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EXPRESSIONS AND CHARACTERIZATIONS FOR THE MOORE-PENROSE INVERSE
OF OPERATORS AND MATRICES*

PATRICIA MARIELA MORILLAST

Abstract. Under certain conditions, we prove that the Moore—Penrose inverse of a sum of operators is the sum of the
Moore—Penrose inverses. From this, we derive expressions and characterizations for the Moore—Penrose inverse of an operator
that are useful for its computation. We give formulations of them for finite matrices and study the Moore—Penrose inverse of
circulant matrices and of distance matrices of certain graphs.
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1. Introduction. A generalization of the concept of inverse for matrices was first introduced by Moore
[1, 2]. Then, this generalized inverse was independently reintroduced and studied by Bjerhammer [3] and
Penrose [4]. The now commonly called Moore—Penrose inverse has been also defined and studied for operators
in Hilbert spaces (see e.g., [5, 6] and the references therein). It has numerous applications to physics,
statistics, optimization theory, solution of differential and integral equations, prediction theory, control
system analysis, etc. For more details see, e.g., [7, 8, 9, 10].

Let H; and Ho be Hilbert spaces over F = R or F = C. Let B(H1,Hz2) denotes the set of bounded
linear operators from H; to Hs. The set of elements in B(#H;,Hz) with closed range will be denoted with
BC(H1,Hs2). Given A € B(H1,Hz), we denote the adjoint, the null space, and the range of A by A*, N(A)
and R(A), respectively. If A € BC(Hi,Hz), then H; = N(A) & R(A*) and H2 = R(A) © N(A*), where
@ denotes orthogonal sum. If W is a closed subspace of a Hilbert space, then Py, denotes the orthogonal
projection onto W.

DEFINITION 1.1. Let A € BC(H1,H2). The unique solution X € BC(Ho,H1) of the system of operator
equations

(1) AXA=A, (2) XAX = X, (3) (AX)" = AX and (4) (XA)" = XA,

is called the Moore—Penrose inverse of A and is denoted by Af. Any X € B(Hz,H1) that satisfies (1), (3)
and (4) is known as a {1, 3,4}-inverse of A.

One of the most important properties used in the applications of the Moore—Penrose inverse is that the
minimal norm least squares problem
min ||x|| subject to ||Az — g|| = min ||[Af — ¢||,
]| subj I gl = min Af —g|

has the unique solution z = Afg.
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We note that if A € B(H1,Hs), then AT exists if and only if R(A) is closed, and R(A) is closed if and
only if R(A*) is closed. Let A € BC(H1,H2). Then (AT)Jr = A and (4%)" = (AT)*. If A is invertible, then
AT = A~!. The Moore-Penrose inverse is characterized in the following theorem (see [5, Theorem] or |7,
Theorem 9.3]):

THEOREM 1.2. If A € BC(H1,Hs), then At € BC(Ho,H1) is the unique solution of anyone of the
following equivalent systems:

(i) AX = Pya), N(X7) = N(4).

(ii) AX = Preay, XA = Pria-y, XAX = X.
) XAA* = A*, XX*A* = X.

(IV) XAPR(A*) = PR(A*); XPN(A*

)

)

—~
—
=
=

) =0.
(v) XA = Pyar), N(X) = N(4%).
(Vi) AX = Prea), XA = Pyx).

1.1. Our contributions and the organization of the paper. In Section 2, we prove that under
certain conditions, the Moore—Penrose inverse of a sum of operators is the sum of the Moore—Penrose inverses
(Theorem 2.1). From this, we give a result for {1,3,4}-inverses (Corollary 2.2) and derive expressions
and characterizations for the Moore—Penrose inverse that are useful for its computation (Theorem 2.3,
Corollary 2.4, Theorem 2.5 and Corollary 2.6). Part of them can be viewed as extensions of the following
well-known result:

PROPOSITION 1.3. Let A € BC(H1,Hsa). Then:

(i) At = (A*A)"T A* = A* (44%)T.
(ii) If N(A) = {0}, then A*A is invertible and AT = (A*A)~" A*.
(i) If R(A) = Ha, then AA* is invertible and AT = A* (AA*)™",

In particular, we note that in Definition 1.1 and in Theorem 1.2, A! is characterized as the solution of
systems of equations, or of operators equations where the solution must satisfy some restrictions on its null
space or on its range space. The importance of Proposition 1.3(ii)(iii) from the computational point of view
is that if A € BC(H1,H2) is injective (surjective), then A' is the unique solution of the single equation
(A*A) X = A* (resp. X (AA*) = A*). Our results permit to address the computation of AT in a similar
manner as a solution of a single equation, in cases in which A is not necessarily injective or surjective.

Theorem 2.1(iv) extends [4, Lemma 1.7] about the Moore—Penrose inverse of sums of matrices to sums
of operators with closed ranges. In Section 3, we consider other generalizations of [4, Lemma 1.7] given in
[11, 12, 13] for sums of two matrices and in [14] for sums of two operators. We also mention other approaches
to the study of the Moore—Penrose inverse of sums of matrices that appear in [15, 16, 17, 18, 19]. Then, we
give formulations of results of Section 2 for finite matrices (Theorem 3.1, Corollary 3.2 and Theorem 3.4).
These formulations provide methods for the obtention of the Moore—Penrose inverse in the finite-dimensional
case. We show that results appeared in [7, 20, 21], which were proved with different approaches, are particular
cases of Corollary 3.2(iii) (see Remark 3.3). We also show the relation of Theorem 2.1 with the singular
value decomposition (Remarks 3.6 and 3.7).

In Sections 4 and 5, we use our previous results to determine closed-form expressions for the entries of
the Moore—Penrose inverse of circulant matrices and of distance matrices of certain graphs.
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Circulant matrices arise in various areas of applied mathematics and science, such as statistics, physics,
signal processing, and coding theory, among many others (see, e.g., [22, 23, 24]). Beside of its theoretical
interest, having an explicit expression for the (Moore-Penrose) inverses of circulant matrices can reduce the
computational cost in dealing with them in some applications. There are several papers that give expressions
for the (Moore—Penrose) inverse of circulant matrices, see e.g. [25, 20, 26, 27, 28, 29, 30]. In Section 4, we
consider this type of matrices finding the explicit expressions of the (Moore—Penrose) inverse of some families
of complex circulant matrices (Lemma 4.2, Proposition 4.3, Example 4.5 and Proposition 4.7). Based on
spectral properties of circulant matrices, Theorem 4.4 provides a way to obtain the (Moore-Penrose) inverse
of circulant matrices in terms of the (Moore-Penrose) inverses of other circulant matrices. As a consequence,
we get Proposition 4.6 that shows that we can easily have an explicit expression for the Moore—Penrose inverse
of a circulant matrix for the case in which the generating vector has components with nonzero-sum from the
case in which the generating vector has components with zero-sum, and vice versa. Hence, there is no need
to separately consider the two cases. To our best knowledge, this fact was not noted so far in the literature.
It will simplify the study and the application of the Moore—Penrose inverse of circulant matrices in future
works.

Distance matrices of connected graphs have several interesting properties and have applications in, e.g.,
chemistry, biology, and data communication [31, 32]. In [33], Graham and Lovdsz express the inverse of the
distance matrix of an unweighted tree in terms of the Laplacian matrix. Since then, there was interest in
give expressions for the (Moore—Penrose) inverse of distance matrices of graphs using the Laplacian matrix
of the graph or a generalization of it (see e.g. [34, 35, 36, 37]). Section 5 is devoted to find explicit expression
of the Moore—Penrose inverse of distance matrices D of weighted trees and of wheel graphs with an odd
number of vertices. Our expressions for DT do not involve the Laplacian matrix or a generalization of it
but an invertible matrix which is a {1, 3,4}-inverse of D constructed directly from D and its null space (see
(5.3), (5.4) and Theorem 5.6). These expressions give alternatives to the ones presented in [35, 36] for the
computation of DT,

In Section 5.1, we consider distance matrices D of weighted trees with all the weights being nonzero
and with sum equal to zero. We note that the expression of DT given in [35, Theorem 11] can be viewed
as an extension of [38, Theorems 3 and 4] for Euclidean distance matrices and the well-known formula due
to Graham and Lovész [33]. In the expression for D provided in [35, Theorem 11] appears a vector that
depends on Df. We show how our expressions (5.3) or (5.4) can be used to compute this vector without
using Df. Moreover, for certain types of weighted trees, we give an explicit expression of this vector using
only the Laplacian matrix and the degree vector of the tree (Proposition 5.1).

