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Entanglement entropy of a Rarita-Schwinger field in a sphere

Valentin Benedetti

1.%
* and Lucas Daguerre

2,F

'Centro Atémico Bariloche and CONICET S.C. de Bariloche, Rio Negro R8402AGP, Argentina
*Center Jor Quantum Mathematics and Physics (OMAP), Department of Physics and Astronomy,
University of California, Davis, California 95616, USA

® (Received 8 July 2023; accepted 22 September 2023; published 11 October 2023)

We study the universal logarithmic coefficient of the entanglement entropy in a sphere for free fermionic
field theories in a d = 4 Minkowski spacetime. As a warm-up, we revisit the free massless spin-1/2 field
case by employing a dimensional reduction to the d = 2 half-line and a subsequent numerical real-time
computation on a lattice. Surprisingly, the area coefficient diverges for a radial discretization but is finite for
a geometric regularization induced by the mutual information. The resultant universal logarithmic
coefficient —11/90 is consistent with the literature. For the free massless spin-3/2 field, the Rarita-
Schwinger field, we also perform a dimensional reduction to the half-line. The reduced Hamiltonian
coincides with the spin-1/2 one, except for the omission of the lowest total angular momentum modes. This
gives a universal logarithmic coefficient of —71/90. We discuss the physical interpretation of the universal
logarithmic coefficient for free higher-spin field theories without a stress-energy tensor.
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I. INTRODUCTION

The entanglement of vacuum fluctuations is an ubiqui-
tous property of relativistic quantum fields, as implied by
the Reeh-Schlieder theorem [1]. Moreover, in recent years,
it has proven to be relevant to the study of quantum field
theory and quantum gravity [2,3]. Specifically, given a
vacuum state and a von Neumann algebra of observable
operators localized inside a region, the entanglement
entropy (EE) can be used to provide a measure of
entanglement between such region and its complement.
For spherical regions, the assignation of an algebra in the
continuum is unique [4]. Further, in any conformal field
theory (CFT), the structure of the corresponding EE for a
sphere of radius R embedded in a d =4 Minkowski
spacetime takes the form

R? R
S(R) = ng-f— Clog 10g<z> + Co, (11)

where ¢ represents any given short-distance cutoff intro-
duced to regulate the UV divergences of the EE. The area
coefficient ¢, is regularization dependent and might even
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diverge for a given scheme [5]. Also, the constant
coefficient ¢, is cutoff dependent. On the other hand,
the logarithmic coefficient ¢, is a universal quantity of the
theory because it is well-defined in the continuum limit.
Remarkably, this universal coefficient has been used
to provide an entropic proof of the irreversibility A-theorem
[6,7], so it can be regarded as an effective measure of the
degrees of freedom in the underlying theory at a given
energy scale. Irreversibility theorems associated to the sub-
leading coefficients have also been established [6,8—10].
Indeed, the logarithmic coefficient is proportional to the
type-A trace anomaly, which can be extracted from the
coefficient of the expectation value of the trace of the stress-
energy tensor proportional to the Euler density in curved
space-time [11]. This has been proven using holo-
graphy [12], as well as for general CFTs with a well-
defined stress-energy tensor using a conformal map to de
Sitter spacetime [13].

The logarithmic coefficients cjo,(h) for all physical
massless fields with spin 2 < 1 were computed from the
type-A trace-anomaly using Euclidean methods [14,15],
yielding

11 31
920’ Clog( )=

Clog(1/2) == (1.2)

1
90°
These coefficients have also been computed by other means
both analytically [16—19] and numerically [20,21]. For the
cases of Klein-Gordon scalar and Dirac fermion fields all
computations coincide. However, for the free Maxwell
field, explicit field theoretic calculations performed in [21],
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as well as thermodynamic computations in de Sitter
spacetime [17], reveal a different result

16

Elog(l) :_E' (13)

The reason behind this mismatch is that the result for the
entropy depends on the details of the operators inserted at
the boundary of the entangling region, together with the
possible nonlocal correlations induced by them. This
ambiguity appears in all theories that are not complete,
in the sense that they exhibit nonlocal sectors where the
presence of these operators at the boundary can modify the
expected anomaly result [22]. For example, in the Maxwell
case, the difference between these two computations is that
(1.3) corresponds to a free Maxwell theory, while (1.2)
corresponds to an effective Maxwell theory in the IR where
interactions produced by heavy electric and magnetic
charges appearing in the UV completion were integrated
out. This coupling to charges in the UV can also be
interpreted as the physical origin of the “edge modes”
proposed in [18,23-25] for the IR theory.

For theories with spin & > 3/2 there seems to be a more
severe problem, as the Weinberg-Witten theorem [26]
forbids the existence of a well-defined stress-energy tensor.
This makes the notion of trace anomaly unclear from the
field theory point of view [15]. However, in such cases, the
logarithmic coefficient can still be computed without
invoking the trace anomaly. Such calculations have been
performed for the spin-2 case in [27,28]. Even more, it was
conjectured [27,29] and proved using the replica trick [28]
that the logarithmic coefficients for any field of integer spin
h are given by

) ==g(h)

Clog

14 15h? 1 h=0
_, h)= . 1.4

90 9t { 2 hso
The result for half-integer spin & fields was also proposed
by [29]

7 + 60h?

fer h) =
(k) 180

Clog (1.5)
By studying the universal logarithmic coefficients in the EE
for free higher-spin theories, we aim to gain more insight
regarding its physical interpretation. Following this line, we
begin by performing the explicit real-time computation of
the logarithmic coefficient associated with a massless
spin-3/2 field described by the free Rarita-Schwinger
field [30-32]. We do so by working with the approach
developed in [20,21,27,33]. The procedure consists of
using a harmonic mode decomposition on the transverse
sphere S?, and a subsequent dimensional reduction that
produces a d = 2 effective radial Hamiltonian. The former
is made of a tower of modes labeled by the total angular
momentum eigenvalues j. The EE of each mode can be

computed numerically on a lattice and the final result
follows from a careful addition over modes. Surprisingly,
for spin-1/2 fields, this calculation has not been done in
the context of an EE computation. We do provide such
computation. For spin-3/2 fields, we prove that the
effective radial Hamiltonian obtained matches with the
spin-1/2 result without the lowest total angular momentum
mode j = 1/2. We will demonstrate that this result guar-
antees that (1.5) holds for 4 = 3/2.

The structure of the article is the following. In Sec. II, we
dimensionally reduce a massless Dirac field in d =4 in a
sphere using spinor spherical harmonics. We use this result
to compute numerically the EE in a sphere. The radial
discretization [33] gives a divergent area coefficient, so the
logarithmic coefficient is obtained from a regularized EE
defined in terms of the mutual information [34]. In Sec. III,
we review the free Rarita-Schwinger theory in d = 4. We
mainly work with the gauge invariant phase space gen-
erated by the field strengths that can be defined from the
usual gauge-dependent vector-spinor fields. Subsequently,
in Sec. IV, we decompose its massless Hamiltonian using
spinor-vector spherical harmonics. We employ the same
ideas used in the spin-1/2 case to conclude that the
logarithmic coefficient is —71/90. Finally, Sec. V is
devoted to a discussion regarding the existence of ambi-
guities in the logarithmic coefficient of free higher-spin
fields, with special focus on the renormalization group
(RG) flow interpretation of such a quantity. In Appendix A,
we provide a summary of useful properties of spinor and
spinor-vector spherical harmonics; in Appendix B, we
review the real-time numerical method necessary for the
simulations and provide an analytic proof of the divergence
of the sum over angular momentum modes when comput-
ing the EE with a radial discretization for fermionic fields in
d = 4 and in Appendix C, we show that the correlators of
gauge invariant operators display conformal symmetry, by
identifying the field strength as a conformal primary and
explicitly computing its two-point function. In addition, we
provide a review of the embedding space formalism, and
give the explicit expression for the six-dimensional terms
that produce the two-point function of a gauge invariant
spin-3/2 conformal primary field in four dimensions.

II. ENTANGLEMENT ENTROPY OF A DIRAC
FIELD IN A SPHERE

In this section, we revisit the entanglement entropy of a
massless Dirac field in a sphere. We start by decomposing
the Dirac Hamiltonian in d =4 in a spherical wave basis
composed of spinor spherical harmonics and by integrating
over the angular variables. This procedure dimensionally
reduces the problem to a tower of d = 2 fermions with a
radial potential quadratic in the fields whose entanglement
entropy can be computed numerically on a finite line. We
discover that the area term in the entanglement entropy
obtained by summing over the entropy of each mode
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diverges for the radial regularization. Notwithstanding,
using the regularized entanglement entropy defined via
the mutual information, the calculated logarithmic and area
terms are in accordance with the literature.

