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The topological derivative measures the sensitivity of a given shape functional with respect to an infin-
itesimal singular domain perturbation. According to the literature, the topological derivative has been
fully developed for a wide range of one single physical phenomenon modeled by partial differential equa-
tions. In addition, the topological asymptotic analysis associated to multi-physics problems has been
reported in the literature only on the level of mathematical analysis of singularly perturbed geometrical
domains. In this work, we present the topological derivative in its closed form for the total potential
mechanical energy associated to a thermo-mechanical semi-coupled system, when a small circular inclu-
sion is introduced at an arbitrary point of the domain. In particular, we consider the linear elasticity sys-
tem (modeled by the Navier equation) coupled with the steady-state heat conduction problem (modeled
by the Laplace equation). The mechanical coupling term comes out from the thermal stress induced by
the temperature field. Since this term is non-local, we introduce a non-standard adjoint state, which
allows to obtain a closed form for the topological derivative. Finally, we provide a full mathematical jus-
tification for the derived formulas and develop precise estimates for the remainders of the topological
asymptotic expansion.
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1. Introduction X +— X.(X;x). If the perturbation is given by a perforation, the char-

acteristic function can be written as y,(X) = 1o — e and the per-

The topological derivative represents a first order asymptotic
correction term of a given shape functional with respect to a singu-
lar domain perturbation (Sokotowski and Zochowski, 1999). It has
been applied in topology design optimization (Amstutz et al.,
2012), inverse problems (Hintermdiller et al., 2012), image process-
ing (Hintermiiller and Laurain, 2009), multi-scale constitutive
modeling (Giusti et al., 2009), fracture mechanic sensitivity analy-
sis (Van Goethem and Novotny, 2010) and damage evolution mod-
eling (Allaire et al,, 2011). See also the book by Novotny and
Sokotowski (2013) and references therein.

For the sake of completeness, we recall the basic concepts on
topological sensitivity analysis. Let us consider a bounded domain
Q c R?, which is subject to a non-smooth perturbation confined in
a small region w, (%) = X + ¢w of size ¢, as shown in Fig. 1. Here, X is
an arbitrary point of Q and  is a fixed bounded domain of R2.
Associated to the domain Q we introduce a characteristic function
X x(x), x € R?, namely y = 1q. Also, for the topologically per-
turbed domain we can define a characteristic function of the form

* Corresponding author. Tel.: +54 03515986019.
E-mail addresses: sgiusti@civil.frc.utn.edu.ar (S.M. Giusti), novotny@Incc.br (A.A.
Novotny), rivera@Incc.br (J.E. Mufioz Rivera), esparta@Incc.br (J.E. Esparta Rodri-
guez).
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forated domain is obtained now as Q. = Q\ @,. Now, by assuming
the following topological asymptotic expansion of a given shape
functional (y,(X)), associated to the topologically perturbed
domain,

V() = w(x) + f(e)Dry(X) + o(f (&), (M

the function X — Dry(%) is called the topological derivative of s at x.
In (1), y(y) is the shape functional associated to the original (unper-
turbed) domain and f(¢) is a positive function such that f(g) — 0,
when & — 0. After rearranging (1) we have

V() =) _ o 0(f ()
G (G @
The limit passage ¢ — 0 in the above expression leads to

Since we are dealing with singular domain perturbations, the shape
functionals y(y,(X)) and /() are associated to topologically differ-
ent domains. Therefore, the above limit is not trivial to be calcu-
lated. In particular, we need to perform an asymptotic analysis of
the shape functional y(y,(%)) with respect to the small parameter
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Fig. 1. The topological derivative concept.

¢. In order to calculate the topological derivative, in this work we
will apply the approach fully developed in the book by Novotny
and Sokotowski (2013). The method is based on the following result,
whose rigorous mathematical justification can be found in the pa-
per by Nazarov and Sokotowski (2003):

Dry(i) = lim o LW (R @)
The derivative of y(y,(X)) with respect to ¢ can be seen as the sen-
sitivity of (y,(X)), in the classical sense of Delfour and Zolésio
(2001) and Sokotowski and Zolésio (1992), to the domain variation
produced by an uniform expansion of the perturbation w,.
According to the literature, the topological derivative has been
fully developed for a wide range of one single physical phenome-
non modeled by partial differential equations. In addition, only a
few works dealing with multi-physics problems have been re-
ported in the literature, and, in general, the derived formulas are
presented in their abstract forms (see, for instance, the paper by
Cardone et al. (2010) on topological derivatives for piezoelectric
materials). In this work, therefore, we derive the topological deriv-
ative in its closed form for the total potential mechanical energy
associated to a thermo-mechanical semi-coupled system, when a
small circular inclusion is introduced at an arbitrary point of the
domain. In particular, we consider the linear elasticity system
(modeled by the Navier equation) coupled with the steady-state
heat conduction problem (modeled by the Laplace equation). The
mechanical coupling term comes out from the thermal stress in-
duced by the temperature field. Since this term is non-local, we
introduce a non-standard adjoint state, which simplifies the anal-
ysis allowing to obtain a closed form for the topological derivative.
Finally, we provide a full mathematical justification for the derived
formula and develop precise estimates for the remainders of the
topological asymptotic expansion. We note that this result can be
applied in technological research areas such as multi-physic topol-
ogy design of structures under mechanical and/or thermal loads.
This paper is organized as follows. Section 2 describes the mod-
el associated to a thermo-mechanical semi-coupled problem. The
topological sensitivity analysis is presented in Section 3, where
the main result of this work is derived: the topological derivative
in its closed form for the total potential mechanical energy associ-
ated to a thermo-mechanical semi-coupled system. Also in this
section, a computational framework designed to the numerical val-
idation of the topological derivative formula is presented. The pa-
per ends in Section 4 where concluding remarks are presented.

2. Formulation of the problem

In this work the topological derivative of the total potential en-
ergy associated to the mechanical problem submitted to thermal
stresses is derived. The topologically perturbed domain is obtained
when a small hole is introduced inside the geometrical domain.
Then, the resulting void is filled by an inclusion with a contrast
on the elastic, thermal and thermal-expansion material properties.

