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Abstract The goal of this paper is to provide almost robust approximations of
singularly perturbed reaction-diffusion equations in two dimensions by using finite
elements on graded meshes. When the mesh grading parameter is appropriately
chosen, we obtain quasioptimal error estimations in a balanced norm for piece-
wise bilinear elements, by using a weighted variational formulation of the problem
introduced by N. Madden and M. Stynes, Calcolo 58(2) 2021. We also prove a su-
percloseness result, namely, that the difference between the finite element solution
and the Lagrange interpolation of the exact solution, in the weighted balanced
norm, is of higher order than the error itself. We finish the work with numerical
examples which show the good performance of our approach.
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1 Introduction

The reaction-diffusion equations arise in many applications, indeed, these equa-
tions appear naturally in systems consisting of many interacting components and
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are used to describe pattern-formation phenomena of biological, chemical and
physical systems (see, for example, [8|[I8|[19]).

It is well known that, when the singular perturbation parameter is very small,
the solution of the problem presents boundary layers which downgrade the ap-
proximability of the solution when uniform or quasi-uniform meshes are used. The
approximation by finite element methods of these singularly perturbed problems
have been extensively studied (see, for instance, [2I|[I3|[I0I[I4] and its references)
where uniform error estimates where analyzed for different norms, including the
energy and L°° ones.

It turns out that the natural energy norm associated to the problem is not
balanced, i.e, when the singular perturbation parameter tends to zero, the energy
norm of the layer contribution vanishes while the energy norm of the smooth part
of the solution does not. Balanced norms were introduced to reflect the behavior
of layers more accurately in the finite element method for singularly perturbed
reaction—diffusion problems. This is extensively discussed in [12] where a new bi-
linear form and a finite element method were designed to facilitates the analysis
for a new balanced norm. Subsequently new analysis were performed in several
articles, in particular [IL2L717].

Therefore, the problem requires especially designed schemes for its effective
numerical solution. In a recent work, N. Madden and M. Stynes [16] introduced a
weighted balanced norm (whose H' component is scaled to the correct size) and
obtained an robust almost first-order error bound for piecewise bilinears on the
unit square by using Shishkin meshes.

In this paper we consider the bilinear formulation and the weighted balanced
norm introduced in [16], and obtain a robust approximation of singularly perturbed
reaction-diffusion equation, with homogeneous Dirichlet boundary conditions, in
two dimensions by using piecewise bilinear elements on graded meshes. We present
quasi-optimal error estimates when appropriate graded meshes are used, in addi-
tion we also obtain a supercloseness result for the balanced norm, i.e., we prove
that, under suitable hypothesis, the difference between the approximate solution
and the Lagrange interpolation of the exact solution is of higher order than the er-
ror itself. In particular, to obtain the supercloseness result we need to prove some
properties over the weight function which characterize the discrete formulation
and also we need to prove some estimations over the derivatives of the solution.

In [] graded meshes were also used, with bilinear finite elements, to obtain
robust and almost optimal error estimates in the energy norm for a reaction dif-
fusion problem similar to the one we consider here. In that work the grading
parameter (and therefore the meshes) could be taken independently of the singu-
lar perturbation parameter of the equation. Adjusting the grading parameter, but
still being independent of the singular perturbation, supercloseness results in the
energy norm were obtained in [6]. In the present paper, to obtain almost uniform
results in the balanced norm, we use meshes of the same type to those introduced
in [4] but with a grading depending on the singular perturbation parameter (see
Section .

Although the numerical results obtained with Shishkin meshes and graded
meshes are similar, graded meshes satisfy some desirable properties. In fact, when
one is approximating a singularly perturbed problem with an a priori adapted
mesh, it is natural to expect that a mesh designed for some value of the pertur-
bation parameter works well also for larger values of it (we include a numerical



test of this performance). This is the case for graded meshes as it is mentioned in
[EL6]. This fact could be an important property in problems where the diffusion
parameter is not constant or, also, to treat systems of equations in which different
equations have singular perturbations of different orders.

