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Ordinal Patterns serve as a robust symbolic transformation technique, enabling
the unveiling of latent dynamics within time series data. This methodology in-
volves constructing histograms of patterns, followed by the calculation of both en-
tropy and statistical complexity — an avenue yet to be fully understood in terms
of its statistical properties. While asymptotic results can be derived by assuming
a Multinomial distribution for histogram proportions, the challenge emerges from
the non-independence present in the sequence of ordinal patterns. Consequently,
the direct application of the Multinomial assumption is questionable. This study
focuses on the computation of the asymptotic distribution of permutation en-
tropy, considering the inherent patterns’ correlation structure. Furthermore, the
research delves into a comparative analysis, pitting this distribution against the
entropy derived from a Multinomial law. We present simulation algorithms for
sampling time series with prescribed histograms of patterns and transition proba-
bilities between them. Through this analysis, we better understand the intricacies
of ordinal patterns and their statistical attributes.


mailto:andrea.rey@unahur.edu.ar

Asymptotic Distribution PE

The methodology of ordinal patterns introduced by Bandt and Pompe has
been extensively applied to study the latent dynamics of time series via their
entropy, named permutation entropy. However, there are no theoretical re-
sults about the permutation entropy’s distribution, which must consider the
correlation effect between patterns. In this work, we prove that the asymp-
totic distribution of the permutation entropy is Normal. Since the expression
of the asymptotic variance is more complex as the embedding dimension in-
creases, we compare this result with the Multinomial sample entropy, which
assumes independence. A hypothesis test is then derived, and it is applied
to distinguish meteorological time series of distinct locations, as well as to

differentiate biological signals such as ECGs.

I. INTRODUCTION

Signal analysis through ordinal patterns has been widely used since they were pre-
sented in Bandt and Pompe?. In this seminal article, the authors proposed a way of
analyzing time series using ordinal patterns rather than the actual values. Their approach
consists of transforming typically small and overlapping windows of m observations
(m is called “embedding dimension,” and the corresponding values are called ”words”)
into their ordinal patterns, i.e., the set of indexes that sort the values in the window.
The time series * = (x1, 22, ..., Tp1m—1) is transformed into the sequence of patterns
7w = (7,7, ..., m), with 7; € ™ = {7 7@ 7MY where 70, i = 1,... ,ml, is
the set of possible patterns provided the values in @ have no ties. The analysis is then
carried on 7 rather than on the original values .

This approach has several interesting features, among them:

1. The sequence of patterns 7 is invariant to monotonically increasing transformations

of x.

2. The ordinal patterns are less sensitive to outliers than the original values.

Such robustness is one of the reasons why the Bandt & Pompe symbolization approach
has become a trendy and successful way of analyzing time series’.
The marginal® analysis of ordinal patterns proceeds by computing the histogram of
proportions q of the patterns observed in 7r:
. H#{mem: m=a0}

qi , for every 1 <i < ml.
n

Time series with different underlying dynamics often exhibit different histograms. FEx-
treme cases are strictly monotonic series that produce a single pattern and white noise

that produces histograms with approximately equal proportions.
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The entropy, in general, and the Shannon entropy are very sensitive to these differ-
ences. It also provides insightful information about the predictability of the series. For
these reasons, the Shannon entropy of the histogram of ordinal patterns, called “Shan-
non Permutation Entropy” (or “Permutation Entropy,” for short), plays a central role
in this kind of analysis®. Given q = (q1, ¢, .., gm) the probability vector of the ordinal
patterns, the Permutation Entropy is defined by

S(q) = —ZQZ‘IH% (1)

and its normalized version is

H(q) = 29

~Inm! )
The Permutation Entropy, along with the Statistical Complexity, define the “Entropy-
Complexity Plane,” a closed manifold in which time series become points whose position
reveals the type of underlying dynamics.

However, the full potential of the marginal analysis of Ordinal Patterns has not been
fully exploited. Leyva et al.” state that one of the longstanding problems is attaching
confidence regions to points in the Entropy-Complexity plane.

Chagas et al.”® obtained empirical confidence regions for the points that white noise
produces in the Entropy-Complexity plane. The findings were derived from simulations,
and to extend the same approach to different time series, users need to generate addi-
tional simulations under the underlying model. Rey et al.'' obtained the asymptotic
distribution of certain types of entropies of histograms under the Multinomial law and
developed a hypothesis test for comparing histograms of different numbers of bins. In
order to use these results with the Permutation Entropy, the authors introduced a sim-
plification: the patterns in 7r are independent. However, Elsinger® showed that ordinal
patterns are not independent.

In this work, we obtain the asymptotic distribution of the permutation entropy con-
sidering ordinal patterns dependence. This distribution is a Normal law whose variance is
larger than the variance of the asymptotic model under the independence simplification,
i.e., with bins that obey a Multinomial distribution. When comparing meteorological
time series, we assess the impact of using the latter instead of the better-adjusted for-
mer model. We present simulation algorithms for sampling time series with prescribed
histograms of patterns and transition probabilities between them.

Elsinger® computed the transition probabilities from state 7; at time ¢ to state 7; at
time ¢ + 1 We use these expressions to calculate the Permutation Entropy asymptotic
distribution. Then, we assess the committed error when simplifying that the ordinal
patterns are independent.

This paper unfolds as follows. Section II recalls the main properties of ordinal patterns

distribution, the asymptotic entropy distribution, and the dependency structure for the
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embedding dimension m = 3. In Section III, we compare asymptotic variances for actual
and simplified models. In Sections IV and V, the results of applying the computed
asymptotic variances to simulated and actual time series are shown. We conclude the
article in Section VI. In Appendix A, the conditional probabilities of ordinal patterns
transitions are computed.

II. ORDINAL PATTERNS DISTRIBUTION

Let & = (x1, 22, ..., Tpim—1) be areal-valued time series without ties of length T = n+
m—1, and transform it into the series of symbols w = (my, m9, ..., m,) of patterns observed
over words of size m (the embedding dimension). Let x,,(t) = (x4, T411,- .-, Teym—1) be

a part of @, for t = 1,2,... n. The subsequence x,,(t) is m;-type if

Tigiy < Tpgiy < o0 < Ty, and (3)

o1 < if Tpq, = Ty,

where (i1, 9, . . ., i) 1S a permutation of the numbers 0,1,...,m—1,and s € {1,2,...,m}.
Since each sequence x,,(t) is associated with a symbol, we obtain a sequence of ordinal
patterns from the time series @ given by (11,19, ..., 1,). This sequence can be modeled
as a realization of the ordinal pattern process whose possible states belong to II"™. Notice
that, for i = 1,2,...,m!, @, (t) is m-type if and only if ¥, = ;.