In Section 5.2, we deal with the Moore—Penrose inverse of distance matrices D of wheel graphs with an
odd number of vertices. In [36], an explicit expression of DT is given in terms of a generalized Laplacian
matrix extending in this way the classical result of Graham and Lovész [33]. Here, we give a closed-form
expression for each entry of the inverse of a {1,3,4}-inverse of D, and thus of D. The principal result
is Theorem 5.6. Lemmas 5.4 and 5.5, used to prove Theorem 5.6, are about these entries and describe
properties of them. In Proposition 5.7, we give some properties of the inverse of the {1, 3,4}-inverse of D
which is used in our expression of Dt and of the generalized Laplacian matrix introduced in [36].

2. Moore—Penrose inverses of sums of operators. The following theorem gives conditions under
which the Moore—Penrose inverse of a sum is the sum of the Moore—Penrose inverses.

THEOREM 2.1. Let {Ak}le C BC(Hi,Hz2). Assume that R(Ar) € N(A4},) and R(A}) C N(Ag) for
each k, k' =1,...,K, k#k'. Then:
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(i) AxAl, =0 and Al Ay =0 for each k, k' =1,..., K, k # k.
(i) R<Zk 1 Ak) = @k:l R(A) and R(Zk:l AZ) = @szl R(A}).
(i) N (S, Ak) = S N(A) and N(SHS, A7) = NS, N(Ap).
T T
(iv) (Zk 1 Ak) exists and (Zszl Ak) = Zkl,il AL

Proof. Part (i) follows from the inclusions R(A;,) = R(A}) C N(Ay) and R(Ay) C N(AZ) = N(A;)
for each k, k' =1,...,K, k# k.

Since R(Ax) C N(A4}/) foreach k, k' =1,..., K, k # k', we get R(Ag) L R(Ay/) foreach k, k' =1,... K,
k # k'. Then, we have the orthogonal sum @le R(Ag). Clearly, R(Zszl Ak> C @szl R(Ag) and

n§=1 N(Ak) - N(Z?:l Ak)-
Let g € EBszl R(Ak). Then there exist f1,..., fx € Hi such that g = Zszl Apfr = Zszl AkPR(A;;)fk
Let f = Zle PR(A;_)fk' Using that R(A}) C N(Ay ) for each k, k' =1,..., K, k # k', we get

K K K K
(Z A’“) = (Z Ak) (Z PR<Az>fk> =D AcPy(ag) fi =9
k=1 k=1 k=1 k=1

Then g € R(Ele Ak). This sows that @15:1 R(Ag) C R(Z?Zl Ak). Hence, R(Zle Ak) = @?:1 R(Ag).
The equality R(Zszl A,*c) = @1, R(A}) can be proved similarly. Therefore, (ii) holds.

Let ko € {1,..., K}. We have f € N($/, Ay ) if and only if

K K
A f=—=| > A|feRA)NR[ > Ap| CR(Ay)NN(4f) = {0}.
k=1,k#ko k=1,k#ko

Thus, f € N(Ag,) for each ko € {1,..., K}. Therefore, ﬂszl N(A4x) = N(Ei;l Ak). In a similar way, we
prove that N(Zszl A;‘;) = ﬂle N(Aj). This shows (iii).

t
By (ii), R(Zszl Ak) is closed. Thus, (Zle Ak) exists. Using part now (i), the rest of (iv) follows
from Definition 1.1. d

From the definition of {1, 3,4}-inverse and Theorem 2.1(i)(iv), we obtain the following result:
COROLLARY 2.2. Let {Ay}1_, C BC(H1,Ma). Assume that R(Ay) € N(A%) and R(AL) C N(Ay) for
T
each k,k' =1,...,K, k#k'. Then (Zkl,(zl Ak) is a {1, 3,4}-inverse of Ay, for each ko =1,..., K.

From Theorem 2.1, we now derive expressions and characterizations for the Moore—Penrose inverse
of an operator. They are useful for its computation and part of them can be viewed as an extension
of Proposition 1.3 to a sum of operators with closed range. Before we enunciate the results, we note that,
under the hypothesis of Theorem 2.1, we always have R(AZO) C N(Zfﬂ’k#ko Ak) and R(Zszl,k;éko Ak) -

N(Aj,) for each ko € {1,..., K}.
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THEOREM 2.3. Let {Ak}ff:l C BC(Hi,Hz2). Assume that R(Ar) € N(A},) and R(A}) C N(Ag) for
each k, k' =1,2,..., k £k . Let ko € {1,...,K}. The following assertions hold:
: K 44 LAV K
(i) ALO = <Zk:1 AkAk> (Ek:l Ak) - Zk:l,k;ﬁkg AL'
o * * * f *
(i) (CAS, A7 Ax) Af, = A7, and AL, = (/5 A7) 45,
(it)) N(SAS, An) = {0} if and only if R(A7,) = N(S1 o, Ar)-
(iv) IfN(EfZI Ak) = {0}, then Zle A Ay is invertible.

Proof. (i): From Theorem 2.1(iv) and Proposition 1.3(i), we obtain

K 1 K f
AL():(ZA/C) — Z Ay,
k=1 k=1,k+ko
K K T/ K K
~((B0) () (£9)- 2, 0
k=1 k=1 k=1 k=1,k+ko
T

:(iA,’;Ak> (iA;)- i Al

k=1 k=1,k#ko

(ii): Using Theorem 2.1(i) we get,

K
(Z A;;Ak> AL, = A7, Ag AL = A7 Py, y = AL,
k=1

From this equality,

K T/ K K f
(2.1) (Z AZAk> <Z A}ZAk> Al = (Z AZAk> Fo-

k=1

Since

and, by Theorem 2.1(ii),

() o{(S) ()

equality (2.1) becomes

(iii): Assume that N(Zle Ak) ={0}. Let f eN ZkK:L,#kO Ak). Since f = PR(AZO)f + PN(AkO)f and
R(A;,) € N(Ay) for k # ko,

K K K
D APy )= D ArPy(a,)f = > Agf=o.
k=1

k=1,k#ko k=1,k+ko
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Consequently, PN(AkO)f =0and f € R(A,”;O). This shows that N(Zle’k#ko Ak> = R(A,";O).

Assume now that R (4 ) = N(X:kK:l,k#kO Ak). By Theorem 2.1(iii),

N(ZAk> ﬂ N(Ag,) NN Z A | = N(4x,) NR(4;,) = {0}.

k=1,k+£ko

(iv): It follows from Proposition 1.3(ii). |

For future references, we enunciate the following straightforward corollary.

COROLLARY 2.4. Let {Ak}szl C BC(H1,Hz2). Assume that R(Ar) C N(A},) and R(A4}) € N(Ay) for
each k, k' = 1,2,..., k £ k. Let ko € {1,...,K}. If Zszl Ay is injective, then Zszl A} A is invertible
and ALO 18 the unique solution of the operator equation (Zszl AZAk) X =45 .

The following theorem can be proved in a similar manner as was proved Theorem 2.3 or can be proved
applying Theorem 2.3 to {Aj} } s—1 and then taking adjoints.

THEOREM 2.5. Let {Ak}kzl C BC(Hi,Hz2). Assume that R(Ar) € N(A},) and R(A}) C N(Ag) for
each k, k' =1,2,..., k£ k. Let ko € {1,...,K}. The following assertions hold:
() 4f, = (S5, 47) (S 4047) T, AL
(ii) A (zk LARAT) = A7, and AL = A7, (S0 AkAZ)T,
(iii) (Zk 1 Ak> = Hso if and only if R(Zle’k#ko Ak> =N(4;,)-
(iv) IfR(Zk 1 Ak) = Ha, then Zﬁil AR Aj is invertible.

We have the following immediate and useful consequence.

COROLLARY 2.6. Let {Ak}szl C BC(Hi1,H2). Assume that R(Ay) C N(Af,) and R(A}) € N(Ay) for
each k, k' =1,2,..., k # k. Let ko € {1,...,K}. If Zszl Ay 1s surjective, then Z,I::l AR AS is invertible
and AL) is the unique solution of the operator equation X (Zszl AkAZ) = A}, -

The next theorem address the case Zszl Ay, invertible.

