P (22)9* (23)) X

Using the worldsheet and conformal symmetry to trivialize the z- and z-dependence by
fixing z1 =x1 =0, 20 = x5 = 1 and 23 = x3 = oo as usual, we finally obtain

VIO (O)VE, (1)VE, (00)) = ns [1 + Hi + Ha, + Hoy) D(hi), (4.31)

where H,,, = h; — 1 + nsw;/2 are the spacetime weights, D(h;) is the SL(2,R) and SU(2)
three-point function product given by the eq. (2.68), namely

(=8 & e o B
D(h;) = lel_[l B(hi) = Qi:r[l B(hi). (4.32)
This generalizes the results of [34] and [57].

Non-trivial current insertions also appear in similar NSNS supersymmetric three-
point functions involving short strings. We compute them analogously, our results can be
summarised as follows:

()i, (DVi (00)) = m [L+ Hy + Ho, + Hoy] D(hy), (4.33a)
WD (0)WE, (W, (00)) = s [1 + Hy — Ha,y — Hay) D(hy), (4.33b)
OV ()W, ()W, (00)) = s [1 = Hy = Ha, — Hog) D(Ry). (4.330)

Moreover, with the series identifications discussed in section 3.2 all correlators of the form

VO @)V (@)Wl @s)) . (D (@)W, (22) W), (23)) (4.34)
WO @)V, @)V @s)) . (D (@) V2, (2) V¥, (a3)) (4.35)
WO @)V )V @s)) . O @)V, (22)V, (23)) (4.36)

can be obtained from those of eq. (4.33) by using the relations given in eq. (3.21).

4.2.2 Normalization and matching with the symmetric orbifold CFT

Let us go back to the correlators we have obtained in (4.33). In this section, we describe
the matching with the corresponding chiral primary three-point functions in the symmetric
orbifold CFT.

As in the unflowed case, for this, we first need to find the correct normalization for
relating worldsheet operators with their holographic counterparts. More precisely, local
operators of the CFT living on the AdS3 boundary are given by vertex operators such as
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V(z, z) integrated over their worldsheet insertion point z. Indeed, note that the worldsheet
two-point functions contain a divergent factor d(h; — ha). As discussed in [8, 34], this
divergence is cancelled by the z-integrations, i.e. by fixing the insertion points at 0 and oo
and dividing by the remaining conformal volume. However, this cancellation produces an
additional finite but non-trivial multiplicative factor, which depends on the h and w.

This constant factor can be obtained by using the spacetime Ward identities associated
with the R-symmetry currents. It was shown in [5] that the operators

1 - _ (1 - b?)
nae, S D, =T

K®(z,7) = — : (4.37)

provide the worldsheet representation for the corresponding currents. Then a generic vertex
operator of the form V;*(x)®iy, where @iy stands for the internal, fermionic and ghost
contributions must satisfy

(K 1)V (22) a2V () Bns) = |22 2| (Vi 00) i Vi () B
(4.38)
where g3 = —go denote the corresponding R-charges. Using the methods derived in this

paper, we can evaluate both sides of eq. (4.38) independently. Using (4.28) the Lh.s. becomes

2

—q2 T12%13 2w + 1 — 2] (Vi (1) V¥ (22)VE (23)) (Bing 2Pint 3) » (4.39)

ns5Cy  T23

223

212213

with h,, = h + kw/2. Moreover, using eq. (4.32), we have
(Vi(21) Vi (22) Vi’ (23)) = Cr(1, b, h) = D(1, h, h) = 2Q° B(h). (4.40)
Hence, we find that the string two-point function differs from the spacetime one by a factor
[2h, — 1 — 2w]nsc, 12Q*B(h). (4.41)

This shows that the canonically normalized spacetime operators are given by

V¥ (z) = Vir(@) (4.42)
V265 'n5Q2 (2R — 1 — 20 B(h)
WY (z) = Wi () . (4.43)

V265 'n5Q2 (2R — 1 — 20 B(h)

The factor 2h, — 1 — 2w is consistent with the unflowed result obtained in [8, 33, 53].
Although the generalization to the flowed case was anticipated in [8, 34], to the best of our
knowledge, we have presented the first formal proof available in the literature.
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Having fixed the normalization in eq. (4.43), we obtain the following spacetime three-
point functions:

