
MNRAS 527, 10469–10479 (2024) https://doi.org/10.1093/mnras/stad3644 
Advance Access publication 2023 No v ember 27 

Void probability function inside cosmic voids: evidence for hierarchical 
scaling of high-order correlations in real space 

Federico D ́avila-Kurb ́an , 1 ‹ Andr ́es N. Ruiz , 1 , 2 Dante J. Paz 

1 , 2 and Diego Garcia Lambas 1 , 2 
1 Instituto de Astronom ́oa Te ́orica y Experimental, CONICET-UNC, Laprida 854, X5000BGR, C ́ordoba, Argentina 
2 Observatorio Astron ́onmico, Universidad Nacional de C ́ordoba, Laprida 854, X5000BGR, C ́ordoba, Argentina 

Accepted 2023 No v ember 22. Received 2023 November 22; in original form 2023 September 29 

A B S T R A C T 

We compare the reduced void probability function (VPF) inside and outside of cosmic voids in the TNG300-1 simulation, both 

in real and simulated redshift space. The VPF is a special case of the Counts-in-Cells approach for extracting information of 
high-order clustering that is crucial for a full understanding of the distribution of galaxies. Previous studies have validated the 
hierarchical scaling paradigm of galaxy clustering moments, in good agreement with the ‘ne gativ e binomial’ model, in redshift 
surv e ys b ut ha ve also reported that this paradigm is not valid in real space. Ho we ver, in this work, we find that hierarchical 
scaling can indeed be found in real space inside cosmic voids. This is well fitted by the ne gativ e binomial model. We find this 
result to be robust against changes in void identification, galaxy mass, random dilutions, and redshift. We also obtain that the 
VPF in real space at high redshift approaches the ne gativ e binomial model, and, therefore, it is similar to the VPF inside voids 
at the present time. This study points, for the first time, towards evidence of hierarchical scaling of high-order clustering of 
galaxies in real space inside voids, preserving the pristine structure formation processes of the Universe. 

Key words: methods: numerical – methods: statistical – cosmology: theory – large-scale structure of Universe. 
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 I N T RO D U C T I O N  

he void probability function (VPF) estimates the probability of 
nding zero galaxies in a given volume, and it is a special case
f the Counts-in-Cells (CiC) analysis. This approach to clustering 
tatistics has been used to estimate higher order correlation functions 
Coles & Jones 1991 ; Baugh et al. 2004 ; Croton et al. 2004b ),
hich are increasingly difficult to obtain, in order to extract more 

nformation than is available in the more traditionally used two-point 
orrelation function. A further understanding of these higher-orders 
f correlation is needed for a full description of the clustering of
alaxies and the small- and large-scale structures it originates. This 
ork aims to characterize the VPF inside and outside cosmic voids, in 

eal and redshift space, and to study what information this underused 
tatistic can provide. 

An alternative method for characterizing the clustering of a sample 
as been the CiC analysis, which yields the count probability distri-
ution function (CPDF). This approach focusses on the computation 
f the probability of finding N objects in a volume V , P N ( V ). If
ne can calculate this statistic for all N , then, in principle, one
an fully characterize the distribution of the sample. The VPF is
 particular case of this approach where N = 0, and its main
ppeal has been its theoretical relation to all high-order correlation 
unctions (White 1979 ; Sharp 1981 ; Fry 1986 ; Balian et al. 1989 ;
aztanaga & Yok o yama 1993 ; Vogeley et al. 1994 ; Benson et al.
003 ). Whenever this relation is valid, the VPF can provide a pathway 
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o the information encoded in every correlation order that would 
therwise be very costly to obtain. 
The calculation of the VPF of a given set of data has been

ften contrasted in the literature with known hierarchical clustering 
odels (e.g. Croton et al. 2004a ; Mekjian 2007 ; Fry & Colombi

013 ). These models can be understood as recepies for writing the
caling coefficients that parametrize the hierarchy of the correlation 
unctions. In particular the Ne gativ e Binomial model (NB, hereafter)
as been shown to be a very good fit for the VPF of galaxies in
edshift surv e ys (Elizalde & Gaztanaga 1992 ; Conroy et al. 2005 ;
roton et al. 2006 , and references abo v e), while the Thermodynamic
odel provides a less accurate fit for some dark matter samples and

alaxies in certain cosmological models (Vogeley et al. 1994 ; Croton
t al. 2004a ). Ho we ver, despite e vidence of the success of the NB
odel as a fit for the VPF of galaxies in redshift surv e ys, and therefore

onfirming the hierarchical scaling of the clustering correlations, one 
ain problem remains: this behaviour does not hold in real space. For
 xample, Vogele y et al. ( 1994 ) simulate real and redshift space with
ifferent cosmologies and confirms the idea (previously reported as 
ell by Lahav et al. 1993 ) that the hierarchical scaling is only valid in

edshift space, i.e. when the clustering pattern is distorted by peculiar
elocities. Ho we ver, Croton et al. ( 2006 ) find that fainter and redder
alaxies mo v e a way from the NB model and so disputes the idea that
he distortion of peculiar velocities is the main reason for the success
f the NB model. 
Similar reports for the success of the NB model have been

resented for the entire CiC treatment. Using data from the Sloan
igital Sk y Surv e y (SDSS), Hurtado-Gil et al. ( 2017 ) conclude that

he NB model is the best fit for the CiC distribution: Not only for the
robability P 0 of finding zero galaxies but also for the probability P N 
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f finding N galaxies with N ≥ 1, while the log-normal distribution
a model with similar behaviour to that of the Thermodynamic) is,
ith some modifications, a justifiable alternative for cells spanning

