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We study the universal logarithmic coefficient of the entanglement entropy in a sphere for free fermionic
field theories in a d ¼ 4 Minkowski spacetime. As a warm-up, we revisit the free massless spin-1=2 field
case by employing a dimensional reduction to the d ¼ 2 half-line and a subsequent numerical real-time
computation on a lattice. Surprisingly, the area coefficient diverges for a radial discretization but is finite for
a geometric regularization induced by the mutual information. The resultant universal logarithmic
coefficient −11=90 is consistent with the literature. For the free massless spin-3=2 field, the Rarita-
Schwinger field, we also perform a dimensional reduction to the half-line. The reduced Hamiltonian
coincides with the spin-1=2 one, except for the omission of the lowest total angular momentum modes. This
gives a universal logarithmic coefficient of −71=90. We discuss the physical interpretation of the universal
logarithmic coefficient for free higher-spin field theories without a stress-energy tensor.
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I. INTRODUCTION

The entanglement of vacuum fluctuations is an ubiqui-
tous property of relativistic quantum fields, as implied by
the Reeh-Schlieder theorem [1]. Moreover, in recent years,
it has proven to be relevant to the study of quantum field
theory and quantum gravity [2,3]. Specifically, given a
vacuum state and a von Neumann algebra of observable
operators localized inside a region, the entanglement
entropy (EE) can be used to provide a measure of
entanglement between such region and its complement.
For spherical regions, the assignation of an algebra in the
continuum is unique [4]. Further, in any conformal field
theory (CFT), the structure of the corresponding EE for a
sphere of radius R embedded in a d ¼ 4 Minkowski
spacetime takes the form

SðRÞ ¼ c2
R2

ϵ2
þ clog log

�
R
ϵ

�
þ c0; ð1:1Þ

where ϵ represents any given short-distance cutoff intro-
duced to regulate the UV divergences of the EE. The area
coefficient c2 is regularization dependent and might even

diverge for a given scheme [5]. Also, the constant
coefficient c0 is cutoff dependent. On the other hand,
the logarithmic coefficient clog is a universal quantity of the
theory because it is well-defined in the continuum limit.
Remarkably, this universal coefficient has been used
to provide an entropic proof of the irreversibility A-theorem
[6,7], so it can be regarded as an effective measure of the
degrees of freedom in the underlying theory at a given
energy scale. Irreversibility theorems associated to the sub-
leading coefficients have also been established [6,8–10].
Indeed, the logarithmic coefficient is proportional to the
type-A trace anomaly, which can be extracted from the
coefficient of the expectation value of the trace of the stress-
energy tensor proportional to the Euler density in curved
space-time [11]. This has been proven using holo-
graphy [12], as well as for general CFTs with a well-
defined stress-energy tensor using a conformal map to de
Sitter spacetime [13].
The logarithmic coefficients clogðhÞ for all physical

massless fields with spin h ≤ 1 were computed from the
type-A trace-anomaly using Euclidean methods [14,15],
yielding

clogð0Þ¼−
1

90
; clogð1=2Þ¼−

11

90
; clogð1Þ¼−

31

45
: ð1:2Þ

These coefficients have also been computed by other means
both analytically [16–19] and numerically [20,21]. For the
cases of Klein-Gordon scalar and Dirac fermion fields all
computations coincide. However, for the free Maxwell
field, explicit field theoretic calculations performed in [21],
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as well as thermodynamic computations in de Sitter
spacetime [17], reveal a different result

c̃logð1Þ ¼ −
16

45
: ð1:3Þ

The reason behind this mismatch is that the result for the
entropy depends on the details of the operators inserted at
the boundary of the entangling region, together with the
possible nonlocal correlations induced by them. This
ambiguity appears in all theories that are not complete,
in the sense that they exhibit nonlocal sectors where the
presence of these operators at the boundary can modify the
expected anomaly result [22]. For example, in the Maxwell
case, the difference between these two computations is that
(1.3) corresponds to a free Maxwell theory, while (1.2)
corresponds to an effective Maxwell theory in the IR where
interactions produced by heavy electric and magnetic
charges appearing in the UV completion were integrated
out. This coupling to charges in the UV can also be
interpreted as the physical origin of the “edge modes”
proposed in [18,23–25] for the IR theory.
For theories with spin h ≥ 3=2 there seems to be a more

severe problem, as the Weinberg-Witten theorem [26]
forbids the existence of a well-defined stress-energy tensor.
This makes the notion of trace anomaly unclear from the
field theory point of view [15]. However, in such cases, the
logarithmic coefficient can still be computed without
invoking the trace anomaly. Such calculations have been
performed for the spin-2 case in [27,28]. Even more, it was
conjectured [27,29] and proved using the replica trick [28]
that the logarithmic coefficients for any field of integer spin
h are given by

cboslog ðhÞ¼−gðhÞ1þ15h2

90
; gðhÞ¼

�
1 h¼0

2 h>0
: ð1:4Þ

The result for half-integer spin h fields was also proposed
by [29]

cferlogðhÞ ¼ −
7þ 60h2

180
: ð1:5Þ

By studying the universal logarithmic coefficients in the EE
for free higher-spin theories, we aim to gain more insight
regarding its physical interpretation. Following this line, we
begin by performing the explicit real-time computation of
the logarithmic coefficient associated with a massless
spin-3=2 field described by the free Rarita-Schwinger
field [30–32]. We do so by working with the approach
developed in [20,21,27,33]. The procedure consists of
using a harmonic mode decomposition on the transverse
sphere S2, and a subsequent dimensional reduction that
produces a d ¼ 2 effective radial Hamiltonian. The former
is made of a tower of modes labeled by the total angular
momentum eigenvalues j. The EE of each mode can be

computed numerically on a lattice and the final result
follows from a careful addition over modes. Surprisingly,
for spin-1=2 fields, this calculation has not been done in
the context of an EE computation. We do provide such
computation. For spin-3=2 fields, we prove that the
effective radial Hamiltonian obtained matches with the
spin-1=2 result without the lowest total angular momentum
mode j ¼ 1=2. We will demonstrate that this result guar-
antees that (1.5) holds for h ¼ 3=2.
The structure of the article is the following. In Sec. II, we

dimensionally reduce a massless Dirac field in d ¼ 4 in a
sphere using spinor spherical harmonics. We use this result
to compute numerically the EE in a sphere. The radial
discretization [33] gives a divergent area coefficient, so the
logarithmic coefficient is obtained from a regularized EE
defined in terms of the mutual information [34]. In Sec. III,
we review the free Rarita-Schwinger theory in d ¼ 4. We
mainly work with the gauge invariant phase space gen-
erated by the field strengths that can be defined from the
usual gauge-dependent vector-spinor fields. Subsequently,
in Sec. IV, we decompose its massless Hamiltonian using
spinor-vector spherical harmonics. We employ the same
ideas used in the spin-1=2 case to conclude that the
logarithmic coefficient is −71=90. Finally, Sec. V is
devoted to a discussion regarding the existence of ambi-
guities in the logarithmic coefficient of free higher-spin
fields, with special focus on the renormalization group
(RG) flow interpretation of such a quantity. In Appendix A,
we provide a summary of useful properties of spinor and
spinor-vector spherical harmonics; in Appendix B, we
review the real-time numerical method necessary for the
simulations and provide an analytic proof of the divergence
of the sum over angular momentum modes when comput-
ing the EE with a radial discretization for fermionic fields in
d ¼ 4 and in Appendix C, we show that the correlators of
gauge invariant operators display conformal symmetry, by
identifying the field strength as a conformal primary and
explicitly computing its two-point function. In addition, we
provide a review of the embedding space formalism, and
give the explicit expression for the six-dimensional terms
that produce the two-point function of a gauge invariant
spin-3=2 conformal primary field in four dimensions.

II. ENTANGLEMENT ENTROPY OF A DIRAC
FIELD IN A SPHERE

In this section, we revisit the entanglement entropy of a
massless Dirac field in a sphere. We start by decomposing
the Dirac Hamiltonian in d ¼ 4 in a spherical wave basis
composed of spinor spherical harmonics and by integrating
over the angular variables. This procedure dimensionally
reduces the problem to a tower of d ¼ 2 fermions with a
radial potential quadratic in the fields whose entanglement
entropy can be computed numerically on a finite line. We
discover that the area term in the entanglement entropy
obtained by summing over the entropy of each mode
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diverges for the radial regularization. Notwithstanding,
using the regularized entanglement entropy defined via
the mutual information, the calculated logarithmic and area
terms are in accordance with the literature.

A. Decomposition in spherical harmonics

The massless Dirac Hamiltonian in (3þ 1) spacetime
dimensions is given by1

H ¼
Z

d3xψ†ðx⃗Þðα⃗ · p⃗Þψðx⃗Þ; ð2:1Þ

where ðα⃗Þa ¼ γ0γa is defined in terms of gamma matrices

and p⃗ ¼ −i∇⃗ is the momentum operator. As is well-known,
choosing the Weyl representation of the gamma matrices

γμ¼
�

0 σμR
σμL 0

�
; σμL≡ðI2;−σiÞ; σμR≡ðI2;σiÞ; ð2:2Þ

decouples the Hamiltonian (2.1) as

H¼HLþHR; HL
R
¼∓

Z
d3xψ†

L
R
ðx⃗Þðσ⃗ · p⃗Þψ L

R
ðx⃗Þ; ð2:3Þ

with ψL and ψR being two-component Weyl spinors that
represent left- and right-handed fermions, respectively.
These can be obtained from the original spinor ψðx⃗Þ by
acting with chirality projection operators defined in terms
of γ5 ¼ iγ0γ1γ2γ3 as

1−γ5

2
ψðx⃗Þ¼

�
ψLðx⃗Þ
0

�
;

1þγ5

2
ψðx⃗Þ¼

�
0

ψRðx⃗Þ

�
: ð2:4Þ

The canonical phase space of the theory is spanned by
the Weyl spinors ψL and ψR as canonical coordinates
together with their corresponding conjugates ψ†

L and ψ†
R as

canonical momenta or viceversa. The corresponding
canonical anticommutation relations at equal times are
given by

fðψ L
R
ðx⃗ÞÞi; ðψ†

L
R
ðx⃗0ÞÞjg ¼ δijδ

ð3Þðx⃗ − x⃗0Þ; ð2:5Þ

where the spinorial indices run in the subset i, j ¼ 1, 2 for
the Weyl spinors.
Taking into account the rotational symmetry of the

problem at hand, it is useful to perform a dimensional
reduction of the chiral Dirac Hamiltonian over the sphere.
For simplicity, we perform this over the left-handed

Hamiltonian, but such procedure can be likewise applied
for the right-handed one. To begin with, we expand the
spinor ψL in the spherical wave basis given by

ψLðx⃗Þ ¼
X
κμ

�
PκμðrÞ

r

�
Ωκμðθ;φÞ;

ψ†
Lðx⃗Þ ¼

X
κμ

�
P�
κμðrÞ
r

�
Ω†

κμðθ;φÞ; ð2:6Þ

where Ωκμðθ;φÞ are the spinor spherical harmonics defined
in [35] via the scalar spherical harmonics Ylm as

Ωκμðθ;φÞ ¼

0
B@ sgnð−κÞ

ffiffiffiffiffiffiffiffiffiffi
κþ1

2
−μ

2κþ1

q
Yl;μ−1=2ðθ;φÞffiffiffiffiffiffiffiffiffiffi

κþ1
2
þμ

2κþ1

q
Yl;μþ1=2ðθ;φÞ

1
CA: ð2:7Þ

The label κ is related to the orbital angular momentum l by
κ ¼ jlþ 1

2
j − 1

2
and the total angular momentum j ¼ jκj − 1

2

taking the discretized values κ ¼ �1;�2;… with projec-
tions μ ¼ −jκj þ 1

2
;−jκj þ 3

2
;…; jκj − 1

2
. For a brief review

of useful properties of spinor spherical harmonics, see
Appendix A 1.
Replacing (2.6) into the left-handed Hamiltonian (2.3)

gives

HL ¼ −i
X
κ0μ0κμ

Z
d3x

��P�
κ0μ0

r

�
Ω†

κ0μ0

�

×

�
∂r þ

κ þ 1

r

���
Pκμ

r

�
Ω−κμ

�
: ð2:8Þ

Further, the orthonormality of the spinor spherical har-
monics enables us to integrate out the angular dependence.
Thus, the (3þ 1)-dimensional Hamiltonian is reduced to an
effective tower of (1þ 1)-dimensional Hamiltonians in the
half-line labeled by ðκ; μÞ. The corresponding symmetrized
real version of (2.8) is

Hsym
L ¼ −

i
2

X
κμ

Z
∞

0

dr

�
P�
−κμP0

κμ − P�0
κμP−κμ

þ κ

r
ðP�

−κμPκμ − P�
κμP−κμÞ

�
; ð2:9Þ

where we have used the notation 0 to denote radial
derivatives acting over radial functions [for example,
P0
κμðrÞ ¼ ∂rPκμðrÞ]. We will use this notation throughout

the paper.
The statistics for (1þ 1)-dimensional complex fields Pκμ

can be recovered using the projections of the original spinor
fields over the spinor spherical harmonics as