A. Decomposition in spherical harmonics

The massless Dirac Hamiltonian in (3 4 1) spacetime
dimensions is given by1

H= [ dxy @@ ) 2.1)
where (a)¢ = y’y“ is defined in terms of gamma matrices

and p = —iV is the momentum operator. As is well-known,
choosing the Weyl representation of the gamma matrices

0 of : :
yﬂ:(a“ 0R>’ op = —0"). or=(h.o'). (2.2)
L

decouples the Hamiltonian (2.1) as

H=H,+He H—F [ d]0G i@, 23)

i~ =

with y; and yp being two-component Weyl spinors that
represent left- and right-handed fermions, respectively.
These can be obtained from the original spinor w(X) by

acting with chirality projection operators defined in terms

of ¥° = iy%'y%y® as

1—2;/51//(@_ <1//L0()?)>’ 1_;7,5

w0, fa)

The canonical phase space of the theory is spanned by
the Weyl spinors y; and wjy as canonical coordinates
together with their corresponding conjugates y/z and w; as
canonical momenta or viceversa. The corresponding
canonical anticommutation relations at equal times are
given by

{we (@) (W ()} = 8,80 (3 = %),

R

(2.5)

where the spinorial indices run in the subset i, j = 1, 2 for
the Weyl spinors.

Taking into account the rotational symmetry of the
problem at hand, it is useful to perform a dimensional
reduction of the chiral Dirac Hamiltonian over the sphere.
For simplicity, we perform this over the left-handed

'We use Lorentz spacetime indices u,v,...=0,...,3
and signature 7, = (4+.,—,—,—), Lorentz spatial indices
a,b,...=1, 2, 3 and spinorial indices i,j,... =1,...,4. In

addition, time-coordinate ¢ dependence is omitted as we are
interested in computing entanglement entropies over constant
time slices.

Hamiltonian, but such procedure can be likewise applied
for the right-handed one. To begin with, we expand the
spinor y; in the spherical wave basis given by

0@ = (7 )a, 0.0
pi(® = (Pz”r(r)) QL(6. ),

Kp

(2.6)

where Q,, (6, @) are the spinor spherical harmonics defined
in [35] via the scalar spherical harmonics Y;,, as

1_
sgn(—x) K;,;%]”Yl,ﬂ—l/2(97 ®)

QKﬂ(e? 50) = (27)

+Hi4u
KQK_H Yl /4+l/2<9 §0)

The label « is related to the orbital angular momentum [ by
« = |l + 4| — 1 and the total angular momentum j = |x| — 3
taking the discretized values x = 41, 42, ... with projec-
tions y = —|k| + 1, —|k| +3. ..., [x| — 3. For a brief review
of useful properties of spinor spherical harmonics, see
Appendix A 1.

Replacing (2.6) into the left-handed Hamiltonian (2.3)

o o,

K p'kp
1N\ [/P,

Lo )]
r r

Further, the orthonormality of the spinor spherical har-
monics enables us to integrate out the angular dependence.
Thus, the (3 + 1)-dimensional Hamiltonian is reduced to an
effective tower of (1 + 1)-dimensional Hamiltonians in the
half-line labeled by («, ). The corresponding symmetrized
real version of (2.8) is

szm = —2ZA dr |:P_K;4 - P /KﬂP—Kﬂ
Kp

- PLP )}

Kpt —kp

(2.8)

+E(PLy Py (2.9)

where we have used the notation ' to denote radial
derivatives acting over radial functions [for example,
Py, (r) = 0,P,(r)]. We will use this notation throughout
the paper.

The statistics for (1 + 1)-dimensional complex fields P,,,
can be recovered using the projections of the original spinor
fields over the spinor spherical harmonics as
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Par) =7 [ o (190,90,

Putr) =1 [ dwl@90 (0.0, (10

Then, from (2.5), we get the equal-time anticommutation
relations

(P (")is (Piu(r));} = 8yi0Bed(r = 7). (2.11)
However, we can reinterpret the (1 4 1)-dimensional fields
P,,. To understand how P,, couples with P_,,, one can
rewrite H;'™ as a sum over positive modes x > 0. This

leads to a theory described by a (1 + 1)-dimensional two-
component spinor field ¥,, whose Hamiltonian is

Ssym = © < K
HY :ZIZA dr‘P,f,,(r)<a,p,+;ﬂr>‘{’w(r),
k=1 pu

P_.(r
‘I’Kﬂ(r):< ol )>. (2.12)
Py(r)
The induced radial representation gives @, =o' and
B, = 6%, where ?,:—%(5,—5,) is the symmetrized

momentum operator on the radial direction. The sum over
k can be thought of as a sum over all modes with definite
angular momenta j = %% ..., recalling that j = |x| — %
Also, from (2.11) the spinor field ¥, obeys the equal-time
canonical anticommutation relations

{(Fe (M)is (Wl (1))} = 810 8,ye8(r = ). (2.13)
To sum up, we have obtained a tower of Dirac fields in the
half-line with a position-dependent quadratic term ’ that
appear as a consequence of the Kaluza-Klein reduction on
the transverse sphere S2.

The Hamiltonian (2.12) together with (2.13) represent
the main results of this subsection. They will prove useful
when performing a numerical computation of the entangle-
ment entropy in Sec. II B, as well as when comparing with
the analog mode decomposition for the Rarita-Schwinger
field in Sec. IV C. The effective radial equations for the
Dirac field have been obtained via different methods and
for arbitrary dimensions in the literature, for instance
by [36].> Further study regarding the modular
Hamiltonians of these (1 4 1)-fermionic modes and their
contribution to the universal coefficients of the EE in
general dimensions, as performed for scalars in [19], will
appear in [37].

*The matching with (2.12) follows first from a unitary map of
the spinor field and a subsequent axial rotation. The transformed
field satisfies the equations of motion like those in [36].

B. Entanglement entropy and logarithmic coefficient

This subsection is devoted to the study of the EE
associated to a spherical region of radius R for a free
massless Dirac fermion in d = 4 space-time dimensions.
We will follow a similar procedure as for the scalar field
in [33]. Therefore, we are particularly interested in the EE
associated with the tower of two-dimensional Dirac fer-
mions with a radial potential in the half-line. Given that the
Hamiltonian (2.12) is expressed as a sum over different
modes (k, u), the resulting expression for the EE S(R) of
Dirac fermions on the sphere holds after summing over
each of them

(s8]

S(R)=S,(R)+Sg(R) = 2§:ZSK(R) =2 (26)S.(R).

k=1

(2.14)

The first factor of two is due to the left/right chiralities in
(2.3), and the factor 2x accounts for the multiplicity of p-
projections for a given «, because the EE S, (R) associated
to each of the modes in (2.12) is y—independent.3 Note that
the sum (2.14) is a formal expression, since this bare series
may not be convergent for some choices of regularization.
We will argue in what follows that this is the case for the
radial discretization introduced for a scalar field in [33],
when applied to a fermion field.

For quadratic Hamiltonians such as (2.12), the vacuum is
a Gaussian state. This implies that Wick’s theorem holds,
and all nonzero multipoint correlators can be obtained from
the two-point function. In the light of this, the EE S, (R) can
be computed numerically by the real-time method intro-
duced in [38,39]. The idea is to consider the Hamiltonian
on the lattice, with a total of M lattice sites, as well as the
correlator C,,, = (wiy,), where y, stands for the lattice
discretization of W,,(r). Hence, considering a spherical
region of radius R = N +1, the EE S.(N,M) depends
exclusively on the eigenvalues of C,,, when restricted to
m,n=1,...,N. A holistic explanation of this standard
procedure is found in Appendix B 1.

The contributions from modes with large angular
momentum x are relevant for the convergence of the
sum (2.14). The entropies S (N, M) are independent of
the infrared cutoff M for x > M and behave as

4xS (N, M) ~ 8&(N) (k’g("))

+ 4E(N)[1 = Tog(¢(N))] G) b (215)

The fact that the contributions S,(R) are independent of y
follows from the expression (2.12), given that for a given « all the
modes have the same Hamiltonian. In other words, for a fixed «,
all the modes have the same dynamics, as well the same algebra
(2.13), yielding the same entanglement entropy.
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FIG. 1. Left plot: Entanglement entropy for a massless Dirac field in d = 4 as a function of angular momentum « for large x. The
dotted points indicate the lattice simulation data and the red continuous line indicates the fit function f(x) = a@ + b%. The fitted

values a = 1274.94 and b = —2595.83 match with relative error of 0.005% and 0.03%, respectively, with the coefficients of (2.15). The
numerical simulation was done with M = 100 physical sites and considered a spherical region of fixed radius R = N + % = 50.5. Right
plot: Mutual information in logarithmic scale, for a massless Dirac field in d = 4, as a function of angular momentum « for fixed #. In
stark contrast with the entanglement entropy (in radial regularization), the mutual information is exponentially suppressed for large «.
The simulation was done for fixed 7 = 9.5 and M = 100 physical sites.

where £(N) is given by

N?(N +1)?
E(N) = JN 1) (2.16)
For an analytic derivation of this asymptotic behavior, see
Appendix B 2, and for a numerical verification, refer to the
left plot of Fig. 1. As a consequence of (2.15), the sum
introduced in (2.14) diverges for an arbitrary cutoff M. This
behavior is in stark contrast to what happens with a scalar
field in d = 4, where the radial discretization of the EE is
convergent. This is so because the leading term of the
entropy of each mode decays as Nb}g# for large angular
momentum [ [33]. The physical interpretation of this
phenomena is that for a Dirac field, the radial discretization
is not sufficient for inducing a finite area coefficient c,
in (1.1). This situation is not unfamiliar, as a similar
scenario occurs for scalar fields in d > 4 [5].