Therefore, we need to formulate the problems associated to both
original and topologically perturbed domains.

2.1. Unperturbed problem

Consider an open and bounded domain Q € R? representing an
elastic solid body subject to a linear thermo-mechanical deforma-
tion process. Assuming small deformation and variations of tem-
peratures, the functional that represents the total potential
energy of the mechanical system for a given temperature field 0
is written as:

7,w0)=5 [ow ve- [o@-ve- [ tu (5)
Ja Q Ty,

where u represents the displacement field and ¢ is a external trac-

tion acting on boundary T'y,. The displacement field on the bound-

ary I'p, satisfies u\rDu =1, being u a prescribed displacement.

Moreover, note that I'p, N I'y, = ¢ and I'p, U I'y, = 9Q. The Cauchy

stress tensor ¢(u) in (5) is defined as:

o(u) = CVu’, (6)

where Vu# is used to denote the symmetric part of the gradient of
the displacement field u, i.e.

Vs = %(Vu +(Vu)"). (7)

The induced thermal stress tensor Q(0) in (5) is defined as:
Q(0) := CBo. (8)

Therefore the total stress, i.e. the contribution of the mechanical
and thermal stresses, is defined as

S(u,0) = a(u) — Q(0). 9

In addition, C denotes the four-order elastic tensor and B de-
notes the second-order thermo-elastic tensor. In the case of isotro-
pic elastic body, theses tensors are given by:

C=2ull+(I®I) and B=ol= CB=_20(}+ )l (10)

with @ and / denoting the Lame’s coefficients, and « the thermal
expansion coefficient. In terms of the engineering constant E
(Young’s modulus) and v (Poisson’s ratio) the above constitutive re-
sponse can be written as:
E oE

=——[1-wl 1ol B=—-1I 11
C 1—v2[( Wil+v(I®l)] and C T (11)

Considering the previous definitions, we have that the field u is
the solution of the following variational problem: given the tem-
perature field 6, find u € 4™, such that

/Qa(u)-Vr/sz/QQ(@)-Vn5+/N t-n vpeW. (12)

u

In the variational problem (12), the set ™ and the space VWV are
defined as
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UM = {p c H'(QR?) : ¢ =tionTp,}, (13)
W= {¢pcH (Q;R*):¢=00nTp,}. (14)

Moreover, the temperature field 0 must satisfy the following
variational problem: find 0 € &7, such that

[ao)-vn=[ an e, (15)
Q Ty,
where q is a prescribed heat flux on the Neumann boundary I'y,. In
the Dirichlet boundary I'p, there is a prescribed temperature de-
noted as 0. Then, I'p, Ty, = & and I'p, UT'y, = 9Q. The heat flux
operator q(0) is defined as

q(0) = —KV0, (16)

where K is an second order tensor representing the thermal conduc-
tivity of the medium. In the isotropic case, the tensor K can be writ-
ten as

K=k, (17)

being k the thermal conductivity coefficient. In the variational prob-
lem (15), the set ¢4 and the space V' are defined as:

U = {peH Q) :¢=0onTp,}, (18)
Vi={¢pecH(Q):¢=00nTp,}. (19)

Remark 1. In the case of a general thermo-elasticity model, the
strain rate induces a change in the temperature of the body,
leading to a fully coupled system. In our simplified setting, the
temperature is completely independent of the mechanical strains,
which leads to the so-called thermo-mechanical semi-coupled
system. For the mathematical analysis of a fully coupled piezo-
electric system in the context of singularly perturbed geometrical
domains, see Cardone et al. (2010).

Finally, in order to simplify further analysis, the following aux-
iliary problem is introduced: find ¢ € V', such that:

/ 9(¢) - Vi = / Q) - ViE eV, (20)
Q Q

Note that ¢ can be seen as the adjoint state associated to the
thermal stress induced by the temperature 0 (see, for instance, So-
kotowski and Zolésio, 1992).

2.2. Perturbed problem

Considering the introduction of a circular inclusion, denoted as
. (X) := B.(X), withradius eand centered at point X in Q, the total po-
tential energy functional associated to the perturbed domain of the
mechanical system for a given temperature field 0, can be written as:

j;@,(uaes) 3:% / 0, (Ug) - Vuj - / Q.(0:) - Vuﬁ 7/ t-ug, (21)
Jo Jo Ty,

where u, and 0, denotes, respectively, the displacement and tem-

perature fields, both associated to the perturbed system. In addi-

tion, ¢.(u;) and Q,(6;) are used to denote the mechanical and the

induced thermal stresses tensors associated to the perturbed prob-

lem. These tensors are defined as:

o:(u;) = yMCvus and Q,(0,) := yMySCBO,, (22)

and the corresponding total stress operator S,(u.,6,) associated to
the perturbed problem is given by

Sc(um H&) = G&(ua) - Qg(ec) (23)

The contrast parameters in the material properties y¥ and ¢
are defined as

in Q\ B;
in B;

1 inQ\B;

y¢ in B, @9

M= { ]M and 9§ = {
Y

with p™ and 9 used to denote the values of the contrast on the

Young modulus and thermal-expansion coefficient, respectively.

In the perturbed configuration, the displacement field satisfies the

variational problem: given the temperature field 0,, find u, € U,

such that

[ o) v = [ Qo) v+ [ e wmevt (25)
Q Q Iy

The set /¥ and the space V! in the variational problem (25) are
defined as
UM = {p cuM: 4] =0 on 9B}, (26)
W= {pc VW :[$] =0 o0n 3B}, (27)
where the operator [(-)] is introduced to denote the jump of ()
across the boundary of the perturbation.