<V(O) S > B 1 | (1+ Hy + Hy, + ng)4 1 (4 443)
i The Shal =N (U 2H) (1 + 2Hay)(1+ 2Hay) | |
_ 4 71/2
(0) yyyw w o\ 1 (1+H1_Hw2_Hw3)
<Vh1 ha h3> - \/N _(1 + 2H1)(2Hw2 - 1)(2Hw3 - 1)_ 7 (444b)
_ 4 71/2
Oy gy | L (1= H) = Hop — Hay)
<Wh1 @ h3> — \/N _(2H1 — 1)(2Hw2 — 1)(2Hw3 _ 1)- ) (444(3)

where we call H,, to the spacetime weight of each field, being H,, = h — 1 + nsw/2 for V¢
and H = h + n5w/2 for Wy, and we identify

1 _Ys 0:3715 _Gs 275
VN N 8Q4 N vy(1+b2)’

where we have inserted the factor of gs appearing in the definition of the three-point function,

(4.45)

and the volume of the T (which should also be included in the above normalizations).
Since gs = \/v4ns/n1 and N = nins, this fixes the value of v as in the unflowed sector [33].4
Our results then match exactly with the corresponding predictions from the symmetric
orbifold CFT, see for instance [33, 34].

4.2.3 Absence of spectral flow wviolation

According to the spectral flow selection rules for the three-point function, the most general
non-conserving spectrally flowed correlators with only two winding states are

VO @)V, () Vi (3)),

WY (1)
W (@)Vi, (@) Wi (3))
W (1)
W (1)

i

= O

(4.46)
O (z)W i (z2) Vi (3))

Vi
z1)Wi, (22) Wit (z3))

=

(0)
Vhl
together with similar ones with W}(l?) (1) instead of V,(L?)(
can not be identified, via the eq. (3.21), with those derived in the previous section. In this

x1). Note that these correlators

sense, they allow us to test for genuine spectral flow violations in the supersymmetric model.
As an example, we will compute the three-point function

W (1) Ve, (22) Vit (23)) (4.47)

while the rest can be treated similarly. The only possibly non-vanishing contribution is

55 (8 @0 xa Pyt -1 Vi (1) Wiy -1 (2) | Vi (@2) Vi (w3)) (4.48)

“We believe there is a typo in eq. (4.68) in [33] the same value for v up to an overall 7* factor-.
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Using eq. (2.29) we identify

o 1
Xa By = 5 XW1)y = 18y x(y1)] - (4.49)

The relevant fermionic three-point functions are written as

((@1)0 (22) T (w3)) = Cyang” M ads, (4.50)
()X (12) X (y3)) = Cyy35 vis- (4.51)

By taking the appropriate limits on the x; and y; variables it is possible to identify these x
and y basis correlators with the m basis ones to determine the structure constants Cy and
Cy, giving

C¢ = ns <1/}(x1)ei(w+1)H1 efi(w+2)H1> — ng/27 (452)
Cy = ns (x(yr)e™ et D2y — /2 (4.53)

Then, inserting the operator (4.49) in a fermionic three-point function gives

1 — w 1 w— w —
(5 Do)y, — ()] 2)x(9s) = 5 Oen)x ™ (23 (59)) [0y, — 20y
(4.54)
From the usual y dependence in the SU(2) bosonic correlator we have
[0y, — 20 | (W3, ()W () Wi (1)) = (4.55)

Y23 w w
[ll + lw2 - lwg] <VVZ1 <y1)I/I/l2 (y2)VVl3+1(y3)> ’
Y12Y13

where l,,, = h; — 1 + k'w;/2. To determine the spectrally flowed three-point function we
take yo — 0 and y3 — oo, so that

niy—Il1— . . *QZw w w
/d?/lyf B Tim limogy o (W, (y) W (y2) W (y3)) = C(1)0% (01 + Ly — L)

Y3—00 yo—0

= <VVl1,m VVZ;?QWW+1 > .

l3,—l3

(4.56)

Now we can use the current defined in (4.14) and note that the K™%i(z, z;)(z — 22) has no
poles at z — oo for (wy,ws,ws3) = (0, —w,w + 1). Additionally, the extra (z — z3) power
guarantees that the OPE with W9 (22) has only regular terms in (2 — 22). Therefore, that

ClZ W —Ww w
o KT (2, 20) (2 = 22) Wiy my 41 (1) W, 5 (22) W E (23)) =
(=) (22) 7 (Wi ()W () WL (25)) = 0 (457)
1 1 213 l1,n1 (<1 la,lo 2 I3,—l3 3 . .

