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Universidad Nacional de Cuyo (UNCUYO) - (8400) Bariloche, Argentina
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Abstract – Multi-terminal Josephson junctions were recently proposed as a versatile and tunable
platform to emulate topological Bloch-like Hamiltonians in arbitrary dimensions. In this perspec-
tive article, we will give a brief overview of the subject and recognize these mesoscopic devices as
realizations of topological flux networks as the ones envisioned by Avron and coworkers in their
seminal works on the early days of the quantum Hall effect. We summarize the current state-
of-the-art theoretical and experimental research regarding these Josephson devices, highlighting
recent developments and giving an outlook on current trends.
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Introduction. – Many of the foundational concepts of
the field of topological condensed matter physics have been
developed during the 1980s after the experimental discov-
ery of the quantum Hall effect [1]. The remarkably robust
quantization of the Hall conductance of two-dimensional
electron gases at high magnetic fields in units of e2/h was
initially understood in terms of the topological proper-
ties of the one-particle Bloch bands in quasimomentum
space [2]. A couple of years later, these arguments were
generalized to take into account the presence of many-
body interactions and disorder by considering the Hall
sample to live in a torus (two loop) geometry [3–5], as
the one sketched in fig. 1(a). The angular variables defin-
ing such a torus were identified as two Aharonov-Bohm
fluxes (ΦV and ΦI) threading the physical system and
the Hall conductance as the average of the Berry curva-
ture of the ground-state wave function in that parame-
ter space [6] (also known as the many-body Chern num-
ber). Soon afterwards, Avron and coworkers extended the
study of topologically quantized transport coefficients to
the realm of mesoscopic quantum networks [7–9]. These
devices can be represented as graphs (see, for example,
fig. 1(b)) with D loops threaded by independent, exter-
nally controllable, flux tubes Φl (l = 1, . . . , D). The

(a)E-mail: lucila.peralta.gavensky@ulb.be (corresponding
author)

Fig. 1: (a) Hall bar with an external magnetic field B in a torus
geometry, adapted from ref. [4]. The flux ΦV is associated with
an electromotive force that drives the Hall current and the flux
ΦI plays the role of an ammeter that measures the Hall current.
(b) A three-loop network threaded by fluxes Φ1, Φ2 and Φ3,
adapted from [7]. Its configuration mimics the one of a Hall
device.

synthetic parameter space defined by these fluxes can
be identified with a D-dimensional torus {Φl} ∈ TD

with a fundamental period given by the flux unit
Φ0 = hc/q, where q is the charge of the carri-
ers in the device. These carriers are constrained to
move along the links of the network, and their dy-
namics is governed by an appropriate Schrödinger equa-
tion defined in the corresponding multiply connected
domain. In ref. [7] concrete Hamiltonian models describing
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such networks were analyzed, either by considering
the vertices of each graph as molecular sites with a
tight-binding–like description or by analyzing the dynam-
ics of free particles moving along one-dimensional wires in
the system [9].

Considering a given Hamiltonian Ĥ, the operator as-
sociated to the charge current flowing through loop k is

given by Îk = −c ∂Ĥ
∂Φk

. With the aim of probing the trans-
port properties of the network, some of its constituent
fluxes can be externally driven in time. When doing so
in an adiabatic manner, the expectation value of the k-
th current can be obtained up to first derivatives of the
perturbation as

〈Îk(t)〉 = −c
∂E0[Φ(t)]

∂Φk
+

hc

2π

∑

l

Fkl[Φ(t)] Φ̇l, (1)

where E0[Φ(t)] is the instantaneous ground state energy
of the system and

Fkl[Φ(t)] = i (〈∂kψ0[Φ(t)]|∂lψ0[Φ(t)]〉 − k ↔ l) (2)

is the Berry curvature of the corresponding eigenstate
|ψ0〉 evaluated at Φ(t) = (Φ1(t), . . . ,ΦD(t)) —assumed
to be non-degenerate. We have used here the convention
∂Φk

≡ ∂k. The above derivation requires the adiabatic
postulate to hold, which can be insured for sufficiently slow
driving protocols and as long as there is a gap between the
ground state of the system and the excitation spectrum.
As pointed out in ref. [7], this transport analysis strongly
relies on quantum coherence of the wave function over the
entire multiply connected device. Such phase rigidity is
expected to be present in superconductors over macro-
scopic lengths and in normal metals under more stringent
conditions on length and temperature scales.