THEOREM 2.7. Let {Ay}r_, C BC(H1,Hs). Assume that R(A) C N(AL) and R(A}) C N(Aw) for
each k, k' =1,2,..., k£ k'. Let ko€ {1,...,K}. If Zf 1 Ak is invertible, then ALO is the solution of any

of the equations (Zk 1 Ak) X =Py N(SE g AL)? (Zk 1 Ak) N(ZE L sy Ar)

Proof. Assume that 22(:1 Ay, is invertible. From Theorem 2.1(iv),

ALO=<ZK:Ak>T— ZK: AL:(éAk>l— ZK: Al

k=1,k+#ko k=1,k+#ko
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From here,
K K K
() at, = (Z) (3
k=1 k=1 k=1,k+#ko
K K
=hu— Y. AAL=Du— Y Pray
k=1,k#ko k=1,k#ko
=D, = Presore o) = I AL
and

Cg)n (.96

k=1,k#ko k=1

K K
=l — Y, AlAv=lu— Y Py

k=1,k+ko k=1,k+ko

=D, = Prsore | oan) = INsE L An) o

It is important to note that in Definition 1.1 and in Theorem 1.2, Af is characterized as the solution of
systems of equations, or of operators equations where the solution must satisfy some restrictions on its null
space or on its range space, whereas Corollary 2.4, Corollary 2.6 and Theorem 2.7 give characterizations of
At as the solution of single equations.

The next result says that under hypotheses similar to the used for the previous characterizations, any
series of operators, which converges in the operator norm, is a finite sum.

PROPOSITION 2.8. Let {Ay}re, C BC(Hi,Ha). Assume that R(Ax) € N(A},) and R(A;) € N(Ax)
for each kK = 1,2,..., k # k'. Assume that the series 220:1 Ay converges in the operator norm. If
N>, Ak) = {0} and R(Y_p2, Ax) is closed, or R(> -,y Ak) = Ha, then there exists Ko € N such that
Ar =0 for each k > Kjy.

Proof. Assume that N(3"7; Ax) = {0} and R(> ;- Ag) is closed. Then (>, A" exists.

Let K € N. We have

K o] e’}
(2.2) DA =) Av— D A
k=1 k=1

k=K+1

Let g € R (332 jc11 Ak). There exists f € Hy such that

0= 2 M= 2L Al

k=K+1 k=K+1

Since R(Z:Zi—[mAZ) CN (Zszl Ak)7

g lgl e A
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This shows that

(2.3) R( f: Ak> CR (}i Ak) )

k=K+1
for each K € N.

Let Ky € N be such that

oo T oo
Z Ak> Z Al < 1,
k=1 k=K+1

for each K > Ky. By Theorem 2.1(ii), (2.2), (2.3) and [6, Lemma 3.3], if K > Kj, then
K K 00
Pr(4x) = R(Z Ak> = R(Z Ak> .
k= k=1 k=1

1

This implies that R(Ay) = {0} for each k > K.

Similarly, if R(3",—; Ax) = Ha, we can apply the previous reasoning to {A;};~, to conclude that there
exists Ky € N such that A;, = 0 for each k > K. O

3. Formulations for matrices. In this section, we specialize previous results for finite matrices and
relate them with others in the literature. The elements of F™ will be consider as column vectors, and if
x € F™ then z(7) denotes the ith component of z. The elements of the standard basis of F” will be denoted
by es, ..., e,. We denote the vector with all its components equal to 1 with e. The set of m x n matrices
over F is denoted by M, ,,. If m = n we write M,,. If A € M,, ,,, we denote the entry %, j, the 7th row
and the jth column of A with A(%,j), A(4,:) and A(:, j), respectively. We note that if z,y € F*, x # 0 and

v # 0, then (29")' = prpmye”

We begin noting that considering {Ak}szl C My, Theorem 2.1(iv) is [4, Lemma 1.7]. For the case
case K = 2, there are various papers that generalize [4, Lemma 1.7] considering weaker hypotheses. For
example, if A;A% =0 and C = (I — AlAJ{) As, [11, Theorem 2] expresses (A; + AQ)T in terms of Ay, As,
Ay, A%, C and their Moore—Penrose inverses. We can also mention [12, Theorem 1] which generalize [11,
Theorem 2] and expresses (A + Ag)T in terms of Ay, Ag, A}, A%, other matrices and their Moore—Penrose
inverses. In particular, by [13, Theorem 3], if A;, As € M,, and rank(A; + As) = rank(A4;) +rank(As), then
(3.1)

0 = (1 (o) ) 2 (1 () ) (g Peas) 2 (P )

Equality (3.1) was proved for operators Ay, Ay € BC(H1,H2) such that R(A;) NR(A2) = R(A]) NR(A43) =
{0}, R(A1 + A2) = R(41) + R(A2) and R(A; + A3) = R(A}) + R(A}5) (see [14, Theorem 5.2]). Note that if
Ay, A € BC(H1, Hz) satisfy the hypotheses of Theorem 2.1, they also satisfy the hypotheses of [14, Theorem
5.2] and from (3.1) we get (A; + Ay)' = AJ{ +A£. In [15, 16] are considered sufficient conditions independent
of the conditions of [4, Lemma 1.7] to have (A; + AQ)T = A1 + A; (see also Remark 3.6). For K arbitrary,

T

T
we have [17, 18, 19] where (22{21 Ak) is expressed in terms of the Moore—Penrose inverse of block circulant
matrices.
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The following particular case of Theorem 2.1 permits us to compute A’ using the equality AT =
(A+ B)]L — B' having B an explicit expression.

THEOREM 3.1. Let A € My, ,, r = rank(A), ¢ = min{m,n} andr < ¢ < gq. Let {fl, ey fy—r} be an
orthonomal subset of N(A), {g1,...,94—r} be an orthonomal subset of N(A*). Let {dk}q ~ CF\{0}. Then

/ T
q —r q —r

(3.2) A=A+ drgeft Z fkgk
k=1

As a consequence of Theorem 3.1, we get the following result which can be viewed as a particular case
of Theorems 2.3(i) and 2.5(i):

COROLLARY 3.2. Let A € M, ,,, r = rank(4) and ¢ = min{m,n}. Let {f1,..., fy—r} be an orthonomal
subset of N(A) and {g1,...,9q—r} be an orthonomal subset of N(A*). Let {d};_] C F\ {0}. Then:

(i) Ifm >mn, then AT = (A*A+ 37170 di fufr) (A" + 2020 dkfng) — 2420 2 fegi
(i) Ifn>m, then AT = (A* + 37071 dy. frgi) (AA* + 35070 dQngk) — 202t a-frak-
(iil) If m =n, then AT = (A+ 31" drgef7) ™t — Y32 d%fkgk-
Remark 3.3. From Corollary 3.2(iii), we obtain results that appear in the literature for the case m = n.

First, we note that the result of Corollary 3.2(iii) appears in [7, Exercise 53]. The proof given there consists
in a verification of the equality (A + >0 dkgkf;:) (AT + 30 ifkg;;) =TI

If A e M, is a normal matrix and dy = 1 for each k = 1,...,¢ — r, from Corollary 3.2(iii) we obtain
[20, Theorem 1] which is used to give expressions for the Moore—Penrose inverses of circulant matrices. The
proof given in [20] is based on the spectral decomposition of A.

If A e M, is symmetric,r =n—1,d; =an, a#0and f; = g1 = ﬁe € N(A4), from Corollary 3.2(iii)

we obtain [21, Theorem 2.1]. In [21], the authors first prove that A + aee! is nonsingular by showing that

all its eigenvalues are nonzero. Then, they prove that X = (4 + c)zeet)_1 - mlﬂ eet verifies the equations in

Definition 1.1 and consequently X = Af.

In the finite dimensional case we can get a result similar to Theorem 2.3, Theorem 2.5 and Theorem 2.7
but with weaker assumptions.