The indicator function 1,,(¢) is defined by

1, (f) = 1 if @, () is mi-type, (1)
m 0 otherwise.

Let Z = (Z1,Zs, ..., Zm) be the vector of random variables that count the number of

occurrences of m; in n trials, i.e., for t = 1,2, ... m!

Zi=Y 1.t (5)

Due to the overlapping between ,,(t) and x,,(t + h) for h =1,2,...,m — 1, the ordinal
patterns ¢; and 1., are dependent for all t =1,2,... . nand h =1,2,...,m —1. On
the contrary, vy and ., are independent if h > m and the stationary ordinal pattern
process is (m — 1)-dependent. For i = 1,2,... ml!, let ¢; be the probability of observing
the state m;, denote the vector of probabilities as ¢ = (q1,42, - .-, qm!), and express as
D, = Diag(q1, ¢2, - - - , ¢m) the associated diagonal matrix. The transition probability of
reaching state 7; at time ¢ + ¢ from state m; at time ¢, for £ = 1,2,...,m — 1, is denoted
by qgf). We collect these transition probabilities in the matrix Q(e) whose elements are

qi(f) = Pr(¢y = mi A e = 7j).
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From Yamashita Rios de Sousa and Hlinka '?, we know that the expected value of Z;
is given by:
E(Z) =ng, i € {1,...,m!}, (6)

and that the covariance between Z; and Z; is given by:

Cov(Z;, Z;) = ndijq; — n’qiq; + Z 0adS?, 5 € {1,...,ml}, (7)
/=1

where 9;; is the Kronecker delta function.

A. Asymptotic Distribution of the Permutation Entropy

Let X, = (X1n, Xon, .-, Xkn), with n € N, be a sequence of independent and iden-
tically distributed K-variate vectors of random variables. Suppose that as n tends to
infinity, /n(X1,—601, Xon—02, ..., Xk n—0x) converges in distribution to the multivari-
ate Normal law N (0, Sx) where Sx is the covariance matrix. Consider hy, ho, ..., hx
real-functions continuously differentiable in a neighborhood of the parameter point 8 =
(01,09, ...,0k), such that the matrix of partial derivatives M defined by M,; = 0h; /06,
for 1 <1,5 < K is non-singular in this neighborhood. The multivariate version of the
Delta Method, cf. Lehmann and Casella®, states that

Vnlhi(X,) = hi(0), ha(X,) = ha(8), ... hg(X,) — hi ()] ﬁ N(0,MSxMT). (8)
The maximum likelihood (ML) estimator of ¢; is the relative frequency q; = Z;/n,
1 <i < ml!l. We will apply the Delta method to the sequence:

Zy sy me)

Xn = (qu,nquQJM s 7(jm!,n) = <_7 Ty ey — (9)

n’n n
By Yamashita Rios de Sousa and Hlinka '?, Eq. (30), if W,, = %(Z —nq) then
W, —— N(0,%), (10)
n—o0
where
m—1
S =D, - (2m-1ag"+ Y (Q¥+Q""). (11)
=1
The diagonal elements are
m—1 T
% = (Dg)ii— (2m—1)(qq )+ _ (QV+QY"), = ¢;— (2m— 1ql+2ZQ”,
=1
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and, if 7 # j, then

m—1 m—1
Sy = (Dg)y— 2m—1)(gg )y + > (QV+QY"), = —2m—1)aq+ Y (Q) +QY).
/=1 =1

(13)
To verify the hypothesis of the Delta Method, notice that,
W= (Z-ng)="=(2 )= Vilg- g = vaX,~a. (1)
q Ja\n q q9—q q
Let Q; = {(z1,72,.. ., %) €E R™ 12, > 0A 2, > 0for s = 1,2,...,m! and s # i},
for i = 1,2,...,m!. Finally, we define the functions involved in the Delta Method for
1=1,2,...,m! as h; : ©; — R:

hi(qlana"'7qm!) :CIilnCIia (15)

which verify, for 1 < 1,7 < m!, that

oh; Ing; +1 ifi =y, (16)
0q; 0 otherwise.

If ¢; = 0, the function h; is omitted. Let B be the matrix of partial derivatives, which is
diagonal. Using the result given by Eq. (8), we obtain the limit joint distribution:

Vi [ha(@) = ha(q), ha(@) — ha(g2), - Bt () = Bt (Gonr)] —— N'(0,5),  (17)

n—oo

where ¥, = BXB". The matrix of partial derivatives is diagonal, for 1 < 4,7 < m!,
then it holds that

m! m!  ml
(Bq)ij = Y (BX),BY; => Y Bi(E).B} = Bu(); B
r=1 r=1 s=1
Ing; +1)23;; if i =7,
Jway iti = o)
Since the Shannon entropy is a linear combination of the functions {hq, ha, ..., Ay}
with all scalars equal to —1, following Lehmann and Casella®, we have that:
Vn[S(q) — S(q)] m/\/(o 7a)s (19)
where
m! m!—1 m! m! m—1
2= (B +2> Y (B = (Ing+1) [qi—(Qm—l)q?—i—ZZQ%)}
i=1 i=1 j=i+1 i=1 (=1
m!—1 m! m—1
~23" 3 (Ing +1)(Ing + 1) {(m ~Dag; — Y (QY + Q;.?)} . (20)
i=1 j=it+1 =1
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Egs. (19) and (20) are our core result: the asymptotic variance of the Shannon entropy
of ordinal patterns considering their correlation structure. It is worth noticing that,
for practical purposes, given n sufficiently large, we can use that S(q) has a Normal
distribution with mean equal to S(g) and variance equal to o7 /n.

In addition, for o € (0, 1) and n sufficiently large, the (1 —«)100% confidence interval
of S(q) is given by

S(q) % 22.04/v/n. (21)

where za is the a/2-quantile of a standard normal random variable.
In the case of the normalized Permutation Entropy, the result given in Eq. (19) yields
to

VilH (@) — H(g)] —— N(0,05/(Inm!)?), (22)

n—o0

B. Embedding Dimension m = 3

In this section, we focus on the case m = 3. The possible ordinal patterns are shown
in Figure 1.

0,2,1) (1,0,2) (1,2,00 75 =(2,0,1) (2,1,0)

AN AN N

Ty Titl Te42 T Tl Te42 Tp Tl Te42 Tp T4l T2 T Tl T2 Tp Ti4l T2

FIG. 1: Ordinal patterns for m = 3.