arge scales. 
Ho we ver, there are some deviations from the NB model. Croton

t al. ( 2006 ) find that red galaxies of the SDSS have stronger
lustering strength than blue galaxies at the orders they measured
nd, therefore, stray upwards from the NB fit. In agreement with
his result Tinker et al. ( 2008 ) disco v ered that occupation functions
esulting in correlation functions that significantly deviate from a
ower law tend to stray from the NB model. They argue that the
eason for this departure is the pre v alence of satellite galaxies within
he red occupation function, which leads to a distinct shift from the
ne- to two-halo regime. On the other hand, the correlation function
or the blue sample closely follows a power law, and is therefore well
tted by the NB model. 
It is also important to note that the Ansatz of hierarchical scaling

s obtained with two key assumptions: self-similarity and stable
lustering (Bernardeau et al. 2002 ). Stable clustering implies that
he coefficients are constant with time, while self-similarity leads to
oefficients that are constant with scale. Both of these approximations
re simplistic, but they have been useful in understanding the
ehaviour of small-scale correlations. Therefore, it is to be expected
hat the Ansatz of hierarchical scaling is true only in regimes in which
hese approximations have reasonable validity. 

Authors such as Conroy et al. ( 2005 ) and Tinker, Weinberg &
arren ( 2006 ) argue that the VPF is completely determined by

he number density and the v olume-a veraged two-point correlation
unction of the sample, so it does not necessarily provide more
nformation than these statistics and should be used as a comple-
entary method. Nevertheless, the CiC is a simple but powerful

tatistical approach to characterize the distribution of galaxies in
pace, since it contains statistical information about voids and
ubdense regions, clusters of various sizes and shapes, filaments,
bout the probability of finding an arbitrary number of neighbours
round random positions, about counts of galaxies in randomly
ositioned cells with abritrary shapes and random sizes, and about the
orrelation function of galaxies of all orders (Yang & Saslaw 2011 ,
nd references therein). And despite the wealth of information about
alaxy clustering this statistic contains, it has not received as much
ttention as more traditional clustering statistics such as the two-
oint correlation function, not in small part because of the difficulty
n extracting from it a straightforward interpretation. The VPF alone
ay be insufficient to fully describe the galaxy distrib ution, b ut it

s a complementary statistic that is part of the CiC approach that
olds great potential. Moreo v er, the v oid distrib ution is relatively
nsensitive to information on large cell sizes because large cells
re unlikely to be completely empty (Yang & Saslaw 2011 ). This
akes cosmic voids a particularly good environment for using the
PF. 
With this work, we aim to shed some light on the information

ncoded in the VPF on different environments, in particular inside
oid regions in comparison with the general Universe. We focus
n how this statistic is sensitive to different tracers, different
edshifts and the different expansion history provided by void
nvironments. 

Following this introduction, Section 2 provides a brief o v erview
f the statistics needed for the calculations performed, including
ecessary definitions and uncertainties estimations. Section 3 details
he simulation used and the void identification algorithm. Results
re shown and analysed in Section 4 and finally, in Section 5 , we
ummarize this work while discussing our findings. 
NRAS 527, 10469–10479 (2024) 
 M E T H O D S  

.1 Statistics o v er view 

iven a distribution of galaxies, the count probability distribution
unction (CPDF), P N ( R ), describes the probability of finding N
alaxies in a radius R . It can be shown that the VPF, or the probability
f finding zero galaxies P 0 ( R ), can be related to the hierarchy of p-
rder correlation functions (White 1979 ): 

 0 ( R) = exp 

{ ∞ ∑ 

p= 1 

[ −N̄ ( R)] p 

p! 
ξ̄p ( R) 

}
, (1) 

here N̄ ( R) is the mean number of galaxies in a sphere with radius
 , and ξ̄p is the v olume-a veraged p th-order correlation function: 

¯p = 

∫ 
ξp d V ∫ 
d V 

. (2) 

The expression in equation ( 1 ) can be simplified when inserting
he ‘hierarchical scaling’ Ansatz: 

¯
p ( R) = S p ξ̄2 

p−1 ( R) , (3) 

hich then gives the expression: 

 0 ( R) = exp 

⎡ 

⎣ 

∞ ∑ 

p= 1 

[ −N̄ ( R)] p 

p! 
S p ξ̄2 

p−1 ( R) 

⎤ 

⎦ . (4) 

The aforementioned Ansatz postulates that the higher order corre-
ations ξ p are related to the lowest order of correlation ξ 2 (omitting the
ubscript hereafter for simplicity) by way of constant coefficients S p .
he concept of hierarchical emergence of the higher-order clustering

rom the two-point correlation function is natural in both perturbation
heory and the highly non-linear regime of gravitational clustering
Peebles 1980 ). This idea has been strongly reinforced by a wealth
f observ ational e vidence (see, e.g. the re vie w of Bernardeau et al.
002 and references therein). 
Finally, it can be seen from equation ( 4 ) that P 0 can be written in

erms of N̄ and ξ̄ alone. This is the so-called ‘scaling variable’, N̄ ̄ξ .
his quantity can be roughly thought of as the number of objects

n excess with respect to a randomly distributed sample for a given
olume. Naturally, this variable N̄ ̄ξ has a finite range, depending on
he sample, e.g. this number can ne ver gro w too large on a sample
ith no clustering. Fry ( 1986 ) formalizes the concept of writing the
PF in terms of the scaling variable by introducing χ , the reduced
PF (RVPF), defined as 

= −ln ( P 0 ) / N̄ , (5) 

o that when combined with equation ( 4 ), we obtain 

( N̄ ̄ξ ) = 

∞ ∑ 

p= 1 

S p 

p! 
( −N̄ ̄ξ ) p−1 . (6) 