Consequently, the correlation function can only be non-zero if ny = [y. This, together with
the SU(2) charge conservation imposes

I+ Ly — Ly =0, (4.58)
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such that the prefactor appearing in (4.55) vanish. We conclude that
VD (@1)VE, (22) Vi (23)) = 0. (4.59)

The same occurs for all similar non-conserving winding correlators in eq. (4.46). In
other words, we find that, for short string three-point composed by two flowed states, there
is no winding violation, in the sense that all the non-zero correlators for which the total
spectral flow is non-zero can be directly identified, using eq. (3.21), with configurations
were the spectral flow is conserved. This is consistent with the analysis of [8] and [34], and
also with the predictions from the holographic CFT at the symmetric orbifold point.

4.3 Long strings and spectral flow violation

We showed in the previous section how short-string correlators vanished for non-conserving
spectral flow processes. However, this is different for interactions involving long strings.
Consider the following correlator

VIO (1) Vi (22) 250, (3)) (4.60)

representing the interaction between two short and a singly-wound long string. By using

the explicit form of the corresponding vertex operators, we find that, given the fermionic

numbers in both the SU(2) and SL(2,R) sectors, only the terms involving the currents j(z;)
(0)

and j(z;) in Vy, (1) can be non-vanishing. This leads us to the computation of the bosonic
three-point function

(V] (21) Vi (22) Vit ng (23)) = (4.61)
é(hl,mg) (m3+k/2)— (hl—1)_h2x§gl—1)_(m3+k/2)_h2x?§_(m3+k/2)_(hl—1)

)

where here C (hi,m3) stands for a unknown structure constant. Transforming this to the
m-basis by taking the appropriate limits we have

j{dl‘ 22271 im  lim xg(m3+kw/2) ([1Vh,] (:Ul)VhQ(xg)V,%j%?, (23)) = (4.62)

r1—0T3—00

= Clhs;mg)0*(—(h = 1) 4 ma + mg +5/2) = ([ Vi, -1 | Viooms Vi)

and using eq. (4.11) gives

w 223 w=1
<[]+ 1Vh1 h1:| Vh27m2 h3,m3 (212213) ma — (h2 - 1)) <Vh1,—h1 th,m2+1Vh3m3> +
1
7%3(?713 — (h3 = 1)) (Vi 1y Viaams Vi o 1) - (4.63)

As was done above for the spectral flow conserving case, it is also possible to derive
recursion relations between the spectral flowed violating primary correlators. Consider the
operator defined in (4.7). Given that ), w; = 1, the integral

fdzj—% (2,2)(2 — 1) = fdzj(z)(z ) Nz ) (4.64)
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has no poles at infinity. The integrand also acts regularly on Vj, n, (21). Consequently,

(f dzJ (2, 2i)(2 = 20) Vg~ (21) Vig ma 11 (22) Vi mg 41 (28)) = 0, (4.65)

implying

z12 M2+ ho
293213 M3 + h3

<Vh17—h1 Vh27m2+1vi;;,:77113> = (Vhl,—fu th,mzvi:;,:nlz3+1> . (4'66)

Note that we can not do the same for J%i(z, z;) since Y, w; = 1 the behavior at infinity
is different. By using (4.66) we obtain

N w w= 223 w=
<[]+7 1Vh1,*h1} Vh27m2 Vh3,7r1L3> - <Z12213) H(ml7 hl) <Vh1,*h1 Vh27m2+1vh3,7r1L3> ) (4'67)
where h 1 h h 1 h
H(mi, hi) = (m2 —he )(m2 + 2) — (m3 —hst )(m3 + 3) . (4.68)
ma + ha

Since mg = (h1 — 1) — mg — k/2 this can be re-written as

(hl — hy — m3 —k/2)(h1 — 1+ hy —7TL3—]<3/2) — (mg —h3—|—1)(m3+h3)

hia =
H(hi, ma) hi— 1+ hg —ms — k/2

(4.69)
The primary non-conserving spectral flow three-point function of (4.67) was derived in [8].
For the z-basis we have