In addition, the thermal equilibrium problem can be written in
the variational form as: find 0, € ug, such that

/Q 4.(0,) - Vi = / an vnev, (28)

with the thermal flux in the perturbed domain being defined as:
q.(0:) := —yTKV0,, (29)

where T is the parameter that define the contrast between the
thermal (constitutive) properties of the matrix and the inclusion,
and is defined by:

1 inQ\B
T._ ¢ 30
vg {yr o (30

being yT the value of the contrast on the thermal conductivity coef-
ficient. In the variational problem (28) the set & and the space V!
are defined as:

U= {$peu’:[¢] =0 on B}, (31)
V= {¢ € V" : [¢] = 0 on 9B,}. (32)

Finally, the auxiliary problem associated to the topologically
perturbed domain is written as: find ¢, € vg, such that:

/ 0u(¢,) - VI = / Q. - Ve e, (33)
Q Q

where ¢, can be interpreted as the adjoint state associated to the
thermal stress induced by the perturbed temperature 0, (see, for in-
stance, Sokotowski and Zolésio, 1992).

3. Topological sensitivity analysis

In order to proceed, it is convenient to introduce an analogy to
classical continuum mechanics (Gurtin, 1981) where by the shape
change velocity field V is identified with the classical velocity
field of a deforming continuum and ¢ is identified as a time
parameter. Since we are dealing with an uniform expansion of
the inclusion B,, the shape velocity field V satisfies: V|,, =0
and V/|,, = —n. Then, the shape derivative of the functional (21)
can be written as:

T (1,0,) = (; [ vty v = [ @0 vug - [ Nut'””)

:%(/Qag(us)-Vu;)— </QQ8(08).Vu;>'—/FNUE-ug,

(34)
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where we use both notations (-) and (-) to represent the total deriv-
ative with respect to the parameter ¢. Therefore, we can state the
following propositions:

Proposition 1. Let 7, (u.,0.) be the functional defined by (21).
Then its derivative with respect to the small parameter ¢ is given

‘7% U, 0;) / 2, - VV - /QF —u)’, (35)
where V is the shape change velocity field defined in Q that satisfies
V]jo =0and V|,5 = —n; 0. is the material derivative of the temper-

ature field and X, is a generalization of the classical Eshelby
momentum-energy tensor (Eshelby, 1975), given - for this particu-
lar case - by

Z, ::;((5 (Us, 0) = Qu(05)) - VU — (V)" Sy(u15, 02) + [(4.(0:) - Vo, )

- 2q8(08)®$v¢c}7 (36)

with u,, 0, and ¢, denoting the solutions to (25), (28) and to the
auxiliary problem (33).

Proof. By making use of Reynolds’ Transport Theorem (Gurtin,
1981; Sokotowski and Zolésio, 1992) we obtain the identities

( /Q ag(ug)-Vug) - /Q (20,(1) - ViEs - 26,(1,) - (Vi VV)

+/(68(u8) -Vus)divV), (37)
Q

(f@0-vu) = [@0)-

+ / (Qu(0,) - VE)iVV + Qu(0,) - Vil (38)
Q

i —Q.(0;) - (Vu,VVy

Then, by considering the above results in (34), the shape derivative
of the functional .7, (u, 0;) is given by

T, (g, 60,) :/ ( ((Se(uz, 0:) — Qz(6:)) - VU)I — (Vuc)Tss(uagz)) -V

/QF Vu +/s U, 0,) - Vit 7/r £, (39)

Since 11, € UY, see the work made by Sokotowski and Zolésio (1992),
the terms in u, satisfy the state equation (25), then

T 000 = [ (56000 = Qu00) - V)l - (Vi) 'S,(u,00)) - 9V
- [ Qutin)- iz, (40)

Now, adding the term =+ [,Q.(0,)- Vi’ in the above result, the
derivative J 1. (Ug, 0;) can be written alternatively as

00 = [ (;«s (4.0,) ~ Qu(0,) - V1)1~ <Vuafs,,<ua,en>) v

Q.(0,) —uy — [ Q.0 (41)
- -,

On the other hand, the derivative of the state equation (28) with re-
spect to the parameter ¢ is given by

[ atin)-

Next, taking n =

/ 6:(0,) - Vo, = / (,(0,) - Vo)l - 24,(0)0:V0,] - VV, (43)
Q Q

W —/Q[(qs((?g) VI - 2q,(0,)2:Vy] - VV VeV
(42)

¢, in the above expression, we obtain

and tacking 1 = 0, in the auxiliary problem (33), we obtain
[ a0, V0. = [ Q.- v (44)

By using the definition of the heat flux operator (29) and comparing
the two last expressions, the following identity holds

[ v = (a0

From the above result, the derivative of the shape functional
Jy,(Ug, 0) can be written equivalently in the following form:

Tt = [ (3(5:0u.0) -

/[qp

- /g Q.(0:) - V(u; —uy’, (46)

) - V@)l =2q,(0:)2Vo,]- VV.  (45)

Q. (0e)) - V) — (V)" Se(ue, ()£)> -VV

v¢s 17 2q?( )®5V¢p] -VV

which leads to the result with X, given by (36). O

Proposition 2. Let 7, (u.,0;) be the functional defined by (21). Then,
its derivative with respect to the small parameter ¢ is given by

Ty (0 =— [ [ZIn-n- / Q,(0)) - V(u, — u)’, (47)

B

where 0, is the spatial derivative of the temperature field and X, is a
generalization of the classical Eshelby momentum-energy tensor pre-
sented in (36).

Proof. By making use of the Reynolds’ Transport Theorem (Gurtin,
1981; Sokotowski and Zolésio, 1992), we obtain the following
identities:
(/ ag(ug)~Vuj> :/2(68(u8)~vu§+div(ag(ug))‘(Vug)V)
Q Q
+/ [(0:(ug) - VUi)I — 2(Vuy) ' a,(u)|n -V
Q

[(0a(uz) - VU = 2(Vu,) ' 04(ug)In - V,

B
(48)
( [0 Vuz) - [(@u0) - vie + Qe - v
Q Q )
+ / div(Q,(6,)) - (Vi,)V
JQ
- / (V0" Qul00) - (Qu(6)- Vi)V

[(Vue) " Q,(0;) —

OB

(Qu(6:) - VUS)[n- V.
(49)