The first term in eq. (1) can be identified as a persistent
current, which may be present even in the absence of the
driving. If the fluxes vary linearly in time, a constant elec-
tromotive force (emf) El = − 1

c Φ̇l is generated around each
loop, allowing for the definition of a conductance matrix

with elements given by Gkl[Φ(t)] = ∂〈Îk(t)〉
∂El

. These trans-
port coefficients relate the current flowing around loop k to
the emf around loop l. Remarkably, when averaging them
over a Φ0 × Φ0 square slice in flux space, they become
quantized in units of q2/h,

Gkl =
1

Φ2
0

∫ Φ0

0

dΦk

∫ Φ0

0

dΦl
∂〈Îk(t)〉

∂El
= −q2

h
Ckl , (3)

with Ckl the Chern number of the ground state. We have
here used the Chern theorem in order to relate the integral
of the Berry curvature over a closed periodic manifold with
an integer topological index

Ckl =
1

2π

∫ Φ0

0

dΦk

∫ Φ0

0

dΦl Fkl[Φ] , (4)

and that the persistent current term averages to zero. The
value of this topological number depends on the remaining

(unaveraged) fluxes with a Φ0-periodicity. Interestingly,
these integers do not necessarily classify a property of a
given physical sample, as in the quantum Hall setup of
fig. 1(a), but rather the topology of the whole network
itself [7]: the leads connecting each vertex, the number
of holes and their geometrical layout. Non-trivial aver-
aged conductances generically arise in networks with at
least three independent fluxes D ≥ 3 [7], a dimensional-
ity constraint mathematically rooted in the co-dimension
theorem of Von Neumann and Wigner [10]. Indeed, three
independent variables are needed to fine tune degenera-
cies in the energy spectrum, which are known to act as
sources or sinks of Berry curvature. In the particular case
of D = 3, the degeneracies occur at points in the parame-
ter space, which are generically dubbed Weyl singularities.
The Hamiltonian near a two-band touching point ΦW can
be approximated with a two-by-two matrix as

ĤW = h(ΦW + δΦ) · σ =
∑

k,i

δΦkMkiσi, (5)

where Mki = ∂Φk
hi|ΦW

and σi are the Pauli matrices
(i = x, y, z). We have here neglected the terms propor-
tional to the identity matrix, since they have no influence
on the existence of the degeneracy nor on its topological
classification. Weyl points can be considered as monopoles
of topological charge which come in two different flavours
or chiralities, determined by χ = sign(detM).

Multi-terminal Josephson junctions. – A few years
ago, these ideas [7,8] experienced a renaissance when
multi-terminal Josephson junctions (JJs) were proposed as
a novel platform for topological engineering [11]. A typical
device is sketched in fig. 2(a), where N s-wave supercon-
ducting leads (grey) are coupled through a central scatter-
ing region (blue). Each of these terminals is characterized
by a complex mean-field order parameter ∆le

iϕl and gauge
invariance allows to choose a gauge in which ϕ0 = 0, leav-
ing N−1 free phase parameters ϕ = (ϕ1, ϕ2, . . . , ϕN−1) in
the system. For simplicity, we will take ∆l = ∆. In these
Josephson devices, the phase differences are usually con-
trolled with superconducting loops threaded by external
magnetic fluxes Φl so that ϕl = 2πΦl/Φ