1We use Lorentz spacetime indices μ; ν;… ¼ 0;…; 3
and signature ημν ¼ ðþ;−;−;−Þ, Lorentz spatial indices
a; b;… ¼ 1, 2, 3 and spinorial indices i; j;… ¼ 1;…; 4. In
addition, time-coordinate t dependence is omitted as we are
interested in computing entanglement entropies over constant
time slices.
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PκμðrÞ ¼ r
Z
S2
dΩψLðx⃗ÞΩ†

κμðθ;φÞ;

P�
κμðrÞ ¼ r

Z
S2
dΩψ†

Lðx⃗ÞΩκμðθ;φÞ: ð2:10Þ

Then, from (2.5), we get the equal-time anticommutation
relations

fðPκ0μ0 ðr0ÞÞi; ðP†
κμðrÞÞjg ¼ δijδκκ0δμμ0δðr − r0Þ: ð2:11Þ

However, we can reinterpret the (1þ 1)-dimensional fields
Pκμ. To understand how Pκμ couples with P−κμ, one can
rewrite Hsym

L as a sum over positive modes κ > 0. This
leads to a theory described by a (1þ 1)-dimensional two-
component spinor field Ψκμ whose Hamiltonian is

Hsym
L ¼

X∞
κ¼1

X
μ

Z
∞

0

drΨ†
κμðrÞ

�
αrp

↔
rþ

κ

r
βr

�
ΨκμðrÞ;

ΨκμðrÞ¼
�
P−κμðrÞ
PκμðrÞ

�
: ð2:12Þ

The induced radial representation gives αr ¼ σ1 and

βr ¼ σ2, where p
↔

r ¼ − i
2
ð∂⃗r − ∂⃖rÞ is the symmetrized

momentum operator on the radial direction. The sum over
κ can be thought of as a sum over all modes with definite
angular momenta j ¼ 1

2
; 3
2
;…, recalling that j ¼ jκj − 1

2
.

Also, from (2.11) the spinor field Ψκμ obeys the equal-time
canonical anticommutation relations

fðΨκ0μ0 ðr0ÞÞi; ðΨ†
κμðrÞÞjg ¼ δijδκκ0δμμ0δðr − r0Þ: ð2:13Þ

To sum up, we have obtained a tower of Dirac fields in the
half-line with a position-dependent quadratic term κ

r that
appear as a consequence of the Kaluza-Klein reduction on
the transverse sphere S2.
The Hamiltonian (2.12) together with (2.13) represent

the main results of this subsection. They will prove useful
when performing a numerical computation of the entangle-
ment entropy in Sec. II B, as well as when comparing with
the analog mode decomposition for the Rarita-Schwinger
field in Sec. IV C. The effective radial equations for the
Dirac field have been obtained via different methods and
for arbitrary dimensions in the literature, for instance
by [36].2 Further study regarding the modular
Hamiltonians of these (1þ 1)-fermionic modes and their
contribution to the universal coefficients of the EE in
general dimensions, as performed for scalars in [19], will
appear in [37].

B. Entanglement entropy and logarithmic coefficient

This subsection is devoted to the study of the EE
associated to a spherical region of radius R for a free
massless Dirac fermion in d ¼ 4 space-time dimensions.
We will follow a similar procedure as for the scalar field
in [33]. Therefore, we are particularly interested in the EE
associated with the tower of two-dimensional Dirac fer-
mions with a radial potential in the half-line. Given that the
Hamiltonian (2.12) is expressed as a sum over different
modes ðκ; μÞ, the resulting expression for the EE SðRÞ of
Dirac fermions on the sphere holds after summing over
each of them

SðRÞ¼SLðRÞþSRðRÞ¼2
X∞
κ¼1

X
μ

SκðRÞ¼2
X∞
κ¼1

ð2κÞSκðRÞ:

ð2:14Þ
The first factor of two is due to the left/right chiralities in
(2.3), and the factor 2κ accounts for the multiplicity of μ-
projections for a given κ, because the EE SκðRÞ associated
to each of the modes in (2.12) is μ-independent.3 Note that
the sum (2.14) is a formal expression, since this bare series
may not be convergent for some choices of regularization.
We will argue in what follows that this is the case for the
radial discretization introduced for a scalar field in [33],
when applied to a fermion field.
For quadratic Hamiltonians such as (2.12), the vacuum is

a Gaussian state. This implies that Wick’s theorem holds,
and all nonzero multipoint correlators can be obtained from
the two-point function. In the light of this, the EE SκðRÞ can
be computed numerically by the real-time method intro-
duced in [38,39]. The idea is to consider the Hamiltonian
on the lattice, with a total of M lattice sites, as well as the
correlator Cmn ¼ hψ†

mψni, where ψn stands for the lattice
discretization of ΨκμðrÞ. Hence, considering a spherical
region of radius R ¼ N þ 1

2
, the EE SκðN;MÞ depends

exclusively on the eigenvalues of Cmn when restricted to
m; n ¼ 1;…; N. A holistic explanation of this standard
procedure is found in Appendix B 1.
The contributions from modes with large angular

momentum κ are relevant for the convergence of the
sum (2.14). The entropies SκðN;MÞ are independent of
the infrared cutoff M for κ ≫ M and behave as

4κSκðN;MÞ ∼ 8ξðNÞ
�
logðκÞ

κ

�

þ 4ξðNÞ½1 − logðξðNÞÞ�
�
1

κ

�
þ…; ð2:15Þ

2The matching with (2.12) follows first from a unitary map of
the spinor field and a subsequent axial rotation. The transformed
field satisfies the equations of motion like those in [36].

3The fact that the contributions SκðRÞ are independent of μ
follows from the expression (2.12), given that for a given κ all the
modes have the same Hamiltonian. In other words, for a fixed κ,
all the modes have the same dynamics, as well the same algebra
(2.13), yielding the same entanglement entropy.
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where ξðNÞ is given by

ξðNÞ ¼ N2ðN þ 1Þ2
4ð2N þ 1Þ2 : ð2:16Þ

For an analytic derivation of this asymptotic behavior, see
Appendix B 2, and for a numerical verification, refer to the
left plot of Fig. 1. As a consequence of (2.15), the sum
introduced in (2.14) diverges for an arbitrary cutoffM. This
behavior is in stark contrast to what happens with a scalar
field in d ¼ 4, where the radial discretization of the EE is
convergent. This is so because the leading term of the

entropy of each mode decays as ∼ logðlÞ
l3 for large angular

momentum l [33]. The physical interpretation of this
phenomena is that for a Dirac field, the radial discretization
is not sufficient for inducing a finite area coefficient c2
in (1.1). This situation is not unfamiliar, as a similar
scenario occurs for scalar fields in d > 4 [5].
The area coefficient c2 is regularization dependent, so

this issue can be overcome by choosing another regulator.
Conveniently, the mutual information gives a geometrical
prescription for computing a regularized EE [21,34]. This
construction relies on the mutual information of a spherical
region A of radius RA and a region B defined as the
complement of a sphere of radius RB, with RB > RA, that
contains the region A (see Fig. 2). The mutual information
is defined as usual

IðA;BÞ ¼ SðAÞ þ SðBÞ − SðA ∪ BÞ: ð2:17Þ

Purity of the vacuum state implies that the entropy of a
region coincides with the entropy of its complement. This
means that SðBÞ can be computed as the entropy of a sphere

of radius RB and SðA ∪ BÞ as the entropy of an annular
region defined between RA and RB. We can introduce a
geometric regularization by expressing the radii in terms of
two new variables R and ϵ such that RA ¼ R − ϵ=2 and
RB ¼ Rþ ϵ=2. This motivates the following definition

η≡ R
ϵ
¼ RA þ RB

2ðRB − RAÞ
: ð2:18Þ

In this vein, for η ≫ 1 the mutual information gives a
prescription for the regularized EE in the form of

SregðηÞ ¼
IðηÞ
2

¼ s2η2 þ clog logðηÞ; η ≫ 1: ð2:19Þ

In Fig. 3, we show numerical simulations in the range
8 < η < 20. In opposition to the slowly decaying behavior

10000 20000 30000 40000 50000
0.0

0.5

1.0

1.5

2.0

κ

4κ
S κ
(R
)

0 50 100 150 200 250

10-7

10-4

10-1

κ

4κ
I κ
(η
)

FIG. 1. Left plot: Entanglement entropy for a massless Dirac field in d ¼ 4 as a function of angular momentum κ for large κ. The

dotted points indicate the lattice simulation data and the red continuous line indicates the fit function fðκÞ ¼ a logðκÞ
κ þ b 1

κ. The fitted
values a ¼ 1274.94 and b ¼ −2595.83match with relative error of 0.005% and 0.03%, respectively, with the coefficients of (2.15). The
numerical simulation was done withM ¼ 100 physical sites and considered a spherical region of fixed radius R ¼ N þ 1

2
¼ 50.5. Right

plot: Mutual information in logarithmic scale, for a massless Dirac field in d ¼ 4, as a function of angular momentum κ for fixed η. In
stark contrast with the entanglement entropy (in radial regularization), the mutual information is exponentially suppressed for large κ.
The simulation was done for fixed η ¼ 9.5 and M ¼ 100 physical sites.

FIG. 2. Setup used to compute the mutual information IðA; BÞ.
The region A is a sphere of radius RA and B is the complementary
region of a sphere of radius RB that contains A. Both radii can also
be parametrized in terms of new variables ϵ and R as RA ¼
R − ϵ=2 and RB ¼ Rþ ϵ=2.
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of the EE as a function of κ, we observed an exponentially
suppressed decay for large κ for the mutual information4

(see right plot of Fig. 1). This is because the mutual
information is less sensitive to ultraviolet contributions than
the EE. For the maximum lattice size considered,
Mmax ¼ 200, we noted that it was sufficient to sum up
to κmax ¼ 250 in (2.14). The extraction of a numerical value
for s2 and clog requires the elimination of the dependence
on the infrared cutoff M. Therefore, by fitting (2.19) for
lattices with size M ¼ 100, 125, 150, 175, 200, the fitted
coefficients were extrapolated to the continuum by using
the functions

s2ðMÞ ¼ s∞2 þ a
M2

; clogðMÞ ¼ c∞log þ
b
M2

: ð2:20Þ

The resulting s∞2 and c∞log, interpreted as the continuum
limit results, are

s∞2 ¼ 0.14145:; c∞log ¼ −0.12285: ð2:21Þ

The logarithmic coefficient matches with the expected
value clogð1=2Þ ¼ − 11

90
¼ −0.12222… with 0.5% of rela-

tive error. The area term also coincides with an approxi-
mation present in the literature5 with 4.6% of relative error.

III. FREE RARITA-SCHWINGER THEORY

The objective of this section is to study the Rarita-
Schwinger field [30–32] as a free quantum field theory
describing massless spin-3=2 degrees of freedom in d ¼ 4

spacetime dimensions. The free massless field theory is well
defined at the classical and quantum level (see [31] and
references therein). In this vein, we start by reviewing the
canonical quantization considering a vector-spinor gauge
field.6 Then, we show how such procedure is implemented
over the gauge-invariant phase space spanned by spinor two-
form field strength defined from the original gauge field.
This is known to only include the spin-3=2 degrees of
freedom [42,43].

A. Canonical formulation

A theory with propagating spin-3=2 fermions can be
described by a vector-valued spinor field ψνðxÞ with ν ¼ 0,
1, 2, 3 in d ¼ 4. The dynamics of such fields can be given
by the Rarita-Schwinger Lagrangian [31,32]. The latter, in
the strict massless limit, is written as [44,45]

L ¼ i
2
ϵνρσλψ̄

νγ5γρ∂σψλ; ð3:1Þ

where ϵνρσλ is the four-dimensional Levi-Civita tensor, γρ

and γ5 ¼ iγ0γ1γ2γ3 are the usual gamma matrices and
ψ̄μ ¼ iψ†

μγ0. In analogy with spin-1=2 fermions, we can
choose the Weyl representation such that the Lagrangian
decouples into two independent sectors

L ¼ LL þ LR;

LL
R
¼ 1

2
ϵabc

�
ψa†

L
R
σbψ̇c

L
R
� ψa†

L
R
∂
bψc

L
R

þ ψ0†
L
R
σa∂bψc

L
R
− ψa†

L
R
σb∂cψ0

L
R

�
; ð3:2Þ
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Δ
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)

FIG. 3. Left plot: Mutual information IðηÞ for a Dirac field as a function of η2 for several values of R1, R2, with M ¼ 200 physical
sites. The dotted points indicate the lattice simulation data and the continuous red line indicates the fitting function
fðηÞ ¼ 2cfit2 η

2 þ 2cfitlog logðηÞ þ cfit0 . Right plot: Mutual information with the area term subtracted, ΔIðηÞ ¼ IðηÞ − 2cfit2 η
2, as a function

of η. The fit exhibits a subleading logarithmic contribution that goes like ΔIðηÞ ¼ 2cfitlog logðηÞ þ cfit0 .