The area coefficient ¢, is regularization dependent, so
this issue can be overcome by choosing another regulator.
Conveniently, the mutual information gives a geometrical
prescription for computing a regularized EE [21,34]. This
construction relies on the mutual information of a spherical
region A of radius R, and a region B defined as the
complement of a sphere of radius Rg, with Ry > R,, that
contains the region A (see Fig. 2). The mutual information
is defined as usual

I(A,B) = S(A) + S(B) — S(A U B). (2.17)
Purity of the vacuum state implies that the entropy of a
region coincides with the entropy of its complement. This
means that S(B) can be computed as the entropy of a sphere

of radius Rz and S(A U B) as the entropy of an annular
region defined between R, and Rpz. We can introduce a
geometric regularization by expressing the radii in terms of
two new variables R and € such that R4 = R —¢/2 and
Rp = R + ¢/2. This motivates the following definition

R Ry+Ry

n=—=

e IR R (2.18)

In this vein, for # > 1 the mutual information gives a
prescription for the regularized EE in the form of

1(n)

=— > 1.
) n

(2.19)

Sreg(n) = 32’72 + Clog 10g(’7)’

In Fig. 3, we show numerical simulations in the range
8 < 1 < 20. In opposition to the slowly decaying behavior

FIG. 2. Setup used to compute the mutual information I(A, B).
The region A is a sphere of radius R, and B is the complementary
region of a sphere of radius Ry that contains A. Both radii can also
be parametrized in terms of new variables € and R as R, =
R—¢€/2 and Rz =R +¢€/2.
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FIG. 3. Left plot: Mutual information /() for a Dirac field as a function of 5> for several values of R;, R,, with M = 200 physical
sites. The dotted points indicate the lattice simulation data and the continuous red line indicates the fitting function
F(n) = 2e5'n* + 2cfi, log(n) + cf'. Right plot: Mutual information with the area term subtracted, Al(i) = I(n) — 2¢5'?, as a function

of 5. The fit exhibits a subleading logarithmic contribution that goes like Al(r)

of the EE as a function of kx, we observed an exponentially
suppressed decay for large « for the mutual information”
(see right plot of Fig. 1). This is because the mutual
information is less sensitive to ultraviolet contributions than
the EE. For the maximum lattice size considered,
M . = 200, we noted that it was sufficient to sum up
t0 Kmax = 250 1n (2.14). The extraction of a numerical value
for s, and ¢y, requires the elimination of the dependence
on the infrared cutoff M. Therefore, by fitting (2.19) for
lattices with size M = 100, 125, 150, 175, 200, the fitted
coefficients were extrapolated to the continuum by using
the functions

- b
Clog (M) = Clog +

SZ(M):SSO+ W

a
1 (2.20)

The resulting s3° and cf5,, interpreted as the continuum
limit results, are

s =0.14145., Clog = —0.12285. (2.21)
The logarithmic coefficient matches with the expected
value c¢)o,(1/2) = —% = —0.12222... with 0.5% of rela-
tive error. The area term also coincides with an approxi-

mation present in the literature’® with 4.6% of relative error.

III. FREE RARITA-SCHWINGER THEORY

The objective of this section is to study the Rarita-
Schwinger field [30-32] as a free quantum field theory
describing massless spin-3/2 degrees of freedom in d = 4

“This same behavior was also numerically observed for the
Maxwell field in [21].

The area coefficient of the regularized EE can be obtained as
sy = 4r(2x4) = 0.13521... where x; = 0.00538... represents
the area coefficient of the EE associated to a region between
two parallel plates [21,39].

= 2cjy, log(n) + g

spacetime dimensions. The free massless field theory is well
defined at the classical and quantum level (see [31] and
references therein). In this vein, we start by reviewing the
canonical quantization considering a vector-spinor gauge
field.® Then, we show how such procedure is implemented
over the gauge-invariant phase space spanned by spinor two-
form field strength defined from the original gauge field.
This is known to only include the spin-3/2 degrees of
freedom [42,43].

A. Canonical formulation
A theory with propagating spin-3/2 fermions can be
described by a vector-valued spinor field v, (x) with v = 0,
1,2, 3 in d = 4. The dynamics of such fields can be given
by the Rarita-Schwinger Lagrangian [31,32]. The latter, in
the strict massless limit, is written as [44,45]

i _
L =3 el 1’1", (3.1)

where ¢€,,,, is the four-dimensional Levi-Civita tensor, y”

y2y3 are the usual gamma matrices and

and y° = iy%
Wy = il//;}/o. In analogy with spin-1/2 fermions, we can
choose the Weyl representation such that the Lagrangian
decouples into two independent sectors

L=L+ Lg
1 , |
L = =€ <1//ZT0}’1/'/2 +yilotyg
2 R R R R

+ ) 0Py — WfTdeCW(L))v (3.2)
R R R R

®The vector-spinor gauge field does not transform under an
irreducible representation of the four-dimensional Lorentz group,
and a priori describes propagating spin-3/2 degrees of freedom
together with spin-1/2 ones (see for instance [31,32] and [40,41]
for a more recent discussion).
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where the Weyl spinors v/ and y% are defined using the
chiral projectors as in (2.4), and ¢, represents the three-
dimensional Levi-Civita tensor.

From here, we will only deal with the theory of left-
handed fermions. However, the following procedure can
also be straightforwardly generalized to right-handed fer-
mions too. First, the timelike component y! of the field
only appears in the last two terms of (3.2) as a Lagrange
multiplier. On the other hand, the spacelike components y¢
of the field appear as dynamical variables associated with
the canonical momenta,

oL 1 .
L _eabcwlz o

"= =3 (33)

At a quantum level, these anticommute with the canonical
coordinates at equal times, giving

{Wi (@) (7L (3));} = —i605,;60 (3 - 7). (34)

Conveniently, we can use y¢ = in§ — e zko,, to obtain

a more useful expression in terms of the conjugated field

{Wi@) W' (@)} = (070,60 (X ~X).  (3.5)

In this setup, we can compute the Hamiltonian, via a
Legendre transformation, to be

Hy = ”5‘/"2 - Ly
1 L \ ‘
= — 5 €abe (W‘L”@”wi +yl o0y —yioh a‘l//?)-
(3.6)

Then, we are allowed to derive the constraints from the
equations of motion of the timelike component of the fields.
These yield the Gauss-lawlike constraints

zaaﬂf = gabcaaabwz =0.
(3.7)

20(1”% = gabcaaablp? = 0’

In the massless theory, there is a gauge symmetry that can
be described in terms of an arbitrary local spinor function
x(x) as y¥(x) = yw¥(x) + &y(x). Therefore, acting over
the left-handed spinor as the chiral projection of this
symmetry

wi (%) = wi(x) + 0y (x). (3.8)
This implies that neither the dynamical fermion field w9 (x)
nor any of its bilinears can be considered observables. We
will deal with this issue in the following section.

B. Gauge-invariant phase space

The formulation of the Rarita-Schwinger theory in terms
of phase space gauge invariant variables, makes the
computation of the EE easier to understand, as it can be
formulated in terms of algebras of local observables
attached to regions consisting solely of spin-3/2 degrees
of freedom. To begin, we consider the gauge-invariant
operators spanned from the spinor field strength associated
with the vector-spinor field [31,42,43]. Specifically, this is
a spinor 2-form given by

F;w = aﬂl//l/ - 51/1!’,4- (39)
The dynamics obtained from (3.1), can be recovered in
terms of the spinor field strength as

YF, =0, >F,

, =0. (3.10)
These conditions secure that field strength F belongs
to the representation (3/2,0) @ (0,3/2) of the Lorentz
group [42]. Moreover, the irreducibility condition
y*y'F,, = 0, follows trivially from (3.10). Physically the
irreducibility condition eliminates the spin-1/2 degrees of
freedom that transform in the representation (1/2,0) @
(0, 1/2) [46]. Therefore, F is a gauge invariant operator that
describes the propagation of free massless particles of
spin-3/2.

Although the spinor field strength F is a generator of the
gauge invariant phase space, we can also use the Levi-
Civita tensor to produce new tensors. That is, one should
also include the dual spinor 2-form given by

* J—
F w 5 e;wap

Fer. (3.11)
However, it is clear that both spinor 2-form fields F" and F*
span the same phase space. More precisely, considering the
equations of motion y*F,, =0, we can explicitly check
that
F,, +iyF;, =0. (3.12)
Indeed, the description in terms of F and F* are inter-
changeable since both obey the same equations of motion
as well as divergenceless conditions. Namely,
rYF,, =0, F,, =0. (3.13)
The irreducible representations (3/2,0) and (0,3/2) are
described by the self-dual and antiself-dual parts of the field

It would be interesting to understand how this description
overlaps with a recent discussion about the propagating spin-3/2
and spin-1/2 degrees of freedom [40,41] in terms of local
algebras of observables.
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strength, respectively. These are defined to have eigen-
values £i with respect to the Hodge star operator * in
Minkoswki spacetime

*(F,, £iF;,) = (F i)(F,, £iF;,). (3.14)
In this way, Eq. (3.12) becomes clear as it dictates that the

self/antiself-dual forms are related to the left- and right-
handed parts of the vector-spinor field strength

1 - 1-7 Fp, (%),
E(FMD+lFﬂI/):< ) >pr:< ”0 s

F;liu = pllff - aul//;e’ (315)
1 . 1+7° 0
_(FD_IF*V>_< )Fy_< -
20 # s 2 s Fﬁy(x)

F, = d — ot (3.16)

Also, in the Weyl representation of the gamma matrices
(2.2), the equations of motion and divergenceless condi-
tions are
L _
GIZ,F uv 0,

FFL =0, oFR =0,

K FFR =0. (3.17)

In addition, from the canonical anticommutation relations
(3.5) we can ascertain that the components of F ﬁb and F 5;
do not anticommute

{(FL (X)) (FEI(R))V} = [o,0]760],6%0,0,6%) (% - ¥),
5ed = 5554 — 5455, (3.18)

The remaining relations involving F}, follow from (3.17).
The right-handed field strength (3.16) obeys analogous
anticommutation relations.