s
0 with Φs

0 = hc/2e
the superconducting flux quantum. One can accordingly
identify these junctions as (N−1)-dimensional flux net-
works where the effective charge q = 2e is the Cooper pair
charge. The quasiparticle energy spectrum obtained when
diagonalizing the Bogoliubov-de Gennes (BdG) Hamilto-
nian describing these junctions usually consists of a con-
tinuum spectrum above the superconducting gap ∆ and
a set of discrete levels (from now on indexed by the la-
bel α) living inside the gap, as illustrated in fig. 2(b).
The microscopic origin of the discreteness of this last part
of the spectrum is rooted in the presence of Andreev
reflection processes at the superconducting interfaces:
incident electrons with energies below the superconduct-
ing gap are reflected as holes and viceversa, leading to
a confined motion in the central scattering region of the

36001-p2



Multi-terminal Josephson junctions: A road to topological flux networks

Fig. 2: (a) Sketch of a multi-terminal Josephson junc-
tion, where N superconducting leads with phases ϕl (l =
0, 1, . . . , N−1) are coupled through a central scattering region.
(b) Illustration of a generic Bogoliubov-de Gennes quasiparti-
cle energy spectrum of these devices as a function of one of the
phases ϕk. We indicate with a red circle a zero energy crossing.

nanostructure which generates the so-called Andreev
bound states (ABS) [12–14]. These Bogoliubov quasipar-
ticles bear a certain dispersion relation εα(ϕ) as a func-
tion of the phase differences of the superconducting leads,
with a functional form that depends both on the proper-
ties of the terminals and the scattering region that con-
nects them [15]. The phase differences of the leads define
a closed (2π-periodic) manifold and hence play the role of
an effective Brillouin zone (BZ) in the problem. Indeed,
a formal analogy between the ABS of N -terminal JJs and
the Bloch band structure of materials in N−1 dimensions
can be established, with the superconducting phases ϕl

playing the role of the quasimomenta components kl in
a crystalline structure. In this way, the number of syn-
thetic dimensions of the problem can be simply increased
by adding more superconducting leads.

The key idea of ref. [11] is that the ABS spectrum
may host Weyl singularities (as the one circled in red in
fig. 2(b)) if there are at least three independent super-
conducting phases (N ≥ 4), as expected from Wigner’s
co-dimension theorem. Note that a zero energy crossing
of the eigenstates of the BdG Hamiltonian means that the
excitation spectrum of the junction is gapless: there is a
degeneracy between the ground state wave function of the
junction and a state with one extra/less quasiparticle.

In the case of 4-terminal junctions, the synthetic BZ
is three-dimensional and the Weyl singularities must be
points in this parameter space. Due to the Nielsen-
Ninomiya theorem [16], the sum of the charges of Weyl
monopoles in a 3D BZ must vanish, so Weyl points can
never appear in isolation: they must come in pairs with
opposite charges. Furthermore, time reversal invariance
in the scattering region implies that εα(ϕ) = εα(−ϕ),
so if there is a Weyl crossing at ϕW there must be an-
other one at −ϕW . Even more, since the chirality χ of a

Fig. 3: (a) Sketch of the position of four Weyl points in the
effective three-dimensional Brillouin zone of a generic four-
terminal Josephson junction. We mark with blue Weyl points
with positive topological charge (χ = +1) and with red the ones
with negative topological charge (χ = −1). (b) Chern number
C12 defined in the two-dimensional moving plane (ϕ1, ϕ2) as a
function of the phase difference ϕ3.

Weyl point is even under time reversal, both must have the
same topological charge. This guarantees that Weyl points
must come in groups of four, as sketched in fig. 3(a). By
randomly generating scattering matrices from the circular
orthogonal ensemble to describe such junctions, the au-
thors of ref. [11] indeed showed that a significant fraction
of them yielded zero-energy Weyl points in the BdG spec-
trum, with the number of singularities increasing when
increasing the number of channels in each terminal. A
topological classification can be made by taking, without
loss of generality, the phase difference ϕ3 as a control pa-
rameter. In this way, it is possible to define a Chern num-
ber C12(ϕ3) in the two-dimensional submanifold defined
by the moving plane with coordinates (ϕ1, ϕ2). By de-
noting the wave functions of the Andreev bound states as
|φα(ϕ)〉, this topological invariant takes the form

C12(ϕ3) =
∑

α | εα<0

Cα
12(ϕ3), (6)

with

Cα
12(ϕ3) =

i

2π

∫ π

−π

dϕ1

∫ π

−π

dϕ2 (〈∂ϕ1
φα|∂ϕ2

φα〉−ϕ1 ↔ ϕ2) .