4This same behavior was also numerically observed for the
Maxwell field in [21].

5The area coefficient of the regularized EE can be obtained as
s2 ¼ 4πð2κ4Þ ¼ 0.13521… where κ4 ¼ 0.00538… represents
the area coefficient of the EE associated to a region between
two parallel plates [21,39].

6The vector-spinor gauge field does not transform under an
irreducible representation of the four-dimensional Lorentz group,
and a priori describes propagating spin-3=2 degrees of freedom
together with spin-1=2 ones (see for instance [31,32] and [40,41]
for a more recent discussion).
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where the Weyl spinors ψμ
L and ψμ

R are defined using the
chiral projectors as in (2.4), and ϵabc represents the three-
dimensional Levi-Civita tensor.
From here, we will only deal with the theory of left-

handed fermions. However, the following procedure can
also be straightforwardly generalized to right-handed fer-
mions too. First, the timelike component ψ0

L of the field
only appears in the last two terms of (3.2) as a Lagrange
multiplier. On the other hand, the spacelike components ψa

L
of the field appear as dynamical variables associated with
the canonical momenta,

πLa ¼ ∂L
∂ψ̇a

L

¼ 1

2
ϵabcψ

b†
L σc: ð3:3Þ

At a quantum level, these anticommute with the canonical
coordinates at equal times, giving

�ðψa
Lðx⃗ÞÞi; ðπbLðx⃗0ÞÞj

	 ¼ −iδabδijδð3Þðx⃗ − x⃗0Þ: ð3:4Þ

Conveniently, we can use ψa†
L ¼ iπaL − εabcπLbσc, to obtain

a more useful expression in terms of the conjugated field

�ðψa
Lðx⃗ÞÞi; ðψb†

L ðx⃗0ÞÞj
	 ¼ ðσbσaÞijδð3Þðx⃗ − x⃗0Þ: ð3:5Þ

In this setup, we can compute the Hamiltonian, via a
Legendre transformation, to be

HL ¼ πLa ψ̇
a
L − LL

¼ −
1

2
ϵabc



ψa†
L ∂

bψc
L þ ψ0†

L σa∂bψc
L − ψa†

L σb∂cψ0
L

�
:

ð3:6Þ

Then, we are allowed to derive the constraints from the
equations of motion of the timelike component of the fields.
These yield the Gauss-lawlike constraints

2∂aπ
a
L ¼ εabcσ

a
∂
bψc†

L ¼ 0; 2∂aπ
a†
L ¼ εabcσ

a
∂
bψc

L ¼ 0:

ð3:7Þ

In the massless theory, there is a gauge symmetry that can
be described in terms of an arbitrary local spinor function
χðxÞ as ψνðxÞ → ψνðxÞ þ ∂

νχðxÞ. Therefore, acting over
the left-handed spinor as the chiral projection of this
symmetry

ψν
LðxÞ → ψν

LðxÞ þ ∂
νχLðxÞ: ð3:8Þ

This implies that neither the dynamical fermion field ψa
LðxÞ

nor any of its bilinears can be considered observables. We
will deal with this issue in the following section.

B. Gauge-invariant phase space

The formulation of the Rarita-Schwinger theory in terms
of phase space gauge invariant variables, makes the
computation of the EE easier to understand, as it can be
formulated in terms of algebras of local observables
attached to regions consisting solely of spin-3=2 degrees
of freedom. To begin, we consider the gauge-invariant
operators spanned from the spinor field strength associated
with the vector-spinor field [31,42,43]. Specifically, this is
a spinor 2-form given by

Fμν ¼ ∂μψν − ∂νψμ: ð3:9Þ

The dynamics obtained from (3.1), can be recovered in
terms of the spinor field strength as

γμFμν ¼ 0; ∂
μFμν ¼ 0: ð3:10Þ

These conditions secure that field strength F belongs
to the representation ð3=2; 0Þ ⊕ ð0; 3=2Þ of the Lorentz
group [42]. Moreover, the irreducibility condition
γμγνFμν ¼ 0, follows trivially from (3.10). Physically the
irreducibility condition eliminates the spin-1=2 degrees of
freedom that transform in the representation ð1=2; 0Þ ⊕
ð0; 1=2Þ [46]. Therefore,F is a gauge invariant operator that
describes the propagation of free massless particles of
spin-3=2.7

Although the spinor field strength F is a generator of the
gauge invariant phase space, we can also use the Levi-
Civita tensor to produce new tensors. That is, one should
also include the dual spinor 2-form given by

F�
μν ¼

1

2
ϵμνσρFσρ: ð3:11Þ

However, it is clear that both spinor 2-form fields F and F�
span the same phase space. More precisely, considering the
equations of motion γμFμν ¼ 0, we can explicitly check
that

Fμν þ iγ5F�
μν ¼ 0: ð3:12Þ

Indeed, the description in terms of F and F� are inter-
changeable since both obey the same equations of motion
as well as divergenceless conditions. Namely,

γμF�
μν ¼ 0; ∂

μF�
μν ¼ 0: ð3:13Þ

The irreducible representations ð3=2; 0Þ and ð0; 3=2Þ are
described by the self-dual and antiself-dual parts of the field

7It would be interesting to understand how this description
overlaps with a recent discussion about the propagating spin-3=2
and spin-1=2 degrees of freedom [40,41] in terms of local
algebras of observables.
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strength, respectively. These are defined to have eigen-
values �i with respect to the Hodge star operator � in
Minkoswki spacetime

�ðFμν � iF�
μνÞ ¼ ð∓ iÞðFμν � iF�

μνÞ: ð3:14Þ

In this way, Eq. (3.12) becomes clear as it dictates that the
self/antiself-dual forms are related to the left- and right-
handed parts of the vector-spinor field strength

1

2
ðFμν þ iF�

μνÞ ¼
�
1 − γ5

2

�
Fμν ¼

�
FL
μνðx⃗Þ;
0

�
;

FL
μν ¼ ∂μψ

L
ν − ∂νψ

L
μ ; ð3:15Þ

1

2
ðFμν − iF�

μνÞ ¼
�
1þ γ5

2

�
Fμν ¼

�
0

FR
μνðx⃗Þ

�
;

FR
μν ¼ ∂μψ

R
ν − ∂νψ

R
μ : ð3:16Þ

Also, in the Weyl representation of the gamma matrices
(2.2), the equations of motion and divergenceless condi-
tions are

σμLF
L
μν¼0; ∂

μFL
μν¼0; σμRF

R
μν¼0; ∂

μFR
μν¼0: ð3:17Þ

In addition, from the canonical anticommutation relations
(3.5) we can ascertain that the components of FL

ab and FL†
ab

do not anticommute

fðFL
abðx⃗ÞÞi; ðFL†

cd ðx⃗0ÞÞjg ¼ ½σgσf�ijδefabδghcd∂e∂gδð3Þðx⃗ − x⃗0Þ;
δcdab ¼ δcaδ

d
b − δdaδ

c
b: ð3:18Þ

The remaining relations involving FL
0a follow from (3.17).

The right-handed field strength (3.16) obeys analogous
anticommutation relations.

IV. ENTANGLEMENT ENTROPY OF A RARITA-
SCHWINGER FIELD IN A SPHERE

In this section, we study the EE of a free massless Rarita-
Schwinger field in a sphere. Mimicking the procedure
outlined in Sec. II A, the Hamiltonian is decomposed in a
spherical wave basis of vector-spinor spherical harmonics.
By integrating over the angular variables, this course of
action dimensionally reduces the problem to a Dirac
Hamiltonian without the j ¼ 1

2
mode. This identification

offers a method for evaluating the EE. Although the
decomposition is performed over the gauge-dependent
vector-spinor field, we explicitly provide a gauge fixing
condition that describes the field in terms of gauge invariant
operators localized in the sphere. This condition also
secures that the EE result corresponds solely to propagating
spin-3=2 degrees of freedom. We provide the logarithmic
coefficient that appears in the EE and suggests a further
generalization to higher free half-integer spin fields.

A. Decomposition in spherical harmonics

To perform the mode decomposition for the Rarita-
Schwinger Hamiltonian, we need to introduce the notion of
vector-spinor spherical harmonics. These can be defined by
extending the definition of the spinor spherical harmonics
(2.7) using vector spherical harmonics instead of scalar
spherical harmonics. More specifically, we can write

Ω⃗s
κμðθ;φÞ¼

0
B@sgnð−κÞ

ffiffiffiffiffiffiffiffiffiffi
κþ1

2
−μ

2κþ1

q
Y⃗s
l;μ−1=2ðθ;φÞffiffiffiffiffiffiffiffiffiffi

κþ1
2
þμ

2κþ1

q
Y⃗s
l;μþ1=2ðθ;φÞ

1
CA; s¼r;e;m;

ð4:1Þ

where the index s ¼ r, m, e is not a Lorentz spatial index,
instead it indicates the type of vector spherical harmonic,
denoted as: radial Y⃗r

lm, electric Y⃗e
lm, and magnetic Y⃗m

lm
vector spherical harmonics. These vector spherical har-
monics are vectors themselves that can be used to expand
vector-valued functions (see [21] for an example in the
context of entanglement entropy calculations). More spe-
cifically, they can be obtained from the usual spherical
harmonics as

Y⃗r
lmðθ;φÞ ¼ Ylmðθ;φÞr̂; l ≥ 0 − l ≤ m ≤ l ð4:2Þ

Y⃗e
lmðθ;φÞ ¼

r∇⃗Ylmðθ;φÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp ; l ≥ 1 − l ≤ m ≤ l ð4:3Þ

Y⃗m
lmðθ;φÞ¼

r⃗×∇⃗Ylmðθ;φÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ1Þp ; l≥1 − l≤m≤ l: ð4:4Þ

Note that in (4.1) the κ ¼ −1mode corresponds to the l ¼ 0

mode, thus Ω⃗e
−1μ and Ω⃗m

−1μ are not well-defined. Further
properties of vector-spinor spherical harmonics, such as
orthonormality, extend from the properties of vector spheri-
cal harmonics. See Appendix A 2 for a summary of useful
expressions.
To proceed, we expand the dynamical variables ψ⃗L using

vector-spinor spherical harmonics and the Lagrange multi-
pliers ψ0

L using spinor spherical harmonics,

ψ⃗Lðx⃗Þ ¼
X
sκμ

�
Ps
κμðrÞ
r

�
Ω⃗s

κμðθ;φÞ;

ψ0
Lðx⃗Þ ¼

X
κμ

�
P0
κμðrÞ
r

�
Ωκμðθ;φÞ: ð4:5Þ

We now replace the expansion (4.5) in the Rarita-
Schwinger Hamiltonian coming from the density (3.6),
which in vector notation reads
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HL ¼ −
1

2

Z
d3x½ψ⃗†

L · ð∇⃗ × ψ⃗LÞ þ ψ0†
L ðσ⃗ · ð∇⃗ × ψ⃗LÞÞ − ðð∇⃗ × ψ⃗†

LÞ · σ⃗Þψ0
L�: ð4:6Þ

The resulting Hamiltonian for κ ¼ −1 is trivially zero since the electric and magnetic modes are not defined. The
Hamiltonian recovered by summing over the remaining cases yields8

HL ¼ −
1

2

X
κ≠−1

X
μ

Z
∞

0

dr

��
Pe�
κμP0m

κμ − Pm�
κμ P0e

κμ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κðκ þ 1Þp
r

ðPr�
κμPm

κμ þ Pm�
κμ Pr

κμÞ
�

þ
ffiffiffiffiffiffiffiffiffiffiffi
κ þ 1

κ

r
P0�
κμ

� ffiffiffiffiffiffiffiffiffiffiffi
κ − 1

κ þ 1

r �
P0m

−κμ −
κ

r
Pm
−κμ

�
− i

�
P0e

κμ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κðκ þ 1Þp
r

Pr
κμ

��

þ
ffiffiffiffiffiffiffiffiffiffiffi
κ þ 1

κ

r � ffiffiffiffiffiffiffiffiffiffiffi
κ − 1

κ þ 1

r �
P0m�

−κμ −
κ

r
Pm�
−κμ

�
þ i

�
P0e�

κμ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κðκ þ 1Þp
r

Pr�
κμ

��
P0
κμ

�
; ð4:7Þ

where we have considered the action of the differential operators in (4.6) acting on ψ⃗L as