For ¢ = 1, if @3(t) = (x4, Ty41, Tes2) is m-type then x3(t + 1) = (2441, X412, Ti13) could
be 7;-type for only three possible values of j depending on the position of x5 in the
sorted sequence. Table I shows all the possible one-step transitions between symbols.

As a consequence of the forbidden transitions, ql-(;) =0 for (4,7) € ({1 x I2) U (I3 x Iy),
where I, = {1,3,5}, I, = {3,5,6}, I3 = {2,4,6} and I, = {1,2,4}. On the remaining
cases, notice that q( ) = =Pr(¢y = m Ay =m;) =Pr(Yy = m) Pr(pp =75 |y =) =
¢; Pr(¢e1 = m; | Y = m;). We compute the conditional probabilities (see Appendix A
for details):

0.50 if (4,7) € {(1,5),(2,3),(3,6),(4,1),(5,4),(6,2)},
Pr(q/}t—i-l = 7Tj | ¢t = 7Ti) = 0.25 if (Z ) € {(17 1)7 (17 3)? (27 1)7 (27 5)? (37 2)> (37 4)7
(4,3), (4,5),(5,2),(5,6),(6,4),(6,6)}.
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TABLE I: Possible ordinal pattern transitions for m = 3 and ¢ = 1. Red dots represent

common observations in two subsequent patterns; blue dots are the possible next

values.

Pt

Ui

8
&

T+l Te42

Tt+1 Tt+2 Ti+3

Tt+1 Tt+2 Ti+3

Tt+1 Tt+2 Tt43

2

X

Ty Ti4l Ti42

3

<

T4l T2 Te43

5

y

T4l Tt42 Tey3

6

>

Tt+1 Tt4+2 Tt43

Tt T+l Te42

Ti+1 Te+2 Tt+3

Tt+1 Tt+2 Tt43

Ti4l Te4+2 Ti43

Tt Tt+1 T2

Tt+1 Tt+2 Tt+3

2]
E

Tt+1 Tt+2 Tt+3

Tt+1 Tt+2 Tt43

Ty Ti41 Ti42 Tyl T2 Te43 T4l T2 Tey3 T4l T42 Tt43

S/
<.
<
S/

8

t Ti+1 T42

Tt+1 T2 Ti+3

Ti+1 Te+2 Ti+3

Ti+1 Tt+2 Tt43

Thus, we conclude that:

0.25¢; 0.25¢; 0
0 0 0.25¢

0.25¢; 0.50gs 0
0 0 0.25¢

0.50g5 0.25gs 0
0 0  0.50gs

0.50¢; O

0 0.25¢ 0.50¢

0.25¢; 0

0 0.50q4 0.25¢4

0.25¢s 0

0  0.25¢5 0.25¢s

0

0

0

Let us now compute the transitions for ¢ = 2 (see Appendix A for details), i.e.

8
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q§f) = Pf(wt =T Ny = 7Tj) = Pl‘(?ﬁt = 771’) Pr(wm =Ty ’ Py = 771') =4 Pr(wtw =T;
1y = m;). The conditional probabilities are:

(030 if (4, 5) € {(1,4), (1,6), (2,4), (2,6), (5,1), (5,3), (6, 1), (6,3)},
0.20 if (i,j) € {(3.2), (3,4), (4,2), (4,5)},
Pr(gp =7 [ e =m) = 4015 if (i,5) € {(1,2),(1,5),(2,2),(2,5), (3,1),(3,3),(3,4), (3,6),
(47 1)7 (47 3)’ (47 4)7 (47 6)7 (57 1)7 (57 5)7 (67 1)7 (67 5)}7
0.0 if (4,7) € {(1,1),(1,3),(2,1),(2,3),(5,4),(5,6),(6,4),(6,6)}.
(25)
And then
QO — 0.05g3 0.05¢3 0.15¢3 0.15g3 0.30¢g3 0.30q3 (26)

0.30(]4 0.3OQ4 0.15Q4 0.15Q4 0.05(]4 0.05Q4
0.30¢s 0.30gs 0.15¢gs 0.15¢5 0.05gs 0.05¢s

These are the only transition matrices required to obtain the asymptotic variance of the
Permutation Entropy.

IIT. COMPARISON WITH THE MULTINOMIAL MODEL

Consider a series of n independent trials in which only one of the K mutually exclusive
events is observed with probability pi,ps, ..., pk, respectively, such that p; > 0 and
Zfil pi = 1. Let N = (Ny, Na, ..., Nk) be the vector of random variables that count
the number of occurrences of these events in the n trials, with Zfil N; = n. Then, if
the events are independent, the joint distribution of N is

Ty
%

B (27)

K
Pr (N = (nl,ng,...,nK)) :n!H
i=1

where n; > 0 and Zfil n; = n. This model is the Multinomial distribution with n trials
and probability vector p = (p1, pe, ..., Pk)-
Chagas et al.*, using the multivariate Delta method, proved that

ValS(p) - S(p)] —— N (0,1). (25)
where
Vz% - Zpi(l —p;)(Inp; +1)* =2 Z Z p;pi(lnp; + 1)(Inp; + 1). (29)
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The vector of permutation probabilities ¢ = (¢1, ¢z, .- ., ¢m) stems from dependent
states and, thus, Eqgs. (28) and (29) are the result of a simplification of the problem.
However, an interesting question is assessing the independence assumption’s cost, which
implies a Multinomial distribution. Considering K = m/!, the asymptotic means given
in Eq. (19) and (28) are both zero, but the variances are different. After some calculus,
it can be observed the following relation between the asymptotic variances:

m) m—1
02 =12~ 3 (g + 17 [(zm PSS Qg?} -
=1

=1
m!—1 m! m—1
23" > (ng +1)(Ing; +1) [(Qm 2 — Y (Q +QL) } (30)
i=1 j=i+1 =1

In the case of white noise where all the ¢; are equal, VZ vanishes, but 03 does not.

IV. EXPERIMENTS WITH SIMULATED DATA

Throughout this section, we consider m = 3 as the embedding dimension and x a
time series of length 7' = n + 2. Let N = (Ny, Na, ..., Ng) be the vector of symbols’
frequency, where N; is the number of symbols of type 7(?). Note that N is a particular
case of the vector of random variables Z, defined in Eq. (5). Thus, the total number of
symbols is n = 2i:1 N;. In this case, the probability function of the permutations is
q=1(q1,q,...,q5) where ¢; = N;/n for i =1,2,...,6.

In the following, we consider n as a multiple of 6. If  is a white noise time series,
then N; =n/6 and ¢; = 1/6 for alli =1,2,...,6.

We propose variations of the vector of frequencies given by the following models.