(7)
The sum of the Chern numbers Cα

12 of the α-th ABS of
the BdG Hamiltonian up to the Fermi level must be in-
terpreted as the Chern number of a state with no quasi-
particles at zero temperature. We plot in fig. 3(b) how
this topological index would look like as a function of ϕ3

for a configuration of Weyl points as the one sketched in
panel (a).
A natural follow up question is whether this topologi-

cal classification has any observable consequences in the
transport properties of these devices. Following the same
line of reasoning as in the previous section, one may
think of driving one of the phases ϕl in time and study-
ing the corresponding adiabatic response in a different
terminal. In these superconducting networks, this may
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be done by applying a bias voltage Vl in terminal l so
that the corresponding superconducting phase acquires a
time dependence in accordance with the Josephson rela-
tion ϕ̇l(t) = 2eVl/�. If the ABS spectrum is gapped and
the bias voltage is small compared to this gap, with the
same logic as the one used in eq. (1), one can show (see
ref. [11]) that the ABS contribution to the current in ter-
minal k at zero temperature is given by

〈Ik(t)〉 =
2e

�
∑

α | εα<0

∂εα[ϕ(t)]

∂ϕk
−2e

∑

l,α | εα<0

Fα
kl[ϕ(t)] ϕ̇l(t) ,

(8)
with Fα

kl the Berry curvature of the α-th bound state eval-
uated at the instantaneous phase differences ϕ(t). In this
expression, spin degeneracy is assumed and a summation
over spin indexes has already been made. By defining a

transconductance matrix with elements Gkl =
∂〈Ik(t)〉

∂Vl
and

phase averaging it, one readily finds that

Gkl = −4e2

h

∑

α | εα<0

Cα
kl, (9)

with Cα
kl the Chern number of the α-th ABS in the sub-

manifold defined by the phases (ϕk, ϕl). Note that eq. (9)
is in complete analogy with eq. (3). The above derivation
can also be generalized to the case where spin-rotation
symmetry is broken due to, for example, Zeeman or spin-
orbit coupling effects. In such circumstances, zero energy
Weyl points split and move to finite energy while preserv-
ing their topological charge [17]. Although the gap in the
spectrum is closed along a contour encircling these singu-
larities, it was argued that the phase averaged transcon-
ductance could remain quantized provided fermion parity
is preserved in the junction [11,17].

The existence of a phase averaged topologically quan-
tized transconductance has been subsequently tested in
ref. [18] by performing transport simulations in a voltage
biased four terminal junction. These findings were fol-
lowed up by numerous theoretical works that have thor-
oughly analyzed the emergence and evolution of Weyl
nodes in the ABS spectra of a variety of JJs [19–22]. It was
soon realized that three terminal Josephson devices (for-
mally equivalent to two-dimensional bulk materials) could
also host topological Andreev states when time-reversal
symmetry is broken in the central scattering region [23,24].
This may be achieved by piercing the junction area with
an additional magnetic flux or by driving the system with
a periodic time-dependent microwave field [25]. In this
last case, the well-known tools of Floquet engineering [26]
were introduced to generate topologically non-trivial An-
dreev states by photon dressing. Additionally, several
works have also generalized the problem to heterostruc-
tures built with superconducting reservoirs in the presence
of p-wave correlations, where Majorana zero modes could
ultimately emerge and get coupled to each other [27–32].
In this regime, single electrons can be transferred between

terminals, resulting in a phase averaged transconductance
quantized in units of 2e2/h instead of 4e2/h.