IV. ENTANGLEMENT ENTROPY OF A RARITA-
SCHWINGER FIELD IN A SPHERE

In this section, we study the EE of a free massless Rarita-
Schwinger field in a sphere. Mimicking the procedure
outlined in Sec. Il A, the Hamiltonian is decomposed in a
spherical wave basis of vector-spinor spherical harmonics.
By integrating over the angular variables, this course of
action dimensionally reduces the problem to a Dirac
Hamiltonian without the j :% mode. This identification
offers a method for evaluating the EE. Although the
decomposition is performed over the gauge-dependent
vector-spinor field, we explicitly provide a gauge fixing
condition that describes the field in terms of gauge invariant
operators localized in the sphere. This condition also
secures that the EE result corresponds solely to propagating
spin-3/2 degrees of freedom. We provide the logarithmic
coefficient that appears in the EE and suggests a further

generalization to higher free half-integer spin fields.

A. Decomposition in spherical harmonics

To perform the mode decomposition for the Rarita-
Schwinger Hamiltonian, we need to introduce the notion of
vector-spinor spherical harmonics. These can be defined by
extending the definition of the spinor spherical harmonics
(2.7) using vector spherical harmonics instead of scalar
spherical harmonics. More specifically, we can write

+Hp s
- sgn(—k)\/ 521 Y 1m1/2(0.90)
NS ,
2 S
51 Yiur12(0.0)

s=r,e,m,

(4.1)

where the index s = r, m, e is not a Lorentz spatial index,
instead it indicates the type of vector spherical harmonic,
denoted as: radial Y/, electric Y¢,, and magnetic Y},
vector spherical harmonics. These vector spherical har-
monics are vectors themselves that can be used to expand
vector-valued functions (see [21] for an example in the
context of entanglement entropy calculations). More spe-
cifically, they can be obtained from the usual spherical
harmonics as

Yin(0.0) = Y(0,0)F, 120 —I1<m<l (4.2
Se V6Ylm(9’§0)
Yin(0.9) = ——=2=, 121 —1<m<I (43)
VIT+1)
. Fx VY, (0,
70 0.9)="MYm00) sy iam<t. (44

I(1+1)

Note that in (4.1) the x = —1 mode corresponds to the [ = 0

mode, thus Q¢, , and o . are not well-defined. Further
properties of vector-spinor spherical harmonics, such as
orthonormality, extend from the properties of vector spheri-
cal harmonics. See Appendix A 2 for a summary of useful
expressions.

To proceed, we expand the dynamical variables y/; using
vector-spinor spherical harmonics and the Lagrange multi-
pliers w9 using spinor spherical harmonics,

i = (P4 0.0,

SKU

i@ =3 (=)o, 0.0,

K

(4.5)

We now replace the expansion (4.5) in the Rarita-
Schwinger Hamiltonian coming from the density (3.6),
which in vector notation reads
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1 S - s S o S by =
Hy == [ 5 (9 %) 4w G (9 ) = (Fx 7)) (4.6)
The resulting Hamiltonian for x = —1 is trivially zero since the electric and magnetic modes are not defined. The
Hamiltonian recovered by summing over the remaining cases yields8
1 © e* m m* e K(K + 1) ¥ m n* r
HL:_zzZA dr{|:PKﬂP/Kﬂ_P’<ﬂP/Kﬂ+ . (PKﬂPKﬂ+PKﬂPKM):|
k#E=1 u
k4+1_o. [ [k=1(_,. — Kk_. A e k(k+1)
K+1 k-1 mx K m : * K(K+l) i 0
P |: m(P/_K” —;P_Kﬂ> —f—l(P/iﬂ _fpkﬂ>:|PKﬂ N (47)
where we have considered the action of the differential operators in (4.6) acting on y; as
Y, - 1 K(K+ 1) m A" /m € /e K(K+ 1) r N
Vxiy, = ;Z — e PR, = PR+ P - P Q| (4.8)
KH
as well as the scalar product with the Pauli matrices
N 1 K+ 1 K , k(k+1)
G- (Vxy,) = ;Z \/ . [(P'z; + ;P;';,) Q- 1<P’iﬂ - fp,@ QW] . (4.9)
Ku

In this context, the constraints for each mode are enforced
by the equations of motion of the d =2 dimensional
multipliers Py, and PY. From (4.7), we compute the
constraint

k(k4+1) k=1 Kk
Pe,, - fPW = —j o (P’_Kﬂ - rP_K”>.

(4.10)

Replacing this in the Hamiltonian (4.7) we get a tower of
d = 2 dimensional Hamiltonians that only depend on the
magnetic components of the original spinor

i o k=1
Hy=> Y / dry/ [P"f;;ﬂpgg, - Ppepm,
24,0 K+1

K Nk m 1k m
+;(PK/4P—K;¢_P PKM) .

(4.11)

—Kp

Each of the Hamiltonians is similar to the d = 2 dimen-
sional Dirac-field Hamiltonians obtained in (2.9). However,
they are not exactly the same because of the presence of the

8We remind the reader that we use the notation ’ to denote
radial derivatives d, acting over functions that depend on the
radial coordinate r.

|
k-dependent global prefactor. The latter assures that the
Hamiltonian for x =1 is zero, so it can be explicitly
removed from the sum.

To continue we compute the equal time anticommutator
of the magnetic modes Py,

Kk—1
[PL(r), P ()} = (T) SewSd(r— 1), (4.12)
which motivates the following rescaling:
m K- 1 m *n K- 1 *m
Py, = ”TRK’“ Pl =/ . Ry, (4.13)

so that the new redefined fields satisfy the canonical
anticommutation relations (2.11) at equal times. The
rescaled Hamiltonian reads

. N X
Ho=-12%" / dr(1==)|Rm Rm, - RI<R™,,
2K9Ei1.ﬂ 0 K

K pms pm m* pm
Jr;(R Re, — R R ),

e B (4.14)

where we have also integrated by parts the radial deriva-
tives. The first contribution in (4.14) is just the reduced
Dirac Hamiltonian (2.9) without the x = £1 modes.
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The second contribution is suppressed by a factor x~!

that changes the parity of the terms, so by summing over k
it becomes a boundary term that can be discarded.
Finally, writing the expression in terms of x > 1, the
theory reduces to

HL_ZZ/ drlPT < r;r+§ﬁr>q’xﬂ(")’

K=2 U

. R_g(r)

P = """, 4.15
with the equal time anticommutation relations

{(Fe ()i (BL(r)} = 81600 B,e8(r = 1), (4.16)

In conclusion, using a mode decomposition in spherical
harmonics we proved that the left Rarita-Schwinger
Hamiltonian (4.15) can be written as the left Dirac
Hamiltonian (2.12) excluding the j:% contribution. In
both cases the fields obey the same canonical anticommu-
tation relations at equal times (4.16) and (2.13). This is the
main result of this subsection and will prove crucial for
computing the universal coefficient of the EE for a Rarita-
Schwinger field in Sec. IV C.

B. Gauge fixing

To compute the EE of any given region one must assign a
von Neumann algebra of observables to such region. In the
Rarita-Schwinger theory, the gauge-invariant phase space is
generated by the field strength (3.9). Therefore, to obtain
the sphere EE from (4.15) we should describe how the
gauge-dependant spinor field can be recovered from
combinations of these gauge invariant operators localized
on the sphere.

Note that the Rarita-Schwinger Hamiltonian can be
reduced to a tower of Dirac Hamiltonians for any gauge
choice. However, not all these choices allow us to write
down the dynamical spinor ;. To be specific, the left-hand
action of the gauge symmetry is given by (3.8) as
Sy = Vy., so it is reasonable to expand out y; in the
spinorial harmonics basis as

0= ()0, 0.

Ky

(4.17)

From here we can see that the electric component of ; can
be easily set to zero since

- Xk, (K+ 1) Se
&;UL :Z |:<)(Kﬂ__ﬂ>9 +F7/YKMQK;I:| . (418)
Ky

Thus, by considering Py, (r) = 0 for all k and u the spatial
part of Eq. (4.5) reduces to

7i® =3 | (") a0 + (5700

(4.19)

The same procedure can be employed for 1//2 and the right-

handed fields yp and .

On the other hand, the electric projection of the field
strength can be written, for spatial Lorentz indices a, b = 1,
2,3, 1s

P = [ a0l ir,,
-5 [ @@t~ @510,

(4.20)

where the gauge choice (4.19) allows to eliminate all the
derivatives of the spinor field present in the second term by
means of

/ dQIQ", 70, [wh, ],
—/dQ( (97,1 [y Kﬂ]h) (0,1Q7¢,17) [ K’/u]b)

—/dQ(a Q'] w ,,]b- (4.21)

Therefore, the electric projection of the field strength can
be obtained from the spinor field obeying the gauge
condition (4.19) as

Fga—_z/dg (196,10 bt Ju + (Qul Q5,1 b s )
(4.22)

Although this relation is highly nonlocal, it only involves
integrals and derivatives in the angular variables of the
sphere at a fixed radius. Namely, it can be used to obtain an
expression for the gauge-fixed spinor in terms of the field
strength that does not involve radial integrals that go
outside the spherical region of interest.