The paper is organized as follows. In Section [2] we present the reaction diffu-
sion problem, the weighted formulation and the weighted balanced norm under
consideration. In Section [3| we introduce the graded meshes and we present some
interpolation properties in standard Sobolev norms and in Section [] we obtain
interpolation error estimates on the weighted balanced norm. Section [f]is devoted
to the supercloseness results. In Section |§| we present some numerical examples
which show the good performance of our method. We finish the paper with an
Appendix which includes a technical Lemma used along the paper.

Throughout the paper, the letter C' will denote a generic positive constant,
not necessarily the same at each occurrence, which is independent of the singular
perturbation parameter £ and the mesh size.

2 Problem Statement

Let 2 be a bounded domain on R? and 12 its boundary. We consider the following
reaction-diffusion problem

—&? Au+ bz, y)u = f(z,y) (z,y) € 2 (1)
u=20 on 02
where 0 < ¢ < 1 and b € L*®(R2), with 0 < b3 < b(z,y) < b3 for almost all
(z,y) € 2.
In a recent paper, Madden and Stynes [16] propose a new variational formula-
tion of this problem as follows. Let

1 _ iy
€

,B(x,y) =1+ ge

be a weighting function, with 7 a fixed positive parameter and d(x, y) the distance
to the boundary 9f2. It is appropriate to mention that, also this weight function
is basically the same used in Adler et al. [2], but there the authors rewrite the
reaction-diffusion problem as a system of equations. The property (see [16])

VB vl < <(,y)

almost everywhere in (z,y) € 2 will be used along the manuscript.
We consider the weighted norm

1
2 2 2\ 2
llellls = (21Vll3 + o))

where |[v]jg = (51},1})%. We use the notation ||| - |||g,p, | - ||g,p to denote the S-
weighted norms on the subdomain D. The domain subscript is dropped for the
case D = (2.



Defining the weighted bilinear form Bg : Hj(£2)> — R by
Bg(v,w) = &° /Q Vo - V(pw)dzdy + /Q b(z)v (Bw) dx dy.

Then, the variational formulation of problem is given by: find u € HJ () such
that

Bg(u,v) = /Q f(x)(Bv) dx dy Vv € H&(Q).

Remark 1 The B-norm ||| - ||| is balanced, indeed, its components || Vu||z and
||u||% are both O(1) for a typical solution u of ( see [16] for more details).

If Vi, C Hg(£2) is a finite element space, we define the finite element formula-
tion: find up € V3 such that

Bytunv) = [ f@)(Boydedy Vo€ Vi (2)

Following [I6] we assume 0 < 7 < bg. In this case, the bilinear form Bg(-,-)
is coercive and continuous, and by using Lax-Milgram Theorem and Céa Lemma,
the following approximation error estimate holds (see [16] Section 3]):

llu—unllls <C inf [|lu—wnl]s. ®3)
wpEVh
It follows that in order to estimate the error in the balanced norm ||| ||| is enough
to compare u with some interpolant ITu of u.
3 Graded meshes and preliminary results
Let 2 = (0,1)2. Let us introduce a family of meshes in the following way. We

consider two parameters, h > 0 which is related with the mesh size (see Remark
2), and the grading parameter « given by

1
o= A
2log <
Let zo,21,...,Tmid the grid points on the interval [0, %] given by
xTo = 07
s . 1
x1=h, with s :=
Tix1 = x; +hxy, i=2,...,mid—1,
1
Tmid = 5
This partition is extended to a grid {xo, z1, ..., Tmid, - - ., Zpm } with M = 2mid of
[0, 1] by setting x; = 1—xp—; for i = mid+1,..., M. We consider a 2-dimensional

mesh 7, = {R} of tensor product type of 2 = (0,1)?, composed by rectangles
R = R;; defined by
Rij = (l‘i_l,xi) X (ajj_1,$j).



Set hi = xx —xr—1. Then the lengths of the sides of R;; are h; and h;. We will use
repeatedly along this paper the following property for the meshes 7j: For R;; € Tp,
with 1 <4 < M we have

h; < hmin{z,1 — z}* Y(z,y) € Ryj.
Similarly, for R;; € T, with 1 < j < M we have
hj < hmin{y, 1 — y}* V(z,y) € Rij.