Locally accessing quantum geometry in flux-
space. – An interesting advantage of these devices,
compared to other solid-state platforms, is that it is con-
ceptually much easier to probe local geometrical properties
of quantum states in the artificial Brillouin zone spanned
by the phase-differences. In principle, it is possible to
perform measurements at each effective quasimomenta by
simply manipulating the external fluxes of the junction in
an independent manner. The full quantum geometry of
the Andreev bound states in this synthetic flux space is
encoded in the quantum geometric tensor, defined as

Qα
kl[ϕ] = 〈∂ϕk

φα| (1− |φα〉〈φα|) |∂ϕl
φα〉. (10)

On the one hand, the real part of this tensor provides for
the Fubini-Study metric gαkl[ϕ] = Re(Qα

kl[ϕ]), which con-
tains information on the “distance” between two quantum
states. On the other hand, the imaginary part gives di-
rect access to the Berry curvature Fα

kl[ϕ] = −2Im(Qα
kl[ϕ]),

which provides for a measure of quantum geometrical
phases acquired along closed paths. In ref. [33], a
scheme to measure the components of this tensor in a
generic parameter space was developed. It essentially
consists on modulating the corresponding parameters pe-
riodically in time and monitoring the excitation rates be-
tween the ground and excited states. This same strategy
was adapted to the case of multi-terminal Josephson de-
vices [21,34], where it was proposed that microwave spec-
troscopy could reveal all the information contained in the
geometrical object of eq. (10). In these nanostructures, the
protocol involves applying ac-drives in the external fluxes,
so as to be able to modulate in time the phase differences
between different reservoirs. We note that in ref. [25], an
alternative scheme to locally probe the Berry curvature by
performing synchronic transport measurements was also
discussed.

On the effect of the quasiparticle continuum. –
The analogy between the Bloch band structure and the
quasiparticle energy spectrum of multi-terminal JJs, al-
though appealing, is incomplete. Indeed, the continuum
spectrum above the superconducting gap (see fig. 2(b))
also participates in the transport properties of these de-
vices. In this sense, eq. (8) is not entirely accurate, since
it disregards the contribution of these states to the cur-
rent. This problem was highlighted in ref. [23], where the
authors studied a setup as the one sketched in fig. 4(a):
three superconducting reservoirs coupled via a normal re-
gion threaded by an external magnetic flux. In their par-
ticular setting, the numerically calculated phase averaged
transconductance did not match the Chern number of the
ABS, a fact which was attributed to a non-trivial con-
tribution to the quantized transconductance coming from
the quasiparticle continuum. In order to properly account
for the continuum contribution, the adiabatic expansion
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Fig. 4: (a) Schematic setup of a three-terminal Josephson
junction pierced with a central magnetic flux Φs = Φ0s/2π
with Φ0 = hc/e. (b) Spectral density of the junction
[(−1/π)Im(TrGJ(ω, ϕ1))] along the path ϕ1 = −ϕ2 for s =
0.78. (c) Top: phase integrated spectral density of the junc-
tion as a function of s. Bottom: ABS Chern number and total
winding number as a function of s. The difference between
them corresponds to the continuum contribution.

of the Josephson current needs to be formulated on more
general grounds. The geometrical contribution, identi-
fied as the Berry curvature of the ground state, is more
conveniently written in terms of the BdG Green’s func-
tions [25,28,35]. Namely,

〈Igeok (t)〉 = −e
∑

ν′

∫ ∞

−∞

dω

4π

× Tr
[
G̃−1∂ϕk

G̃ · G̃−1∂ϕl
G̃ · G̃−1∂ωG̃ −k↔ l

]
ϕ̇l .