THEOREM 3.4. Let A,B € My, . Then:

(i) If R(B*) = N(A), then A*A + B*B is invertible and AT is the unique solution of the equation
(A*A+ B*B) X = A*.
(ii) If R(B) = N(A*), then AA* + BB* is invertible and AT is the unique solution of the equation
X (AA* + BB*) = A*.
(iii) If m = n, R(B*) = N(A) and R(B) C N(A*) (or, R(B*) C N(A) and R(B) = N(4*)), then
A+ B is invertible, AT = (A + B)_1 — BT and A is the unique solution of any of the equations
(A + B)X = PN(B*) and X(A + B) = PN(B)~

Proof. Parts (i) and (ii) follow from [39, Equalities (8) and (9)].
Assume that m =n. If R(B*) = N( ) and R(B) C N(A4*), by Theorem 2.3(iii), A + B is injective and

hence invertible. If R(B*) C N(A) and R(B) = N(A*), by Theorem 2.5(iii), A + B is surjective and hence
invertible. By Theorem 2.1(iv), AT = (A + B) — BT. The rest of part (iii) follows from Theorem 2.7. 0
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Remark 3.5. In [39] appears the following variant of parts (i) and (ii) of the previous theorem. Let
A€ My, and r = rank(4). Let V € M,_,,, rank(V) = n —r and R(V*) = N(A). Let W €
Mpm—r, rank(W) = m —r and R(W) = N(A*). By [39, Theorem 3], AT = (A*A+V*V) " 4* =
A* (AA* + WW*)

Theorem 3 in [39] is used to obtain condensed Cramer rules for the minimal-norm least-squares solution
x = A'b of linear equations Az = b and to give condensed determinantal expressions for A, AAT and ATA.
This theorem in [39] is proved given before an explicit expression for the {2}-inverse of A with range T' and
null space S (see [39, Theorem 2]). Then the expressions for AT are obtained considering T = R(A*) and
S =N(A4%).

We finish this section showing that the sufficient conditions of [15, Theorem 3.2] (see also [16, Proposition
2.3]) and of Theorem 2.1 are not necessary. This will also show the relation of Theorem 2.1 with the singular
value decomposition. We recall first a property. Let A = VW™ where V € M,, and W € M,, are unitary
matrices, and

ET r,n—r
(3.3) 5= ( 5 OO ’ ) € Mynn.

with Oy, a zero matrix in My ; and X, a diagonal matrix in M, with nonzero diagonal elements. Let
vt obtained from ¥ by first replacing each nonzero element with its inverse and then transposing. Then
At =Wwxtve,

Remark 3.6. Let A,B € M,. By [15, Theorem 3.2], if AB* + BB* = 0 and B*A + B*B = 0 (see
[16] for details about these conditions), then (A + B)' = A" + Bt. Now, if R(B*) C N(4), R(4*) C N(B),
R(B) C N(A*), R(4A) C N(B*), BB* # 0 and B*B # 0, then AB* 4+ BB* # 0 and B*A+ B*B # 0 and, by
Theorem 2.1, (A + B)T = A" + BT. We are going to see that A, B € M,, with the previous properties exist.

Let A € M,, be arbitrary, r = rank(A4), ¢ = min{n} and r < ¢’ < ¢q. Let A = VW™ be a singular value
decomposition of A where X is as in (3.3) and the diagonal elements o1, ..., 0, of X, are the singular values
of A (see e.g. [40, 7.3.P7]). Let B = VEW™ where

Or,r Or,q’fr Or,nfq’
E = Oq’—r,r Eq’—r Oq’—r,n—q’ )
On—gr On-gq—r On—gnyg

and E,_, is a diagonal matrix in M, _, with positive diagonal elements ey, ..., eg—,. Then R(B*) C N(A4),
R(A*) C N(B), R(B) € N(A*), R(A) C N(B*), BB* # 0 and B*B # 0 and

A+B) =wE+E) 'V =w &+ EN Vv =wstv: t WETV* = AT + BT

This shows that the sufficient conditions of [15, Theorem 3.2] are not necessary.

Remark 3.7. Let a, 3,7 € C\ {0} be such that (a+8+7) ' =a L+ 1 +771 (eg, a == —).
Let V € M,, and W € M,, be unitary matrices. Let £,, £3 and ¥, as in (3.3) with the r nonzero
entries equal to «, 8 and v, respectively. Thus, (X, + Xg + ZW)T =3 + E; + Zi/ and if A = VI, W*,
B =VEsW* and C = VI, W*, then (A+ B+C)" = AT + B + C1. In this case, R(4) = R(B) = R(C),
N(A) = N(B) = N(C), R(4*) = R(B*) = R(C*) and N(A*) = N(B*) = N(C*). This example shows that
the conditions of Theorem 2.1 are not necessary.
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Note that (a+3)~! = a~'+ 71 if and only if a®+aB+ 52 = 0, or equivalently, o = (%“/5) 5. Hence,

o and f cannot be both real numbers. See [41, 42] for interesting details about the equality (a+ 8)"" =
a~t+p7L

4. Moore—Penrose inverse of circulant matrices. In this section, we consider circulant matrices
of order n > 2, C' = circ(c) where ¢ € C™ (see [22, 23, 24]). For example, if n = 2,3 we have,

c(1) ) ¢3)
C- ( e(l) e(2) ) o= ) 1) @
c(2) <3) 1)
If I = circ(0,1,0,...,0) then TI~! = TI"~! = TI* = circ(0,...,0,1) and C = circ(c) = Y p_q e(k + D)ITF. If
p:C™ — C" is given by (p(c))(1) = ¢(1) and (p(c)) (k) = c¢(n —k+2) for k =2,...,n, then C* = circ(p(c)).

If circ(c) = cire(a) cire(b), then circ(c) = cire(b) circ(a) and

n

l
(4.1) ()= ak)b(l—k+1)+ > a(k)b(n+1-k+1)

k=1 k=1+1
for I =1,...,n, or equivalently, ¢ = circ(p(a)) b.
Remark 4.1. If 0 <1 < n—1 and C is a circulant matrix, then N(HIC) = N(C) and, by the reverse-order
law for the Moore—Penrose inverse (see, e.g., [7, Chapter 4, Ex. 22]), (HlC)T = ot

In [29, 30], the coefficients of the inverse and the group inverse of a circulant matrix depending on
up to four complex parameters, i.e., circ(a,b,c,d,...,d), are expressed in terms of functions k;(a,b,c,d),
j=1,...,n. In particular, in the case of four parameters, these functions involves Chebyshev polynomials.
The group inverse of a circulant matrix coincides with its Moore—Penrose inverse. The techniques used
in these papers are related with the solution of boundary value problems associated to second-order linear
difference equations. Here we use results of the previous sections to obtain properties and explicit expressions
of the Moore—Penrose inverse of circulant matrices.

Consider circulant matrices of the form C = oIl*~! + BII* where a, 3 € C\ {0} and 1 < k < n. Then
C =TI¥"1 (oI + BI). Similarly, C = ol + I~ ! = TI"~! (BI + all). Hence, by Remark 4.1, in both cases,
in order to study CT it is sufficient to consider circulant matrices of the form C = oI + SII. Part (ii) of the
following lema can be obtained from [27, Theorem 2.3] with parameters a = 2, b = 0, and ¢ = 1. We include
here a direct brief proof.

LEMMA 4.2. The following assertions hold:
(i) If n even, Cy 1 = circ(1,1,0,...,0), v =(1,—-1,1,-1,...,1,—1) and w € R™ is given by
wlk) = (1) (2 = (2k — 1)n +2)
fork=1,...,n, then Cy 1 + v o' =circ(2,0,1,—-1,...,1,—1) is invertible and
(Ciq+ovx vt)fl = #circ(w) .
(ii) If Cy —1 =cire(1,-1,0,...,0), then Cy _1 + ee’ = circ(2,0,1,...,1) is invertible and

- 1
(CL_l + eet) to —%Circ(l,& 5,....,2n—1)+ SFCRLE
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Proof. (i) Let circ(a) := (C11 + v x v?) circ(w). Using (4.1) we obtain,

a(l) =2 (n? —n+2) + ni: ()" ()M (0 — (26— 1)+ 2)
k=2

:2(n2—n+2)+(n—2)(n2+n+2)—2n<(n_21)n_1> =2,

and for l =2,...,n,

a(l) = i (D) )M 2 - 2k - D)+ 2) +2(-D)T (02— (20 - 1)n+2) +
k=

=

+ 3 TR DM (0 - 2k - 1) n+2)
k=i+1

= (-1 ( n (nZ—(2k—1)n+2)—|—(n2—(2l—1)n—|—2)—(nQ—(2(l—1)—1)n+2)>

k=1

= (-1 <n (n* +n+2)— QnW - 2n> =0.