Remark 2 The number M + 1 of grid points along the x and y axis is related with
the parameter h which define the mesh 7 by

h < C%logélogM.

(see [4, proof of Corollary 4.5]). Hence, we see that h is bounded almost uniformly
with respect to € and similarly to the case of quasi-uniform meshes except for
the logarithmic factor log M. In what follows, for simplicity, we write the error
estimates in terms of h, but they can be traduced in terms of the number of
degrees of freedom using this relationship.

Given a generic rectangle R with edges of lengths h, and hy, let Q1 : H*(R) —
H'(R) be the classical interpolation operator on R. We know the error estimates
(see [3, Th. 2.7])

v — Quvllo,r < C{R2||O2v]l0,r + R l|05v]l0,r} (5)

and
[0z (v — Q1v)[lo,r < C{hal|@2vl0,r + hyllOzOyvlo,r},
10y (v — Q10)ll0,r < C{ha||820yvll0,r + hyllO5v]l0,r}-

We also have the following results that will be useful later on.

(6)

Lemma 1 Let R = (a,b) x (¢, d) be a rectangle with sides of lengths h, =b—a
and hy = d — c. Then we have

IV (Q1/) llso,r < 2V2(|V fll oo,
for all f € C*(R).

Proof Let A = (a,c), B = (b,¢), C = (b,d) and D = (a,d), and the Lagrange
bilinear bases functions

Then
Q1 f = f(A)Aa + f(B)As + f(C)Ac + f(D)Ap
and

FA) ~ f(B)y—d | ()~ D)y~
hy hy hy hy -

Oz (Qf) (2,y) =



Then, by the Mean Value Theorem we have that there exist Zm,, Zm, € (a,b) such
that
_ y—d Y
O (Ql.f) (xay) *aﬁf(xmnc) h +al‘f(x“”bwd)
Yy

Since, for (z,y) € R it holds |y — ¢|, |y — d| < hy then it results

—c
hy

102 (Q1f) (2, y)| <02 f (@my; O) + |02 f (Tms, )] < 2|V f oo, -
A similar estimate hold for |9y (Q1f) (z,y)| and then the proof concludes. O

Lemma 2 Let R = (a,b) X (¢,d) be a rectangle with sides of lengths hy = b — a
and hy =d —c. If 0 < a < 1 then, for any v € H*(R), we have

102 (v = @10)lo,r < Clha™*||(z = a)*8Zvllo,re + hyl|0xDyvllo,r},  (7)
10y (v = Quo)lo.r < ChallOzdyvllo,r + hy ™[Iy — ¢)*Fgvllo,r} (8)

Proof Let R = (0,1)? and Q; : ﬁQ(R) — H'(R) be the bilinear interpolation
operator. For a function v € H?(R) define

Oo(z,y) =v(0,9)(1 —a) +2o(l,y),  (z,y) € R

Note that ITv(-,y) is the linear interpolation of v(-,y) for each y € {0, 1]. Then we
know that for smooth functions v we have (see [I5, Corollary 1.2.3])

10:[0(y) = To( 9)]llo,0,1) < Cllz®dzv (-, y)llo,0,1y © Yy € (0,1)

and therefore
1
102 (0 — IT0)|1% 5 = / 182 [0 ) — ITo(- .o dy
0
1
<c / 22 020( )y o,1) dy = Clla020]2 5.
0

Now,
v— 010 = (v—Hv) + (ITv — Q1v)
= (v =1IIv) + [[Tv — Q1 (ITv)]

since Qv = Ql(HU). Then
102 (v = Quv)llg.p < Clla® vy 5 + 102 [ITv — Qu(IT0)] | 5
< C{lla®0ivllg g + 1021T0]|g  + 1020y 1T ]l 5}
where we used the estimate @ for Q1. But
02Iv =0

and, since
8:cnv($7y) = U(17y) - ’U(O,’y)



it follows, for smooth functions v, that

ayﬁxﬂv(x,y)zay(v(l,y)—v((),y)):/0 0,050(t, ) dt.