(11)

Here, G̃(ω, t) = G̃(ω, {ϕl(t)}) is the fully adiabatic
causal Green function obtained from the instantaneous
BdG Hamiltonian [28]. After averaging over the Bril-
louin zone as discussed before, we obtain that Gkl =
−(2e2/h)

∑
l Nkl with

Nkl =
1

8π2

∫ π

−π

dϕk

∫ π

−π

dϕl

∫ ∞

−∞
dω

× Tr
[
G̃−1∂ϕν

G̃ · G̃−1∂ϕν′ G̃ · G̃−1∂ωG̃ − k ↔ l
]
,

(12)

the winding number of the Green’s function G̃. If the sys-
tem is gapped, this quantity is known to be an integer
number [36]. Nkl includes the contribution of both the
ABS and the continuum spectrum on equal footing. In
fact, the two contributions cannot be separated in gen-
eral, except when the ABS are isolated from the contin-
uum. Moreover, since the trace involves a sum over spin
variables, whenever there is an equal spin contribution we
expect the transconductance to be quantized in units of

4e2/h. An alternative expression was also derived in terms
of the scattering matrix in ref. [37].
For calculation purposes, it is convenient to gauge the

superconducting phases to the tunneling matrix elements
between the leads and the normal region. In this way, the
phase dependence appears only on the tunneling Hamilto-
nian and the expression for the topological invariant can
be written [28] in terms of the junction’s Green func-
tion GJ (ω, {ϕl}) which involves only the region of in-
terest. To illustrate the procedure, we consider three
s-wave superconducting reservoirs (treated in the wide
band limit) which are coupled to each other by (sin-
gle site) normal hopping terms enclosing a magnetic flux
Φs as depicted in fig. 4(a). We assume spin degeneracy
and work on the Nambu basis, so that GJ (ω, {ϕl}) is a
6 × 6 matrix corresponding to the three coupled ending
sites of the superconducting leads. The spectral density,
(−1/π)Im[TrGJ(ω, {ϕ})], as a function of ϕ1 (= −ϕ2) for
a particular value of Φs is shown in fig. 4(b), a situa-
tion where a Weyl singularity is present on the ABS spec-
trum. The phase integrated spectral density as a function
of s = 2πΦs/Φ0, and the corresponding ABS Chern num-
ber and total winding number (eq. (12)), are presented
in fig. 4(c). It is important to notice here that the total
winding number only changes when there is a gap closing
at the Fermi energy (ω = 0) while the ABS Chern num-
ber can also do it when the ABS touches the continuum
(s = 0, π). It is only the former quantity that is related to
the transconductance —the result in fig. 4(c) agrees well
with the numerically calculated transconductance [23].

Topological Hamiltonian. – There is another way
to calculate the topological invariant that, in some cases,
allows to separate the contribution of the ABS and
the quasiparticle continuum. As was recently demon-
strated [38,39], under quite general assumptions, all the

topological information of the Green’s function G̃(ω) is en-
coded in the so-called “topological Hamiltonian” defined
as Htop ≡ −G̃−1(ω = 0). The key idea is that if the sys-

tem is gapped and G̃(ω) well behaved, the latter can be

smoothly deformed to Geff(ω) = (ω + G̃−1(ω = 0))−1 pre-
serving its topology. In that case, the winding number
of the Green’s function can be calculated from the Chern
numbers associated to each of the eigenstates of Htop.

In the case of JJs, the eigenstates of HJ
top =

−G−1
J (ω = 0) should then reflect the topological nature

of both the ABS and the continuum spectrum. In the
example of fig. 4, HJ

top has six particle-hole symmetric
eigenstates but only those below the Fermi energy need to
be considered. The Chern number associated to the ABS
is obtained from the eigenstate whose energy is closer to
the Fermi energy (fig. 4(c)), while the one related to the
continuum is just the sum of the Cherns of the two re-
maining modes. The sum of all these contributions is
precisely the winding number of the full frequency de-
pendent Green’s function obtained before, revealing the
validity of the method [35]. Notably, even though the
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eigenenergies obtained from HJ
top do not represent the

physical spectrum, they constitute a reduced Hilbert space
that accurately describes the closing of the gaps and the
topology of the original problem. Therefore, when applica-
ble, this method provides a much simpler way of obtaining
the topological invariants without the need of carrying out
an integral over frequency as in eq. (12).