1. One is One (OiO): there exist j,j" € {1,2,...,6}, j # j' such that N; = 1,
Nj’ = n/3 — 1, and Nz = TL/6 fOI' ) 7&]7]/

2. Half and Half (HaH): there exist three components of the vector N equal to N; =
n/6+a and the other three are equal to N; = n/6—a, wherea € {1,2,...,n/6—1}.

3. Linear (Lin): let n be a multiple of 21; i.e., n = 21b, the components of the vector
N are b, 2b, 3D, 4, 5b, 6b, not necessarily in this order.

Algorithms 1, 2, and 3 can be used to generate time series with models OiO, HaH,
and Lin, respectively, depending on two parameters, a € R and ¢ > 0. Figure 2 shows

time series of length 128 generated by these algorithms using the following parameters:
e Model OiO: n =126, a =0, e = 0.01;

e Model HaH: n =126, a =0, a = T;

10
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e Model Lin: b =6, a = 20, ¢ = 0.01.

Algorithm 1: Time series generation under the OiO model.

Input: n multiple of 6, « € R, e > 0
Output: Time series ® length T'=n + 2
T1 ¢ a+ 0.5;
Ty —
r3 < a+0.75;
Ty — a+1;
T5 < a + 0.25;
for i =6,7,...,2n/3+2 do
switch ¢ do
case i = 0(4) do
‘ x; — a—+0.75;
case i = 1(4) do
‘ z; < a+0.25;
case i = 2(4) do
‘ z; < a+ 0.5;
case i = 3(4) do
‘ i — Q;

for j=0,1,...,n/3—1do
t ToT/3+3+5 < QO 4+ 0.375 —jG,

11
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Algorithm 2: Time series generation under the HaH model.

Input: n multiple of 6, « € R, a € {1,2,...,n/6 — 1}
Output: Time series x length 7' =n + 2
T
Ty — a+ 0.5;
B
L=n/6+ a;
for:=1,2,...,L do

T3 < [+ 1;

341 < B+ 0.75;

T30 < B+ 1.25;

B < T3it2;
Y = T3n41 — 0.25;
fori=1,2,...,L —2ado

T3L+3i < 7

x3r43i41 < 7 — 0.75;

T3r43i+2 < 7 — 0.5;

Y 4 T3r43i41 — 0.25;

12
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Algorithm 3: Time series generation under the Lin model.

Input: b positive integer, « € R, € > 0
Output: Time series x of length T = 21b + 2
T, <

Ty — a— 2;
B (z1 + 22)/2;

for:=0,1,...,

b—1do
Toriy3 <
To1i44 < (Tariv2 + To1i43)/2;
Ta1i45 < T21i43 + 0.5;
Totive < Ta1i44 — 0.5;
Totrivr ¢ Ta1iys + 0.9;
To1i48 < Tatiye — 0.5;
Torite  (Tarig7 + To1its)/2;
Totit10 ¢ Torips — 0.5;
for j=1,2,...,7do
t T21i+1045 < Tati+10 + JE;
Ta1i418 <= Z21i+16 — 0.5;
for /=1,2,...,5do

L T21it18+4 < Ta1it1s + L€;

B B (Ta1i+22 + T21i423)/2;

1.00-
0.75-

3 0.50-

G

0.25-

0.00-
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sion of the asymptotic variance under the actual distribution of the ordinal patterns is

computationally more involved. Figure 3 shows the values of the asymptotic standard

12- 1.0-

0.9

w HHIA

“ VWVW m\w wvm \

100 50 100 0
t

FIG. 2: Examples of time series generated by Algorithms 1 (left),

and 3 (right).

series. These results are close to the theoretical values.

13

the asymptotic variance is different. As we can notice by Egs. (20) and (29

2 (middle),

Table IT shows the resulting vectors N and g, corresponding to the simulated time

The asymptotic Permutation Entropy distribution is Normal, whose mean only de-
pends on the vector of permutation probabilities. Then, the mean value is the same for
the actual distribution of the ordinal patterns or the simplified distribution. However,
), the expres-
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TABLE II: Vectors of frequencies and probabilities of the time series shown in Figure 2.

Model N; No N3 Ny N5 Ng qi q2 q3 qa s 6

0i0 1 21 21 21 21 41 0.0079 0.1667 0.1667 0.1667 0.1667 0.3254
HaH 28 28 28 14 14 14 0.2222 0.2222 0.2222 0.1111 0.1111 0.1111
Lin 36 6 12 24 18 30 0.0476 0.1905 0.0952 0.2381 0.1429 0.2857

deviations for the simulated data in function of the value of n for the actual distribution
of the ordinal patterns and the Multinomial distribution. The difference between them
is smaller as n increases. Moreover, the difference between 03 /n and Vg /n is less than
1073 for n > 3000 and the model OiO, and for n > 1000 and the models HaH and Lin.
Thus, the ordinal pattern transitions dependence might be sacrificed for the benefit of

the computational cost.

0.125 0.100 0.100

0.100 0.075 0.075

0.075
0.050- 0.050

0.050 \ 1
I\ \ \

\ \ N \
s 0,025\ 0.025
0.025 025
\\"-—» . \“"k“r- e K"‘""*ko .o
0.000- : B . ) AR 0.000- . T e
0 2500 5000 7500 10000 0 2500 5000 7500 10000 0 2500 5000 7500 10000
n n n

Asymptotic standard deviation o =V Asymptotic standard deviation o =V Asymptotic standard deviation o =V

FIG. 3: Asymptotic standard deviations o4/n and v4/n for the models OiO (left),
HaH (middle), and Lin (right).

V. EXPERIMENTS WITH ACTUAL DATA

This section shows the practical application of asymptotic variance as a valuable
tool for distinguishing various dynamics within a set of time series data. Building on
the technical insights introduced in Section I A, we illustrate its utility by employing
a hypothesis test, initially proposed in Chagas et al.*, to contrast different time series
dynamics while assuming the Multinomial model. Leveraging our primary result con-
cerning the asymptotic distribution as defined in (19), we improve that test to encompass
the actual ordinal pattern distribution, incorporating correlation. We then apply this
approach to analyzing meteorological data and biological signals. The results suggest
that this method is promising for classification across diverse research fields grounded in

time-series analysis.