Introducing the above expressions in the definitions of the shape
derivative (34) and taking into account that: (i) i, € 4", see the
work made by Sokotowski and Zolésio (1992), the terms in i, satisfy
the state equation (25); (ii) divS,(u.,0.) =0 in Q; (iii) adding the
term =+ [, Q.(0;,) - Vu*; and (iv) the shape change velocity field V de-
fined in Q satisfies V\m =0 and V|, = —n; then

jxe(u“h 0;) = —

IB;

(Vi) Su(ts, 0,)In -1 / Q.(0)) - V(u, — uy

[[ ( Sf quOP) Qs(os)) ' Vlli)l

- [ Q@) (50)
Q
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By using the relation between the material and spatial derivatives
of the temperature field, the above expression can be written as,

j)(g(um@s = - [[ (Ss u;, )

IBs

— (V) S, (4, 0)]n - 1 / Q.(0]) - V(u, — u)f

Q:(0:)) - V)l

- [ @) ve+ [ w0, n-v. (51)
Q Q

On the other hand, the derivative of the state equation (28) with re-
spect to parameter ¢ is given by

/ 0u(0,) - Vi = — / 1(q,(05) - Vi) — 24, (0):Vn] -V VY1 € V.
Q Q

(52)
Next, tacking # = ¢, in the above expression, we obtain

[0 Vo, =~ [ 16,0 Vo1 - 24,005:V0,]- TV, (53

and tacking n = 0, in the auxiliary problem (33), we obtain

[ )90~ [ Q.00 v, (54)
Q Q

By using the definition of the heat flux operator (29) and comparing
the two last expressions, the following identity holds

/QQE(GE)-Vu __

From the above result, the derivative of the shape functional
J,(Ug, 0;) can be written equivalently in the following form,

/Q [(,(0) - V)l - 24,(0)2:V 0, - VV.  (55)

. 1
Ty, (U, 0;) = — [i

By

— (V) "Su(t, 0,)In 1 + /Q [(,(0) - VoI

((Sﬂ(u}h 08) - Qs(ﬁﬁ)) : Vui)l
- 24,(0.):V,] - YV - / Q.(0]) - V(u, — uy
Q

+ / Q.(V0, - n) - Ve (56)
JQ

By integrating by parts the second term in the above expression and
using the definition of the Eshelby’s tensor X., we have

Ty, (U, 0;) = [Zn-n— /QL A —u)

B,
- /Q div((g,(0,) - VI - 20,(0)0:Yp,] -V
+ / Q.(Vo,-V) - Vu'. (57)
Jo
Taking into account the state equation (28) and the auxiliary prob-

lem (33), we observe that the second term in the above expression
satisfies the following identity

/ div[(q,(0,) - V&)l - 24,(0,) 2,V p,]-V = / Q,(V0,-V)-Vir. (58)
Q Q

Then, the lats two terms in (57) vanish, leading to the result. O

Corollary 1. By considering the relation between the material and
spatial derivative of the temperature field, (35) can be written as:

jxﬂ(u‘gj 0;3) = /Q Za . VV - /Q Qé(gg) . V(us - u)s
- / Q.(V0, - V) - V(u, - u)’ (59)
Q

By integrating by part the first term of the above expression and using
the restriction of the velocity field V on the boundaries 6Q and 013;, we
obtain

;.712;(1187 0;) =—

B

[[28}]n-n—/Qding~V—/QQ8(08)~V(ug—u)
- / Qu(V0, - V) - V(u, - uy’ (60)
Q

By comparing (47) with (60) and recalling that both identities are valid

for all V € Q, the follow result holds true

/ (div(Z;) + yMyS(CB - V(u, —u)’)Vh,) - V=0 VWV eQ, (61)
Q

Thus, the equation for the balance of the configurational forces (Gurtin,

2000) can be written as:

div(Z,) = —yMy$(CB - V(u; — u)*)V0, in Q. (62)

Note that the first term of the derivative 7, (u,, 6;) in (47) is gi-
ven by an integral concentrated on 953, depending on the solution
to (25), (28) and (33). The second term, given by a integral over all
domain Q, will be treated carefully (see Appendix A).

To analytically solve the integrals expression of the derivative
Ty, (U, 0;) it is necessary to perform an asymptotic analysis of
the solutions of the PDE’s involved in these coupled problems. In
order to simplify the analysis, let us use the linearity property of
the shape functional with respect to the solution of the thermal
problem (28) and split the analysis in two cases: (i) " =1 and
(i) yM =9y =1.

3.1. Case y" =1

For this particular case, T = 1, we have that the temperature
field is not perturbed by the presence of the inclusion B; in the
mechanical problem. Then, the temperature for the unperturbed
and perturbed problems coincides, i.e. 6; = 6. Thus, the derivative
of the shape functional can be written as:
jlg (uéZv 0) =

[Zaﬂn ‘n= [[ ( Ll“ Qs( )) a)l
OB IBe

— (Vu,)"S:(us, 8)Jn - n. (63)

In order to obtain an explicit expression for the perturbed stress
field, we consider the following ansatz for the displacement field
Ut

Us(X) = u(X) + W, (x/e) + Us(X), (64)

where u(x) is the solution of the unperturbed problem in Q, w,(x/¢)
the solution to an exterior perturbed problem in R? and i.(x) the
remainder, solution to a perturbed problem in Q. The terms in the
above expansion requires additional explanation. The function
w,(x/¢€) decays to zero at the infinity, i.e., w, — 0 at oo, and compen-
sates the discrepancy introduced by the lower order term of the
Taylor series expansion of u around %. The remainder i, (x) is intro-
duced to compensate the discrepancies left by w, on the exterior
boundary 9Q as well as by the higher order term of the Taylor series
expansion of u in the neighborhood of B (X). Then, the mechanical

stress satisfies the identity
0:(u;) = YV +yMCevw + yMeViE. (65)

Moreover, by introducing the term —Q_(6) at both sides of the
above expression, the stress field associated to the perturbed do-
main S (u,, 0) admits the following asymptotic expansion

Se(us,0) = 7o () + 0u(Ws) + 04 (i) — 71'75Q(0), (66)

where ,(w;) is the solution of the exterior problem
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div(o.(w;)) =0 in R?
o:(W;) = YMCVWS
o.(w;) —0 atoo
[o:(we)[n = —sy

: (67)

on 0B,

and the residue 1, satisfies the equation
div(o
div(o

o (U,

i) =0 inQ\B,

#(U)) = (1 —9y9)yMCBVO in B,
) = 7HCVEg
u, =-w, ondlp,
0:(Uz)n = —0,(We)n on Iy,
[o:(t;)]Jn = eh, on OB,

(68)

which has the following estimate ||ui; |1 o2, = 0(€) (see Appendix
A). Moreover, the functions s, and h, in (67) and (68), respectively,
are given by

= (1 =y"o@)n - (1
h,=(1

— My )Q( *)n, (69)
= ""(Va(@))mn — (1 - ") (VQ(a(&)n)n, (70)
where the points { and ¢ belong to the interval (x,X).