In addition, the identification of y; with F; given
by (4.19) implies that they generate the same algebras
with the same particle content. Thus this geometric gauge
choice allows to describe pure spin-3/2 algebras, without
propagating spin-1/2 degrees of freedom,” that can be
assigned to spherical regions.

°In the literature the propagating spin-1/2 degrees of freedom
are usually eliminated by the gauge choice y*y, = 0. For this
calculation, this choice is not convenient as it does not correspond
to a clear geometric prescription.
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FIG.4. Leftplot: Mutual information /() for a Rarita-Schwinger field as a function of 5%, with M = 200 physical sites. The the fitting
function is (1) = 2city? + 2¢ log(n7) + cfit. Right plot: Mutual information with the area term subtracted, Al(n) = () — 22, as

log

a function of #. This exhibits the subleading logarithmic term appearing in the Rarita-Schwinger case Al(y) = 2c1“ log(n) + cg“.

C. Entanglement entropy and logarithmic coefficient

In conclusion, the EE of a massless Rarita-Schwinger
field in d = 4 in a spherical region is equivalent to the EE of
a massless Dirac field excluding the contributions coming
from the total angular momentum j =1 mode, i.c., with
k = 1. The dynamics of such modes are described by the
left-handed Hamiltonian

K:l_
H= =

/ dr¥] (r (,Z’,Jr%ﬂ,)qqﬂ(r). (4.23)

7i]

These consist of a Dirac field on the d = 2 half-line r > 0
with a 1/r mass term. To compute the EE on a finite
segment r € (0, R), we can neglect the effects induced by
the mass term because the UV divergent contributions
come from high-energy fluctuations near the entangling
surface at »r = R. In fact, its EE matches with the result for a
free Dirac fermion in the half line [47]

1 R
Shalf-line = glog (e)

for a UV cutoff €. We have explicitly verified this behavior
numerically. Therefore, the logarithmic coefficient for a
massless Rarita-Schwinger field in d = 4 is given by

11 ) 1 T
w-2(s) =
where 180 is the chiral fermion contribution computed in
Sec. I B. The first factor of two takes into account both left/
right chiralities, and the latter factor of two corresponds to
the contribution from both modes with y = j:% whose
entropy is given by (4.24). Note that we have assumed that

the EE for the Rarita-Schwinger field has the structure (1.1)
of a CFT. This is because the theory exhibits conformal

(4.24)

Clog(3/2) =2 (— (4.25)

symmetry, as it can be explicitly inferred from the corre-
lators of the gauge invariant field strength (refer to
Appendix C for a complete discussion).

We have numerically checked these results by applying
the methods described in Sec. II B, using the Hamiltonian
(4.15). Indeed, the regularized entanglement entropy can be
expanded as (2.19) and then numerically simulated, as
shown in Fig. 4. The fitted coefficients in the continuum
limit are
5°(3/2) = 0.14145,

c3,(3/2) = —0.79102,

(4.26)
which entail a 0.3% of relative error in compassion with the
expected logarithmic coefficient cj,,(3/2) = —71/90 =
—0.788889 (4.25). Again, the area term also coincides
with the parallel plates approximation present in the
literature [21,39] with 4.6% of relative error. Note that
the area term is not changed by subtracting the x = +1
modes as these have a purely logarithmic contribution of
the form (4.24).

In light of these results, we can move forward to produce
an extra argument for the conjecture presented in [29].
Proceeding as in [27], it is straightforward to think about a
generalization for arbitrary free half-integer spin fields.
Proposing that in a theory of half-integer spin / the modes
with momentum x < & —% cannot be excited we obtain

7 + 60h?

T (4.27)

h—1/2
11 1
fer — — - — = —
C]Og(h) - 2< 180 6 o (ZK)>

where the factor 1/6 takes into account the logarithmic
contributions coming from the low angular momentum
modes that behave as (4.24). Although this coincides with
the proposal of [29], actual proof is still lacking in the
literature. One possibility could be to adapt the arguments in
[28] for fermionic fields, or to perform a mode decomposition
using more general tensor-spinor spherical harmonics.
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V. DISCUSSION

We have computed the EE for a spherical region for a
free massless spin-3/2 field. The result coincides with the
EE associated with a spin-1/2 field without the lowest
angular-momentum mode. In this case, the real-time
approach clarifies that the entropy computed corresponds
to that of the algebra of gauge-invariant operators localized
inside the sphere spanned by the spinor field strength. Thus,
the computed entropy relates to pure spin-3/2 fields.

An issue we have avoided so far is the existence of
ambiguities reaching the logarithmic coefficients (4.25) and
(4.27). Both results have been obtained from the regular-
ized EE, as they follow from the calculation performed in
Sec. II. Hence, the coefficients coincide with the universal
terms appearing in the mutual information (2.17). The
mutual information for separated regions is free of any
ambiguities in the continuum limit [22,48]. Consequently,
the aforementioned coefficients are well-defined quantities
in the continuum field theory when interpreted as the
universal coefficients of the mutual information.

The logarithmic coefficients (4.25) and (4.27) are subject to
ambiguities when interpreted in terms of the EE (1.1). This
can be made evident when computing the EE in the lattice. For
every lattice theory, there are ambiguities regarding which
operators are included in the boundary of a given region.
These elections represent particular choices of algebras,
which differ from each other because of the presence of
specific centers. The elements of the corresponding center are
labeled by the sectors of the theory and have an associated
classical Shannon contribution to the EE that might change
the universal coefficients [48]. These are known in the
literature as “edge modes” contributions.

For instance, there used to be a well-known mismatch
between the logarithmic coefficient for a free Maxwell field
obtained from the conformal anomaly (1.2), and the result
obtained using the same real-time approach reported in the
present article [21], or by studying thermodynamics in de
Sitter spacetime [17], yielding (1.3). The edge modes
contributions have been computed for the Maxwell field
in [18,23-25,49] resolving the mismatch between the
coefficients (1.2) and (1.3). Further, the gravitational edge
modes contribution for the linearized spin-2 theory has
been computed in [49] in the context of a similar spherical
wave decomposition as presented in the article. Such a
procedure should be applicable to the Rarita-Schwinger
field considering the sectors emerging from the con-
straints (3.7).

In the continuum, general von Neumann algebras of
observables do not contain a center, and the assignation of an
algebra to spherical regions is expected to be unique.
Nevertheless, the ambiguities due to the presence of sectors
still persist, but they have a different physical origin [22]. In
the continuum, this difference emerges because cy,, behaves
as an unprotected RG charge, in the sense that it depends on
the UV completion of the theory [22]. To be more specific, in

the Maxwell theory, the nonlocal IR correlations of some
Wilson and ’t Hooft loops can be eliminated by adding a UV
coupling to the charges, provided that the characteristic mass
scale is larger than the regulating distance. The change in the
contribution of these nonlocal operators near the boundary
of the entangling region can be considered as an RG flow
justification of the results obtained by adding “edge modes”
when computing the EE. This kind of mismatch in the
logarithmic coefficient is expected to arise not only in the
Maxwell field but also in every theory that is not complete,
namely, that exhibits sectors.

The fact that ambiguities in the continuum are related to
the UV completion of the theory complicates their inter-
pretation for spin i > 3/2 fields. If we consider free higher-
spin theories as IR fixed points, several problems regarding
possible RG flows arise. For instance, the free massless
Rarita-Schwinger (minimally) coupled to an external
electromagnetic field cannot be quantized while respecting
all of the positivity constraints [45,50]. Indeed, following
[51,52] one should expect that these theories do not have a
QFT-like well-defined RG flow, as they exhibit nonlocal
sectors charged under the action of space-time symmetries.
See [53-55] for more explicit constructions of emergent IR
generalized symmetries in the spin-2 and spin-3/2 cases,
respectively.

These difficulties in the UV completion also obstruct a
useful interpretation of the logarithmic coefficient.
Theories with fields of spin 4 > 3/2 do not have a local
gauge invariant stress-energy tensor, as it is prohibited by
the Weinberg-Witten theorem [26]. The lack of stress-
energy tensor makes the notion of the conformal anomaly
in curved backgrounds uncertain from the field theory
standpoint and is therefore not reached by the A-theorem
proof in [56,57]. On the other hand, the logarithmic term is
still well-defined in the conformal field theory and even
reached by the entropic A-theorem. In fact, the correspond-
ing proof presented in [6] requires only Poincaré invariance
and strong subadditivity as assumptions, both of which are
fulfilled in any free higher-spin theory. Naively, this seems
to imply that there still is an interpretation of the loga-
rithmic coefficient as counting the degrees of freedom
along RG flows with free higher-spin theories as IR fixed
points, assuming that such flows exist. However, as we
have suggested, this seems improbable.