This expression shows that, under the assumption of the scaling
elation, we can anticipate a convergence of different galaxy samples
ith varying densities and clustering strengths onto a universal

urv e. This conv ergence occurs because of the shared dependence
n a common scaling variable. If this holds, it also follows that
ifferences in the shape of VPFs of galaxy samples must arise only
rom differences between their higher order correlation functions,
.e. differences in their S p . Conversely, if changing the density,
orrelation strength or some other parameter of a sample, yields
 astly dif ferent VPFs, that could indicate that the coef ficients S p are
ot constant and indeed depend strongly on the parameter that is
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eing tested. This scenario would invalidate the hierarchical Ansatz 
f equation ( 3 ). 
Different ways of fixing the scaling coefficients S p constitute 

ifferent models of hierarchical scaling. For this work, we will use 
he two models that more closely fit our data: the ne gativ e binomial

odel, and the thermodynamic model. Previous works have shown 
hat the NB model is a very good fit for the VPF of galaxies in
edshift surv e ys, while the thermodynamic model has been proposed 
s a loose fit for some dark matter samples and galaxies in a few
bsolete cosmological models (Vogeley et al. 1994 ; Croton et al. 
004a, 2006 ; Conroy et al. 2005 ; Fry & Colombi 2013 ). The RVPFs
nd scaling coefficients of the NB and thermodynamical models are, 
espectively, 

NB = ln (1 + N̄ ̄ξ ) / N̄ ̄ξ ; with S p = ( p − 1)! , 

and 

T = [(1 + 2 N̄ ̄ξ ) 1 / 2 − 1] / N̄ ̄ξ ; with S p = (2 p − 3)!! . 

.2 Main quantities 

omputing the VPF requires the measurement of three quantities: 
¯
 ( R ), ̄ξ ( R ), and P 0 ( R ). These quantities are determined directly from

he CiC approach (their dependency on R is hereafter made implicit). 
he procedure can be summarized as follows: a large number N sph of
robing spheres of radius R are randomly placed throughout the data, 
he TNG300-1 in our case, and the number of galaxies in each sphere
s counted. Finally, we calculate the probability of finding an empty 
phere. This is then repeated for a number of radii in a given range. 

Here, we briefly define the main quantities mentioned abo v e. Let
¯
 be the mean number of galaxies in a sphere (equation ( 7 )), and P 0 

e the probability that this volume is empty, as shown in equation
 8 ), where N 0 is the number of spheres with zero galaxies and N sph , as
entioned abo v e, is the total number of probing spheres. Finally, let

¯ be the variance in the number of galaxies per sphere (equation 9 ): 

¯
 = 

1 

N sph 

N sph ∑ 

i= 1 

N i (7) 

 0 = 

N 0 

N sph 
, (8) 

¯ = 

( N − N̄ ) 2 − N̄ 

N̄ 

2 
. (9) 

n the limit of N sph −→ ∞ , the CiC approach to determine the volume-
veraged correlation function, ξ̄ , is mathematically equi v alent to us-
ng the Landy–Szalay estimator (Szapudi 1998 ; Conroy et al. 2005 ).

We studied the sensitivity of these quantities to the total number 
f spheres used, and find that the quantities converge well for N sph 

 10 4 (see Appendix A ). To ensure a reliable estimate of them we
se N sph = 10 5 for the calculation throughout the simulation. The 
aximum probing radius throughout the box was chosen so that the 

esulting χ ( N̄ ̄ξ ) value is close to 0; we found this value to be r max =
 h −1 Mpc. This way we probe the largest N̄ ̄ξ range possible. 
For the calculation of the VPF inside voids, the choice of N sph 

s non-trivial and is dependent on the maximum probing radius if
e want to minimize o v ersampling. The maximum amount of non-
 v erlapping spherical volumes V ( r ) that can be fit inside a bigger
pherical volume V ( R ) is n max = V ( R )/ V ( r ) = ( R / r ) 3 in the limit where
 / r → ∞ . Ho we ver, for 1 � R / r � ∞ , the most efficient sphere
acking with randomly placed spheres is approximately 64 per cent 
Jaeger & Nagel 1992 ), so we can approximate n max � 0.64( R / r ) 3 .
onsidering this relation we can derive our maximum probing radius 
ithin voids: r cannot grow so large so as to make n drop below the
eeded 10 4 (see Section 2.3 and Appendix A ) across all voids. We
nd that N sph = 2 × 10 4 is a good compromise between a reliable
stimation of the CiC statistics, and a large enough maximum probing
adius that minimizes chances of o v ersampling. 

When choosing the smallest void radius of the sample as R , this
elation yields r max � 1.6 h −1 Mpc as the largest probing radius within
oids. Independent runs (with different random seeds) of the VPF 

alculation algorithm within voids with this choice of N sph (and 
herefore, of r max ) yields statistically identical results. 

Finally, since the simulation is periodic in volume, its centre 
nd edges are equally sampled, regardless of the radius of the
ampling spheres. In practice we ensure this by extending the 
imulation periodically to the bounds [ L box − R max , L box + R max ],
here R max is the radius of the largest sampling sphere. Finally, to

imulate redshift space in TNG300-1, we use the distant observer 
pproximation using the H 0 = 67.74 km s −1 Mpc −1 parameter of the
imulation and making the conversion x s = x + v x / H 0 , where x and
 x are the coordinate and velocity in a given axis, respectively, and
pply periodic conditions when appropriate. We have calculated the 
tatistics presented in this section modifying the three axes of the box
nd have found that the results are indistinguishable from each other.