∇⃗ × ψ⃗L ¼ 1

r

X
κμ

�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κðκ þ 1Þp
r

Pm
κμΩ⃗

r
κμ − P0m

κμΩ⃗
e
κμ þ

�
P0e

κμ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κðκ þ 1Þp
r

Pr
κμ

�
Ω⃗m

κμ

�
; ð4:8Þ

as well as the scalar product with the Pauli matrices

σ⃗ · ð∇⃗ × ψ⃗LÞ ¼
1

r

X
κμ

ffiffiffiffiffiffiffiffiffiffiffi
κ þ 1

κ

r ��
P0m

κμ þ
κ

r
Pm
κμ

�
Ω−κμ − i

�
P0e

κμ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κðκ þ 1Þp
r

Pr
κμ

�
Ωκμ

�
: ð4:9Þ

In this context, the constraints for each mode are enforced
by the equations of motion of the d ¼ 2 dimensional
multipliers P0

κμ and P0�
κμ. From (4.7), we compute the

constraint

P0e
κμ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κðκ þ 1Þp
r

Pr
κμ ¼ −i

ffiffiffiffiffiffiffiffiffiffiffi
κ − 1

κ þ 1

r �
P0m
−κμ −

κ

r
Pm
−κμ

�
:

ð4:10Þ

Replacing this in the Hamiltonian (4.7) we get a tower of
d ¼ 2 dimensional Hamiltonians that only depend on the
magnetic components of the original spinor

HL ¼ i
2

X
κ≠�1;μ

Z
∞

0

dr

ffiffiffiffiffiffiffiffiffiffiffi
κ − 1

κ þ 1

r �
P0m�

−κμPm
κμ − Pm�

κμ P0m
−κμ

þ κ

r
ðPm�

κμ Pm
−κμ − Pm�

−κμPm
κμÞ
�
: ð4:11Þ

Each of the Hamiltonians is similar to the d ¼ 2 dimen-
sional Dirac-field Hamiltonians obtained in (2.9). However,
they are not exactly the same because of the presence of the

κ-dependent global prefactor. The latter assures that the
Hamiltonian for κ ¼ 1 is zero, so it can be explicitly
removed from the sum.
To continue we compute the equal time anticommutator

of the magnetic modes Pm
κμ

fPm
κμðrÞ; P�m

κ0μ0 ðr0Þg ¼
�
κ − 1

κ

�
δκκ0δμμ0δðr − r0Þ; ð4:12Þ

which motivates the following rescaling:

Pm
κμ ¼

ffiffiffiffiffiffiffiffiffiffiffi
κ − 1

κ

r
Rm
κμ; P�m

κμ ¼
ffiffiffiffiffiffiffiffiffiffiffi
κ − 1

κ

r
R�m
κμ ; ð4:13Þ

so that the new redefined fields satisfy the canonical
anticommutation relations (2.11) at equal times. The
rescaled Hamiltonian reads

HL ¼ −
i
2

X
κ≠�1;μ

Z
∞

0

dr

�
1 −

1

κ

��
Rm�
−κμR0m

κμ − R0m�
κμ Rm

−κμ

þ κ

r
ðRm�

−κμRm
κμ − Rm�

κμ Rm
−κμÞ

�
; ð4:14Þ

where we have also integrated by parts the radial deriva-
tives. The first contribution in (4.14) is just the reduced
Dirac Hamiltonian (2.9) without the κ ¼ �1 modes.

8We remind the reader that we use the notation 0 to denote
radial derivatives ∂r acting over functions that depend on the
radial coordinate r.
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The second contribution is suppressed by a factor κ−1

that changes the parity of the terms, so by summing over κ
it becomes a boundary term that can be discarded.
Finally, writing the expression in terms of κ > 1, the
theory reduces to

HL¼
X∞
κ¼2

X
μ

Z
∞

0

drΨ̃†
κμðrÞ

�
αrp

↔
rþ

κ

r
βr

�
Ψ̃κμðrÞ;

Ψ̃κμðrÞ¼
�
R−κμðrÞ
RκμðrÞ

�
; ð4:15Þ

with the equal time anticommutation relations

fðΨ̃κ0μ0 ðr0ÞÞi; ðΨ̃†
κμðrÞÞjg ¼ δijδκκ0δμμ0δðr − r0Þ: ð4:16Þ

In conclusion, using a mode decomposition in spherical
harmonics we proved that the left Rarita-Schwinger
Hamiltonian (4.15) can be written as the left Dirac
Hamiltonian (2.12) excluding the j ¼ 1

2
contribution. In

both cases the fields obey the same canonical anticommu-
tation relations at equal times (4.16) and (2.13). This is the
main result of this subsection and will prove crucial for
computing the universal coefficient of the EE for a Rarita-
Schwinger field in Sec. IV C.

B. Gauge fixing

To compute the EE of any given region one must assign a
von Neumann algebra of observables to such region. In the
Rarita-Schwinger theory, the gauge-invariant phase space is
generated by the field strength (3.9). Therefore, to obtain
the sphere EE from (4.15) we should describe how the
gauge-dependant spinor field can be recovered from
combinations of these gauge invariant operators localized
on the sphere.
Note that the Rarita-Schwinger Hamiltonian can be

reduced to a tower of Dirac Hamiltonians for any gauge
choice. However, not all these choices allow us to write
down the dynamical spinor ψ⃗L. To be specific, the left-hand
action of the gauge symmetry is given by (3.8) as

δψ⃗L ¼ ∇⃗χL, so it is reasonable to expand out χL in the
spinorial harmonics basis as

χLðx⃗Þ ¼
X
κμ

�
χκμðrÞ

r

�
Ωκμðθ;φÞ: ð4:17Þ

From here we can see that the electric component of ψ⃗L can
be easily set to zero since

δψ⃗L¼
X
κμ

��
χ0κμ−

χκμ
r

�
Ω⃗r

κμþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κðκþ1Þp
r2

χκμΩ⃗
e
κμ

�
: ð4:18Þ

Thus, by considering Pe
κμðrÞ ¼ 0 for all κ and μ the spatial

part of Eq. (4.5) reduces to

ψ⃗Lðx⃗Þ ¼
X
κμ

��
Pr
κμðrÞ
r

�
Ω⃗r

κμðθ;φÞ þ
�
Pm
κμðrÞ
r

�
Ω⃗m

κμðθ;φÞ
�
:

ð4:19Þ

The same procedure can be employed for ψ†
L and the right-

handed fields ψR and ψ†
R.

On the other hand, the electric projection of the field
strength can be written, for spatial Lorentz indices a, b ¼ 1,
2, 3, is

FL
ea ¼

Z
dΩ½Ω†e

κμ�b½FL�ab

¼ −
X
κ0μ0

Z
dΩ


½Ω†e

κμ�b∂b½ψL
κ0μ0 �a − ½Ω†e

κμ�b∂a½ψL
κ0μ0 �b

�
;

ð4:20Þ

where the gauge choice (4.19) allows to eliminate all the
derivatives of the spinor field present in the second term by
means ofZ

dΩ½Ω†e
κμ�b∂a½ψL

κ0μ0 �b

¼
Z

dΩ


∂að½Ω†e

κμ�b½ψL
κ0μ0 �bÞ − ð∂a½Ω†e

κμ�bÞ½ψL
κ0μ0 �b

�

¼ −
Z

dΩð∂a½Ω†e
κμ�bÞ½ψL

κ0μ0 �b: ð4:21Þ

Therefore, the electric projection of the field strength can
be obtained from the spinor field obeying the gauge
condition (4.19) as

FL
ea ¼−

X
κ0μ0

Z
dΩ


½Ω†e

κμ�b∂b½ψL
κ0μ0 �aþð∂a½Ω†e

κμ�bÞ½ψL
κ0μ0 �b

�
:

ð4:22Þ

Although this relation is highly nonlocal, it only involves
integrals and derivatives in the angular variables of the
sphere at a fixed radius. Namely, it can be used to obtain an
expression for the gauge-fixed spinor in terms of the field
strength that does not involve radial integrals that go
outside the spherical region of interest.
In addition, the identification of ψL with FL given

by (4.19) implies that they generate the same algebras
with the same particle content. Thus this geometric gauge
choice allows to describe pure spin-3=2 algebras, without
propagating spin-1=2 degrees of freedom,9 that can be
assigned to spherical regions.

9In the literature the propagating spin-1=2 degrees of freedom
are usually eliminated by the gauge choice γμψμ ¼ 0. For this
calculation, this choice is not convenient as it does not correspond
to a clear geometric prescription.
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C. Entanglement entropy and logarithmic coefficient

In conclusion, the EE of a massless Rarita-Schwinger
field in d ¼ 4 in a spherical region is equivalent to the EE of
a massless Dirac field excluding the contributions coming
from the total angular momentum j ¼ 1

2
mode, i.e., with

κ ¼ 1. The dynamics of such modes are described by the
left-handed Hamiltonian

Hκ¼1
L ¼

X
μ¼�1

2

Z
∞

0

drΨ†
1μðrÞ

�
αrp

↔
r þ

1

r
βr

�
Ψ1μðrÞ: ð4:23Þ

These consist of a Dirac field on the d ¼ 2 half-line r > 0
with a 1=r mass term. To compute the EE on a finite
segment r∈ ð0; RÞ, we can neglect the effects induced by
the mass term because the UV divergent contributions
come from high-energy fluctuations near the entangling
surface at r ¼ R. In fact, its EE matches with the result for a
free Dirac fermion in the half line [47]

Shalf-line ¼
1

6
log

�
R
ϵ

�
; ð4:24Þ

for a UV cutoff ϵ. We have explicitly verified this behavior
numerically. Therefore, the logarithmic coefficient for a
massless Rarita-Schwinger field in d ¼ 4 is given by

clogð3=2Þ ¼ 2

�
−

11

180
− 2

�
1

6

��
¼ −

71

90
; ð4:25Þ

where 11
180

is the chiral fermion contribution computed in
Sec. II B. The first factor of two takes into account both left/
right chiralities, and the latter factor of two corresponds to
the contribution from both modes with μ ¼ � 1

2
whose

entropy is given by (4.24). Note that we have assumed that
the EE for the Rarita-Schwinger field has the structure (1.1)
of a CFT. This is because the theory exhibits conformal

symmetry, as it can be explicitly inferred from the corre-
lators of the gauge invariant field strength (refer to
Appendix C for a complete discussion).
We have numerically checked these results by applying

the methods described in Sec. II B, using the Hamiltonian
(4.15). Indeed, the regularized entanglement entropy can be
expanded as (2.19) and then numerically simulated, as
shown in Fig. 4. The fitted coefficients in the continuum
limit are

s∞2 ð3=2Þ ¼ 0.14145; c∞logð3=2Þ ¼ −0.79102; ð4:26Þ

which entail a 0.3% of relative error in compassion with the
expected logarithmic coefficient clogð3=2Þ ¼ −71=90 ¼
−0.788889 (4.25). Again, the area term also coincides
with the parallel plates approximation present in the
literature [21,39] with 4.6% of relative error. Note that
the area term is not changed by subtracting the κ ¼ �1
modes as these have a purely logarithmic contribution of
the form (4.24).
In light of these results, we can move forward to produce

an extra argument for the conjecture presented in [29].
Proceeding as in [27], it is straightforward to think about a
generalization for arbitrary free half-integer spin fields.
Proposing that in a theory of half-integer spin h the modes
with momentum κ < h − 1

2
cannot be excited we obtain

cferlogðhÞ ¼ 2

�
−

11

180
−
1

6

Xh−1=2
κ¼0

ð2κÞ
�

¼ −
7þ 60h2

180
; ð4:27Þ

where the factor 1=6 takes into account the logarithmic
contributions coming from the low angular momentum
modes that behave as (4.24). Although this coincides with
the proposal of [29], actual proof is still lacking in the
literature. One possibility could be to adapt the arguments in
[28] for fermionic fields, or to perform amode decomposition
using more general tensor-spinor spherical harmonics.
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FIG. 4. Left plot: Mutual information IðηÞ for a Rarita-Schwinger field as a function of η2, withM ¼ 200 physical sites. The the fitting
function is fðηÞ ¼ 2cfit2 η

2 þ 2cfitlog logðηÞ þ cfit0 . Right plot: Mutual information with the area term subtracted, ΔIðηÞ ¼ IðηÞ − 2cfit2 η
2, as

a function of η. This exhibits the subleading logarithmic term appearing in the Rarita-Schwinger case ΔIðηÞ ¼ 2cfitlog logðηÞ þ cfit0 .
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V. DISCUSSION