In this context, the remaining possibility is that the RG
flow is trivial, and the theory is always free. In such a case,
there is of course a logarithmic term in the EE, which
coincides with the coefficient found in the mutual infor-
mation, but does not flow. This indeed can be the
interpretation of the coefficient for the free spin-3/2 field
discussed in this article. Nevertheless, in this discussion,
we are assuming the theory has to be UV completed in a
QFT-like manner, so this argument does not necessarily
have to hold for other types of UV completions. Perhaps the
logarithmic coefficient computed here can be related to a
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nontrivial RG flow in such a context. This does seem a
more reasonable approach, considering that the Rarita-
Schwinger field appears in a wide variety of UV complete
models of gravity (such as in supergravity models).

ACKNOWLEDGMENTS

We are grateful to Horacio Casini, Marina Huerta,
Markus Luty, Mukund Rangamani, Gonzalo Torroba,
Javier Magan, Pedro J. Martinez, and Andrew Waldron
for useful discussions. We also like to thank Horacio
Casini, Gonzalo Torroba, Mukund Rangamani for com-
ments on the draft. We thank Marina Huerta and Guido van
der Velde for discussions about their upcoming work. We
also thank Sophia Minnillo for proofreading the draft. The
work of V. B. is supported by CONICET, Argentina. L. D.
is supported by a Dean’s Distinguished Graduate
Fellowship from the College of Letters and Science of
the University of California, Davis.

APPENDIX A: SPHERICAL HARMONICS

1. Spinor spherical harmonics

The spinor spherical harmonics are a complete basis of
the space of spinor functions on the sphere S?. They are
simultaneously eigenfunctions of the total angular momen-
tum operator squared J? and the orbital angular-momentum
squared L.%. The spinor spherical harmonics are useful for
problems involving spinor fields on central potential (see
for example [58]). For the convenience of the calculation,
we will use the basis for spin-1/2 spinors presented in [35],
which defines the spinor spherical harmonics Q,, in terms
of the standard spherical harmonics'® ¥ Im as

+i—u
sgn(—k) %Yl,ﬂ—l/Z(ea ®)
Qk‘ll (97 (p> = K+l+ﬂ bl
7Y 11720, 0)

(A1)

where 0 <0 <z and 0 < ¢ < 2x are the angular coordi-
nates that parametrize 52, and the quantum numbers x and y
are discretized as

1 3 1
=+41,42,... =— -, — — ... ——.
K A2, |K|+2, |K|+2,  |x] 5

(A2)

From here, the eigenvalues of the orbital angular momen-
tum squared and the total angular momentum squared
denoted by / and j, respectively, can be recovered via

"The scalar spherical harmonics Y,,,(6,¢) involved
in the definition are the usual ones, given in terms of the

associated Legendre functions of the first kind Pgm) (x) as

Yin(0.9) = /2L (cos(8)) e

+1 1 K fork>0
T2 T2 L =k=1 fork<0

In fact, the orbital angular momentum operator, given by
L =—iFx V, yields

. 1
j=kl=5. (43)

L0, (6. §) = k(i + 1), (0. ¢) = 1(1 + 1)Q, (6. ¢).
(A4)

and the total angular momentum defined for spin-1/2 as
J =L +35/2 gives

P20, (0.4) = (& = 1/4)Qq (0. ¢) = j(j + 1), (6. ).
(AS)

It is important to stress that the set of spherical harmonics
(A1) does not diagonalize the Dirac operator —i¥ on S°.
Notwithstanding, they can be written as a linear combina-
tion of functions that do so [59].

In addition, the orthonormality relations for spinor
spherical harmonics are given by

/SZ de QZ’// (6’ ¢)QK.M (97 (ﬂ) = 61(185;4/4” (A6)

which follows from the standard orthonormality conditions
of scalar spherical harmonics.

An extended list of further properties can be found
in [35]. For the EE calculations, these are the relevant ones

(5: ’ ?)QKM (Qv 90) = _Q—Kﬂ<9’ [p)’ (A7)

(- L)Q(0.0) = —(x + 1)Q(0.9),  (AS8)

0 JrK+1
or r

G- B)f (P (0. 9) = i( )f(r)Q_K,,<e, o).

(A9)

where p = —iV, L =7 x p and 7 = L. Note that Eq. (A9)
follows from applying the differential operator - p in
spherical coordinates

- qA(_a iE-Z)
6-p=(06-7)|—i—+ .

(A10)

2. Vector-spinor spherical harmonics

Following the construction of the orthonormal basis of
spinor spherical harmonics from scalar spherical harmon-
ics, we define the vector-spinor spherical harmonics on S?
from their vectorial counterparts as
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+l—/4 =
- sgn(—x) LYL _12(60.9)
Q. (0.¢)= 2 b . s=r,e,m,
+1t
K2K+1”Y1,4+1/2(9 ®)
(A11)

where Y3, Yi,, and Y}, are the radial, electric, and

magnetic-vector  spherical  harmonics  conveniently
defined as
Vin(0.0) = Y, (0.0)F, 120 —l<m<Il (Al2)
. VY (6
Yfm(e,rp)zw, I21 —1<m<l (Al13)
I(I+1)
, FX VY (0
Y?’L(G,w)zw, I>1 —1<m<l. (Al4)

1(I+1)

Note that electric Y%, and magnetic Y?", vector spherical
harmonics are not defined for zero-orbital angular momen-
tum, [ = 0. According to (A3), this corresponds to xk = —1.

Thus, the vector-spinor spherical harmonics ﬁil , and ﬁr_"l u
are not defined either.

Many of the properties of vector-spinor spherical har-
monics are inherited from the properties of vector spherical
harmonics, which can be found in [21,27,60,61]. For
instance, we can check that orthonormality conditions
hold as

/S QG (Q) - 9(Q) = iy Bardyr.  (ALS)

which follows from the orthonormality of vector spherical
harmonics given by

[ 4015 (@)- Finl@) = 3dutn.  (A16)

The directional and differential properties can be obtained
in an analogous manner

- 2
\Y Q,:ﬂ = ;QW, 7 Q,ZM Qs (A17)
= A_¢ (K‘+'1) ~ _e
V. Q= — " Qs P =0, (A18)
V.G =0, 78 =0 (A19)
= ~r (K + ) _m A r
U d, = VIO ixd, =0, (A20)

S 1= - -
VXQﬁﬂ :—QKmﬂ, ?XQ,L;M :QKmﬂ, (A21)
r
= Am K(K+ 1) Sr 1=, N ~m Se
VxQ = . W—;QK”, FX Qe =—Q,.
(AZZ)

For EE calculations involving the Rarita-Schwinger field,
the following properties were also employed

G-Q, = (G- M)y = —Q_y (A23)
. . - o 1
5.0, — 6P =0 = Y Q. (A24)
k(k+1)
- L 1
G.on — 1% —Q,. (A2

Kp \/T

APPENDIX B: LATTICE FERMIONS

1. Numerical simulations

In this appendix, we explain how to compute EE and
mutual information numerically for a free Dirac field in the
half-line (2.12), following the procedure discussed in
[38,39]. First, we consider the model on a lattice with
r=na for ne{l,2,...,M}, infrared cutoff M and
lattice spacing a, which is set to a = 1. For simplicity,
we suppress the (kx,u) indices and use the notation
¥, (r) = w, Thus, the lattice version of the
Hamiltonian (2.12) for each mode reads

. i, Kot
H" = Z {5 W10y, — Vi) + anﬂrwn

n=1

M
=y,

n,m=1

(B1)

We also impose the open chain boundary condition, i.e.,
Wy Wy 41 =0, since we do not expect correlations
between w; and 1w, for large M. The lattice

Hamiltonian is described by a 2M x 2M matrix H,,
because there are two degrees of freedom per site, with

2+
eigenvalues a) and eigenvectors @,

- = =
H'®, :a)qiq)qv ¢>q:(¢>§(1)..
q,l=1,...M

@5 (1) @5 (M),

(B2)

In this context, == means positive/negative energy, respec-
tively, and @ (k) without a vector symbol indicates that it
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is a two component spinor. The correlator involving fields
in two sites m, n can be computed as a sum over the outer
product of negative energy spinors [62]

M

Comn = (W) = (Glyiy,|G) =Y _ @7 (m)®3 (). (B3)
gq=1

We only need w; = —w, <0 because the expectation

values are computed with respect to the ground state
|G), which is filled by all the negative energy states. For
this construction, it is important that the eigenvectors <f>qjE
are properly normalized to the unity. In models with
translational invariance, it is possible to write down closed
form expressions for C,, [63]. However, in the former
case, C,,,, must be constructed by numerically diagonaliz-
ing A, and employing (B3).

Since the theory is quadratic on the fields, the ground
state |G) is Gaussian and the EE associated with any region
can be computed using the eigenvalues of (B3). If we
restrict to a spatial subsystem A, we only need the
eigenvalues of C4, = (C,,,) and the entropy can be
computed as

mneA»

S(A) = =Tr[Cylog(Cy) + (1 — Cy)log(l —Cy)]. (B4)
For a finite line starting at the origin (0, R), the corre-
sponding discretization is achieved for R = N —I—% and
m,n € [1,N]. For a finite line (R, R,) with R; < R,, the
corresponding discretization is achieved by R; = N; +%
and m,n € [N| + 1, N,]. Also, it is important to recall that
for d = 2 spacetime dimensions, because of the fermion
doubling, the numerical results for the EE must be divided
by 2 to be consistent with the continuum limit.