.3 Uncertainties 

he uncertainties of N̄ and ̄ξ were estimated by Jackknife resampling 
f the total volume into thirds, resulting in 27 equal subvolumes.
ubsequently, we used analytically derived expressions to calculate 

he uncertainty of P 0 and χ (Hamilton 1985 ; Maurogordato & 

achieze-Rey 1987 ; Colombi, Bouchet & Schaeffer 1994 ): 

P 0 = 

√ 

P 0 (1 − P 0 ) 

N sph 
, (10) 

nd (
�χ

χ

)
� 

∣∣∣∣ �P 0 

P 0 | ln P 0 | −
� N̄ 

N̄ 

∣∣∣∣ , (11) 

ince when calculating the uncertainty of χ = −ln ( P 0 ) / N̄ , the
enominator and numerator are not independent but almost exactly 
nticorrelated (see Colombi, Bouchet & Schaeffer 1994 ; Fry & 

olombi 2013 ). 
To calculate the statistics within the cosmic voids identified in 

NG300-1, we uniformly sampled their spherical volume. Jackknife 
stimates of the statistics were done by ignoring a subset of voids
rom the complete sample so that we have the same number of
ackknife resamplings as in the computation of the VPF throughout 
he box. 

 DATA  

n this work, we employ galaxy data from the ILLUSTRISTNG 

1 project
Marinacci et al. 2018 ; Naiman et al. 2018 ; Nelson et al. 2018, 2019 ;
illepich et al. 2018 ; Springel et al. 2018 ; Pillepich et al. 2019 ).

LLUSTRISTNG is a set of cosmological magneto-hydrodynamical 
imulations obtained with the AREPO moving-mesh code (Springel 
010 ), and adopting a Planck cosmology (Planck Collaboration XIII 
016 ): �m 

= 0.3089, �b = 0.0486, �� 

= 0.6911, σ 8 = 0.8159, n s =
.9667, and h = 0.6774. These simulations present comprehensive 
odels for the physics of galaxy formation, and impro v e upon its

redecessor, ILLUSTRIS , by including magnetic fields and improving 
MNRAS 527, 10469–10479 (2024) 
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M

Figure 1. Reduced VPF, χ ( ̄N ̄ξ ), inside (empty circles) and outside (filled circles) of cosmic voids, in real and redshift space (blue and red symbols on left- 
and right-hand panels, respectively). Vertical lines with scales corresponding to the first and last data values of N̄ ̄ξ for each sample are provided for reference. 
The ne gativ e binomial model of clustering (NB, grey solid line) is known to be a good fit for the VPF of galaxies in redshift space. Ho we ver, we find a striking 
agreement between this model and the VPF of galaxies within voids in real space (empty blue circles), which is an indication of a previously unknown clustering 
scaling relation in real space. The bottom panels show the difference between each of the reduced VPFs with that of the NB model, where the agreement between 
the data and the fit can be seen more clearly. 
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odels of the galactic wind and AGN feedback. The ILLUSTRISTNG
roject encompasses three different volumes with identical initial
onditions and physical models: TNG50, TNG100, and TNG300.
n particular, we employ TNG300-1, which has periodic box of
05 h −1 Mpc, the largest box with the highest resolution in the suite.
he haloes (clusters) and subhaloes (galaxies) are found with a
tandard ‘friends of friends’ (FoF) algorithm with link length b =
.2 (in units of the mean interparticle spacing) run on the dark
atter particles, and with the SUBFIND algorithm (Springel et al.

001 ), respectively. The latter detects substructure within clusters
nd defines locally o v erdense, self-linked particle clusters, where
he baryonic component in the substructure is defined as a galaxy.

e analyse this simulation at redshift z = 0, 0.5, 1 and 2, and use
alaxies in the mass range 10 9 ≤ M /M � ≤ 10 13 . 

The identification of voids in the simulation follows the algorithm
escribed in Ruiz et al. ( 2015 ), a modified version of previous
lgorithms presented in Padilla, Ceccarelli & Lambas ( 2005 ) and
eccarelli et al. ( 2006 ). The algorithm estimates the density profile
ith a Voronoi tessellation o v er density tracers, which in this work

re galaxies from the TNG300-1 simulation. Subdense regions are
btained by selecting Voronoi cells below a density threshold and
elected as cosmic void candidates. Centred on these cells, the
ntegrated density contrast � ( r ) is calculated at increasing values
f r . Void candidates are selected as the largest spheres satisfying
he condition � ( R v ) = −0.9, where R v is the radius of the void.
ext, the centres of the voids are randomly shifted so that the

pheres can grow. This is done because the algorithm is likely to
NRAS 527, 10469–10479 (2024) 
roduce spherical voids where their shells do not accurately match
he surrounding structures, and the recentring procedure provides
tructures with edges that better match the surrounding local density
eld. Finally, the catalogue of voids comprises the largest subdense,
on-o v erlapping spheres of radius R v . 
The tracers we use to identify voids are galaxies of TNG300-1

ith a lower total mass cutoff of M ≥ 10 11 M � to emulate observable
oids. For the proper VPF calculations, as stated abo v e, we include
alaxies down to an M ≥ 10 9 M � threshold. After applying this
lgorithm to TNG300-1 and eliminating shot-noise voids, we are left
ith a sample of 174 voids in real space and 182 in redshift space
ith radii in the range of 9–18 h −1 Mpc. 

 RESULTS  

s a general reference, we show results in real space in blue colours
nd redshift space in red colours. Statistics corresponding to cosmic
oid environments are represented with empty symbols while results
or the entire simulation box are shown with filled symbols. 