We have computed the EE for a spherical region for a
free massless spin-3=2 field. The result coincides with the
EE associated with a spin-1=2 field without the lowest
angular-momentum mode. In this case, the real-time
approach clarifies that the entropy computed corresponds
to that of the algebra of gauge-invariant operators localized
inside the sphere spanned by the spinor field strength. Thus,
the computed entropy relates to pure spin-3=2 fields.
An issue we have avoided so far is the existence of

ambiguities reaching the logarithmic coefficients (4.25) and
(4.27). Both results have been obtained from the regular-
ized EE, as they follow from the calculation performed in
Sec. II. Hence, the coefficients coincide with the universal
terms appearing in the mutual information (2.17). The
mutual information for separated regions is free of any
ambiguities in the continuum limit [22,48]. Consequently,
the aforementioned coefficients are well-defined quantities
in the continuum field theory when interpreted as the
universal coefficients of the mutual information.
The logarithmic coefficients (4.25) and (4.27) are subject to

ambiguities when interpreted in terms of the EE (1.1). This
canbemade evidentwhen computing theEE in the lattice. For
every lattice theory, there are ambiguities regarding which
operators are included in the boundary of a given region.
These elections represent particular choices of algebras,
which differ from each other because of the presence of
specific centers. The elements of the corresponding center are
labeled by the sectors of the theory and have an associated
classical Shannon contribution to the EE that might change
the universal coefficients [48]. These are known in the
literature as “edge modes” contributions.
For instance, there used to be a well-known mismatch

between the logarithmic coefficient for a free Maxwell field
obtained from the conformal anomaly (1.2), and the result
obtained using the same real-time approach reported in the
present article [21], or by studying thermodynamics in de
Sitter spacetime [17], yielding (1.3). The edge modes
contributions have been computed for the Maxwell field
in [18,23–25,49] resolving the mismatch between the
coefficients (1.2) and (1.3). Further, the gravitational edge
modes contribution for the linearized spin-2 theory has
been computed in [49] in the context of a similar spherical
wave decomposition as presented in the article. Such a
procedure should be applicable to the Rarita-Schwinger
field considering the sectors emerging from the con-
straints (3.7).
In the continuum, general von Neumann algebras of

observables do not contain a center, and the assignation of an
algebra to spherical regions is expected to be unique.
Nevertheless, the ambiguities due to the presence of sectors
still persist, but they have a different physical origin [22]. In
the continuum, this difference emerges because clog behaves
as an unprotected RG charge, in the sense that it depends on
theUVcompletion of the theory [22]. To bemore specific, in

the Maxwell theory, the nonlocal IR correlations of some
Wilson and ’t Hooft loops can be eliminated by adding a UV
coupling to the charges, provided that the characteristicmass
scale is larger than the regulating distance. The change in the
contribution of these nonlocal operators near the boundary
of the entangling region can be considered as an RG flow
justification of the results obtained by adding “edge modes”
when computing the EE. This kind of mismatch in the
logarithmic coefficient is expected to arise not only in the
Maxwell field but also in every theory that is not complete,
namely, that exhibits sectors.
The fact that ambiguities in the continuum are related to

the UV completion of the theory complicates their inter-
pretation for spin h ≥ 3=2 fields. If we consider free higher-
spin theories as IR fixed points, several problems regarding
possible RG flows arise. For instance, the free massless
Rarita-Schwinger (minimally) coupled to an external
electromagnetic field cannot be quantized while respecting
all of the positivity constraints [45,50]. Indeed, following
[51,52] one should expect that these theories do not have a
QFT-like well-defined RG flow, as they exhibit nonlocal
sectors charged under the action of space-time symmetries.
See [53–55] for more explicit constructions of emergent IR
generalized symmetries in the spin-2 and spin-3=2 cases,
respectively.
These difficulties in the UV completion also obstruct a

useful interpretation of the logarithmic coefficient.
Theories with fields of spin h ≥ 3=2 do not have a local
gauge invariant stress-energy tensor, as it is prohibited by
the Weinberg-Witten theorem [26]. The lack of stress-
energy tensor makes the notion of the conformal anomaly
in curved backgrounds uncertain from the field theory
standpoint and is therefore not reached by the A-theorem
proof in [56,57]. On the other hand, the logarithmic term is
still well-defined in the conformal field theory and even
reached by the entropic A-theorem. In fact, the correspond-
ing proof presented in [6] requires only Poincaré invariance
and strong subadditivity as assumptions, both of which are
fulfilled in any free higher-spin theory. Naively, this seems
to imply that there still is an interpretation of the loga-
rithmic coefficient as counting the degrees of freedom
along RG flows with free higher-spin theories as IR fixed
points, assuming that such flows exist. However, as we
have suggested, this seems improbable.
In this context, the remaining possibility is that the RG

flow is trivial, and the theory is always free. In such a case,
there is of course a logarithmic term in the EE, which
coincides with the coefficient found in the mutual infor-
mation, but does not flow. This indeed can be the
interpretation of the coefficient for the free spin-3=2 field
discussed in this article. Nevertheless, in this discussion,
we are assuming the theory has to be UV completed in a
QFT-like manner, so this argument does not necessarily
have to hold for other types of UV completions. Perhaps the
logarithmic coefficient computed here can be related to a

VALENTIN BENEDETTI and LUCAS DAGUERRE PHYS. REV. D 108, 086015 (2023)

086015-12



nontrivial RG flow in such a context. This does seem a
more reasonable approach, considering that the Rarita-
Schwinger field appears in a wide variety of UV complete
models of gravity (such as in supergravity models).
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APPENDIX A: SPHERICAL HARMONICS

1. Spinor spherical harmonics

The spinor spherical harmonics are a complete basis of
the space of spinor functions on the sphere S2. They are
simultaneously eigenfunctions of the total angular momen-
tum operator squared Ĵ2 and the orbital angular-momentum
squared L̂2. The spinor spherical harmonics are useful for
problems involving spinor fields on central potential (see
for example [58]). For the convenience of the calculation,
we will use the basis for spin-1=2 spinors presented in [35],
which defines the spinor spherical harmonics Ωκμ in terms
of the standard spherical harmonics10 Ylm as

Ωκμðθ;φÞ ¼

0
B@ sgnð−κÞ

ffiffiffiffiffiffiffiffiffiffi
κþ1

2
−μ

2κþ1

q
Yl;μ−1=2ðθ;φÞffiffiffiffiffiffiffiffiffiffi

κþ1
2
þμ

2κþ1

q
Yl;μþ1=2ðθ;φÞ

1
CA; ðA1Þ

where 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π are the angular coordi-
nates that parametrize S2, and the quantum numbers κ and μ
are discretized as

κ¼�1;�2;…; μ¼−jκjþ1

2
;−jκjþ3

2
;…;jκj−1

2
: ðA2Þ

From here, the eigenvalues of the orbital angular momen-
tum squared and the total angular momentum squared
denoted by l and j, respectively, can be recovered via

l¼




κþ1

2





−1

2
¼
�
κ for κ>0

−κ−1 for κ<0
; j¼jκj−1

2
: ðA3Þ

In fact, the orbital angular momentum operator, given by

L⃗ ¼ −ir⃗ × ∇⃗, yields

L̂2Ωκμðθ;ϕÞ ¼ κðκ þ 1ÞΩκμðθ;ϕÞ ¼ lðlþ 1ÞΩκμðθ;ϕÞ;
ðA4Þ

and the total angular momentum defined for spin-1=2 as
J⃗ ¼ L⃗þ σ⃗=2 gives

Ĵ2Ωκμðθ;ϕÞ ¼ ðκ2 − 1=4ÞΩκμðθ;ϕÞ ¼ jðjþ 1ÞΩκμðθ;ϕÞ:
ðA5Þ

It is important to stress that the set of spherical harmonics
(A1) does not diagonalize the Dirac operator −i=∇ on S2.
Notwithstanding, they can be written as a linear combina-
tion of functions that do so [59].
In addition, the orthonormality relations for spinor

spherical harmonics are given byZ
S2
dΩΩ†

κ0μ0 ðθ;φÞΩκ;μðθ;φÞ ¼ δκκ0δμμ0 ; ðA6Þ

which follows from the standard orthonormality conditions
of scalar spherical harmonics.
An extended list of further properties can be found

in [35]. For the EE calculations, these are the relevant ones

ðσ⃗ · r̂ÞΩκμðθ;φÞ ¼ −Ω−κμðθ;φÞ; ðA7Þ

ðσ⃗ · L⃗ÞΩκμðθ;φÞ ¼ −ðκ þ 1ÞΩκμðθ;φÞ; ðA8Þ

ðσ⃗ · p⃗ÞfðrÞΩκμðθ;φÞ ¼ i

�
∂

∂r
þ κ þ 1

r

�
fðrÞΩ−κμðθ;φÞ;

ðA9Þ

where p⃗ ¼ −i∇⃗, L⃗ ¼ r⃗ × p⃗ and r̂ ¼ r⃗
jr⃗j. Note that Eq. (A9)

follows from applying the differential operator σ⃗ · p⃗ in
spherical coordinates

σ⃗ · p⃗ ¼ ðσ⃗ · r̂Þ
�
−i

∂

∂r
þ iσ⃗ · L⃗

r

�
: ðA10Þ

2. Vector-spinor spherical harmonics

Following the construction of the orthonormal basis of
spinor spherical harmonics from scalar spherical harmon-
ics, we define the vector-spinor spherical harmonics on S2

from their vectorial counterparts as

10The scalar spherical harmonics Ylmðθ;φÞ involved
in the definition are the usual ones, given in terms of the
associated Legendre functions of the first kind PðmÞ

l ðxÞ as

Ylmðθ;φÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ1Þ
4π

ðl−mÞ!
ðlþmÞ!

q
PðmÞ
l ðcosðθÞÞeimφ.
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Ω⃗s
κμðθ;φÞ¼

0
B@sgnð−κÞ

ffiffiffiffiffiffiffiffiffiffi
κþ1

2
−μ

2κþ1

q
Y⃗s
l;μ−1=2ðθ;φÞffiffiffiffiffiffiffiffiffiffi

κþ1
2
þμ

2κþ1

q
Y⃗s
l;μþ1=2ðθ;φÞ

1
CA; s¼r;e;m;

ðA11Þ

where Y⃗r
lm, Y⃗e

lm, and Y⃗m
lm are the radial, electric, and

magnetic-vector spherical harmonics conveniently
defined as

Y⃗r
lmðθ;φÞ ¼ Ylmðθ;φÞr̂; l ≥ 0 − l ≤ m ≤ l ðA12Þ

Y⃗e
lmðθ;φÞ¼

r∇⃗Ylmðθ;φÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ1Þp ; l≥ 1 − l≤m≤ l ðA13Þ

Y⃗m
lmðθ;φÞ¼

r⃗×∇⃗Ylmðθ;φÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ1Þp ; l≥1 − l≤m≤ l: ðA14Þ

Note that electric Y⃗e
lm and magnetic Y⃗m

lm vector spherical
harmonics are not defined for zero-orbital angular momen-
tum, l ¼ 0. According to (A3), this corresponds to κ ¼ −1.
Thus, the vector-spinor spherical harmonics Ω⃗e

−1μ and Ω⃗
m
−1μ

are not defined either.
Many of the properties of vector-spinor spherical har-

monics are inherited from the properties of vector spherical
harmonics, which can be found in [21,27,60,61]. For
instance, we can check that orthonormality conditions
hold as Z

S2
dΩ Ω⃗†s0

κ0μ0 ðΩÞ · Ω⃗s
κμðΩÞ ¼ δss0δκκ0δμμ0 ; ðA15Þ

which follows from the orthonormality of vector spherical
harmonics given byZ

S2
dΩY⃗†s0

l0m0 ðΩÞ · Y⃗s
lmðΩÞ ¼ δss0δll0δmm0 : ðA16Þ

The directional and differential properties can be obtained
in an analogous manner

∇⃗ · Ω⃗r
κμ ¼

2

r
Ωκμ; r̂ · Ω⃗r

κμ ¼ Ωκμ; ðA17Þ

∇⃗ · Ω⃗e
κμ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κðκ þ 1Þp
r

Ωκμ; r̂ · Ω⃗e
κμ ¼ 0; ðA18Þ

∇⃗ · Ω⃗m
κμ ¼ 0; r̂ · Ω⃗m

κμ ¼ 0: ðA19Þ

∇⃗ × Ω⃗r
κμ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κðκ þ 1Þp
r

Ω⃗m
κμ; r̂ × Ω⃗r

κμ ¼ 0; ðA20Þ

∇⃗ × Ω⃗e
κμ ¼

1

r
Ω⃗m

κμ; r̂ × Ω⃗e
κμ ¼ Ω⃗m

κμ; ðA21Þ

∇⃗× Ω⃗m
κμ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κðκþ 1Þp
r

Ω⃗r
κμ −

1

r
Ω⃗e

κμ; r̂× Ω⃗m
κμ ¼ −Ω⃗e

κμ:

ðA22Þ

For EE calculations involving the Rarita-Schwinger field,
the following properties were also employed

σ⃗ · Ω⃗r
κμ ¼ ðσ⃗ · r̂ÞΩκμ ¼ −Ω−κμ; ðA23Þ

σ⃗ · Ω⃗e
κμ ¼

irðσ⃗ · p⃗Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κðκ þ 1Þp Ωκμ ¼ −

ffiffiffiffiffiffiffiffiffiffiffi
κ þ 1

κ

r
Ω−κμ; ðA24Þ

σ⃗ · Ω⃗m
κμ ¼

iσ⃗ · L⃗ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κðκ þ 1Þp Ωκμ ¼ −i

ffiffiffiffiffiffiffiffiffiffiffi
κ þ 1

κ

r
Ωκμ: ðA25Þ

APPENDIX B: LATTICE FERMIONS

1. Numerical simulations

In this appendix, we explain how to compute EE and
mutual information numerically for a free Dirac field in the
half-line (2.12), following the procedure discussed in
[38,39]. First, we consider the model on a lattice with
r ¼ na for n∈ f1; 2;…;Mg, infrared cutoff M and
lattice spacing a, which is set to a ¼ 1. For simplicity,
we suppress the ðκ; μÞ indices and use the notation
ΨκμðrÞ → ψn. Thus, the lattice version of the
Hamiltonian (2.12) for each mode reads