Experimental advances. – Weyl singularities in
the ABS spectrum of multi-terminal Josephson devices
have not been experimentally observed so far nor phase-
averaged quantized transconductances measured. Con-
trary to the well-established two-terminal JJs case, the
design, fabrication and ultimate control of multi-terminal
junctions is much less explored, with several experi-
mental challenges ahead. Substantial progress has been
recently made in this direction, partially fuelled by the
perspective of engineering synthetic topology. Several
groups have already been able to develop mesoscopic JJs
with three or four terminals that exhibited superconduct-
ing phase coherent transport in all-metal junctions [40],
hybrid semiconductor-superconductor heterostructures
[41–44], graphene [45–47] and topological materials [48].
Even a phase-tunable three-terminal Josephson interfer-
ometer has been realized [49,50]. One of the challenges is
to have the ability to control the number of conductance
channels between the superconducting terminals, while
keeping them highly transmissive —they need to be just
a few in order to have enough experimental resolution to
access the ABS spectrum. A step forward in this direction
was recently done in ref. [44] where the authors were able
to control each channel of a three-terminal junction down
to a single mode using a split-gate quantum-point contact
geometry, see fig. 5. Other aspects that need further in-
vestigation are related to the capability of independently
controlling the superconducting phases, that is magnetic
fluxes, while avoiding mutual inductances and also reduc-
ing quasiparticle poisoning [51] and the presence of ther-
mal excitations. The latter is important to guarantee the
ground state occupation and hence the quantization of the
transconductance.

Current trends. – In the search for novel approaches
that could lead to the observation of more complex topol-
ogy, recent theoretical works have gone beyond the orig-
inal proposals and extended the study to multi-terminal
JJs with degenerate ground-states, which could open the
door to quantum simulation of non-Abelian physics in high
dimensions and holonomic quantum computing [52,53].
Indeed, these devices may reveal non-Abelian Berry curva-
tures and higher-order Chern numbers in their non-linear
response or through microwave spectroscopy. Another
twist might come from the recent realization of Floquet
ABS in a graphene JJ [54] which could bring the possibil-
ity of Floquet engineering into the field.

Many researchers have looked for alternatives [55–58]
to the multi-terminal JJ setups that might show the same
phenomena while being potentially more easy to control

Fig. 5: Left panel: schematic of a Y-shaped three-terminal
Josephson junction in a split-gate quantum point contact ge-
ometry. Right panel: false-color SEM image of the actual de-
vice with individually tunable quantum point contacts showing
measurement schematic. Extracted from ref. [44].

with current technologies. A promising route is the case of
Weyl Josephson circuits [55]: arrays of coupled supercon-
ducting tunnel junctions that could be used to simulate
Weyl band structures in both flux and charge space. By
tailoring their design, synthetic Bloch Hamiltonians of dif-
ferent symmetries and dimensionalities can be engineered
so as to obtain the desired topological properties.
A completely different approach involves using gapped

superfluids of cavity exciton-polaritons in a multiterminal
setup, as proposed in ref. [59]. The advantage of these ar-
tificial systems is that topological transitions can be con-
trolled by pump lasers with well-defined phases, while the
photonic component of the eigenstates, and so their topo-
logical properties [60,61], is experimentally accessible. An
interesting appeal of this particular proposal is that, being
exciton-polaritons a system with intrinsic gain and losses,
it opens the door to non-Hermitian topology.
As we have tried to convey in this article, the study of

geometrical and topological transport properties in flux
networks is a research area that goes back to the early
days of the quantum Hall effect [5,7–9]. These ideas have
been brought back to the table when multi-terminal JJs
were proposed as a concrete platform that could artifi-
cially mimic topological matter [11]. Given the promising
advances in the field, one can foresee that the experimen-
tal realization of a topological flux network is not far from
reach.
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