By considering a polar system of coordinates (r, ¢) centered at
point X (center of the inclusion B;) and aligned with the principal
directions of the tensor S(u, #) associated to the original domain
Q, the components of the tensor o.(w;) are given by (see, for in-
stance, Little, 1973):

e Exterior solution (r > €)

Gy (Wy)" = — 1-M g2 (01 + 02)

T+ayM 2\ 2
1-—9M g &2\ /01 — 0y
‘Wr—z<4‘3r—z)( 7 ) cos2
-M e G+ Q)
1+ay"" r2< 2 (71)
1-9M & /01 +0, 1-M & 0y -0,
b _ &
7:(We) 1+aM r2< 2 ) 1+by"/’r4( 2 )COSZ¢
1—9My¢e? 1Q1+Q,
T 14ayM r_2< 2 ' (72)

1-—yM g2 &\ (01 — 02\ .

or _ s _2Y

g (W,)" = Ty 72 <2 3r2>( 5 )sm2</>. (73)
o Interior solution (0 < r < &)

(W)

wayM(1—yM) (01 +02)

T 1+apM 2
byM(1 —yM) o1 — 0y
Ty (F57) cos2¢

aM(1 =9y"%) /Q1 +Q,
T 1+aM < 2 ) (74)

oo MA =M 01+ 0y
ou(w:)™ = 14+aM ( 2 )
byM(1 —yM) 101 — 03
T by ( 5 >c052</>

apM(1 —y"%) (Q1 +Q,
T 1+4aM < 2 )’ (75)

byM(1 — M) sa1 — a2\ .
e ( . )st(/). (76)
where 07, and Q, , are, respectively, the principal stress associated
to the tensor ¢(u) and Q(0) of the unperturbed domain Q, evaluated
at the point X € Q. In addition, the constants a and b in (71)-(76)
depend only on Poisson's ratio vof the matrix, and are given by

1+v -V
T1-v and b= 1+v

o.(w,)" =

(77)
Finally, using the asymptotic expansions presented in (71)-

(76), we have that the derivative J,, is given by the following

expression:
. o ome /1M M(b —2a) -1
Ty, (U, 0) = — — (1 T b7M> {40’(u) -o(u) +W

T 2E (11 ;ya/% ) [ =771+ W)’
— 4tra(u)trQ(0)] + ofe), 7

where tr(-) denotes the trace operator of tensor (-).

(tro(u))?

3.2. Case YM = 1 and y¢ = 1

In this case the restriction Y =1 and y¢ =1 is introduced in
expression (47), then the derivative of the shape functional
Ty, (U, 0;) is given by:
j)(, un a / [[ qz

where the term £(¢) is given by

- /Q Q,(0)) - V(u, — )" (80)

)- V@)l =2q,(0)2V e Jn-n+E(e), (79)

The temperature field 6. associated to the perturbed problem
admits the following asymptotic expansion:

0s(X) = 0(X) + vs(x/2) + 0s(x), (81)

where 60(x) is the solution of the unperturbed problem in Q, v.(x/¢)
the solution to an exterior perturbed problem in R? and 0,(x) the
remainder, solution to a perturbed problem in Q. The function
v.(x/€) is such that v, — 0 at co and it compensates the discrepancy
left by the lower order term of the Taylor series expansion of 0 in
the neighborhood of &. The remainder 6,(x) compensates the dis-
crepancies introduced by v, on the exterior boundary 9Q and by
the higher order term of the Taylor series expansion of 6 around
B.(®). In particular, v, is the solution of the exterior problem

div(q,(v:)) =0 in R?

q.(v:) = —yIKVv,

v, — 0 atoo , (82)
[v:]=0 on 98,
[.(ve)]-n=-(1
and the remainder 0, must be satisfies the following equation:
div(q,(0,)) =0 inQ

q.(0:) = ~yIKV 0,

0, =—v, onIYp, , (83)
q.(0:)-n=~q,(v;)-n on Ty,

[9.(6:)] -1 = &(1 —=y")(Vq(o)n) -n on 9B,

which has the following estimate H'(;,,H,_,l( = 0(¢) (see Appendix A).

Moreover, the point ¢ in (83) belongs to the interval (x,%). In addi-
tion, the solution 7, to the exterior problem can be obtained by

—9)VO(x)-n on 0B,
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using a standard separation of variables technique, together with
the Fourier series method. Then, the solution of the problem (82)
is explicitly written in compact notation as:

e Exterior solution (r > ¢€)

va(xe) = L7 Lve(5<) (x—%). (84)
1 T+97 |x — x|
o Interior solution (0 < r < &)
1—9T_ . .
v(x/E) = T;Tve(x) S(x—R). (85)

Following the same steps as before, we assume that the field ¢,,
solution of the auxiliary problem (33), admits an asymptotic
expansion of the form

P(X) = Q(X) +p.(x/8) + Ps(x), (86)
where p, is the solution of the exterior problem

dlv(qf(ps)) =0 inR?

qa(pc) 7’))51(va
p,— 0 atoco , (87)

[p:]=0 on aB;
[q:(p)]-n=-(1

and the remainder (7)8 must be satisfies the following equation:

-y V() -n on dB;

div(q,(@.)) =0 inQ\B,
div(g.(¢:)) = (1 —-y")CB- Vv in B,
_ T
4:(@:) = =7 KV @, 7 88)
¢:=—p, onlIyp,
Qg((/)s) b= _qs(ps) -n o on rN(,