Ĥκ ¼
XM
n¼1

�
i
2
ðψ†

nþ1αrψn − ψ†
nαψnþ1Þ þ

κ

n
ψ†
nβrψn

�

≡ XM
n;m¼1

ψ†
mĤκ

mnψn: ðB1Þ

We also impose the open chain boundary condition, i.e.,
ψMþ1;ψ

†
Mþ1 ¼ 0, since we do not expect correlations

between ψ1 and ψM for large M. The lattice
Hamiltonian is described by a 2M × 2M matrix Ĥκ

mn
because there are two degrees of freedom per site, with
eigenvalues ω�

q and eigenvectors Φ⃗�
q ,

ĤκΦ⃗�
q ¼ω�

q Φ⃗
�
q ; Φ⃗�

q ¼ðΦ�
q ð1Þ � � �Φ�

q ðlÞ� � �Φ�
q ðMÞÞT;

q; l¼ 1;…;M: ðB2Þ

In this context, � means positive/negative energy, respec-
tively, and Φ�

q ðkÞ without a vector symbol indicates that it
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is a two component spinor. The correlator involving fields
in two sites m, n can be computed as a sum over the outer
product of negative energy spinors [62]

Cmn¼hψ†
mψni≡ hGjψ†

mψnjGi¼
XM
q¼1

Φ−†
q ðmÞΦ−

q ðnÞ: ðB3Þ

We only need ω−
q ¼ −ωþ

q ≤ 0 because the expectation
values are computed with respect to the ground state
jGi, which is filled by all the negative energy states. For
this construction, it is important that the eigenvectors Φ⃗�

q

are properly normalized to the unity. In models with
translational invariance, it is possible to write down closed
form expressions for Cmn [63]. However, in the former
case, Cmn must be constructed by numerically diagonaliz-
ing Ĥκ and employing (B3).
Since the theory is quadratic on the fields, the ground

state jGi is Gaussian and the EE associated with any region
can be computed using the eigenvalues of (B3). If we
restrict to a spatial subsystem A, we only need the
eigenvalues of CA ≡ ðCmnÞm;n∈A, and the entropy can be
computed as

SðAÞ ¼ −Tr½CA logðCAÞ þ ð1 − CAÞ logð1 − CAÞ�: ðB4Þ

For a finite line starting at the origin ð0; RÞ, the corre-
sponding discretization is achieved for R ¼ N þ 1

2
and

m; n∈ ½1; N�. For a finite line ðR1; R2Þ with R1 < R2, the
corresponding discretization is achieved by Ri ¼ Ni þ 1

2

and m; n∈ ½N1 þ 1; N2�. Also, it is important to recall that
for d ¼ 2 spacetime dimensions, because of the fermion
doubling, the numerical results for the EE must be divided
by 2 to be consistent with the continuum limit.
The mutual information for regions A and B can

be defined in terms of the EE as IðA;BÞ ¼ SðAÞ þ
SðBÞ − SðA ∪ BÞ. Therefore, its numerical computation
is straightforward and extends from the previous discus-
sion. Particularly, it is useful for computing the regularized
EE as discussed in Sec. II B.

2. Large angular-momentum behavior

In this appendix, we prove that the leading order
behavior of the EE for large angular momentum κ, for
spherical region of radius R ¼ N þ 1

2
on a lattice of sizeM,

is independent of M for κ ≫ M and is given by (2.15).
To begin with, we apply perturbation theory over the

tridiagonal matrix Ĥκ
mn defined by the Dirac Hamiltonian

on the lattice (B1). Subsequently we split Ĥκ
mn in a leading

diagonal part Ĥ0
mn of order OðκÞ and in a subleading non

diagonal one Vmn of order Oð1Þ. More precisely, we write

Ĥκ
mn ¼ Ĥ0

mn þ gVmn; Ĥ0
mn ¼

κ

n
βrδmn;

Vmn ¼
i
2
αrðδmnþ1 − δmþ1nÞ; ðB5Þ

where we have introduced the parameter g to keep track of
the perturbation order. The eigenvalues and eigenvectors of
the diagonal matrix Ĥ0

mn are given by

Ĥ0
mnΦ⃗

�ð0Þ
q ¼ ω�ð0Þ

q Φ⃗�ð0Þ
q ; ω�ð0Þ

q ¼ � κ

q
;

Φ⃗�ð0Þ
q ðnÞ ¼ δqnffiffiffi

2
p
�∓ i

1

�
: ðB6Þ

Carrying out the perturbation up to second order gives the
lattice Hamiltonian eigenvalues

ω�ð2Þ
q ¼ ω�ð0Þ

q � g2

4κ

��
1

q
þ 1

q − 1

�
−1

þ
�
1

q
þ 1

qþ 1

�
−1
�
:

ðB7Þ

On the other hand, the eigenvectors are

Φ⃗�ð2Þ
q ¼ Φ⃗�ð0Þ

q þ g
2κ

h
bðqÞΦ⃗∓ð0Þ

qþ1 − cðqÞΦ⃗∓ð0Þ
q−1

i

−
g2

4κ2

�
1

2
aðqÞΦ⃗�ð0Þ

q þ dðqÞΦ⃗�ð0Þ
qþ2 þ eðqÞΦ⃗�ð0Þ

q−2

�
;

ðB8Þ

with coefficients

aðqÞ ¼ b2ðqÞ þ c2ðqÞ; bðqÞ ¼
�
1

q
þ 1

qþ 1

�
−1
;

cðqÞ ¼
�
1

q
þ 1

q − 1

�
−1
; ðB9Þ

dðqÞ ¼
�
1

q
þ 1

qþ 1

�
−1
�
1

q
−

1

qþ 2

�
−1
;

eðqÞ ¼
�
1

q
þ 1

q − 1

�
−1
�
1

q
−

1

q − 2

�
−1
: ðB10Þ

These eigenvectors are also normalized to the unity

hΦ⃗�ð2Þ
q jΦ⃗�ð2Þ

q0 i ¼ δqq0 þOðg3Þ: ðB11Þ

In this setup, we can compute the leading order correction
to the correlation matrix Cmn by simply replacing (B8) in
the definition (B3). As a result, one obtains the matrix up to
second order in g
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Cn;n ¼
1

2

�
1 −i
i 1

�
−

g2

4κ2
aðnÞ

�
0 −i
i 0

�
; ðB12Þ

Cnþ1;n ¼ −Cn;nþ1 ¼
g
2κ

bðnÞ
�
0 i

i 0

�
; ðB13Þ

Cnþ2;n ¼ −Cn;nþ2

¼ −
g2

8κ2
½dðnÞ þ eðnþ 2Þ − cðnþ 1Þbðnþ 1Þ�

×

�
0 −i
i 0

�
; ðB14Þ

with the remainder of the coefficients being zero.
Surprisingly, the entries of this matrix are independent
of the total lattice size M. We have explicitly verified this
phenomenon in our numerical simulations.
The EE of a spherical region of radius R ¼ N þ 1

2
can be

computed from the eigenvalues of CA ¼ ðCmnÞm;n∈A as
in (B4). At zeroth order in g, the matrix CA is diagonal, with

eigenvalues 0 and 1, and eigenvectors Φ⃗þð0Þ
q and Φ⃗−ð0Þ

q ,
respectively, yielding a net zero entropy SðAÞ ¼ 0.
Corrections to the eigenvalues can be computed by apply-
ing degenerate perturbation theory to CA. At first order in g,
there are no corrections. However, at second order, the
degenerate formalism is quite tedious to apply. It is simpler
to compute the corrections to the eigenvalues by examining
the characteristic polynomial of CA at the lowest nontrivial
order in g. Rewriting the eigenvalues as

λ ¼ λð0Þ þ g2λð2Þ; ðB15Þ

with λð0Þ ¼ 0, 1, it turns out that

0¼ det½CA − λI2N �

¼ fðλð0Þ; λð1ÞÞ þ g2N
�
ðλð2ÞÞN−1

�
λð2Þ þ ð2λð0Þ − 1ÞξðNÞ

κ2

��
þOðg2ðNþ1ÞÞ; ðB16Þ

with

ξðNÞ ¼ N2ðN þ 1Þ2
4ð2N þ 1Þ2 : ðB17Þ

The function f contains all of the terms up to Oðg2ðN−1ÞÞ
and vanishes when λð0Þ ¼ 0, 1 for all λð2Þ. Finally, the
eigenvalues at second order are then given by 0 and 1 with
multiplicity N − 1, in addition to ξ=κ2 and ð1 − ξ=κ2Þ.
Hence, the EE at first non trivial order for κ ≫ M

4κSκsphereðN;MÞ

¼ −4κ
�
ξ

κ2
log

�
ξ

κ2

�
þ
�
1 −

ξ

κ2

�
log

�
1 −

ξ

κ2

��

∼ 8ξðNÞ logðκÞ
κ

þ 4ξðNÞ½1 − logðξðNÞÞ� 1
κ
þ…; ðB18Þ

where we have accounted for a factor of two due to the
fermion doubling.

APPENDIX C: SCALE VS CONFORMAL
INVARIANCE

The free massless Rarita-Schwinger theory exhibits
Poincaré and scale invariance; thus, in this appendix,
we study whether such symmetry can be enhanced to
include the full conformal group in d ¼ 4. On the one
hand, we have stated that the theory describes massless
particles of spin 3=2. Therefore, the Weinberg-Witten
theorem [26] precludes the existence of a local symmetric
gauge invariant stress-energy tensor that can be integrated
to produce the generators of the Poincaré group. This
failure can be considered an argument against the theory
having conformal symmetry. In this context, the theory
does not satisfy the usual CFT axioms appearing in the
boot-strap literature, which assume the existence of such a
current [64,65].11 On the other hand, the lack of a well-
defined stress-energy tensor does not imply the absence of
conformal symmetry [68]. Indeed, this is the case for free
higher-integer spin theories in d ¼ 4, which have been
explicitly shown to have such symmetry [69,70].
Considering the spin-3=2 case, the corresponding free

massless relativistic wave equation has been proven to be
conformal [71,72]. Moreover, all the free, massless, irreduc-
ible representations of the conformal group have been
classified in [73,74], where the representations ð3=2; 0Þ and
ð0; 3=2Þ of SOð4; 2Þ are given by a spinor self/antiself-dual 2-
forms fields satisfying the gamma-traceless condition. These
are the same symmetries and equations ofmotion of the chiral/
antichiral parts of Fμν (3.17). Further, the field strength Fμν

and its adjoint are the lowest-dimensional operators appearing
in the gauge invariant phase space, with their scaling dimen-
sion Δ ¼ 5=2 saturating the unitarity bound [75].
In this context, we will proceed in the same vein as the

proofs of conformal invariance presented for the Maxwell
field [76] and the linearized graviton field [69]. Specifically,
we check that the two-point function of the spinor field
strength Fμν coincides with the correlation function of a
spin-3=2 conformal primary, and that it transforms cova-
riantly under conformal transformations.Moreover, because
the theory is free, by Wick’s theorem, all higher-point