This shows that (C1,1 + v * vt)_l = sizcire(w).

(i) Let B = —5-circ(1,3,5,...,2n— 1) + ";jgl ee!. Using that C; _je = 0 and (4.1), we obtain

1 1 n
(017_1 + eet) B= —%CL_wirc(l,& 5,...,2n—1) — o ; (2k — 1) ee’ +

n*+2 ,
ee
2n

1 1
= —%circ(Q —2n,2,2,...,2)+ ﬁeet = cire(1,0,...,0) = 1.
Hence B =C1. 0

The following proposition can be derived from [29, Theorem 3.4.] considering parameters a = a, b = 3, and
¢ = 0. Here, we present a short proof based on the previous lemma and Corollary 3.2(iii), giving the explicit
expressions for the Moore—Penrose inverses.

PROPOSITION 4.3. Let C' = al+BI1 with o, B € C\{0}. Then C is singular if and only if 3" = (—1)" o™
and the following assertions hold:

(1) If n is even and o = B, then N(C) = span{(1,—1,1,-1,...,1,—-1)} and

ct=

1
pvc (2circ(w) —cire(1,-1,1,-1,...,1, —1)> ,

where w € R™ is given by w(k) = (—1)* (n?—(2k—1)n+2) fork=1,...,n.
(ii) If o = —p, then N(C) = span{(1,1,...,1)} and
1

1
ct = % (circ(l,?), 5,...,2n—1) + eet>
a\ n

circ(n—1,n—-3,n—-5,...,2—n,1—n).

2ncy
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k
Proof. We have Cz = 0 if and only if z(k + 1) = (=1)" (%) z(1) for each k = 1,...,n — 1 and

z(n) = —gx(l). Hence, C' is singular if and only if 8" = (—=1)" a™.

(i) If n is even and & = 3, then N(C) = span{(1,-1,1,-1,...,1,—1)}. Let C; ; and v as in Lemma 4.2.
By Corollary 3.2(iii) and Lemma 4.2,

1 1 - 1
o = —Ch == ((Cl,l + vo') to vvt>

2
a [[o]]

1 1
=— (circ(w) —cire(1,-1,1,-1,...,1, —1)) .

an 2

(ii) If &« = —f, then N(C) =span{(1,1,...,1)}. Consider Cy,_; as in Lemma 4.2. By Corollary 3.2(iii)
and Lemma 4.2,

1 1 -1 1
T T _ t t
C = Ecl’_l = a ((Cl’l + ee ) — ﬁee >

1 1. n+2 , 1

- (—Qnmrc(l,?),S, o 2n—1)+ 7 ee — e
1/ 1. ,

= 5 ——cire(1,3,5,...,2n— 1) + ee’ | . |
« n

The Fourier matrix of order n denoted with F'is given by F(k,l) = ﬁe*%(kfl)(l*”. If C = circ(e),
then C is diagonalizable by F,
C =FAF, C'=FA'F,
1

(4.2) A= +/nFcand c= %F)\.

where A is the diagonal of A. As a consequence of Theorem 2.1 and (4.2), we obtain the next theorem that
provides a way to obtain the (Moore—Penrose) inverse of circulant matrices in terms of the (Moore—Penrose)
inverses of other circulant matrices. The support of a vector ¢, denoted by supp(c), are the indices of the
non-zero components of c.

THEOREM 4.4. Let {ck}ff:l C C", A\ = VnFe and N, = VnFp(cy) for each k = 1,..., K. If
supp(Ag) N Supp()’\;/) =0 for each k, k' =1,...,K, k#K, then

K T K
(circ( ck)> = Z (circ(ck))Jr )
k=1 k=1

Moreover, if Uszl supp(Ag) = {1,...,n}, then circ (Zszl ck) is inwvertible.

Ezample 4.5. Let n be even. Let o, 8 € C\ {0}. Let ¢cg =(0,...,0,5,0,0,...,0) where 8 appears in
the [-th position. Then

n

(k=) 4 1))
k=1

k=1
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Hence Ag(5 +1) =0 and Ag(k) # 0 for k # 5 + 1. If Ao = anex 1, then

1 —_
Co = %FAOZ =a(l,—1,....1,-1) = p(ca).

By Theorem 4.4,
(circ(ca + ¢5)) " = (cire(ca))’ + (cire(cs))'.

Ife=(1,-1,...,1,—1), then (circ(ca))T = —Loovt = —Locire(c). We also have

aflel*

(cire(cg))' = % (cire(1,1,0,...,0)) I+

and the explicit expression of (circ(1,1,0,..., 0))T appears in Proposition 4.3(i).

We have supp(y/nFe) = {1}, and if a € C" is such that >i—pa(j) =0, then 1 ¢ supp(y/nFa). Hence,
by Theorem 4.4, we get the following proposition.

PROPOSITION 4.6. Let ¢ € C™. The following assertions hold:

(i) 1If Z;;l c(j) #0, then

n n

CirCcT—circ _M eln _Z?:IC(]') f 1
() = <(1) ... cn) >+n2

(ii) If Z?Zl c(4) =0 and a # 0, then
cire(e)" = cire(e(1) + a, ..., c(n) + )’ — ——ee'.

By the previous proposition, it is very easy to obtain the Moore-Penrose inverse in the case Z;L=1 c(j) #£0
from the case 2?21 ¢(j) = 0, and vice versa. As a consequence, in order to give explicit expressions, there is
no need to separately consider each of the two cases. This fact will simplify future researchers in the subject.

Part (ii) of the following proposition can be used to compute explicitly and easily the Moore-Penrose
inverse of
circ| a,b,...,b,a,b,....b,...,;a,b,...,b
—— = ——

k k k

; __ a+tkb __ a=b
for each a,b € C choosing a = 957 and f§ = §77.

PROPOSITION 4.7. Let k and q be positive integers and n = q(k 4+ 1). The following assertions hold:

(i) If C =circ| k,—1,...,—1,...,k,—1,...,—1 |, then C? = nC andCT:%C.
—_——— —_———

k k

(ii) If a, 8 € C\ {0}, then
"
1 1
circla+kB,a—B,...,a—B,...,a+kB,a—p,....,a—F| =—ee' + —C.
— —_— an? fn?
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Proof. For j =1, k+2,2k+3,3k+4,...,n—k,
C?(1,5) = qk® + gk = qk(k + 1) = nk = nC(1, j).

Otherwise,
C?(1,5) =2q(=k)+n—2¢g=n—2q(k+1) =n—2n=—n =nC(1,)).

Hence, C? = nC. The rest of part (i) follows from this equality and Definition 1.1.

Taking into account that

circ|a+kB,a—pB,...,a—B,...,a+kB,a—B,...,a— | = aee' + pC,
— —
k k

part (ii) follows from Proposition 4.6. |

5. Moore—Penrose inverse of distance matrices of certain graphs. In this section, we give
applications to distance matrices of certain graphs. Specifically, we consider distance matrices of weighted
trees and of wheel graphs with an odd number of vertices.

5.1. Moore—Penrose inverse of the distance matrix of a weighted tree. Let T' = (V, E) denotes
a weighted tree with the set of vertices V = {1,...,n} and the set E of unordered pairs edges (i,7), i # j.
To each i,j € V is assigned a weight w;; # 0 if i # j and (7,7) is an edge of T. If i # j and (¢,j) is
not an edge of T' then w;; = 0. The Laplacian matriz L of T is the n x n positive definitive matrix given
by L(i,j) = —wigl if ¢ # j and (i,7) is an edge of T, L(i,j) = 0 if i # j and (¢,7) is not an edge of T,
and L(i,1) = —>_,,; L(i,j). The distance matriz D of T is the matrix with D(¢, j) equal to the distance
between vertices ¢ and j, defined to be the sum of the weights of the edges on the (unique) ij-path. We set
D(i,i) =0,i=1,...,n. We denote the degree of the vertex ¢ by (i) , i =1,...,n. Let § be the vector with

components d(1),...,d(n). We set 7 = 2e — 4.