14



AIP

f//_. Publishing

Asymptotic Distribution PE

A. DMeteorological time-series

In the present study, we used observations of the following meteorological char-
acteristics: minimum and maximum daily temperatures (in Fahrenheit degrees) and
daily precipitation. The values were measured in Dublin Phoenix Park (Ireland), Ed-
inburgh Royal Botanic Garden (Scotland), and Miami International Airport (United
States of America). These datasets are available at the Climate Data Online website
(https://www.ncei.noaa.gov/cdo-web/), which is supported by the National Oceanic
and Atmospheric Administration (NOAA). We consider the period from 8 August 1992
to 30 December 2019. These daily observations and the frequencies of their ordinal pat-
terns are shown in Fig. 4. It is worth mentioning that tied data present in these time
series are treated using the sequential order. It means that, for example, the sequences
Ty = Xpyp1 < Tppo and 1y < Xy = Tpyo are my-type. The confidence intervals of these
series using the actual distribution of the ordinal patterns and the Multinomial model
are shown in Figure 5, and their lengths are presented in Table III. Since the asymptotic
variances are more significant if we consider the ordinal pattern correlation, these con-
fidence intervals are wider than the ones obtained assuming independence. Notice that
the confidence intervals under the Multinomial model are roughly half the size of the
intervals considering the correlation structure. Such difference may impact the compar-
ison of time series, leading to the rejection of the hypothesis that there is no difference

when, in fact, there is not enough evidence for that.

TABLE III: Confidence intervals under the true and the Multinomial models of the

minimum (top) and maximum (middle) daily temperatures and daily precipitations

(bottom) in Dublin, Edinburgh, and Miami, from 8 August 1992 until 30 December
2019.

Confidence interval length Length

Feature City Mean H True Multinomial difference
Minimum temperature Dublin 0.97680 0.00023 0.00012 0.00011
Edinburgh 0.97946 0.00022 0.00011 0.00011
Miami 0.95747 0.00030 0.00016 0.00014
Maximum temperature Dublin 0.96755 0.00027 0.00014 0.00013
Edinburgh 0.97159 0.00025 0.00013 0.00012
Miami 0.91806 0.00040 0.00022 0.00018
Daily precipitation Dublin 0.92396 0.00040 0.00021 0.00018
Edinburgh 0.90310 0.00044 0.00024 0.00020
Miami 0.78393 0.00058 0.00034 0.00025
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FIG. 4: Minimum (first row) and maximum (second row) daily temperatures, and daily
precipitations (third row) in Dublin, Edinburgh, and Miami, from 8 August 1992 until
30 December 2019. Histograms of the ordinal patterns (last row) of the minimum and

maximum temperatures and precipitations, from left to right.

Dublin and Edinburgh have similar temperate oceanic climates with similar precipi-
tation and temperature regimes. Conversely, the weather conditions in Miami, a tropical
monsoon climate, differ significantly. Table IV shows the p-values of the test that state
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the same underlying process as the null hypothesis, assuming the actual distribution of
the ordinal patterns (with correlation) and the Multinomial model (with independence).
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Dublin Edinburgh Miami Dublin Edinburgh Miami Dublin Edinburgh Miami
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Daily precipitation
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FIG. 5: Confidence intervals under the true (cyan) and the Multinomial (violet) models
of the minimum (left) and maximum (middle) daily temperatures, and daily
precipitations (right) in Dublin, Edinburgh, and Miami, from 8 August 1992 until 30
December 2019.

It can be seen that the decisions of the tests are the same, assuming independence or
not, except for the case of daily precipitation in Dublin and Edinburgh, where the null
hypothesis is rejected at 5 % of significance under the Multinomial model. However, they
are not rejected at the same level when considering the correlation among patterns.

TABLE IV: Results of p-values for testing the same dynamic of the meteorological time

series.

Data Model ~ Dublin / Edinburgh Dublin / Miami Edinburgh / Miami
Minimum  True 0.7379 4.41 x 1072 1.95 x 1072
Temperature Multinomial 0.5192 1.51 x 1074 1.03 x 107
Maximum  True 0.6627 4.99 x 1075 7.89 x 1076
Temperature Multinomial 0.4098 2.67 x 10713 6.66 x 10~16

True 0.1603 8.88 x 10716 4.22 x 10711
Precipitation s inomial 0.0102 0.0000 0.0000

B. Biologogical signals

In order to assess the versatility of our approach across various contexts, we conducted
an analysis using a dataset of electrocardiograms (ECGs) sourced from the PhysioNet
platform of the Computational Physiology Laboratory at the Massachusetts Institute of
Technology, available at https://physionet.org/. This dataset encompasses ECGs de-
picting normal sinus rhythm” and ECGs from patients exhibiting cardiac arrhythmias'’.

To illustrate some of the potential benefits of applying our theoretical findings, we

randomly selected ten signals from this repository. Five ECGs corresponded to normal
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rhythm, while the remaining five were associated with arrhythmia. For clarity and
brevity, we standardized the nomenclature of these signals, as presented in Table V.

The subsequent hypothesis test was conducted using the initial 10000 observations
from each signal, and the results are visualized in Figure 6.

TABLE V: Selected ECG signals.

ECG Group PhysioNet id Our id

16265 N1

16273 N2

Normal rhythm 16420 N3
16786 N4

19830 N5

109 Al

116 A2

Arrhythmia 208 A3
212 A4

222 A5

We applied two tests, one considering the actual model of the ordinal patterns and the
other one under the Multinomial model that assumes independence. The null hypothesis
of our tests states that two time series share the same dynamic. Each ECG record was
compared with the rest of the signals. The decisions are shown in Table VI: “NR”
denotes not a rejection, and “R” is a rejection. It can be noticed that when the actual
model was used, all the ECG with normal rhythm were grouped in the same class. The
same held for the ECG with arrhythmia. Moreover, the null hypothesis was rejected in
most comparisons between a signal with regular rhythm and one with arrhythmia. On
the other hand, when the test was applied assuming independence, the errors of Type I
and Type II increased.

VI. CONCLUSIONS

In this work, we computed the Shannon entropy asymptotic distribution of the or-
dinal patterns obtained from a time series. The overlapping sequences that define the
ordinal patterns induce their serial dependence. Thus, the asymptotic distribution ex-
pression requires a large amount of computational effort. We compared these results with
the Shannon entropy asymptotic distribution of ordinal patterns under the Multinomial
model, which assumes independence. Both asymptotic distributions are Normal with the

same asymptotic mean. We studied the relationship between the asymptotic variances.
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FIG. 6: Selected ECG from PhysioNet database. Normal rhythm: N1, N2, N3, N4, and

N5 (left column from top to bottom). Arrhythmia: Al, A2, A3, A4, and A5 (right

).

column from top to bottom
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TABLE VI: Decisions of applying the test under the true model (left) and the
Multinomial model (right); “NR” denotes there is no significant statistical evidence to

reject the null hypothesis, and “R” means that there is.