11Because of the lack of a well-defined stress tensor, the Rarita-
Schwinger field evades many general results about the enhance-
ment of the Poincaréþ scale-invariant symmetries [66,67], as it
does not satisfy their assumptions.
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correlators are defined solely in terms of two-point func-
tions, which implies that the properties we proved extend to
all of the correlators of the theory. In other words, the free
massless Rarita-Schwinger theory in d ¼ 4 describes a free
conformal field theory with the field strengthFμν as a gauge
invariant conformal primary of spin-3=2.
We now proceed to compute the two-point function to

verify that Fμν is a primary operator of the theory.
The propagator of the vector-valued spinor field ψνðxÞ
can be obtained by properly inverting the quadratic

action (3.1) while taking into account the gauge redun-
dancies [31]

hψμðxÞψνðyÞi ¼
1

4π2

�
ημν=∂þ

1

2
γμ=∂γν

�
1

ðx − yÞ2
þ ½gauge terms�; ðC1Þ

Therefore, the field strength and its adjoint yield by direct
computation the correlator12

hFμνðxÞF̄λσðyÞi ¼ −
4

π2
ðx − yÞ
ðx − yÞ6 ½Iμλðx − yÞIνσðx − yÞ − ðμ ↔ νÞ�

−
1

π2ðx − yÞ6 ½Iμλðx − yÞγνðx − yÞγσ þ Iνσðx − yÞγμðx − yÞγλ − ðμ ↔ νÞ�

−
ðx − yÞ

π2ðx − yÞ6 iγ
5ϵμν

αβ½Iαλðx − yÞIβσðx − yÞ − ðα ↔ βÞ�; ðC2Þ

where Iμν denotes the usual inversion tensor

Iμνðx − yÞ ¼ ημν − 2
ðx − yÞμðx − yÞν

ðx − yÞ2 : ðC3Þ

It is possible to check that (C2) coincides with the
two-point function of an irreducible spin-3=2 conformal
primary using technology from a six-dimensional embed-
ding space where conformal transformations are linearly
realized [46,77]. This technique is briefly reviewed in
Appendix C 1, where we also give the expression in the
six-dimensional space, which after being projected out to
four dimensions reproduces (C2).
In addition, we can check that (C2) transforms cova-

riantly under conformal transformations. This is self-
evident for Poincaré or scale transformations; therefore,
it remains to be proven for special conformal transforma-
tions. These transformations are tedious to implement, so
another approach consists of demonstrating its covariance
under spatial inversions [78,79]

x0μ ¼ −
xμ

x2
; ðC4Þ

which implies covariance under special transformations, as
these are compositions of inversions and translations.
Indeed, we can compute

hFi
μνðxÞF̄j

λσðyÞi ¼ ðx2y2Þ−5
2Iμ

αðxÞIν
βðxÞI λ

ρðyÞ
× Iσ

δðyÞSikðxÞSljðyÞhFk
αβðx0ÞF̄l

ρδðy0Þi;
ðC5Þ

with the fermionic inversion operator being defined as

SijðxÞ ¼ xμγijμ
jxj : ðC6Þ

The result (C5) follows from properties of the inversion
tensor [80]. In particular, we consider that

IμνðxÞ¼Iμνðx0Þ; Iμνðx0−y0Þ¼Iμ
ρðxÞIμ

σðxÞIρσðx−yÞ;
ðC7Þ

Iμ
σðxÞIσνðxÞ ¼ ημν;

Iμ
σðxÞIν

βðxÞIρ
λðxÞIδ

σðxÞϵαβρδ ¼ −ϵμνλσ; ðC8Þ
as well as the following relations for the fermionic
inversion operator

SikðxÞSklðx0 − y0ÞSljðyÞ ¼ Sijðx − yÞ; ðC9Þ
Iμ

λðxÞIν
σðyÞSikðxÞγklλ Slmðx0 − y0Þγmn

σ SnjðyÞ
¼ γipμ Spqðx − yÞγqjν : ðC10Þ

These results demonstrate that the gauge invariant field
strength correlators for the free massless Rarita-Schwinger
field ind ¼ 4 have conformal symmetry.However, the theory
does not have a local gauge invariant stress tensor, which
prevents the construction of the generators of the conformal
group. Conveniently, the existence of operators, called twists,
that implement the symmetry over a given space-time region

12The presence of γ5 does not indicate a Oð4; 2Þ invariance
breaking to SOð4; 2Þ. Indeed, considering the definition
γ5 ¼ i

4!
ϵμνρσγ

μγνγργσ we get iγ5ϵμναβ ¼ − 1
4!
γλγσγργηϵλσρηϵ

μναβ ¼
1
4!
γλγσγργηημναβλσρη , where η

μναβ
λσρη is the generalized Minkowski metric.
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is secured by the weak version of Noether’s theorem [81].
The only requirement of the theorem is that the split property
holds for every space-time region. This follows from two
premises; thevalidity of the time-slice axiom, and the fact that
the degrees of freedom of the theory do not increase rapidly in
the UV, namely, that there is no Hagerdon temperature. Both
are expected to hold for the free Rarita-Schwinger field on a
Minkowski background.
For instance, twist operators for space-time translations

can be constructed in the following manner. Translational
invariance of the theory provides a canonical stress tensor
Θμν as a consequence of the usual Noether’s theorem,

Θμν ¼ −
1

2

h
ϵμαβγψ̄

αγ5γβ∂νψ
γ − ημνðϵαβγδψ̄αγ5γβ∂γψδÞ

i
:

ðC11Þ
Such a tensor is not symmetric nor gauge invariant and the
standard Belinfante procedure does not provide an
improvement to make it gauge invariant [31,42]. This
can be interpreted as a direct consequence of the
Weinberg-Witten theorem. Nevertheless, it can be used
to provide a gauge-invariant generator for spacetime trans-
lations when integrated over the complete manifold [31]. It
can also be used to provide twist operators generating
space-time translations in a given region if the correct
boundary terms are added (see [51] for some examples).

1. Embedding space

In this appendix, we briefly review the six-dimensional
embedding space formalism that gives a framework for
computing correlation functions of primary fields in four-
dimensional CFTs. We mainly follow the conventions pre-
sented in [46,77]. Furthermore, we present explicit expres-
sions for terms in the embedding space whose projection to
four dimensions reproduces the field strength correlator (C2)
of the free massless Rarita-Schwinger theory.
The basic idea of this method is that conformal trans-

formations associated with the four-dimensional group
SOð4; 2Þ can be realized as linear transformations in a
six-dimensional projective space defined via the hypercone
condition

ηKLXKXL ¼ 0; ðC12Þ

where for every non zero λ the coordinates XK ∼ λXK are
identified. The capital indicesK;L; :: ¼ 1; 2; ::6 are Lorentz
indices on the six-dimensional embedding space where the
metric is given by13

η11¼η22¼η33¼η55¼þ1; η00¼ η66¼−1: ðC13Þ
The action of four-dimensional conformal transformations
coincides with the action of the Lorentz group in this six-
dimensional embedding space, which is described by

XK¼ΛK
LXL; ηKLΛK

MΛN
L¼ηMN; detðΛÞ¼1: ðC14Þ

Further, the four-dimensional coordinates xμ can be pro-
jected out from the six-dimensional onesXμ by virtue of the
transformation

xμ ¼ Xμ

X5 þ X6
: ðC15Þ

As a warm-up, we consider primary tensor fields belonging
to the irreducible representations ðl; 0Þ or ð0; lÞ for an integer
l in four dimensions. These are given by tensors
fμ1ν1;μ2ν2;…;μlνlðxÞ, with l pairs of skew-symmetric indices
½μiνi�. Following the discussion in [77], these tensor fields
can be projected out from a tensor fieldFK1L1;K2L2;…;KlLl

ðXÞ
with the same symmetries living in the six-dimensional
space

fμ1ν1;μ2ν2;…;μlνlðxÞ¼ðX5þX6ÞΔeK1
μ1 ðxÞeL1

ν1 ðxÞ
…eKl

μl ðxÞeLl
νl ðxÞFK1L1;K2L2;…;KlLl

ðXÞjcone;
ðC16Þ

where eKμ ðxÞ are the projection operators defined as

eμνðxÞ ¼ δμν ; e5μðxÞ ¼ −xμ; e6μðxÞ ¼ xμ: ðC17Þ

The six-dimensional terms involving FK1L1;K2L2;…;KlLl
must

be homogeneous under rescaling

FK1L1;K2L2;…;KlLl
ðλXÞ ¼ λ−ΔFK1L1;K2L2;…;KlLl

ðXÞ; ðC18Þ

with Δ as the scaling dimension of the four-dimensional
conformal primary. In addition, they must satisfy the trans-
versality condition for every free Lorentz index

XK1FK1L1;K2L2;…;KlLl
ðXÞ ¼ 0: ðC19Þ

For instance, the correlator of a spin-1 conformal 2-form
primary can be recovered from the corresponding correlator
of the 2-form FKLðXÞ in the six-dimensional space. The
most general two-point function is simply given by

hFMNðXÞFKLðYÞi ¼
IMKINL − IMLINK

ðXYÞΔ ; ðC20Þ

where IKL denotes the tensor

IKLðX; YÞ ¼ ηKL −
XLYK

XY
; ðC21Þ

13The signature in the four-dimensional sector ημν ¼ ð−þ
þþÞ for μ; ν ¼ 0;…; 3 is the opposite of the signature used
throughout the article. Since tensorial expressions will not
depend on the specific signature, in this appendix, we opted to
use the same conventions as [46,77].
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which obeys the useful transversality properties

XKIKL ¼ 0; YLIKL ¼ 0; ðC22Þ

thus implying that (C20) obeys the transversality condition
(C19). Picking Δ ¼ 2 saturates the spin-1 unitarity bound,
and the four-dimensional conformal correlator recovers the
field theoretical result from theMaxwell field in d ¼ 4 [76].
The introduction of spin-1=2 fermions in the embedding

space is more subtle. First, a set of gamma matrices that
satisfy the six-dimensional Clifford algebra fΓK;ΓLg ¼
2ηKL needs to be put in place. Those gamma matrices can
explicitly be written as [46,77]

Γμ ¼
�

0 iγ5γμ

iγ5γμ 0

�
; Γ5 ¼

�
0 γ5

γ5 0

�
;

Γ6 ¼
�

0 I4
−I4 0

�
; ðC23Þ

where γμ are four-dimensional gamma matrices that satisfy
the four-dimensional Clifford algebra fγμ; γνg ¼ 2ημν, and
also generate γ5 ¼ −iγ0γ1γ2γ3. As a result of this choice, a
spinorial field ΨðXÞ in the embedding space can be
decomposed in its chiral parts by

ΨðXÞ ¼
�ΨþðXÞ
Ψ−ðXÞ

�
: ðC24Þ

The corresponding spin-1=2 field in the four-dimensional
space ψðxÞ is obtained as

ψðxÞ ¼ ðX5 þ X6ÞΔ−1
2

��
1 − γ5

2

�
ΨþðXÞ

þ
�
1þ γ5

2

�
Ψ−ðXÞ

�




cone

; ðC25Þ

provided that ΨðXÞ obeys

ΨðλXÞ ¼ λ−Δþ1
2ΨðXÞ; ðΓ · XÞΨðXÞ ¼ 0: ðC26Þ

The two-point function of spin-1=2 conformal primaries
follows from the projection of the correlator

hΨðXÞΨ̄ðYÞi ¼ ðΓ · XÞðΓ · YÞ
ðXYÞΔþ1

2

; ðC27Þ

which has the right scaling and transversality condition,
considering that

ðΓ · XÞ2jcone ¼
1

2
fΓA;ΓBgXAXBjcone ¼ 0: ðC28Þ

Picking Δ ¼ 3=2 saturates the unitarity bound for spin-1=2
fields, and the four-dimensional projection of (C27) coin-
cides with the two-point function of a free fermion field
in d ¼ 4.
Finally, tensor-spinors in four dimensions transforming

as ðlþ 1
2
; 0Þ or ð0; lþ 1

2
Þ for an integer l are described by

F μ1ν1;μ2ν2;…;μlνlðxÞ. Indeed, they can be represented in the
embedding space by

FK1L1;K2L2;…;KlLl
ðXÞ ¼

 
Fþ

K1L1;K2L2;…;KlLl
ðXÞ

F−
K1L1;K2L2;…;KlLl

ðXÞ

!
: ðC29Þ

The corresponding reduction to the four-dimensional space
is thus

F μ1ν1;μ2ν2;…;μlνlðxÞ ¼ ðX5 þ X6ÞΔ−1
2eK1

μ1 ðxÞeL1
ν1 ðxÞ…eKl

μl ðxÞeLl
νl ðxÞ

×

��
1 − γ5

2

�
Fþ

K1L1;K2L2;…;KlLl
ðXÞ þ

�
1þ γ5

2

�
F−

K1L1;K2L2;…;KlLl
ðXÞ
�





cone
; ðC30Þ

where Δ is the scaling dimension of the conformal primary
in four dimensions, and

FK1L1;K2L2;…;KlLl
ðλXÞ¼ λ−Δþ1

2FK1L1;K2L2;…;KlLl
ðXÞ; ðC31Þ

along with the constraints

XKiFK1L1;…;KiLi;…KlLl
ðXÞ ¼ 0;

ðΓ · XÞFK1L1;K2L2;…;KlLl
ðXÞ ¼ 0: ðC32Þ

For these higher-spin fields, extra irreducibility conditions
must be imposed on F . This is the double gamma-traceless
requirement γμ1γν1F μ1ν1;μ2ν2;…;μlνlðxÞ ¼ 0 that eliminates
degrees of freedom that do not correspond to spin-(lþ 1

2
)

fields. This can be also imposed in the embedding space by
means of ΓK1ΓL1FK1L1;K2L2;…;KlLl

ðXÞ ¼ 0 [46]. However,
it is simpler to impose this condition in the four-
dimensional space after reduction.
When considering the case of interest, a spinor 2-form

field FKL, we found three terms in the embedding space
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that independently satisfy the transversality constraints (C32). These are given by combinations of the tensor (C21) and the
gamma matrices (C23) as

hFMNðXÞF̄KLðYÞi ¼
ðΓ · XÞ
ðXYÞΔþ1

2

½a1ðIMKINL − IMLINKÞ þ a2ðIMKΓNΓL − IMLΓNΓK þ INLΓMΓK − INKΓMΓLÞ

þ a3ΓAΓBΓCΓDðIMAINB − IMBINAÞðICKIDL − ICLIDKÞ�ðΓ · YÞ; ðC33Þ

for a priori arbitrary constants a1, a2 and a3. The first term,
proportional to a1, and the second term, proportional to a2,
respectively, reduce to the first and second line of (C2).
The third term, proportional to a3, reduces to a linear
combination of the three lines of (C2). Thus, they represent
a set of three independent terms that can recover
the Rarita-Schwinger correlator in four dimensions. The

gamma-tracelesness condition γμhFμνðxÞF̄λσðyÞi ¼ 0 and
the divergenceless condition ∂

μhFμνðxÞF̄λσðyÞi ¼ 0 uni-
quely fix the relative weight of each coefficient ai once
the correlator (C33) is projected out to four dimensions. The
final result coincides with the field strength correlator (C2)
of the Rarita-Schwinger theory for the proper scaling
dimension Δ ¼ 5=2.
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entanglement entropy, Phys. Rev. D 91, 104035 (2015).