Assume that Z;:ll w; = 0 and that all the weights are nonzero. By [35, Theorem 11],

1

(5.1) Df = f§L+u7t+7'ut,
where
(5.2) u= 1 Dfe + ¢'Die

. =3 T
From the proof of [35, Theorem 11], N(D) = span{7}. Thus, by Corollary 3.2(iii),

- 1

. = +arT _ —TT".

(5.3) pt=(D Ht e
il

or equivalently, multiplying both sides from the left by D 4+ ar7t, D is the unique solution of the equation
1
(5.4) (D+art') X =1- Wﬂ't.
-
By Corollary 2.2, the invertible matrix D + a7r7! is a {1, 3,4}-inverse of D. Expressions (5.3) and (5.4) are
alternatives for (5.1) to obtain DT. In order to compute u in (5.1), we note that from (5.3),

2

(5.5) Die= (D + O[T’Tt)71 e— —T,
afrl
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and from (5.4), De is the unique solution of the equation
(D+art)z=e¢— FZHQ T,

where a # 0. If T'LT = §'L§ # 0, choosing a appropriately, from (5.5) we get an expression of u in (5.2)
that do not involve DT,

PROPOSITION 5.1. Let T be a weighted tree with distance matriz D, Laplacian matrix L, degrees given
by § and T = 2e — §. Assume that Z;:ll wj =0 and that all the weights are nonzero. If T' LT # 0, then the

vector w in (5.2) is given by
1 3rtL
( 5 LT — T ZT) .
il 27|

Proof. By [35, Lemma 9], DL = er" — 2. Hence,

2 1
D+ ——7rt || —5L7t| =
( + TtLTTT ) (||T||2 ’7')

(5.6) u=

From (5.5) with a = % and the previous equality we obtain,
+ 1 TtLT
= —5Lt— —5T.
il (Eal
Replacing this expression for Dfe in (5.2), we get (5.6). |

5.2. Moore—Penrose inverses of distance matrices of wheel graphs with an odd number of
vertices. Let n > 5 be an odd integer. Let W(n) be the wheel graph having n number of vertices, with
the center labeled 1, the other vertices labeled 2, ..., n lie in a cycle of length n — 1, and (i,i + 1) is an
edge. Without loss of generality, we fix this labeling because any other labeling of W (n) leads to a distance
matrix which is a permutation similar to D. If u = (0,1,2,...,2,1) € R*"! then the distance matrix D of

the wheel graph is given by
(¢ amn)
D= ) .
e circ(u)

The following proposition is about null(D) and DT.

PROPOSITION 5.2. Let n > 5 odd. Let D be the distance matriz of the wheel graph with n vertices and
leta=(0,-1,1,...,-1,1) € R™. Then null(D) = span{a} and
_ t\—1 1 t
(57) DT == (D + aa ) — m@@ .
Proof. Clearly, span{a} C null(D). Let z € null(D). Since z!D(1,:) = 0, Z?:z x(j) = 0. We have
S D(i,:) =(n—1,342(n—3),...,3+2(n—3)). Since 2'D(i,:) =0 fori =2,...,n,

(5.8) 5(2) = _H) £ 2@)

(5.9) z(j) =
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(5.10) w(n) = — LTS

and
0=a' (3L, D) =(n-1a)+ B +2(n-3) X 2() = (n—1)z(1).

From the last equality, (1) = 0, and from (5.8)-(5.9), z(j) = (=1)’ ((j — 1) z(2) + (j — 2) (n)) for j =
3,...,n. In particular, z(n) = — ((n — 1) (2) + (n — 2) z(n)). Therefore, x(n) = —z(2) and, more generally,
2(j) = (=1)’ 2(2) for j = 3,...,n. This shows that null(D) = span{a}. Now, from Corollary 3.2(iii), we
obtain (5.7). 0

In [36], the equality

1~ 4
11 D= 2T+ = wwt
(5.11) 2 + W
where L is a semidefinite positive matrix, rank (E) =n-2, Le=0and w = % (5—mn,1,...,1), is obtained.

The matrix L can be viewed as a special Laplacian matrix. Equating (5.7) and (5.11) we get

t*1_71~
(5.12) (D+ad") = 5L+

4 b 1 ;
ww aa .
—1 (n—1)2

One expression of (D + aat)_l can be derived from (5.12) and the expression of L given in [36, Definition 1].
Next, we give a closed-form expression of each entry of (D + aat)_1 and hence, of each entry of DT, based
on numerical experiments. The principal result is Theorem 5.6. We establish before three auxiliary lemmas.
The first of them is about sums. The other two lemmas are about the entries of (D + aatf1 and describe
properties of them.

LEMMA 5.3. Let n > 5 odd. The following equalities hold:

(i) If n =54 4m for some m € N, m > 0, then

(R_ZB)/Q k= (n—5)(n—1) n*—6n+5
k=1,k even 16 16
(n§/2 o (n—17% n?—2n+1
k=1,k odd 16 16
(n—3)/2 5 )
Z 2 (n—=>5)(n—1)(n—3) n’>—9n”+23n—15
k=1,k even - 48 - 48
and
(nig:)ﬂ 2 (n—1)(n—=3)(n+1) n*—3n>—n+3
B 48 B 48 '

k=1,kodd
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(ii) If n =7+ 4m for some m € N, m > 0, then

(R_ZB)/Q k= (n—3)(n+1) n*—-2n-3
k=2,k even 16 16
(nfgm k- (n—3)? n?—6n+9
k=1,k odd 16 16
(n—3)/2

>, K= 48 - 48

k=1,k even

and
(n=3)/2 (n=3)(n—1)(n—5) n®>—9n%+23n—15

> K= 48 - 48

k=1,k odd
Proof. (i): Assume that n =5+ 4m for some m € N, m > 0. We have

(n—3)/2 2m+1 m

B B _om(m+1)
>ook= ) k=) 2%= 2———
k=2,k even k=1,k even k=1
n—5(n-5 1) = (n—5)(n—1) n®>—6n+5
4 4 B 16 N 16 '
(n—3)/2 2m+1 m+1
1 2
Z k= Z k:Z(Qkfl)zgwf(erl)
k=1,kodd k=1,k odd k=1

_(n—=5 n—2>5 n—>5 7(n—1)27n2—2n—|—1
< 4 H)( 4 +2)< 4 H) 6 16

(n—3)/2 2m+1 m
+1)(2m+1)
S oR= Y B=Y(nroalm
k=2,k even k=1,k even k=1 6
_2n-5 n—5+1 n—5+1 :(n—5)(n—1)(n—3):n3—9n2+23n—15
3 4 4 2 48
and
(n—3)/2 2m+1 m—41 m+1 m—+1
Yo=Y =) (2k-1)°=4> k-4 k+m+1
k=1,k odd k=1,k odd k=1 k=1 k=1
:4(m+1)(m+22(2(m+1)+1) _4(m+1)2(m+2) 41

=(m+1) <(m+2)§m+1> - ("45+1> (<n45+2)n35

m=1)(n-3)(n+1) n*>-3n2-—n+3
48 B 48 '
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(ii): Assume now that n = 7+ 4m for some m € N, m > 0. Then

(n=3)/2 2m+-2 m+1
>ook= Y k=2 k=(m+1)(m+2)
k=1,k even k=1,k even k=1
(n-—T n—7 ~ (n=3)(n+1) n*—2n-3
_<4 +1>(4 +2>_ 16 N 16 '
(n=3)/2 2m+-2 m+1
Sook= Y k=) (2k-1)
k=1,k odd k=1,k odd k=1
1 2
o EDIED 1) = (1)
n—7 > (n=3?% n*—6n+9
= —+ 1 = = s
4 16 16
(n—3)/2 2m—+2 m—+1 m—+1
Yook= > K= (@2k)P=4) K
k=1,k even k=1,k even k=1 k=1
(m+1)(m+2)2(m+1)+1) 2 /(n—-7 n—17 n—17
6 3 4 + 4 + 2 +3
_ (n=3)(n+1)(n—1) n®-3n*—n+3
B 48 B 48 ’
and
(n—=3)/2 2m—+42 m—+1 m+1 m+1
Yook= Y =) @k-1)°=4> kK —4> k+m+1
k=1,k odd k=1,k odd k=1 k=1 k=1
:4(m+1)(m+22(2(m+1)+1) _4(m+1)2(m+2) tmal
0 =9n?+23n—-15 (n—3)(n—1)(n—25) 0
B 48 B 48 '

The vector z of the following two lemmas will appear in the expression of D given in Theorem 5.6

below.