True Model Multinomial Model

N1 N2 N3 N4 N5 A1 A2 A3 A4 A5 N1 N2 N3 N4 N5 A1l A2 A3 A4 A5
N1 NR NRNRNRNR'R R NR NR R NI NR/'R R R R R R R R NR
N2 NR NR NR NR'R R R R | R N2 NR NR NR NR NR NR NR NR NR
N3 NR NR NR R R NR R | R N3 NR R R NR NR R R NR
N4 NR NR R R R R R N4 NR NR NR NR NR NR R
N5 NR R R /R | R NR N5 NR NR NR NR NR R
Al NR NR NR NR NR A1l NR NR NR NR | R
A2 NR NR NR NR A2 NR NR NR R
A3 NR NR NR A3 NR NR R
A4 NR NR A4 NR R
A5 NR A5 NR

We found that: (i) the variance of the actual model is larger than the variance of the
Multinomial model, and (i) the two variances coincide for a suitable selection of the
time series lengths.

For an embedding dimension equal to 3, we found the explicit expression of the asymp-
totic distribution. We quantified the difference between the asymptotic variances with
serial correlation (the actual model) and under independence (the Multinomial model)
We applied hypothesis tests with and without the independence assumption to mete-
orological time series from three locations, two with similar regimes and a third one
with different climate conditions. Only in one case, concerning the daily precipitation,
does the decision differ. Finally, we applied the same tests to ECG signals with reg-
ular thythm and arrhythmia. In this case, the independence assumption yields more
cases with a wrong decision on whether to reject the null hypothesis. Accordingly, our
theoretical result is a suitable tool for classifying time series.

Appendix A CONDITIONAL PROBABILITIES

This section presents a detailed computation of the conditional probabilities used in
Section IT A. The results are obtained for £ =1 and m = 3.

o If Yy =m, 2y <1 < 2409, then there are three possibilities:

B T3 < T < Xpgo, €0 P = Ty, provided that x5 < 2y < 2409 < X449 OT
Ty < Tpp3 < Tyq1 < 2yy9. Thus, Pr(yyy = my |y = m) = 1/2.
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IN

w2 < T3 < Xpao, i Y = mo, provided that x; < a1 < w3 < a0,

Thus, Pr(¢y41 = m | = m) = 1/4.
BT < Tpyo < Xpas, 1. Y = 7, provided that x; < a1 < 20 < Ty,
Thus, Pr(¢i1 = m |y =m) = 1/4.
o If Yy =mo, vy < w49 < x411, then there are three possibilities:
B T3 < Ty < Ty, ie. Wy = mg, provided that x5 < xy < x40 < w44 O
2y < g3 < Tyyo < 4. Thus, Pr(@btﬂ =T | Yy = 7T2) = 1/2-

BT < Ty < Ty, 160 Y = ms, provided that x; < xp0 < i3 < .
Thus, Pr(¢41 = 75 | ¢y = m) = 1/4.

w20 < 2y < Xya3, e Y = w3, provided that x; < a0 < 11 < T3,
Thus, Pr(thrl = T3 | Qﬂt = 7T2) = 1/4
o If Yy = m3, w41 <y < 2419, then there are three possibilities:
BTy < Ty < Ty, e Yy = my, provided that x4 3 < 21 < 2 < 0.
‘ThllS7 Pr(thrl = T4 | 2/)15 = 7T3) = 1/4

BT < g < Typyg, 16 Wy = Mo, provided that z;; < xy < 403 < w4y O
Tip1 < T3 < 1 < Tyqg. Thus, Pr(yyg = mo | ¢y = m3) = 1/2.

BT < Ty < yyg, e Y = mq, provided that xyq < 2y < 20 < T3
Thus, Pr(¢p1 = m | ¢y = m3) = 1/4.
o If Y, =my, w410 < xy < 2441, then there are three possibilities:
m T3 < Tpyo < Xpaq, 1€ Wi = T, provided that xpg < 10 < 1y < Ty
Thus, Pr(¢i1 =76 | = ma) = 1/4.

B T < a3 < Xypq, 160 P = 75, provided that zp0 < 2y < 2403 < x40 OT
Tipo < g < oy < 2449, Thus, Pr(¢y = 75 | Y = m) = 1/2.

w20 < Ty < Xyas, i€ Y = w3, provided that xp0 < xp < 11 < Ty,
Thus, Pr(wtﬂ = T3 | wt = 7T4) = 1/4

o If Yy =ms, 41 < x40 < x4, then there are three possibilities:

w23 < Ty < Xpao, i€ Y = Ty, provided that xp3 < x40 < 2400 < 14
Thus, Pr(¢sq =7y | 9y = m5) = 1/4.

B2 < Tpys < Xpgo, 160 Wi = mo, provided that xp < 2413 < 2400 < 1y
Thus, Pr(¢y1 = m2 | = 75) = 1/4.
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BT < Tppo < Xypg, 1€ Y = mp, provided that xp < 20 < 2y < X443 OT
Tip1 < Tyyo < 243 < . Thus, Pr(yyyy = m | ¢y = m5) = 1/2.
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[ J If 'lbt

= T, Tiro < Ty < x4, then there are three possibilities:
T43 S T492 S T41, 1.e. ¢t+1 = Tg, prOVided that T43 S L42 S Ti41 S Tt.
Thus, Pr(¢41 = 76 | ¢y = m6) = 1/4.

Tiro < Tya3 < Xyaq, 1.6 Y = 75, provided that xp0 < 2403 < 2401 < 2.
Thus, Pr(¢r1 = 75 | = m6) = 1/4.

Tiro < X1 < Tygs, 1€ Yrpq = 3, provided that zi0 < @1 < @43 < 24 01
Tira < 1 < 2y < Tpp3. Thus, Pr(Yeg = w3 | ¢ = m6) = 1/2.

Analogously to the previous computations, we proceed as follows for ¢ = 2.

[ ] If ¢t

[ ] If ¢t

=, Tt < Tpy1 < X419, then there are six possibilities:

Tiro < Tpp3 < Tyyg, 1€ Yyo = mq, provided that vy < x4 < 2410 < 243 <
Tya. Thus, Pr(Ypy =m | =m) = (1/4) - (1/5) = 1/20.
Tiro < Tppq < Tyyg, 1€ Yy9 = Mo, provided that xy < x4y < xpp0 < 14y <
Tyy3. Thus, Pr(vy . =m [ ¢y =m) = (1/4) - (1/5) = 1/20.
T3 < XTyro < Typg, 1€ Yo = w3, provided that x5 < vy <2y < 2440 <

Togay Tp < Tiq3 < Xpp1 < Tppo < Tyqg OF < 0y < Tyqq S Ty < Tpgo S Xpgge
Thus, Pr(y1 =73 | ¥y =m1) = (3/4) - (1/5) = 0.15.