We plot the RVPF, χ , as a function of the scaling variable, N̄ ̄ξ ,
n Fig. 1 . The right-side panels show the RVPFs in redshift space
alculated for the entire box (solid red circles) and inside voids
empty red circles). We find that there are no differences between
he two environments, despite the low densities in voids by their
efinition. Both curves closely follow the NB model of hierarchical
lustering (solid grey line). The panels on the left, ho we ver, sho w that
he RVPF in real space is indeed different inside voids (empty blue
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Figure 2. Reduced VPF of galaxies within cosmic voids in TNG300-1 in redshift (right-hand panels) and real space (left-hand panels) with random dilutions 
of 50, 25, and 10 per cent. The bottom panels show the subtractions between the R VPF of the samples with the R VPF of the thermodynamic model ( �χTherm. , 
bottom left-hand panel) and with that of the ne gativ e binomial model ( �χNB , bottom right-hand panel). In contrast to previous results, the low scatter in the 
diluted RVPFs in the lower left-hand panel indicates a possible detection of hierarchical scaling of galaxies within cosmic voids in real space. 
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ircles) as opposed to elsewhere in the box. Throughout the box in
eal space (solid blue circles) the RVPF appears to somewhat follow 

he thermodynamical model (dash–dotted grey line) but the fit is not 
horough as it clearly o v erestimates the data for values of N̄ ̄ξ � 30.
n the other hand, the RVPF inside voids in real space follow the
B model surprisingly well. 
We also plot the scales corresponding to the first and last values

f the RVPF of each curve. These scales are indicated with vertical
ines as a reference for the reader, since the corresponding scale for
ach value of N̄ ̄ξ , i.e. the relation N̄ ̄ξ ( R), will vary from sample to
ample. The bottom panels show the quantity �χNB ≡ χ − χNB , 
orresponding to the difference between the RVPF of the data and 
B model for clarity. 
.1 Random dilutions test 

ollowing the analysis of Croton et al. ( 2004a ), we test the robustness
f this result by randomly diluting the sample to verify whether the
caling relations found in Fig. 1 hold. Results with random dilutions
re shown in Fig. 2 . In both spaces (left and right-hand panels), the top
anels display the full sample throughout the simulation in coloured 
lled circles, and dilutions of 50, 25, and 10 per cent with squares,

riangles, and crosses with incremental transparency respectively. 
he quantity �χT shown in the top left-hand panel is defined in an
nalogous way as �χNB described abo v e. It can be seen that the
ispersion between dilutions is larger in real space than in redshift
pace. This means that the scaling coefficients S p are not completely
MNRAS 527, 10469–10479 (2024) 
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M

Figure 3. Reduced VPF, χ ( ̄N ̄ξ ), inside voids (empty circles) and elsewhere in the simulation (filled circles), in real and redshift space (blue and red lines, 
respectiv ely). The ne gativ e binomial model of clustering (NB, black solid line) is known to be a good fit for the VPF of galaxies in redshift space. Ho we ver, we 
find a striking agreement between this model, and the VPF of galaxies within voids in real space (empty blue circles), which is an indication of a previously 
unknown hierarchical scaling relation in real space. 
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ndependent of the sample density, and therefore, hierarchical scaling
n real space does not hold as rigorously as it does in redshift space.

We calculated the root-mean-square deviations of the data from
he closest fit (the NB or thermodynamical model when computing
χNB or �χT , respectiv ely). F or this calculation, we only use data

orresponding to N̄ ̄ξ ≥ 0 . 1, given that, for smaller values, every
odel yields approximately the same χ ( N̄ ̄ξ ), which is close to 1.
otably, the rms deviations of the RVPF of galaxies in the general

edshift space is one order of magnitude lower than that of real space
alaxies with respect to their closest models. 

It should be noted that larger dilutions shifts the range of N̄ ̄ξ to
o wer v alues, where the dif ferent models are more similar to each
ther and, consequently, rms values will tend to be lower. This means
hat larger dilutions probe a less statistically significant range of N̄ ̄ξ

n the sense that it becomes more difficult to differentiate between
odels. Therefore, rms values should be regarded as a reference

nd compared amongst samples with the same dilution between both
paces. This is true also for the different analyses that follow in the
ext subsections. 
We show the RVPF inside voids represented in the lower panels of

ig. 2 with empty symbols. We can see that both spaces exhibit lower
catter within voids than elsewhere in the box, with similar rms values
or each dilution in real and redshift space. This robustness with
espect to dilutions reinforces the evidence in fa v our of hierarchical
caling within voids in both spaces. This is unexpected given that
revious works indicate that any hierarchical scaling found in redshift
pace breaks down in real space. 

Thus far we have found that the RVPFs for galaxies inside and
utside voids are markedly different in real space, with the NB
odel being a very good fit for the RVPF inside voids. On the
NRAS 527, 10469–10479 (2024) 

9  
ther hand, we find no such difference in redshift space: both inside
nd outside voids, the RVPF is well fitted by the NB model. There is
 striking agreement between the RVPFs of galaxies in the general
edshift space and galaxies within real space voids (shown in Fig. 3 ).
his result indicates that within cosmic voids there is evidence of
ierarchical scaling not found elsewhere in the Universe. 

.2 VPF dependence on void identification parameters 

rom this section onwards, for clarity and visibility, we only show
he zoomed-in differences between the calculated RVPFs and the NB
r thermodynamic model accordingly ( �χNB and �χT ), as shown
n the lower panels of Figs 1–3 . 

In this subsection, we sho w ho w the RVPF changes with variations
n the physical parameters that define a void: the minimum threshold
f mass of the density tracers, M t , and the integrated density contrast
t one void radius, � ( R v ). This allows us to gain insight into the
ffects on the RVPF of gradual change in the environment that is
efined by a cosmic void. 