(Vi (1) Viy (2) Vi (3)) = G (i 1127 g s T2y mms b/,
(4.70)

and we can obtain the m-basis function from
(Vir,—h1 Vagma+1Vieams) =
— Jim lim_ 2§ / dpa P LV, (20) Vi (22) VS, (23))
= G(hi, m3)6%(ma + (m3 + k/2) — (hy — 1)). (4.71)
Finally, combining all the above results we get
C(hs,m3) = H(hi,m3)G(hi, m3), (4.72)
so that the supersymmetric correlator reads
(Vi (@) Vo (22) Zfs ity (23)) = ns M(H,, hs)G(Hi, h) sy (), (473)
with
M(H;, hs) = —(Hy + Hy + Hy + 1) + (Hs = hs =3 T D(Hs £ hs = F) (4.74)

Hs — Hy — H;

Where Hy = h; — 1, Hy = hg — 1 and H3 = mg3 + n3/2 are the spacestime weights of each
field. Recall that for long strings the SU(2) and SL(2,R) spins [ and h are not related
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and therefore there is no cancellation scheme for the product of the bosonic three-point
functions involved in this result. This is in stark contrast with the short-string correlators
considered above.

Spectral flow, as a generator of new string states, is a distinctive aspect of the bosonic
theory in AdSs, as is the potential non-conservation of the total spectral flow charge in
a correlation function. Strangely, this non-conservation of spectral flow seems somewhat
elusive in the context of the supersymmetric model, so much so that it was assumed that
spectral flow non-conserving processes could even not take place, at least when discussing
short strings. The results reported in this section show that the violation of the conservation
of the total flow charge is possible in the supersymmetric context, although restricted to
the dynamics of long strings.

5 Discussion

This paper focuses on three-point functions as computed from NSNS sector of the worldsheet
description of type IIB superstrings propagating on AdSs x S% x T%. Although some of
them were studied in [33, 34, 53], a large class of such correlators were not computed before.
This is because the RNS formalism used to define the supersymmetric model conspires with
the usual complications coming from the presence of spectrally flowed vertex operators, and
introduces several technical complications. In particular, the picture-changing procedure
needed for correlators with three or more insertions generates the appearance of extra
current insertions in the bosonic SL(2,R) sector. In this context, the usual strategies for
obtaining descendant correlators fail due to the highly non-trivial nature of OPEs between
currents and spectrally flowed operators. These OPEs contain a set of higher-order poles
whose precise form is mostly unknown [20].

We have presented an explicit method for overcoming these obstacles, based on the use
of the generalized currents defined in eq. (4.6). We first focused on the m-basis, obtaining
closed-form results for all three point functions involving SL(2,R) spectrally flowed fields with
arbitrary spectral flow charges, together with the relevant current insertions. The resulting
expression, given in eq. (4.11), takes the form of a linear combination of primary correlators.
This allows one to compute all m-basis three-point functions of the supersymmetric model.

We then turned to x-basis three-point functions, best suited for the comparison with
the dual holographic CFT. Following the techniques of [8] and [46], we have been able to
use our m-basis results to obtain all supersymmetric three-point functions where at least
one of the vertex operators is unflowed. For short strings, we considered spacetime chiral
primary operators. Using the language of [8, 46|, we showed that all the so-called spectral
flow violating correlators vanish in the supersymmetric theory, while all the spectral flow
conserving ones match exactly with the predictions of the holographic CFT at the orbifold
point. In doing so, we derived the normalization appropriate for short string operators
in the flowed sectors of the theory, which, to the best of our knowledge had only been
discussed heuristically so far. This significantly extends the results of [33, 34].

Furthermore, we have also considered interactions involving long strings, which do allow
for spectral flow wviolation. More precisely, we have obtained the first exact non-vanishing
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supersymmetric amplitude for a process that can be interpreted as the absorption/emission
of a long string by the background geometry, which then increases/decreases its fundamental
string charge by one unit [61].

We leave for the near future the computation of the remaining supersymmetric three-
point functions in the z-basis with arbitrary spectral flow charges, and the corresponding
matching with the orbifold CFT predictions. For this, it will be necessary to extend the
methods recently developed in [2, 9] (see also [11]) to the relevant descendant correlators.
Moreover, it would also be interesting to study non-protected three-point functions [62] and
to compare them with those of the proposed holographically dual theory of [1]. Finally, it
would also be important to consider four-point functions in the supersymmetric context,
where complications similar to those we have tackled in this paper appear as well [10, 63].
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