The mutual information for regions A and B can
be defined in terms of the EE as I(A,B) = S(A)+
S(B) — S(A U B). Therefore, its numerical computation
is straightforward and extends from the previous discus-
sion. Particularly, it is useful for computing the regularized
EE as discussed in Sec. II B.

2. Large angular-momentum behavior

In this appendix, we prove that the leading order
behavior of the EE for large angular momentum «, for
spherical region of radius R = N + % on a lattice of size M,
is independent of M for x > M and is given by (2.15).

To begin with, we apply perturbation theory over the
tridiagonal matrix ﬁl’fnn defined by the Dirac Hamiltonian
on the lattice (B1). Subsequently we split A%, in a leading
diagonal part A9, of order O(x) and in a subleading non
diagonal one V,,, of order O(1). More precisely, we write

N A A K
HKmn :Hgm +gvmnv Hgm :Eﬂrﬁmnv

i
Vi = Ear(émn-&-l - 5m+1n)’ (BS)
where we have introduced the parameter g to keep track of
the perturbation order. The eigenvalues and eigenvectors of

the diagonal matrix A9, are given by

0,850 = f 0% o0 = 1K
~ Syn [(F i
@, O (n) = ﬂ( > B6

Carrying out the perturbation up to second order gives the
lattice Hamiltonian eigenvalues

2 1 1 -1 1 1 -1
oi =0l + 4 (G imn) e |
(87

On the other hand, the eigenvectors are

=42 =+(0 g = F(0 >F(0
B = 8,0+ L [b(@)®]) - ()1

1 - - R
_g {—a@)@;@ L d(g)®EY + e<q><1>*_<°>] |

42 |2 4-2
(B8)
with coefficients
alg) =b*(q) +*(q),  blg) = G + ﬁ)ﬂ
c(q) = <é+ﬁ>_l, (BY)
w0~ (g+ 1) (gmava)
o-fot) ()t

These eigenvectors are also normalized to the unity

F+(2) RE(2
(@;2)0.%) =5, + O(g). (B11)

In this setup, we can compute the leading order correction
to the correlation matrix C,,, by simply replacing (B8) in
the definition (B3). As a result, one obtains the matrix up to
second order in g

086015-15



VALENTIN BENEDETTI and LUCAS DAGUERRE

PHYS. REV. D 108, 086015 (2023)

1/1 =i 92 0 —i
C, =—- e , B12
w=3(0 ) Gan(] ) e
p 0 i
Cn-&-l,n = _Cn.n+1 = ﬂb(’l)< ; 0)’ (B13)
Cn+2.n _Cn.n+2
g2

(B14)

with the remainder of the coefficients being zero.
Surprisingly, the entries of this matrix are independent
of the total lattice size M. We have explicitly verified this
phenomenon in our numerical simulations.

The EE of a spherical region of radius R = N + 1 can be
computed from the eigenvalues of Cy = (C,)pnea as
in (B4). At zeroth order in g, the matrix C, is diagonal, with

eigenvalues 0 and 1, and eigenvectors é;@ and <5q_(O>,
respectively, yielding a net zero entropy S(A)=0.
Corrections to the eigenvalues can be computed by apply-
ing degenerate perturbation theory to C,. At first order in g,
there are no corrections. However, at second order, the
degenerate formalism is quite tedious to apply. It is simpler
to compute the corrections to the eigenvalues by examining
the characteristic polynomial of C, at the lowest nontrivial
order in g. Rewriting the eigenvalues as

A=20 4 22), (B15)
with 10 =0, 1, it turns out that

0= det[CA - /I]IZN]

— F(A®,20)) 4 2N [(,1(2>)1v—1 (/1(2> + (20— 1) 5(12\’))}

+ O(2N+D), (B16)
with
N} (N +1)?
&(N) = N2 (B17)

The function f contains all of the terms up to O(g*™V=1)
and vanishes when A(®) =0, 1 for all A®). Finally, the
eigenvalues at second order are then given by 0 and 1 with
multiplicity N — 1, in addition to &/k*> and (1 —&/x?).
Hence, the EE at first non trivial order for x > M

4x Sls(phere (N ’ M )

-—efgo(§) (1= e -5)]

logK(K) +4E(N)[1 —Tog(E(N))] % ton

~ 8E(N) (B18)
where we have accounted for a factor of two due to the
fermion doubling.

APPENDIX C: SCALE VS CONFORMAL
INVARIANCE

The free massless Rarita-Schwinger theory exhibits
Poincaré and scale invariance; thus, in this appendix,
we study whether such symmetry can be enhanced to
include the full conformal group in d =4. On the one
hand, we have stated that the theory describes massless
particles of spin 3/2. Therefore, the Weinberg-Witten
theorem [26] precludes the existence of a local symmetric
gauge invariant stress-energy tensor that can be integrated
to produce the generators of the Poincaré group. This
failure can be considered an argument against the theory
having conformal symmetry. In this context, the theory
does not satisfy the usual CFT axioms appearing in the
boot-strap literature, which assume the existence of such a
current [64,65].11 On the other hand, the lack of a well-
defined stress-energy tensor does not imply the absence of
conformal symmetry [68]. Indeed, this is the case for free
higher-integer spin theories in d =4, which have been
explicitly shown to have such symmetry [69,70].

Considering the spin-3/2 case, the corresponding free
massless relativistic wave equation has been proven to be
conformal [71,72]. Moreover, all the free, massless, irreduc-
ible representations of the conformal group have been
classified in [73,74], where the representations (3/2,0) and
(0,3/2) of SO(4, 2) are given by a spinor self/antiself-dual 2-
forms fields satisfying the gamma-traceless condition. These
are the same symmetries and equations of motion of the chiral/
antichiral parts of F,, (3.17). Further, the field strength F,,
and its adjoint are the lowest-dimensional operators appearing
in the gauge invariant phase space, with their scaling dimen-
sion A = 5/2 saturating the unitarity bound [75].

In this context, we will proceed in the same vein as the
proofs of conformal invariance presented for the Maxwell
field [76] and the linearized graviton field [69]. Specifically,
we check that the two-point function of the spinor field
strength F,, coincides with the correlation function of a
spin-3/2 conformal primary, and that it transforms cova-
riantly under conformal transformations. Moreover, because
the theory is free, by Wick’s theorem, all higher-point

"Because of the lack of a well-defined stress tensor, the Rarita-
Schwinger field evades many general results about the enhance-
ment of the Poincaré + scale-invariant symmetries [66,67], as it
does not satisfy their assumptions.
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correlators are defined solely in terms of two-point func-
tions, which implies that the properties we proved extend to
all of the correlators of the theory. In other words, the free
massless Rarita-Schwinger theory in d = 4 describes a free
conformal field theory with the field strength F,,, as a gauge
invariant conformal primary of spin-3/2.

We now proceed to compute the two-point function to
verify that F,, is a primary operator of the theory.
The propagator of the vector-valued spinor field y, (x)
can be obtained by properly inverting the quadratic
|

!

(FuF(0)) = =5

(x—y)°
I S
m*(x—y)°

-
z(x =)
where 7, denotes the usual inversion tensor

(x=y),(x=y), ‘

(x—y)? (©3)

I;w(x_y) = Nw -2

It is possible to check that (C2) coincides with the
two-point function of an irreducible spin-3/2 conformal
primary using technology from a six-dimensional embed-
ding space where conformal transformations are linearly
realized [46,77]. This technique is briefly reviewed in
Appendix C 1, where we also give the expression in the
six-dimensional space, which after being projected out to
four dimensions reproduces (C2).

In addition, we can check that (C2) transforms cova-
riantly under conformal transformations. This is self-
evident for Poincaré or scale transformations; therefore,
it remains to be proven for special conformal transforma-
tions. These transformations are tedious to implement, so
another approach consists of demonstrating its covariance
under spatial inversions [78,79]

_x/"

=% (C4)

which implies covariance under special transformations, as
these are compositions of inversions and translations.
Indeed, we can compute

"The presence of 35 does not indicate a O(4,2) invariance
breaking to SO(4,2). Indeed, considering the definition
P = fiCup? 7Y’ We get iy e = — Ly Yy Y e =
waf

topy 18 the generalized Minkowski metric.

12 vaf
7V 777’ Y Mgy » Where

6 iyseﬂyaﬂ[l-ml(x - y)Iﬂﬂ(x - y) - (a < ﬁ)]’

action (3.1) while taking into account the gauge redun-
dancies [31]

<Wﬂ<x)Wv<y>> = 417 |:’/[Iﬂ/¢+ %}’ﬂd}/y:| ﬁ

+ [gauge terms], (C1)

Therefore, the field strength and its adjoint yield by direct
computation the correlator'?