.2.1 Changing minimum mass of density tracers in void 
dentification 

e test the sensitivity of the RVPF to M t , the mass of the density
racers used in void identification. This is done by calculating the
VPF inside voids identified with different tracers (Fig. 4 ). The main
oid sample (open circles) was identified using galaxies with masses
reater than 10 11 M �. The other lower mass thresholds we chose are
0 10 (open squares) and 10 9 M � (open triangles). The cutoff radius is
, 7, and 6 h −1 Mpc for each void sample, respectively. These choices
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Figure 4. Reduced VPFs, plotted as differences to the NB model (solid grey line), of voids identified with different void tracer mass, M t . rms values are 
calculated for each sample with respect to the NB model and shown with the shade of colour of the corresponding curve (light to dark for larger to smaller M t , 
respectively). We find no significant changes in the reduced VPFs, in either space, around the NB model. 

Figure 5. Reduced VPF plotted as differences to the NB model (solid grey line) in real and redshift space within voids identified with different integrated 
density contrast � ( R v ). rms values are calculated for each sample with respect to the NB model and shown with the shade of colour of the corresponding curve 
(light to dark for larger to smaller � ( R v ), respectively). In real space, we find a trend for the reduced VPF of voids with larger � ( R v ) to be more like the reduced 
VPF throughout the box. This effect is not observed in redshift space, where the curves are statistically identical. 
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n minimum void radii prevents including spurious or shot-noise 
oids in our void sample (Correa et al. 2021 ). We find only small
ifferences in the RVPFs when calculating them in voids traced by 
alaxies with different masses, with small variations of rms values 
ith respect to the NB model in both spaces (rms � 1). The RVPF

nd its agreement with the NB model seems to be insensitive to void
racer mass. 

.2.2 Changing integrated density contrast 

nother important parameter in void identification is the integrated 
ensity contrast � ( R v ). It is standard practice to define a void as a
phere with � ( R v ) = −0.9 (see Section 3 ) so, in addition, we tested
alues of � ( R v ) = −0.8 and −0.7. Results for the RVPF in voids
ith each of these integrated deltas are shown in Fig. 5 . 
In real space, the structure as traced by voids with a lower density

ontrast, naturally yields higher values of R VPF , more similar to
hose found in the general Universe. There is no such effect found in
edshift space: The RVPF is robust against these integrated density 
hanges used in the definition of voids. These results are consistent 
ith Fig. 2 . 
.3 VPF dependence on mass 

ext, in Fig. 6 , we study the sensitivity of the VPF to galaxy mass.
e create galaxy subsamples according to the mass ranges 10 9 –10 10 

circles), 10 10 –10 11 (squares), and M ≥ 10 11 M � (triangles). Then 
e calculate the RVPF throughout the box and inside the main void

ample. 
There is a clear difference in the effects of selecting galaxy mass

etween real and redshift space. While different subsamples fall on 
he same curve in redshift space, they have a wide spread in real
pace, further affirming the notion that hierarchical scaling is not 
ound in the general Universe in real space. The scaling coefficients
 p appear to have a strong dependence on mass in real space. 
Within voids, ho we ver, the scenario is similar both in real and

edshift space. Cosmic voids seem to provide a scenario where the
 p appear to be independent of mass. 

.4 VPF dependence on redshift 

inally, we want so study how the RVPF evolves with redshift. We
how the RVPF in real and redshift space at different redshift values,
MNRAS 527, 10469–10479 (2024) 
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M

Figure 6. Reduced VPF plotted as the difference with respect to the NB model (solid grey line) calculated with different galaxy subsamples selected by mass 
ranges. rms values are calculated for each sample with respect to the NB model (solid grey line) and shown with the shade of colour of the corresponding curve 
(light to dark for smaller to larger mass v alues, respecti vely). Throughout the box (top panels), the differences between real and redshift space in selecting mass 
is stark: The hierarchical scaling detected in redshift space completely breaks down in real space. However, within voids (bottom panels), we detect hierarchical 
scaling in both spaces roughly consistent with the NB model. 
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amely z = 0, 0.5, 1, and 2, throughout the box and inside voids
Fig. 7 ). Following the spherical collapse model (Gunn & Gott 1972 ;
ilje & Lahav 1991 ; Sheth & van de Weygaert 2004 ), for the different

edshifts we identified voids with a time-dependent integrated density
ontrast value that corresponds to a perturbation with � ( R v ) = −0.9
t z = 0. For the mentioned redshift values, these are � ( R v ) � −0.87,
0.85, and −0.80, respectively. 
Throughout the box (top panels, Fig. 7 ), we find a similar effect

s with mass (Section 4.3 , Fig. 6 ): The changes on the RVPF seen
n redshift space are minor and all the curves are roughly fitted by
he NB model, while in real space the differences are quite large.
nterestingly, we detect a trend in real space for the RVPFs to be
ore similar to the NB model with increasing redshift. Between z =
 and 2 (light blue circles and dark blue crosses, respectively) we
ave a difference of one order of magnitude in rms with respect to
he NB model. The RVPF of galaxies at high redshift in real space is
imilar to the RVPF of galaxies within voids at present time. 

The computation of the RVPF inside voids at different redshifts
bottom panels) is more self-similar in both spaces, which would
ndicate that the S p have remained approximately constant with time.
aturally, the best fit within voids is still the NB model. 