Tyya < Tyyo < Ty, 1.6 Py = g, provided that zpy < 2y <y S0 <
Tog3y Tt < Tygq < Ty < Tyqo < Tyq3 OF Ty < XTppq < Xyqq < Tpgo < X3
Thus, Pr( 1 =74 | Yy =m1) = (1/4) - (3/5) = 0.15.

T3 < Tpgpa < Tyyo, 160 Yyyn = 75, provided that z443 < @y < p <y <
Tpyo, Tpz < Ty < Typa < Ty < Tygo, T3 S X < T S Tyqa < Ty,
Ty < X3 < Tppa S Ty S Tpg2, T S Tyg3 S Ty S T4 S Tygo, OF
<2y < Tpp1 < Tpq3 < Typpg < Tyqo. Thus, Pr(¢t+1 = T5 | Yy = 7T1) = 3!/20-

Tiag < Tpy3 < Tyyo, 1€ Yy 9 = mg, provided that .y < x5 <y <241 <
Tigo, Toga < Ty < Typ3 < Tpqr < Tygo, Tigs S X < T < Tyq3 S Ty,
Ty < Tpyg < T3 < Ty S Tpyo, Ty S Typpa S Ty S Tg3 < Tygp O

< a2 < w1 < 2ypg < Tygy < @yy9. Thus, Pr(yy = w6 | ¢ = m) = 31/20.
=Ty, Ty < Tyyo < X411, then there are six possibilities:

Tiro < Tyrg < Tyag, 1.6 Yo = mq, there are 3 ways to locate x5 < Tpy4.
Thus, Pr(¢.1 = m | ¥y = m) = 3/20.

Tipo < Typg < Xyys, 1.6 Yo = mo, there are 3 ways to locate x4 < 2y43.
Thus, Pr(¢41 = mo | 1y = m2) = 3/20.

T3 < Ty < Tpay, 1€ Y0 = T3, there are 2 ways to locate z;,3 and 2 ways
to locate x4 Thus, Pr(¢, 1 = w3 | ¢ = m) = 1/5.

22



AlIP
é/_. Publishing

Asymptotic Distribution PE

[ ] If '@th

L] If @Z)t

[ J If 'lbt

Tiag < Tyao < Xyis, 6. W9 = my, there are 2 ways to locate x;, 3 and 2 ways
to locate w1 4. Thus, Pr(iy = my | 0y = m) = 1/5.

Tirg < Tirg < Typo, 1.6 Yo = s, there are 3 ways to locate x5 < Tpyy.
Thus, Pr(¢t1 = 75 | ¢y = m) = 3/20.

Tirq < Terg < Tyyo, 1. Y9 = g, there are 3 ways to locate x4 < x413.
Thus, Pr(¢y1 = m6 | ¢y = m) = 3/20.

= T3, Try1 < oy < X419, then there are six possibilities:

Tipo < XTyag < Xyiy, 1.€. Y9 = mq, there is only one way to locate xy13 < 244 4.
Thus, Pr(thrl =T | Qﬂt = ’7T3) = 1/20 = 1/20

Tiro < XTyag < Tyrg, 1.€. Yo = Mo, there is only one way to locate 414 < xyy3.
Thus, Pr(¢i1 = m2 | ¢ = m3) = 1/20.

T3 < Tppo < Typyy, 1€ Ypo = 73, there are 3 ways to locate x5 and only
one way to locate x;14 Thus, Pr(vy,1 = 73 | ¢ = m3) = 3/20.

Tirg < Tipo < Xyys, 1€ Y0 = my, there are 3 ways to locate ;.4 and only
one way to locate x;y3. Thus, Pr(¢.1 = my | ¥y = m3) = 3/20.

Tirg < Tyra < Tyyo, 1.6. Yo = w5, there are 3! ways to locate z,13 < x444.

Thus, Pr(¢e1 = m5 | ¢ = 7m3) = 31/20.

Tira < XTyp3 < Tyyo, 1.6, Y9 = mg, there are 3! ways to locate x4 < x413.
Thus, Pr(¢y1 = me | ¥y = m3) = 3!/20.

=Ty, Trio < oy < X411, then there are six possibilities:

Tiro < Xyp3 < Xyyg, 1.6. Yp9 = mq, there are 3! ways to locate xy13 < xy14.
Thus, Pr(¢y1 = m | ¥y = m4) = 3!/20.

Tiro < Tyra < Tyys, 1.6, Yo = mo, there are 3! ways to locate x4 < 7443.

Thus, Pr(¢41 = m2 | ¢ = my) = 3!/20.

T3 < Tyrg < Tpyy, i.€. Y9 = w3, there is only one way to locate x4, 3 and 3
ways to locate 44 Thus, Pr(¢y = w3 | ¥y = m4) = 3/20.

Tira < Tyao < Xyas, 1.6. W9 = Ty, there 3 ways to locate z,,3 and only one
way to locate xyy4. Thus, Pr(¢y 1 = my | ¢y = m4) = 3/20.

Tir3 < Trg < Tpyo, 160 P9 = 5, there is only one way to locate x5 < x414.
Thus, Pr(thrl = Ty | wt = ’7T4) = 1/20

Tirg < Tyag < Xypo, 1.€. Yo = g, there is only one way to locate 414 < xyy3.
Thus, Pr(¢1 = w6 | ¥y = ma) = 1/20.

= T5, Tip1 < Tyao < x4, then there are six possibilities:
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[ J If wt

Tiro < Ty < Tyay, 1.6 Yo = mq, there are 3 ways to locate x;13 < xp44.
Thus, Pr(¢y41 = m | ¢ = m5) = 3/20.

Tiro < Tyrg < Tyrs, 1.6 Yo = mo, there are 3 ways to locate x4 < T3,
Thus, Pr(¢t1 = ma | ¢y = m5) = 3/20.

T3 < T < Tpyy, 1€, Y0 = T3, there are 2 ways to locate z;,3 and 2 ways
to locate x4 Thus, Pr(¢ 1 = w3 | ¢ = m5) = 1/5.

Tirg < Tyao < Xyp3, 1€ W0 = my, there are 2 ways to locate x;, 3 and 2 ways
to locate w1 4. Thus, Pr(iy = my | ¢ = m5) = 1/5.

Tirg < Tirg < Typo, 1.6 Yo = s, there are 3 ways to locate x5 < Tpyy.
Thus, Pr(¢y.1 = 75 | ¥y = m5) = 3/20.