[9:(@e)] -n=e(1—y")(V

which has the following estimate || Q.|| (@ = 0(¢) (see Appendix A).
Moreover, the point ¢ in (88) belongs to the interval (x,%). In addi-
tion, by applying separation of variables technique and the Fourier
series method, the solution ¢, to the exterior problem (87) can be
explicitly written in compact notation as:

q(@(&)n)-n on 9B,

e Exterior solution (r > ¢€)

/e =1 & ok x- %), (89)

‘ T+97 |x— x|

o Interior solution (O <r<eg)
PN/ = 1 VO - (x5 (90)

Finally, using the asymptotic expansions presented in (84), (85),
(89) and (90), and recalling the estimate for (80) (see Appendix A);
we have that the derivative of the functional .7, (u,, 6;) is given by
the following expression:

T (g, 0) = 4ns ;ve Vo + o). 91)

3.3. Topological derivative

In order to calculate the topological derivative, we shall adopt
the methodology developed in Novotny et al. (2003) whereby the
topological derivative is obtained as

DT()A() Jy, (umgs) (92)

iy

where the function f(¢) is the size of the perturbation, i.e.
f(e) = me? = f'(e) = 2me.

Due to the linearity property of the shape functional with re-
spect to the thermal problem (28), it is possible to write the topo-
logical derivative of the functional 7, (u,,0.) based on the results
given in (78) and (91). Then, the final expression of the topological
derivative becomes a scalar function defined over the unperturbed
domain Q, that is

— 1 M — —
D) =~ o ( e b M) {4a(u) () + %(tro‘(u))z
—@(%}%%NM—VW%H+WMQMV
atro rQ(0)] - 2=V vo. vo.

1+yT
(93)

Notice that the first term is classic in the topological asymptotic
analysis for the elasticity problem. The linearity property men-
tioned previously appears explicitly in the last term of the above
results, see term involving the contrast parameter y”. On the other
hand, the non-linear dependence of the problem with the thermo-
elastic constitutive properties appears, also explicitly, in the term
with the contrast parameters y"y¢. These two last terms represent
the contribution of the thermal problem to the elastic stress
problem.

3.4. Numerical validation

The analytical formula for the topological derivative presented
in (93), can be validated by using the computational framework
described in this section. To this end, we define (for a finite value
of ¢) the function g,(X) as:

) 0

Clearly, the above definition have the following property,

lim g,(%) = Dr(%). (95)

A numerical approximation of Dr(X) can be obtained by calcu-
lating the functions y(x,(%)) and (), for a sequences of decreas-
ing values of ¢ and then using (94) to compute the corresponding
estimates g.(X) for Dr(X). The values of the function iy are com-
puted numerically by means of standard finite element procedure
for the elasticity problem with thermal stresses. The domain con-
sidered in the verification is a unit square with material properties
given by: Young’s modulus E = 1, Poisson’s ratio v = 1/3, thermal
conductivity k =1 and thermal expansion coefficient o = 1. The
perturbed domains are obtained by introducing circular inclusions
of radii

¢ € {0.160,0.080,0.040,0.010,0.005}, (96)

centered at X = (0.5,0.5), with the origin of the coordinate system
positioned at the bottom left corner. The finite element mesh used
to discretise the perturbed domain contains a total number of
962560 three-nodded elements and 481921 nodes. To solve the
thermal problem, we set the temperature 0 = 0 on the boundary de-
noted as I'p,. On the boundary I'y,, an external heat flux g =1 is
prescribed, see Fig. 2(a). In addition, the remainder part of the
boundary remains insulated. For the mechanical problem, we pre-
scribe the displacement on I'p, to be & =0 and tractions t = 1 on
I'y,, see Fig. 2(b). Due to the definition of the auxiliary problems
(20) and (33), the boundary conditions for these problems are the
same as the thermal problem on I'p, and with homogeneous data
on I'y,.
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=1l

I'p, lO.Q 021

102, Q O.ZT T'p,

(b) Mechanical problem

Fig. 2. Domain and boundary conditions.

The study is conducted for two combinations of the contrast
parameters yM, ¢ and yT. The analyzed cases are given by:

e Case A: )M =9¢=9"T=1/3,
e Case B: yM =97 =yC =3,

The normalized obtained results (g./Dr) are plotted in Fig. 3,
where the analytical topological derivative and the numerical
approximations for each value of ¢ are shown. It can be seen that
the numerical topological derivatives converge to the correspond-
ing analytical value for all cases. This confirms the validity of the
proposed formula (93).

According to the numerical experiments, the obtained for-
mula (93) remains valid only for small (infinitesimal) inclusions.
The case associated to topological perturbations of finite
size has been analyzed by Faria and Novotny (2009), Bonnet
(2009), Silva et al. (2010), and Hintermiiller et al. (2012), for
instance.

4. Final comments
The topological derivative in its closed form for the total
potential mechanical energy associated to a thermo-mechanical

semi-coupled system, when a circular inclusion is introduced at

1.08

1074 "
\
|
1.06 1
\
\
1054
|
\ -u-Case A
~ 1.04 1 \ -a-Case B
\
Q \
03y
C 102 ]
\\
1.01 4 BRI
e
1.00 e ittt T PP o
F
0997 /
A
0.98

0 20 40 60 80 100 120 140 160 180 200
1/e

Fig. 3. Results of numerical verification.

an arbitrary point of the domain, has been derived. In particular,
the linear elasticity system (modeled by the Navier equation) cou-
pled with the steady-state heat conduction problem (modeled by
the Laplace equation) has been considered. The mechanical cou-
pling term comes out from the thermal stresses induced by the
temperature field. Since this term is non-local, a non-standard ad-
joint state has been introduced, which allowed to obtain a closed
form for the topological derivative. In addition, a full mathematical
justification for the derived formulas and precise estimates for the
remainders of the topological asymptotic expansion have been
provided. Finally, we remark that this information can be poten-
tially used in a number of applications of practical interest such
as multi-physic topology design of structures under mechanical
and/or thermal loads.
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Appendix A. Estimation of the remainders