 SUMMARY  A N D  DISCUSSION  

he VPF can be a pathway to higher-order correlations, but a number
f conditions need to be met. When the solutions of ‘self-similarity’
nd ‘stable clustering’ are valid, then the scaling coefficients S p 
NRAS 527, 10469–10479 (2024) 
f equation ( 3 ) are constant, and therefore the hierarchical scaling
nsatz holds and the reduced VPF, χ , can be expressed in terms
f the scaling variable, N̄ ̄ξ , alone (equation 6 ). As a consequence,
ifferent samples fall on the same curve as long as they follow
he same hierarchical clustering model. The constancy of S p can be
ested with random dilutions or by selecting subsamples with a given
arameter of the sample and testing whether the RVPFs collapse onto
he same curve. If they do not, it could be evidence that the S p have
 strong dependence on said parameter, and therefore hierarchical
lustering of the high-order correlations cannot be confirmed. 

We have calculated the VPF in the TNG300-1 simulation, inside
nd outside of cosmic voids, both in real and redshift space. We
ompared the RVPF of galaxies in these samples with two popular
lustering models: the ne gativ e binomial (NB) and the thermody-
amic model. We have focused on the effects of the void environment
n the VPF, and the sensitivity of this statistic with void definition,
andom sample dilution, galaxy mass, and structure evolution via
edshift. Previous works have shown that galaxies in redshift surv e ys
re well fitted by the NB model of hierarchical clustering (e.g. Croton
t al. 2004a ; Conroy et al. 2005 ), but that this fit breaks down in real
pace (Lahav et al. 1993 ; Vogeley et al. 1994 ). 

We find that in redshift space, galaxies indeed appear to follow
he NB model regardless of the environment. Ho we ver, we report a
trong difference in the RVPFs inside and outside cosmic voids in
eal space. 

Throughout the simulation, galaxies seem to follow the thermo-
ynamic model up to N̄ ̄ξ � 30, with an o v erall rms deviation of
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Figure 7. Reduced VPF plotted as differences to the NB model (solid grey line) calculated for the simulation different redshifts inside voids identified in 
different redshifts with their corresponding integrated density contrast. rms values are calculated for each sample with respect to the NB model and shown 
with the shade of colour of the corresponding curve (light to dark for smaller to larger redshift v alues, respecti vely). Analogous to Fig. 6 , we detect a great 
difference throughout the simulation (top panels) between real and redshift space for different redshifts where the RVPF in real space is much more affected by 
the evolution of structure than in redshift space. Within voids (bottom panels), the variation in the RVPFs is much smaller in both spaces, staying close the NB 

model in each case. 
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.10, although this fit does not hold when the sample is diluted.
n the other hand, inside cosmic voids, we find an excellent 

greement between the RVPF of galaxies and the NB model, with 
n rms of 0.01. This good fit is maintained even with dilutions. For
omparison, we find similar rms values (0.03 and 0.02) for the RVPFs
f galaxies in redshift space throughout the box and inside voids 
espectively. 

From this results it follows that the RVPF of galaxies inside cosmic
oids in real space is very similar to the RVPF of galaxies throughout
he box in redshift space, with both of them being well fitted by the
B model. That is, the Ansatz of hierarchical scaling of the high
rders of the correlation function that has been shown to be valid for
alaxies in redshift space can also be found in real space for galaxies
ithin voids. 
Following this analysis we study how the RVPF changes when 

hanging what defines a void environment, which means calculating 
he RVPF inside voids for different integrated density contrasts, 
 ( R v ), and different tracer mass, M t , used to trace the underlying

ensity when identifying cosmic voids. We find that the RVPF is not
ensitive to changes in M t in neither redshift nor real space, with
he NB model still being the best fit. On the other hand, while the
VPF remains insensitive to � ( R v ) in redshift space, we notice a

rend in real space where the data deviates from the NB model with
arger density contrasts (i.e. more dense voids), and mo v es towards
he RVPF of the general Universe in real space. Since we find that the
VPF in redshift space is the same regardless of the environment, it
akes sense that we would find no significant changes in the RVPF
ith different � ( R v ). 
Next, we analysed the sensitivity of the RVPF to galaxy mass.

n accordance to Croton et al. ( 2004a ), we find that subsamples
ith different mass follow the NB model in redshift space, hinting

owards hierarchical scaling. In real space, this agreement between 
he subsamples breaks do wn. Ho we ver, we notice that the subsamples
till follow the NB model inside voids both in real and redshift. 

Finally, we studied how the RVPF changes with redshift, where, 
gain, we detected the largest effects on the RVPF throughout the box
n real space, and only small changes inside voids and everywhere 
n redshift space. Interestingly, we find that the RVPF in real space
o v es towards the NB model with increasing redshift. This leads

o the NB model being a close fit for galaxies in cosmic voids at
resent time and galaxies at high redshift. This points towards the idea 
hat the way in which high-order clustering emerges from the two-
oint correlation function in high redshifts is preserved within voids 
oday. 

The most widely used argument for the validity of hierarchical 
caling in redshift space is that small-scale distortions dampen the 
mplitude of the coefficients S p so that they appear to be constant with
cale (a necessary condition for hierarchical scaling), even though 
hey are not in real space (see fig. 49 of Bernardeau et al. 2002 ). This
rgument still warrants further exploration as to why the coefficients 
re affected by distortions in such a way that allows for apparent
vidence of hierarchical scaling to arise. It could be the case that
MNRAS 527, 10469–10479 (2024) 
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edshift space distortions blur strong non-linear effects at small scales
nd any other clustering behaviour that would break the hierarchical
caling relation. Cosmic voids and higher redshifts (where the VPF
s closely fitted by the NB model, see Figs 3 and 7 ) could provide an
nvironment where velocity dispersions are low and, therefore, high
on-linearities are still not a main agent in the clustering process,
llowing for hierarchical scaling to be preserved. 