Tirq < Tepg < Tpyo, 1.6, Y9 = g, there are 3 ways to locate x4 < x443.
Thus, Pr(yer1 = m6 | ¢ = 75) = 3/20.

= Tg, Tero < Ty < x4, then there are six possibilities:

Tiro < Tyr3 < Tyyyq, 1.6. Yo = mq, there are 3! ways to locate z,3 < x444.
Thus, Pr(¢41 = m | ¢ = m6) = 3!/20.

Tpro < Tyrq < Tyys, 1.6, Yo = mo, there are 3! ways to locate x4 < 2443.
Thus, Pr(thrl = 79 | wt = ’7T6) = 3'/20

Tirg < Tipo < Xyag, 1€ Y0 = 3, there are 3 ways to locate ;.4 and only
one way to locate x;y3 Thus, Pr(¢y.1 = 73 | ¢y = mg) = 3/20.

Tirq < Tpro < Typyg, 1€ Yy9 = Ty, there are 3 ways to locate z,,3 and only

one way to locate z;,4. Thus, Pr(¢y 1 = w4 | ¢y = mg) = 3/20.

Tirg < Tyag < Xypo, 1.6, Y9 = s, there is only one way to locate xy13 < x40 4.
Thus, Pr(¢y1 = m5 | ¢ = m6) = 1/20.

Tirg < Tyag < Typo, 1.€. Yo = g, there is only one way to locate 414 < xyy3.
Thus, Pr(¢41 = 76 | ¢ = m6) = 1/20.

CONFLICT OF INTEREST STATEMENT

The authors have no conflicts of interest to disclose.

REPRODUCIBILITY AND REPLICABILITY

The public repository https://gitlab.ecs.vuw.ac.nz/freryal/comparison-asy

mptotic-models-ordinal-patterns contains all the artefacts (text, code, and data)

related to this article.

24


https://gitlab.ecs.vuw.ac.nz/freryal/comparison-asymptotic-models-ordinal-patterns
https://gitlab.ecs.vuw.ac.nz/freryal/comparison-asymptotic-models-ordinal-patterns

AIP

é/_. Publishing

Asymptotic Distribution PE

REFERENCES

1J. M. Amigé and O. A. Rosso. Ordinal methods: Concepts, applications, new de-
velopments, and challenges—in memory of Karsten Keller (1961-2022). Chaos: An
Interdisciplinary Journal of Nonlinear Science, 33(8), aug 2023. do0i:10.1063/5.0167263.

2Christoph Bandt and Bernd Pompe. Permutation entropy: a natural complex-
ity measure for time series. Physical Review Letters, 88(17):174102, 2002. doi:
10.1103/PhysRevLett.88.174102.
3E. Chagas, A. C. Frery, O. A. Rosso, and H. S. Ramos. Analysis and classifi-
cation of SAR textures using Information Theory. [IEEE Journal of Selected Top-
ics in Applied Earth Observations and Remote Sensing, 14:663-675, 2021. doi:
10.1109/JSTARS.2020.3031918.

“E. T. C. Chagas, A. C. Frery, J. Gambini, M. M. Lucini, H. S. Ramos, and A. A. Rey.
Statistical properties of the entropy from ordinal patterns. Chaos: An Interdisciplinary
Journal of Nonlinear Science, 32:113118, 2022. doi:10.1063/5.0118706.

°E. T. C. Chagas, M. Queiroz-Oliveira, O. A. Rosso, H. S. Ramos, C. G. S. Freitas, and
A. C. Frery. White noise test from ordinal patterns in the Entropy-Complexity plane.
International Statistical Review, 2022. doi:10.1111/insr.12487.

SH. Elsinger. Independence tests based on symbolic dynamics. Technical report, Work-
ing Paper, 2010.

"Ary L. Goldberger, Luis A. N. Amaral, Leon Glass, Jeffrey M. Hausdorff, Plamen Ch
Ivanov, Roger G. Mark, Joseph E. Mietus, George B. Moody, Chung-Kang Peng, and
H. Eugene Stanley. PhysioBank, PhysioToolkit, and PhysioNet: components of a new
research resource for complex physiologic signals. circulation, 101(23):e215-e220, 2000.
do1:10.1161/01.cir.101.23.e215.

8E. L Lehmann and G. Casella. Theory of point estimation. Springer Science & Business
Media, 2006.

1. Leyva, J. Martinez, C. Masoller, O. Rosso, and M. Zanin. 20 years of ordinal
patterns: Perspectives and challenges. Furophysics LettersEuropean Physical Society,
138(3), 2022. doi:10.1209/0295-5075 /ac6aT2.

YGeorge B. Moody and Roger G. Mark. The impact of the MIT-BIH arrhythmia
database. IEEE Engineering in Medicine and Biology Magazine, 20(3):45-50, 2001.
do0i:10.1109/51.932724.

HA. A Rey, A. C. Frery, M. Lucini, J. Gambini, E. T. C. Chagas, and H. S. Ramos.
Asymptotic distribution of certain types of entropy under the multinomial law. Entropy,
25(5), 2023. ISSN 1099-4300. doi:10.3390/e25050734.

12A. M. Yamashita Rios de Sousa and J. Hlinka. Assessing serial dependence in ordi-
nal patterns processes using chi-squared tests with application to EEG data analysis.
Chaos: An Interdisciplinary Journal of Nonlinear Science, 32(7):073126, 2022. doi:
10.1063/5.0096954.

25


https://doi.org/10.1063/5.0167263
https://doi.org/10.1103/PhysRevLett.88.174102
https://doi.org/10.1103/PhysRevLett.88.174102
https://doi.org/10.1109/JSTARS.2020.3031918
https://doi.org/10.1109/JSTARS.2020.3031918
https://doi.org/10.1063/5.0118706
https://doi.org/10.1111/insr.12487
https://doi.org/10.1161/01.cir.101.23.e215
https://doi.org/10.1209/0295-5075/ac6a72
https://doi.org/10.1109/51.932724
https://doi.org/10.3390/e25050734
https://doi.org/10.1063/5.0096954
https://doi.org/10.1063/5.0096954

	The Asymptotic Distribution of the Permutation Entropy
	Abstract
	I Introduction
	II Ordinal Patterns Distribution
	A Asymptotic Distribution of the Permutation Entropy
	B Embedding Dimension m =3 

	III Comparison with the Multinomial Model
	IV Experiments with Simulated Data 
	V Experiments with Actual Data 
	A Meteorological time-series
	B Biologogical signals

	VI Conclusions
	A Conditional Probabilities
	 Conflict of Interest Statement
	 Reproducibility and Replicability
	 References