[I;M<x _y)Imf(x _y) - (lu < 1/)]

[I/M(x - y)}/uMy(; +Iy(i('x - y)}/ﬂMyll - (ﬂ <~ y)]

[
(Fiu(0F},(0) = ()3, ()L ()L ()
X L2 (y)S™(x)SY (y)(Fop (X' ) F ("))
(C5)

with the fermionic inversion operator being defined as

Xy

S (x)

=T (C6)

The result (C5) follows from properties of the inversion

tensor [80]. In particular, we consider that

I/w(x) :I/w(x/)’ I/Au(x/ _y,) :IMP(X)I G(X)Ipﬂ(x_y)’

(C7)

I”G(X)Im,(x) = Myw>
A 6(X)Iuﬂ(x)z-/)i(x)z-ﬁﬂ(x)eaﬁp(s = —€ M,

H 7

(C8)

as well as the following relations for the fermionic
inversion operator

Sik(x)Skl(x’ _ y’)Slj(y) — Sij(x _ y)’ (C9)
Iﬂll (x)Iyg (y)Sik (x)y’j’S”" (x/ _ y’)yZ’”S”/ (y)
:},Lﬂqu(x_y)ygj' (ClO)

These results demonstrate that the gauge invariant field
strength correlators for the free massless Rarita-Schwinger
fieldin d = 4 have conformal symmetry. However, the theory
does not have a local gauge invariant stress tensor, which
prevents the construction of the generators of the conformal
group. Conveniently, the existence of operators, called twists,
that implement the symmetry over a given space-time region
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is secured by the weak version of Noether’s theorem [81].
The only requirement of the theorem is that the split property
holds for every space-time region. This follows from two
premises; the validity of the time-slice axiom, and the fact that
the degrees of freedom of the theory do not increase rapidly in
the UV, namely, that there is no Hagerdon temperature. Both
are expected to hold for the free Rarita-Schwinger field on a
Minkowski background.

For instance, twist operators for space-time translations
can be constructed in the following manner. Translational
invariance of the theory provides a canonical stress tensor
®,, as a consequence of the usual Noether’s theorem,

1 _ _
0, =-> [eﬂaﬂyw”‘ysrﬂ@yw = N (€aps0°7T Y’ 0“//5)} ~

2
(C11)

Such a tensor is not symmetric nor gauge invariant and the
standard Belinfante procedure does not provide an
improvement to make it gauge invariant [31,42]. This
can be interpreted as a direct consequence of the
Weinberg-Witten theorem. Nevertheless, it can be used
to provide a gauge-invariant generator for spacetime trans-
lations when integrated over the complete manifold [31]. It
can also be used to provide twist operators generating
space-time translations in a given region if the correct
boundary terms are added (see [51] for some examples).

1. Embedding space

In this appendix, we briefly review the six-dimensional
embedding space formalism that gives a framework for
computing correlation functions of primary fields in four-
dimensional CFTs. We mainly follow the conventions pre-
sented in [46,77]. Furthermore, we present explicit expres-
sions for terms in the embedding space whose projection to
four dimensions reproduces the field strength correlator (C2)
of the free massless Rarita-Schwinger theory.

The basic idea of this method is that conformal trans-
formations associated with the four-dimensional group
SO(4,2) can be realized as linear transformations in a
six-dimensional projective space defined via the hypercone
condition

ﬂKLXKXL = 0, (CIZ)
where for every non zero A the coordinates XX ~ AXX are
identified. The capital indices K, L, .. = 1,2, ..6 are Lorentz
indices on the six-dimensional embedding space where the
metric is given by13

BThe signature in the four-dimensional sector 7,, = (= +
++4) for u,v=0,...,3 is the opposite of the signature used
throughout the article. Since tensorial expressions will not
depend on the specific signature, in this appendix, we opted to
use the same conventions as [46,77].

M1 =np=133=nss==+1, nop=ne=-1. (C13)

The action of four-dimensional conformal transformations
coincides with the action of the Lorentz group in this six-
dimensional embedding space, which is described by
XK:AKLXL, ﬂKLAKMANL =NMN> det(A):l (C14)
Further, the four-dimensional coordinates x* can be pro-
jected out from the six-dimensional ones X* by virtue of the
transformation

XH

= —=—.
X° + X6

(C15)

As a warm-up, we consider primary tensor fields belonging
to the irreducible representations (Z, 0) or (0, /) for an integer
[ in four dimensions. These are given by tensors
F v sows...py (X), With [ pairs of skew-symmetric indices
[u;v;]. Following the discussion in [77], these tensor fields
with the same symmetries living in the six-dimensional
space

K L
fﬂll/],[lzl/z ..... MV ()C) = (XS —'—XV6)A61411 (x)el/ll (X)

K L
.. 'eﬂzl ('x)el/ll (X)FKILI.KZLZ ..... KILI(X)|c0ne’
(C16)
where eX (x) are the projection operators defined as
eb(x) =&, e (x) = —x,. e§(x) = x,. (C17)
The six-dimensional terms involving F 1, k,z,.... k,z, Must
be homogeneous under rescaling
F L kol kit,(AX) = 7 2Fk 1 ko1, k0, (X), (C18)

with A as the scaling dimension of the four-dimensional
conformal primary. In addition, they must satisty the trans-
versality condition for every free Lorentz index

XM F g 1 kb koL, (X) = 0. (C19)
For instance, the correlator of a spin-1 conformal 2-form
primary can be recovered from the corresponding correlator

of the 2-form Fy; (X) in the six-dimensional space. The
most general two-point function is simply given by

LyxIng — Iyl
(Fun(X)Fi (1)) = 50000 (€20)
where I, denotes the tensor
XY
I (X, Y) = gy — ==K (C21)

Xy’
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which obeys the useful transversality properties

XKIKL — O, YLIKL - 0, (sz)
thus implying that (C20) obeys the transversality condition
(C19). Picking A = 2 saturates the spin-1 unitarity bound,
and the four-dimensional conformal correlator recovers the
field theoretical result from the Maxwell field in d = 4 [76].

The introduction of spin-1/2 fermions in the embedding
space is more subtle. First, a set of gamma matrices that
satisfy the six-dimensional Clifford algebra {I'’X, T/} =
257X needs to be put in place. Those gamma matrices can
explicitly be written as [46,77]

I P} 5

"= "0 ) 7= o)

iy yt 0 Y 0
()

I, 0
where y# are four-dimensional gamma matrices that satisfy
the four-dimensional Clifford algebra {y*,y*} = 2¢**, and
also generate y° = —iy%'y?y>. As a result of this choice, a

spinorial field W(X) in the embedding space can be
decomposed in its chiral parts by

(C23)

(C24)

The corresponding spin-1/2 field in the four-dimensional
space y(x) is obtained as

i) = e x0p= (5 0 w00
(e

F

MV ol il (x) =

: (C25)

cone

where A is the scaling dimension of the conformal primary
in four dimensions, and

FK\L, Koby.... K L, (AX) = ’1_A+7~’FKL KoLy, KL, (X), (C31)

along with the constraints

(C32)

(X° + X0)2 ey (x)er) (x)..

(Gt

>‘7:KL Kol K1, (X) +< 5 >‘7:KL KZLZ.A..,K,L,(X):|

provided that ¥(X) obeys

P(AX) =20 0P(X),  (T-X)¥(X) =0. (C26)

The two-point function of spin-1/2 conformal primaries
follows from the projection of the correlator

(C-X)(I-Y)

(PX)P(Y)) = — (C27)

which has the right scaling and transversality condition,
considering that

(- X) —0.  (C28)

| cone — |c0ne

1
5 {Ca. Tp}Xx X"

Picking A = 3/2 saturates the unitarity bound for spin-1,/2
fields, and the four-dimensional projection of (C27) coin-
cides with the two-point function of a free fermion field
ind=4.

Finally, tensor-spinors in four dimensions transforming
as (I+3.0) or (0,1 +3) for an integer / are described by

w1 v, (X). Indeed, they can be represented in the
embedding space by

Fr X
1_<1L1.1<2L2 ..... KIL,( )) (ng)

The corresponding reduction to the four-dimensional space
is thus

eﬂzl (x) €y (X (
1

)
4_

: (C30)

cone

For these higher-spin fields, extra irreducibility conditions
must be imposed on F. This is the double gamma-traceless
requirement y*'y*' F, . ou, L (x) =0 that eliminates
degrees of freedom that do not correspond to spin-(/ + %)
fields. This can be also imposed in the embedding space by
means of [KITM Fy gy, (X) = 0 [46]. However,
it is simpler to impose this condition in the four-
dimensional space after reduction.

When considering the case of interest, a spinor 2-form
field F;, we found three terms in the embedding space
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that independently satisfy the transversality constraints (C32). These are given by combinations of the tensor (C21) and the

gamma matrices (C23) as

C-X)

<-7:MN<X)-7_:KL(Y)> = W

+ a3FAFBFCFD(IMAINB - IMBINA)(ICKIDL - ICLIDK)](F ’ Y)’

for a priori arbitrary constants a;, a, and a3. The first term,
proportional to a;, and the second term, proportional to a,,
respectively, reduce to the first and second line of (C2).
The third term, proportional to as, reduces to a linear
combination of the three lines of (C2). Thus, they represent
a set of three independent terms that can recover
the Rarita-Schwinger correlator in four dimensions. The

[a1<IMKINL - IMLINK> + a2(IMKrNFL — Iy UnCg + I Uyl — INKFMFL)

(C33)

|

gamma-tracelesness condition y*(F,,(x)F,,(y)) =0 and
the divergenceless condition 0" (F,,(x)F,,(y)) =0 uni-
quely fix the relative weight of each coefficient a; once
the correlator (C33) is projected out to four dimensions. The
final result coincides with the field strength correlator (C2)

of the Rarita-Schwinger theory for the proper scaling
dimension A = 5/2.
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