LEMMA 5.4. Let z = (2(0),...,z(n — 2)) where

—n3+3n°+n+9

0) = ,
z(0) 13
—6(n—1)k24+6(n—1)2k—n>+3n2+n+9 n—3
z(k)=z(n—-1-k)= 6(n—1)k276(n71)122k+n373n2+5n7157 behs 37 ever,
19 3 1§k/§?}k0dd,

and
3 2
nZ=3n"4lintld - p — 54 4m, m=0,1,...,

z((n—1)/2) = 24
(( )/2) {rﬂrfﬁ;ﬁw7 n="T+4m, m=0,1,....
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Then

(n—3)/2 n®—3n%—n—45

R =5+4m, m=0,1,...

5.13 z(k) = 48 ' " ’ Ty
( ) k:sz:even (k) { 2n3—6n1-8|-10n—30’ n=T+4m, m=0,1,...,

(n—=3)/2 n—1

— n=5+4m, m=0,1,...

(5.14) > oak) = { o b s A

k=1 Fodd L _—on —lonTes L48 nEE n=74+4m, m=0,1,...,

n—2 n—2 n—1
(5.15) Yooak)y== > zk)= 5
k=0,k even k=0,k odd
n—3
(5.16) 2 Y ) -2(1)—z2(n-2)=(m-1)(n-2),
l=2,leven
n—4
(5.17) 2 z() = 2(0)—z(n=3)=—=(n—-1),
1=1,lodd
(5.18) 2z(k)+ 2k —1)+2(k+1)=2(n—-1) for2<k<n-—3 andk even,
n—2
(5.19) 2 Z z()—z2k—1)—z(k+1)=—(n—-1) for2<k<n-—3 and k even,
1=0,l even,l#k
(5.20) 2z(k)+2(k—1)+2(k+1)=0 for 1 <k <n-—3 and k odd,
and
n—2
(5.21) 2 Z z()—z2(k—=1)—z(k+1)=—(Mn—-1)for 1 <k <n-—3 andk odd.
1=0,l odd, Ik

Proof. We first note that if n = 5 4 4m for some m > 0, then "T*B is odd and an is even, whereas if

n =7+ 4m for some m > 0, then 253 is even and 252 is odd.

Assume that n =5 + 4m for some m > 0. By Lemma 5.3(i),

(n—3)/2 (n—3)/2 (n—3)/2

1 -5
> e(k) =55 | -6(n—1) Yo B+ -2n+1) > k+(—n3+3n2+n+9)nT
k=1,k even k=1,k even k=1,k even
1 n3 —9n?+23n —15 9 n? —6n+5
1 3 9 n—>5
—|—12((—n + 3n +n+9)4>
(5.22) 771373712777,745

48
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and
(n—3)/2 . (n—3)/2 (n—3)/2 S
_ 2 2 3 2
> z(k) =0 (601 Y K46(m*—2n+1) Y k+ (—n’+3n°—5n+15) 1
k=1,k odd k=1,k odd k=1,k odd
-1 n3—3n%2—-—n+3 n2—2n+1
12< (n—1) 48 +6(n" -2 +1) — >
-1 3 9 n—1
+ I ((—n +3n® — 5n + 15) 4)
n—1
5.23 =—
(5.23) ;
Using (5.22) and (5.23) we get
n—2 (n—3)/2 n—2
Sooak) =200+ ) z(k)+z((n—1)/2)+ > 2(k)
k=0,k even k=1,k even k=(n+1)/2,k even
_ —n3+3n24+n+9 n n®—3n%2—n—45 n n®—3n2+1ln+15
N 12 24 24
_n-— 1
=5
and
n—>2 (n—3)/2 n—2 n—1
Y. k)= Y xR+ Y k)=
k=0,k odd k=1,k odd k=(n+1)/2,k odd

Assume now that n = 7 + 4m for some m > 0. By Lemma 5.3(ii),

(n—3)/2 1 (n—3)/2 (n—3)/2 n_3
2 2 3 2
Y. k) =g | 6—1 Y K 46(n*—2m+1) Ykt (-’ 4307+t 9) =
k=1,k even k=1,k even k=1,k even
1 n®—3n%?—n+3 9 n?—2n—3
=——(-6(n-1 6(n>—2n+1) ———=
12 ( (n—1) 48 +6(n =20 +1) =5 )
1 3 9 n—3
+12((—n +3n® +n+9) 1 )
2n3 — 6n2 4+ 10n — 30
5.24 =
(5.24) = 7
and
(n=3)/2 1 (n=3)/2 (n—3)/2 n—3
2 2 3 2
dk) =05 (=6 =1) D K +6(n*-2n+1) D k+(-n’+ 30 50+ 15) — =
k=1,k odd k=1,k odd k=1,k odd
1 n3 —9n? 4+ 23n — 15 9 n? —6n+9
1 ; —
+ 2 <(—n‘5 +3n? —bn + 15) n43)

7713 —3n2 —13n+39

(5.25) i
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From (5.24) and (5.25) we obtain,

n—2 (n—3)/2 n—2
Soak) =200+ > z(k)+ > (k)
k=0,k even k=1,k even k=(n+1)/2,k even
_ —n2+3n°+n+9 n 2n3 — 6n% 4+ 10n — 30 ~n—1
12 24 2
and
n—2 (n—3)/2 n—2
dooak)= Y zk)+a((n-1)/2)+ > (k)
k=0,k odd k=1,k odd k=(n+1)/2,k odd
~ n®—3n? —13n+ 39 N —n® +3n*+n-27  n-1
24 24 2

Hence, we have proved (5.13), (5.14) and (5.15).

For each n > 5 odd, using (5.15) we obtain (5.16) and (5.17)

n—3 n—3
2 Z z()—2(1) —z2(n—2) =2 z(1) = 22(0) — 2(1) — z(n — 2)
1=2,leven 1=0,l even
n—3
=2 z(1) — 22(0) — 22(1)
1=0,l even
1 -n3+3n?+n+9 _ n® —9n? + 23n — 27
6 6
=(n-1)(n-2),
and
n—4 n—2
2 z(l) — 2(0) — z(n — 3) =2 Z z(l) = 2z(n — 2) — 2(0) — z(n — 3)
I=1,l odd I=1,l odd
n—2
=2 z(l) — 22(1) — 2(0) — 2(2)
I=1,l odd
2
:1771726(7171)76(7171) +n?—3n?+5n—15
12
3 +3n24+n+9 —24(n—-1)+12n—-1)"—n3+3n2+n+9
- 12 - 12
=—(n—-1).

Assume that 2 < kK < n — 3 and k even. We note that k — 1, k+ 1, n — k — 2, and n — k are odd and
n—k —1is even. Ifk+1<%4,then
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—6(n—1)k+6(n—-1>7k-—n34+3n2+n+9
22(k) + z(k — 1) + 2(k + 1) =2 o
6(n—1)(k—1)>—6(n—1)°(k—1)+n®—3n2+5n—15
+
12
+6(n—1)(k+1)2—65(71—1)2(1s+1)4rni’>—3n2+5n—15
12

=2(n—-1).
If k—1> 251 then

2z(k)+z(k—1)+2(k+1)=22(n—k—-1)+2(n—k)+ 2(n—k—2)
2 -1 (n-k—=1)+12(n—1)*(n -k — 1) — 2n° + 60 + 2n + 18

12
6(n—1)(n—k?=6(n—-172Mn-—k)+n3—3n2+5n—15
* 12
6(n—1)(n—k—27-6n—-1>(Mn—k—2)+n*—3n2+5n—15
12
=2(n-1).

n—

Ifn=5—|—4mforsomem20andk‘:%,then

22(k) + z(k — 1) 4 2(k + 1) =2z((n — 1)/2) 4+ 2((n — 3)/2) + 2((n — 3)/2 + 1)
=2(2((n —1)/2) + z((n - 3)/2))
_n3 —3n?+11ln+15
N 12
3(n—1)(n—3)%—=6(n—1)*(n—3)+2n3 —6n2 + 10n — 30
12

=2(n-1).