Lemma 1. Let u, be solution to (68) or~equivalent1y solution to the
following variational problem: find u. € U,, such that

[ o) v =& [ a@nn+e [ hens [ bin vnev.
JQ rNu By

0B
(A1)
where the set U, and the space V, are defined as
Uy = {p € H'(QR?) : [p] =0 on 9B,, ¢y = &g}, (A2)
Ve :i={¢p e H(Q;R?) :[¢] =0 on 9B, ¢, =0}, (A.3)
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and with functions g,, h, and b,, independents of the small parameter
¢, given by

g, = —&w,, (A.4)
hy = (1= ") (Vau@))mn - (1 - )(VQO@)mn),  (A5)
by = —(1 = )M div(Q(0)), (A-6)

where the points { and ¢ belong to the interval (x,X). Then, we have the
following estimate for the remainder i,

HﬂsHm (QR?) < C81+dv (A7)

where C is a constant independent of the parameter ¢ and 5 > 0.

Proof. By taking 1 = i, — ¢, in (A.1), where ¢, is the lifting of the
Dirichlet boundary data &2g, on I'p,, we have

[ouw)-vis=¢ [ ogn-u+e [ g olin
JQ JIn, JTp,

+é hy-t;+ [ by-u,.

0Bg B

From the Cauchy-Schwarz inequality we obtain

/Q G5(ils) - Vi, < (@) 125, ) el gy, o

+é ng”H‘/Z(rDu;RZ) Ho'(ac)n||y4/2(rnu;ue2)
+ &llhull g2 o2 | Uell 172 05,.52)

+ ”buHLZ(BE;RZ)”ﬂx‘:”LZ(B,,;RZ)' (A9)

Taking into account the trace theorem, we have
/Qo-e(ﬁﬂ) : Vﬁi < (Szcl + SHhu”LZ(BE;[RZ))”ﬁEHH‘(Q:RZ)

+ ”buHLZ(BX;RP)||ﬂ8||L2(5E;[Ra2)

e ~
< G|l gy + £C3 1T 125,52, (A.10)

where we have used the interior elliptic regularity of functions u
and 0, solution to problems (12) and (15), respectively. For the esti-
mation of the last term in the right-hand side of the above expres-
sion we will use the Holder inequality together with the Sobolev
embedding theorem. In fact, we can find an estimate for the remain-
der ; of the form ||| g2, < C&'**, with 6 > 0 small. In particular,
for 1/p+1/q =1, we have

' e
il 2,0, < {( / ||agu2") ( / 1)]
B B

1/2 ~
= 7!/ 481/q‘|u8||L2p(Bﬂ:R2)

— /24 Sl/qHﬂ£|ll_24/(4711(3&;u§2) < SJCHﬂEHH] (QR2) (A11)

where 6 = 1/q, with ¢ > 1, and the constant C independent of the

small parameter ¢. Next, by introducing the above result in (A.10)

we have,

/ag(ag).va; < € Callll - (A12)
Q

Finally, from the coercivity of the bilinear form on the left-hand side

of (A.1), namely,

Clelfy e, < [ 00) - i, (A13)
we obtain
[Tl @2y < Cs€'™?, (A.14)

which leads to the result, with Cs = C4/c. O

Lemma 2. Let 6, be solution to ( 83) or equivalently solution to the
following variational problem: find 0, € U, such that

—/qg(ég)w:esZ/ q(g0>-nn+e/ hoy VeV, (A15)
Q Ty, Jos,

where the set U, and the space V; are defined as
Uy = {p €H'(Q): [9] =0 0n B, ¢ =58},
Ve :={¢ e H(Q): [¢] = 0 on 98, ¢, =0},

(A.16)
(A17)

and with functions g, and h,, independents of the small parameter ¢,
given by

g, =&,

hy == —(1=y")(Vq(0(¢))n) - n,

where the point ¢ belongs to the interval (x,X). Then, we have the fol-
lowing estimate for the remainder 0,

(A.18)
(A.19)

10cl 1 < C&%, (A.20)

where C is a constant independent of the parameter &.

Proof. By taking i = 6, — ¢, in (A.15), where ¢, is the lifting of the

Dirichlet boundary data &2g, on I'p,, we have

7/ q.(0,) - V0, = ¢
Q

q(g,) n0.+¢ | g£q(0,)n

JTN, I'p,

+& hy 5;
OB

(A.21)
From the Cauchy-Schwarz inequality we obtain

- /QQs(Os) V0. < &q(g) - nHH*‘/Z(rN“)HOSHHW(FN”)

+ 82|‘g()||H1/2(rD”)HQ(HC) : n“H*”Z(rD,))
+ £Hh0||1~1*‘/2(03{;) Il 06”1-1‘/2(05&)' (A.22)

Taking into account the trace theorem, we have
_ / 0.(0:) - V0, < EC1 [0 ) + ECal| V0420
Q

+ 8Hh0||L2(B;;)||§6||H1(B;;)

<EC1 0l q) + ECl|Ocllir
+&Ca| Oclly

< 805|011, (A23)

where we have used the interior elliptic regularity of function 0,
solution to problem (15). Finally, from the coercivity of the bilinear
form on the left-hand side of (A.15), namely,

CHAéSHIZ-ﬂ(Q) < _/Q‘h(@) - V0., (A.24)
we obtain
18allg1 ) < €&, (A25)

which leads to the result, with C =Cs/c. O

Lemma 3. Let 0, be solution to (83). Then, its derivative with respect
to ¢ has the following estimate
101110y < Ce, (A.26)

where C is a constant independent of the parameter &.
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Proof. The convergence follows by the property of the asymptotic
expansions of solutions which can be differentiated term by term
under the appropriate decrease order rule for the remainders of
the expansions, namely O'(e™) = O(¢™!). See the work by Nazarov
and Sokotowski (2003), for instance. Therefore, the result follows
by Lemma 2 together with the rule 0'(¢?) = O(¢). O

Lemma 4. Let ¢, be solution to (88) or equivalently solution to the
following variational problem: find ¢. € U, such that

/q} Vn—S/ q(g,) -nn+e h¢n+/ by VN eV,
9B

(A27)
where the set U, and the space V, are defined as
Uy = (¢ < H'\@): [4] =0 on 0B, ¢ =g} (A.28)
Ve :={¢p e H(Q):[¢] =0 on 8B,, Piey, = 0}, (A.29)

and with functions g, h, and b, independent of the small parameter
¢, given by

8y = ¢7p,, (A.30)
hy = —(1=91)(Vq(0(¢))n) - n, (A31)
by = —(1 —yNatra(u), (A32)

where the point ¢ belongs to the interval (x,X). Then, we have the fol-
lowing estimate for the remainder ¢,

[@elli ) < CE™?, (A33)

where the constant C is independent of the parameter ¢ and 5 > 0.