It is also interesting to contrast our results with the discussion of
roton et al. ( 2006 ) in which they argue that the peculiar motion
f galaxies should not be the main agent in generating hierarchical
caling consistent with the NB model, as the results from Vogeley
t al. ( 1994 ) might suggest. Instead, they find that faint red galaxies,
hich would be more affected by peculiar motions since they are

n denser environments, are driven further away from (instead of
owards) the NB model. 

Regarding the random dilutions analyses, it should be noted that
he cosmic voids, by definition, are the least affected structures by
his test. While this could partly be the reason why the statistics
re less affected by dilutions within the cosmic voids, it should not
e the main cause of the good agreement with hierarchical scaling.
he RVPF by definition is disaffected from the mean density in
ach sampling sphere, which in principle makes it a good statistic
o use in different environments. Particularly, the maximum dilution
s 10 per cent of the total sample, and is therefore comparable to
he internal density of a cosmic void (see identification criteria and
lgorithms in Ruiz et al. 2015 ); and yet, even with this dilution, the
VPF outside cosmic voids is far from being well fitted by the NB
odel that seems to characterize the distribution inside voids in real

pace, as well as everywhere in redshift space. 
Additionally, the success of the NB model in fitting the data is

ot well understood. One one hand, it has been shown that it is
ot a physically possible model since it breaks the second law of
hermodynamics despite being the best fit for the data (Saslaw &
ang 1996 ; Yang & Saslaw 2011 ), although some authors find its
se justified (Carruthers & Duong-van 1983 ; Elizalde & Gaztanaga
992 ; Betancort-Rijo et al. 2009 ). Furthermore, the deri v ation of this
henomenological model (or any of the others) does not explicitly
ake redshift space distortions into account, so it has been surprising
hat it is such a good fit for the VPF of galaxies in redshift surv e ys
nd not in real space. Ho we ver, in this work we find that this good fit
s not a particularity of the redshift space. We show that it can also
e found in real space within cosmic voids. 
The theoretical background of the CiC statistics yields that if

wo VPFs are different, it is due not necessarily to the difference in
ample density or two-point clustering amplitude (they could actually
e identical), but a consequence of how the intrinsic clustering of the
amples gives rise to a different hierarchical emergence of the higher-
rder correlations. For example, we find the VPFs in redshift space
o be the same inside or outside the voids, although the clustering
nside the voids is weaker and the density by definition is lower.
o we ver, in real space, the voids and the general Universe give
arkedly different VPFs. Under this framework, this difference is an

ffect of the high-order correlations. 
Moreo v er, our results can also be understood as a consequence of

he smaller changes in density contrast within voids. The integrated
ensity profiles of our voids are not completely flat within one void
adius because we are identifying them with galaxies of higher mass
 M t ≥ 10 11 M �) than we are ultimately considering in the calculations
 M ≥ 10 9 M �). Nevertheless, the changes in the density contrasts are
maller inside than outside voids. Therefore, the solutions of self-
imilarity and stable clustering may be appropriate approximations
n these underdense regimes. 
NRAS 527, 10469–10479 (2024) 
Ultimately, in cosmic voids, we find evidence of hierarchical
caling that unravels further away in denser environments. The
imilarities between the RVPF in real space at higher redshifts and
nside voids in present day indicate that clustering can be found
nside voids that more pristinely preserve the initial conditions of the
niv erse. Upcoming surv e ys, such as Euclid (Laureijs et al. 2011 )

nd the Legacy Survey of Space and Time (Ivezi ́c et al. 2019 ) at Vera
ubin Observatory, will have the required resolution and volume for
 suitable statistical analysis with voids at higher redshifts, to contrast
hese results with observations. 
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PPENDIX  A :  CONSISTENCY  A N D  STABILITY  

F  T H E  MAIN  C I C  QUANTITIES  

ollowing the analysis of Conroy et al. ( 2005 ), we study the
ensitivity of P 0 , N̄ , and ξ̄ (the main CiC statistics used in this
ork) to the number of test spheres N sph . This test will show if our

lgorithm for calculating the VPF indeed is correct, and will inform
n how many test spheres is necessary for a reliable estimation of
he aforementioned quantities. We confirm that the estimation of the 
tatistics stabilizes around the expected value, and see how many test
pheres are necessary for this stabilization to ocurr. 

We perform the calculations on a randomly distributed sample 
f points with the same density as the largest data used in this
ork: the TNG300-1 galaxy sample after selecting those with 10 9 ≥
 /M � ≥ 10 13 . This sample size is approximately 10 7 , with a mean

nterparticle distance of � 0.86 h −1 Mpc. Therefore we fix our testing
adius slightly smaller at R = 0.8 h −1 Mpc so as to ensure a value of
 0 ( R ) 
= 0. Results are shown in Fig. A1 with uncertainties calculated
s described in Section 2.3 . 

As expected, for small N sph , these quantities are unstable but 
v entually conv erge at the theoretical values marked with horizontal 
2023 The Author(s). 
ublished by Oxford University Press on behalf of Royal Astronomical Society. This is an Open
 https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reuse, distribution, and rep
igure A1. Consistency and stability test for the CiC statistics P 0 , N̄ y ξ̄
s a function of the number of test spheres N sph . The horizontal solid lines
ndicate the theoretical value of the statistics for a random sample with the
ame number density as the TNG300-1 simulation after selecting galaxies 
ith 10 9 ≥ M /M � ≥ 10 13 . The vertical dotted line shows the value of N sph 

hosen for this work as the number of test spheres for a reliable estimation of
he statistics. 

rey lines. To ensure a reliable estimate of these quantities, we use
 sph = 10 5 (vertical dotted blue lines) throughout this work, although
e have obtained robust results within error bars with as few as �
0 3 test spheres. 
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