[9] H. Casini, E. Teste, and G. Torroba, Holographic RG flows,
entanglement entropy and the sum rule, J. High Energy
Phys. 03 (2016) 033.

[10] L. Daguerre, M. Ginzburg, and G. Torroba, Holographic
entanglement entropy inequalities beyond strong subaddi-
tivity, J. High Energy Phys. 10 (2022) 199.

[11] S. Deser and A. Schwimmer, Geometric classification of
conformal anomalies in arbitrary dimensions, Phys. Lett. B
309, 279 (1993).

[12] S. N. Solodukhin, Entanglement entropy, conformal
invariance and extrinsic geometry, Phys. Lett. B 665, 305
(2008).

[13] H. Casini, M. Huerta, and R. C. Myers, Towards a derivation
of holographic entanglement entropy, J. High Energy Phys.
05 (2011) 036.

[14] S. N. Solodukhin, Entanglement entropy of black holes,
Living Rev. Relativity 14, 8 (2011).

[15] N. D. Birrell and P. C. W. Davies, Quantum Fields in
Curved Space, Cambridge Monographs on Mathematical
Physics (Cambridge University Press, Cambridge, England,
1984).

[16] H. Casini and M. Huerta, Entanglement entropy for the n-
sphere, Phys. Lett. B 694, 167 (2011).

[17] J. S. Dowker, Entanglement entropy for even spheres,
arXiv:1009.3854.

[18] K.-W. Huang, Central charge and entangled gauge fields,
Phys. Rev. D 92, 025010 (2015).

[19] M. Huerta and G. van der Velde, Modular Hamiltonian of
the scalar field in the semi infinite line: Dimensional
reduction for spherically symmetric regions, J. High Energy
Phys. 06 (2023) 097.

[20] R. Lohmayer, H. Neuberger, A. Schwimmer, and S.
Theisen, Numerical determination of entanglement entropy
for a sphere, Phys. Lett. B 685, 222 (2010).

[21] H. Casini and M. Huerta, Entanglement entropy of a
Maxwell field on the sphere, Phys. Rev. D 93, 105031
(2016).

[22] H. Casini, M. Huerta, J. M. Magán, and D. Pontello,
Logarithmic coefficient of the entanglement entropy of a
Maxwell field, Phys. Rev. D 101, 065020 (2020).

[23] W.Donnelly andA. C.Wall, Entanglement entropy of electro-
magnetic edge modes, Phys. Rev. Lett. 114, 111603 (2015).

[24] W. Donnelly and A. C. Wall, Geometric entropy and edge
modes of the electromagnetic field, Phys. Rev. D 94,
104053 (2016).

VALENTIN BENEDETTI and LUCAS DAGUERRE PHYS. REV. D 108, 086015 (2023)

086015-20



[25] R. M. Soni and S. P. Trivedi, Entanglement entropy in
(3þ 1)-d free U(1) gauge theory, J. High Energy Phys.
02 (2017) 101.

[26] S. Weinberg and E. Witten, Limits on massless particles,
Phys. Lett. B 96, 59 (1980).

[27] V. Benedetti and H. Casini, Entanglement entropy of
linearized gravitons in a sphere, Phys. Rev. D 101,
045004 (2020).

[28] J. R. David and J. Mukherjee, Hyperbolic cylinders and
entanglement entropy: Gravitons, higher spins, p-forms,
J. High Energy Phys. 01 (2021) 202.

[29] J. S. Dowker, Note on the entanglement entropy of higher
spins in four dimensions, arXiv:1908.04870.

[30] W. Rarita and J. Schwinger, On a theory of particles with
half integral spin, Phys. Rev. 60, 61 (1941).

[31] D. Z. Freedman and A. Van Proeyen, Supergravity
(Cambridge University Press, Cambridge, England, 2012).

[32] S. Weinberg, The Quantum Theory of Fields. Vol. 3:
Supersymmetry (Cambridge University Press, Cambridge,
England, 2013).

[33] M. Srednicki, Entropy and area, Phys. Rev. Lett. 71, 666
(1993).

[34] H. Casini, M. Huerta, R. C. Myers, and A. Yale, Mutual
information and the F-theorem, J. High Energy Phys. 10
(2015) 003.

[35] R. Szmytkowski, Recurrence and differential relations for
spherical spinors, J. Math. Chem. 42, 397 (2007).

[36] A. Lopez-Ortega, The Dirac equation in D-dimensional
spherically symmetric spacetimes, arXiv:0906.2754.

[37] M. Huerta and G. van der Velde, Modular Hamiltonian in
the semi infinite line, Part II: Dimensional reduction of
Dirac fermions in spherically symmetric regions, arXiv:
2307.08755.

[38] I. Peschel, Letter to the editor: Calculation of reduced
density matrices from correlation functions, J. Phys. A
Math. Gen. 36, L205 (2003).

[39] H. Casini and M. Huerta, Entanglement entropy
in free quantum field theory, J. Phys. A 42, 504007
(2009).

[40] M. Valenzuela and J. Zanelli, On the spin content of the
classical massless Rarita–Schwinger system, arXiv:2207.
03009.

[41] M. Valenzuela and J. Zanelli, The propagating modes of the
massless Rarita–Schwinger system, arXiv:2305.00106.

[42] G. R. Allcock and S. F. Hall, Massless spin 3=2 theory and
the unmixed spinor representations of the Lorentz group,
J. Phys. A 10, 267 (1977).

[43] S. Deser, J. H. Kay, and K. S. Stelle, Hamiltonian formu-
lation of supergravity, Phys. Rev. D 16, 2448 (1977).

[44] S. L. Adler, Classical gauged massless Rarita-Schwinger
fields, Phys. Rev. D 92, 085022 (2015).

[45] S. L. Adler, M. Henneaux, and P. Pais, Canonical field
anticommutators in the extended gauged Rarita-Schwinger
theory, Phys. Rev. D 96, 085005 (2017).

[46] S. Weinberg, Six-dimensional methods for four-dimensional
conformal field theories II: Irreducible fields, Phys. Rev. D
86, 085013 (2012).

[47] P. Calabrese and J. L. Cardy, Entanglement entropy and
quantum field theory, J. Stat. Mech. (2004) P06002.

[48] H.Casini,M.Huerta, and J. A.Rosabal, Remarks on entangle-
ment entropy for gauge fields, Phys. Rev. D 89, 085012
(2014).

[49] J. R. David and J. Mukherjee, Entanglement entropy of
gravitational edgemodes, J.HighEnergyPhys. 08 (2022) 065.

[50] S. L. Adler, Quantized gauged massless Rarita-Schwinger
fields, Phys. Rev. D 92, 085023 (2015).

[51] V. Benedetti, H. Casini, and J. M. Magan, Generalized
symmetries and Noether’s theorem in QFT, J. High Energy
Phys. 08 (2022) 304.

[52] V. Benedetti, H. Casini, and J. M. Magan, Charges in the
UV completion of neutral electrodynamics, J. High Energy
Phys. 06 (2023) 095.

[53] V. Benedetti, H. Casini, and J.M. Magan, Generalized sym-
metries of the graviton, J. High Energy Phys. 05 (2022) 045.

[54] K. Hinterbichler, D. M. Hofman, A. Joyce, and G. Mathys,
Gravity as a gapless phase and biform symmetries, J. High
Energy Phys. 02 (2023) 151.

[55] Y.-N. Wang and Y. Zhang, Fermionic higher-form sym-
metries, arXiv:2303.12633.

[56] Z. Komargodski and A. Schwimmer, On renormalization
group flows in four dimensions, J. High Energy Phys. 12
(2011) 099.

[57] Z. Komargodski, The constraints of conformal symmetry on
RG flows, J. High Energy Phys. 07 (2012) 069.

[58] J. D. Bjorken and S. D. Drell, Relativistic Quantum
Mechanics (McGraw-Hill, New York, 1964).

[59] A. A. Abrikosov, Jr., Dirac operator on the Riemann sphere,
arXiv:hep-th/0212134.

[60] K. S. Thorne, Multipole expansions of gravitational radia-
tion, Rev. Mod. Phys. 52, 299 (1980).

[61] G. Compère, R. Oliveri, and A. Seraj, Gravitational multi-
pole moments from Noether charges, J. High Energy Phys.
05 (2018) 054.

[62] V. Eisler and I. Peschel, Properties of the entanglement
Hamiltonian for finite free-fermion chains, J. Stat. Mech.
(2018) 104001.

[63] L. Daguerre, R. Medina, M. Solis, and G. Torroba,
Aspects of quantum information in finite density field
theory, J. High Energy Phys. 03 (2021) 079.

[64] D. Poland, S. Rychkov, and A. Vichi, The conformal
bootstrap: Theory, numerical techniques, and applications,
Rev. Mod. Phys. 91, 015002 (2019).

[65] D. Simmons-Duffin, The conformal bootstrap, in
Theoretical Advanced Study Institute in Elementary
Particle Physics: New Frontiers in Fields and Strings
(2017), pp. 1–74, 10.1142/9789813149441_0001.

[66] M. A. Luty, J. Polchinski, and R. Rattazzi, The a-theorem
and the asymptotics of 4D quantum field theory, J. High
Energy Phys. 01 (2013) 152.

[67] A. Dymarsky, Z. Komargodski, A. Schwimmer, and S.
Theisen, On scale and conformal invariance in four dimen-
sions, J. High Energy Phys. 10 (2015) 171.

[68] P. Kravchuk, J. Qiao, and S. Rychkov, Distributions in CFT.
Part II. Minkowski space, J. High Energy Phys. 08 (2021)
094.

[69] K. Farnsworth, K. Hinterbichler, and O. Hulik, Scale versus
conformal invariance at the IR fixed point of quantum
gravity, Phys. Rev. D 105, 066026 (2022).

ENTANGLEMENT ENTROPY OF A RARITA-SCHWINGER FIELD … PHYS. REV. D 108, 086015 (2023)

086015-21



[70] R. Longo, V. Morinelli, F. Preta, and K.-H. Rehren, Split
property for free massless finite helicity fields, Ann. Henri
Poincare 20, 2555 (2019).

[71] Y. Nakayama, Scale invariance vs conformal invariance,
Phys. Rep. 569, 1 (2015).

[72] V. I. Fushchich and A. G. Nikitin, Conformal invariance of
relativistic equations for arbitrary spin particles, Lett. Math.
Phys. 2, 471 (1978).

[73] G. Mack, All unitary ray representations of the conformal
group SU(2,2) with positive energy, Commun. Math. Phys.
55, 1 (1977).

[74] W. Siegel, All free conformal representations in all dimen-
sions, Int. J. Mod. Phys. A 04, 2015 (1989).

[75] S. Minwalla, Restrictions imposed by superconformal
invariance on quantum field theories, Adv. Theor. Math.
Phys. 2, 783 (1998).

[76] S. El-Showk, Y. Nakayama, and S. Rychkov, What Maxwell
theory in D ≠ 4 teaches us about scale and conformal
invariance, Nucl. Phys. B848, 578 (2011).

[77] S. Weinberg, Six-dimensional methods for four-dimensional
conformal field theories, Phys. Rev. D 82, 045031
(2010).

[78] E. J. Schreier, Conformal symmetry and three-point func-
tions, Phys. Rev. D 3, 980 (1971).

[79] S. Rychkov, EPFL lectures on conformal field theory in
D ≥ 3 dimensions, arXiv:1601.05000.

[80] S. Ferrara, A. F. Grillo, G. Parisi, and R. Gatto, The shadow
operator formalism for conformal algebra. Vacuum expect-
ation values and operator products, Lett. Nuovo Cimento
4S2, 115 (1972).

[81] D.Buchholz,S.Doplicher, andR.Longo,OnNoether’s theorem
in quantum field theory, Ann. Phys. (N.Y.) 170, 1 (1986).

VALENTIN BENEDETTI and LUCAS DAGUERRE PHYS. REV. D 108, 086015 (2023)

086015-22