Ifn:7—|—4mforsomem20andk—!—lz"Tl,then

22(k)+ 2k — 1)+ 2(k+1) =22((n —3)/2) + 2(n — 5)/2) + z((n — 1)/2)
—6(n—1) ("53)2+6(n— 1?1222 03 4302+ n 49
12
6(n—1)(252)° —6(n—1)* 252 413 — 3n2 4 5n — 15
12

=2

+

+—n3+3n2+n—27
24
=2(n—-1).

Ifn="744m for some m >0 and k — 1= ”771, using the above equality we get

2z(k)+zk—1)+2z(k+1)=22((n+1)/2) + 2((n —1)/2) + 2((n + 3)/2)
=2z((n—3)/2) + 2((n —1)/2) + z((n —5)/2) =2 (n — 1).
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Thus, (5.18) is proved. Using (5.15) and (5.18) we obtain (5.19):

n—2 n—2
2 Y a)—zk-1)—zk+1) =2 > 2()—22(k)—2(k—1)—z(k+1)
1=0,l even,l#k 1=0,l even

=n—-1-2(n-1)=-(n-1).

Assume that 1 < k <n — 3, and k odd. We note that k — 1, k+ 1, n — k — 2, and n — k are even, and

n —k—1is odd. Ifk+1<”;1,then

— 1) k2 — _12 3 9.2 1
2o(k)+ 2k — 1) + 2(k + 1) =25 = DK Z6(n=1) k4n” =307 +5n— 15

12
+—6(n—1)(/<:—1)2—|—6(n—1)2(k:—1)—n3—|—3n2+n—|—9
12
Jr—G(nfl)(k+1)2+6(n71)2(k+1)7n3+3n2+n+9
12
=0.

Ifk71>"?_1,then

22(k)+zk—1)+z2k+1)=2z(n—k—1)+2(n—k)+ 2(n—k —2)
6(n—1)(n—k—1>=6n—-1>m—k—1)+n*>—3n245n—15

=2 12
+—6(n—1)(n—k)2+6(n—1)2(n—k)—n3+3n2+n+9
12
—6(n—1)(n—k—2°+6n—-12m—k—2)—n*+3n2+n+9
+ 12
=0.

Ifn:5—|—4mforsomem20andk—i—l:"7_1,then

22(k)+ z(k—1)+ z(k+1) =22((n — 3)/2) + 2((n — 5)/2) + z((n — 1)/2)
6(n—1)(253)° —6(n—1)?(252) +n® —3n2 +5n— 15

=2 12
—6(n—1) (%522 +6(n—1)*(%52) —n®+3n%+n+9
- 12

" n®—3n2+1ln+15
24

=0.

Ifn=544m for some m >0 and k — 1= ”771, using the previous equality

2z2(k)+zk—1)+z2(k+1)=22z((n—2)/24+ 1)+ 2(n—1)/2) + z2((n —1)/2+ 2)
=2z(n—(n—1)/2-2)+2((n—1)/2) + 2(n—(n—1)/2—3)
=22((n —3)/2) + 2((n — 1)/2) + z((n — 5)/2) = 0.
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If n="7+44m for some m >0 and k = "T_l, then
22(k)+ 2k —1) +2(k+1)=22((n—1)/2) + 2((n —3)/2) + z2(n — 2)/2 + 1)

=2z((n —1)/2) +2z((n — 3)/2)
_2—713 +3n?2+n—27

24
—6(n—1) ("T_?’)Q—FG(TL— 1) (253) —n® + 302 +n+9
+2
12
=0.
This proves (5.20). From (5.15) and (5.20) we get (5.21):
n—2 n—2
2 Z z2()—z2(k—1)—2z(k+1)=2 Z z(1) = 2z(k) —z(k—=1) — z(k+ 1)
1=0,l odd,l#k 1=0,l odd
2("21>0(n1). O

LEMMA 5.5. Let z as in Lemma 5.4. Then
e'circ(z) = 0,

and
cire(1,0,3,1,...,3,1,3,0)circ(z) = (n — 1)>I — (n — 1) ee'.

Proof. Using Lemma 5.4,

n—2 n—2 n—2
t . _ _ o n—1 _ n—1 N
e‘cire(z) = E z(k) = E 2(k) + E 2(k) = 5 5= 0.
k=0 k=0,k even k=0,k odd

For the other equality we have,

cire(1,0,3,1,...,3,1,3,0)circ(z) =
= (00 +3 (T2 + 10 4 TS I + (I + 115 4.+ IS+ TI0)))

(7122 z(k)Hle>

k=0
n—2
= (e +2 (M y + 10y 4. + T2+ T 7F) — 10,y — T1,77) (Z z(k)Hi‘;_1>
k=0
n—2 n—3 n—2 n—2
=23 z2(k) Y IER =Y AR - Y (kI
k=0 k'=2k’ ,even k=0 k=0
n—3 n—3 n—2
=2 Y 0T+ Y (2 ()| Ik,
l=2,leven k=2,k even 1=0,l even,l#k

n—2 n—4

n—3
+ 3 (2 Y o) m (2 Y w0 |m

k=1,k odd 1=0,l odd,l#k 1=1,l odd
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n—3
- ( (n—2)I0_, + Z 1> - (Zz(k+ DI,y +z<0>HZ‘%>

n—3

=2 Y z20)-z2)-z(n-2) |1,

1=2,l even

2(0) —2(k—1) — z(k+1) | T

n—1

2(0) = 2(k—1) —z(k+1) | TIF_,

n

k= 2k:even< 1=0,l even,l#k

k=1,ko = Olodd J#k

Now, applying Lemma 5.4, we obtain

cire(1,0,3,1,...,3,1,3,0)circ(z) = (n — 1) (n —2) I n—l H = n—lQI— n—1)ee
(77aa y 9y Ly Iy n—-1—

Now we are in position to give our expression for D' using the vector z of Lemma 5.4.

THEOREM 5.6. Let n > 5 odd. Let D be the distance matriz of the wheel graph with n vertices. Let

a=(0,-1,1,...,—1,1) € R" and z as in Lemma 5.4. Let v = (1,—1,...,1,—1) € R*~L. Then
wat) ! = 1 —2(mn—-1)(n—3) (n—1)

(5.26) (D ad’) (n—1)° < (n—1)e cire(z) ) ’

and
po 1 —2(n—-1)(n—3) (n—1)

(5.27) b (n—1)° ( (n—1)e cire(z + v) ) ’

Proof. We have

(5.28) aat=<0 .0 >

0 circ(v)

and . .

0 e 0 e

t_ _
D+ad" = < e circ(u+v) ) B < e cire(1,0,3,1,...,3,1,3,0) )
Let
—2(n—=1)(n—3) (n—1)¢
X = . .
(n—1)e cire(z)

Since

—1)? etcire(z)
Dtaayx =
(D +aa’) ( 0 (n — 1)eet + cire(1,0,3,1,...,3,1,3,0)circ(z) |’

applying Lemma 5.5, we get (D + aa’) X = (n— 1)*I. This shows (5.26). By Proposition 5.2, (5.26) and
(5.28), we obtain (5.27). 0
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We end this section with properties of (D + aat)il, DY, and the matrix L of (5.11).

PROPOSITION 5.7. Let n > 5 odd. Let D be the distance matriz of the wheel graph with n vertices. Let

a=(0,-1,1,...,—1,1) e R™. Letw:i(f)—n,l,...,l)andfbesuchthat

DT:71]~L+7wwt

2 —1
Then
(5.29) (D+ad) la=—1 4
' n—1"
t t\—1 1 t

(5.30) D' = (D + aa®) I_n—laa )

(5.31) L=2((D+art)” - unt) (1- aa)).

and (D + aa?)”" — —Lwuw' is negative semidefinite on R(D

).
Proof. By the equality (D + aa')a = n — la, we get (5.29). Equality (5.30) is a consequence of (5.29)
and (5.7). Using that w'a = 0, from (5.11) and (5.30), (5.31) follows.

Since N(D) = span{a}, Pypyz = I — —‘;aa’. By [36, Theorem 2], L is positive semidefinite. Hence,
by (5.31) and noting that R(z) C R(D),

1

'Ly = —2 (PR(D)m)t ((D +aa') " — n41ww"> Pr(p),

and we conclude that (D + aa?)”' — —ww is negative semidefinite on R(D). 0

Acknowledgment. The author thanks the reviewer for the comments that improved the paper.
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