Proof. By taking # = . — ¢, in (A.15), where ¢, is the lifting of the
Dirichlet boundary data &g, on I'p,, we have

o

+é& hy @, +
OB

V(P,i:{, / qg(p n(Pe+£f/ ng (pé)

[ by . (A34)

From the Cauchy-Schwarz inequality we obtain
_ ~ ) -
~ 4@ V. < P1a(8,) Al vag, |1 Dol
5 -
+é& ||g(/)||H1r/2(l"D”)Hq((PE) : nHH’]/Z(]'D”)
+ Sth ”H*‘/Z(agﬁ) I ‘7%“1-11/2(;)3(;)

+ Hb(/)”LZ(B,,)”¢¥‘|L2(34:)'

Taking into account the trace theorem, we have

(A35)

- / 6:(P) - Vo < EC1 Pully ) + ECIV B2

+gl‘h(ﬂ“Lz(Bg)”(T)EHHWB;;)
+ Hb ||L2 (Be) ”(7’ 'HL2 (Bg)
< ECPell o) + EC3l Pelly g

+é Call@elly o) + 6Csll@ell 25, (A36)

where we have used the interior elliptic regularity of functions 6
and u. By using the Holder inequality together with the Sobolev
embedding theorem, the last term in the right-hand side of the
above expression is given by

H(NPSHLZ(B;;) < 86C”¢6HH’(Q) (A37)

where 6 = 1/q, with g > 1, and the constant C independent of the
small parameter ¢. Next, by introducing the above result in (A.36)
we have,

- [ 4@ V. < o Colpelia (A38)

Finally, from the coercivity of the bilinear form on the left-hand side
of (A.15), namely,

Npulfie < - [ a0 V5. (A39)
we obtain
1@l g < Ce'*, (A.40)

which leads to the result, with C = Cg/c. O

Lemma 5. Let 0.,u, and u solution of the problems (28), (25) and
(12). Then, we have the following estimate for the remainder £(¢) in
(80):

E(e) < C&, (A41)

where C is a constant independent of the parameter &.

Proof. By tacking into account the definition of the mechanical
and thermal stress operators g, and Q,, respectively, the remainder
term £(¢) in (80) can be alternatively written as:

/ V5BO, - 04 (u; — u).

Next, by considering the definition of the contrast y¢ and the ansatz
(64) and (81), the above expression is given by

SO (W) — / Y°Bu, -
B:’I

(A42)

E(e) =— Bv,

Q\B;

yCBO’ G:(W;) — BV, - 0,(11

Q\B:
/BH’ 0 ().

Since v, = 0 in B; and 0,(¢) = o(¢) in Q\ B, the remainder £(¢) is
given by

o (W;) — - BO. - 6,(w,)

&) — VCB”L - 0(Uy)
Bg

(A43)

)=~ | _Bv;-a(w,) -

JO\B: Q\B;

- 7Bv;~6(ﬁ£)—/85;~63(f18).
Q\B; Q

B - o(w,) — / BU, - 5o(w,)
J B
(A44)

From the Cauchy-Schwarz inequality we obtain
&(e) < Cl”T/CHLZ(Q\BT)HG(WE)HLZ(Q\B_,;;RZ)

+ Cll0 .2 5 10 (Wo) 20 )

+ a0 25, 105 (W ll 2,2

+G HVZL;”LZ(Q\BT;)HO-(QS)HLZ(Q\E;RZ)

+ C3Hb;HLZ(Q)HGE(ﬁS)HLZ(Q;RZ)' (A45)

By considering the asymptotic expansion of v, presented in (84) its
derivative with respect to & can be written as 7, = &g, (x) in Q\ B,,
with the function g, independent of the parameter ¢. After intro-
ducing a change of variables of the form y = ¢~'x, we have

3 3
172 = (/ _ ng(x)|2> = F(/ _ gu()’)|2> < &Cy,
O\B: R2\B;

(A.46)



S.M. Giusti et al./International Journal of Solids and Structures 50 (2013) 1303-1313 1313

where we have used the fact that function g,(y) is regular at infin-
ity, i.e., g,(y) — 0 when |ly|| — cc. In the same way, by considering
(71)-(73) and the same change of variables, we obtain

1

2
o0z, = [, Nothay)I? ) < eCs

R2\B;

(A47)

being the function h,(x) independent of the parameter ¢ and regular
at infinity, such that, a(hs(y)) — 0 when |y|| — co. By taking into
account the fact that function ¢,(w;) is independent of the param-
eter ¢ in B,, we can write g,(w,) = 6(bs(x)) in B.. Then, we have

l6:(We)lli25,.02) = (/B HO'(ba(X))H2>7 < &G (A.48)

Next, by introducing the above results in (A.45), we have
E(e) <G+ 8C8||5;||L2(Q\37) + 869“@,”?(35)
+ SCIOHO'(QC)HLZ(Q\E:R?) + C3||5,3HL2(Q) Ho-ﬁ(ﬂ8)||L2(Q:R2)7
< &G +6Cn [0, @) + £Cra Tl o,
+ Cl3“5;“H1(Q)“ﬂE“H] (QR?) (A49)
Finally, by considering the Lemmas 1-3, we obtain
E(e) < C&, (A.50)

which leads to the results, with C independent of the parameter
e O
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