1 1 1
00,0l = [ || 0:0,0(t.0)at
0 0 0

1 1 1
< [ [ [ 10duitu? deayda
0 0 0

2
= 1020yvlly -

Then
2
dy dz

From @ we obtain
[0 (v — Ql”)”o,}% < C{llmafﬁvllo,ﬁz + ||8w8yv||o,ﬁz}-

By a density argument, the previous inequality holds for all v € HQ(IA%). Then, the
inequality is obtained by a simple rescaling argument. Inequality follows
analogously, and then the proof concludes. g

We will denote the global continuous piecewise bilinear interpolation operator
H?(2) — HY(2) also by Q.

4 Estimates on graded meshes

In this Section we obtain interpolation error estimates in the S-norm with graded
meshes. We will assume the compatibility conditions (see [10] and the references
therein)

f(0,0) = f(1,0) = f(1,1) = f(0,1) =0

which ensure that the solution u belong to C*(£2) N C?(£2). Such compatibility
conditions are necessary for the following pointwise estimates, which for k < 2
are proved in [I0, Lemmata 3.1, 3.3 and 3.5] and for k = 3,4 were stated in [11]
Lemma 4.1].

Lemma 3 We have that, for (z,y) € 2 and 0 < k <4,

1—x
<}
)

1 _pu 1 4 1y
}3§u(x,y)'§0{1+6—ke bos + e boiTty,

1 4= 1 _
8I;u(ac,y)‘ §C{1—|—6—ke bo +€—ke bo

Note that, with & = 0 we obtain that the solution v is uniformly bounded on the
domain (2.
In our analysis we make the following reasonable Assumption.

Assumption 1 Assume that h < e 2 and e < h, as otherwise the subsequent
analysis can be carried out using standard techniques.

First, we consider the L2-part of the S-norm of the interpolation error.
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Fig. 1 Decomposition of {2 for the proof of Proposition

Proposition 1 Let u be the solution of and Qiu be the piecewise bilinear
interpolation of u on the mesh Ty. Then, under Assumption[d], we have that there
exists a constant C' such that

lu— Qiullg < CH? <log é) 2

Proof Let us define
Ri = {[(0,21) U1 =21, 1)] x (0,1)} U{(0,1) x [(0,21) U (1 —z1,1)]},

1 1
Ry = {{(iﬂlﬁoslog g) U (1 —oelog ?1 y 11)} X (z1,1 = 331)}
1 1
U {(wl, 1—z1) X {(ml,'yoelog g) U (1 — ~oelog o 1-— xl)} } ,
1 1
R3 = (yoe log = 1 —yoelog g)2,

2 1
bo? v
and 1 — Woslog% are grid points. Then, 2 = R1 U R2 U R3 (see Figure .

Let S1 = (0,z1) X (0,1). Note that, since 1 — a = and € = h%ﬁ, we
have

where 7 is taken greater than or equal to max{ } and such that ’yoslog%

1
—2loge

—21
r1 ﬁ oge _ hllggi[z(flogh)fl]. (10)
€ €

then, by Assumption since h < e 2 and e < h , it follows

loge
log h

[2(—logh) — 1] > 2(—1logh) — 1> 2



and therefore
“L<p?, (11)

Then, since u is uniformly bounded, we get

x1 1
lu=Quulhs, = [ [ Blu- Qu)?dyda
0 0
< Cxie ! < h2.

Then clearly, by symmetry arguments, we obtain

lu~ Quul3 r, < Ch2. (12)

Let now S2 = (x1,y0¢ log %) x (z1,1—z1). Using anisotropic interpolation error
estimate [3, Th. 2.7] and taking into account that 3 < Ce™!, we have

lu— Quullf s, < Ce™'|u— Quullg s,

<ce™t Y (W02l ., + B3Ol R, )
R;;CSs

For R;; C S2 we have h; < Chx®, h; < Chmin(y,1 — y)® for all (z,y) € Rj.
Using also that h;, h; < h and the a priori estimates of Lemma we obtain

|u — Qiul3.s, < Ch'e™'x

/ (1 fateeTleT 20l oyt 4 (1 - y)4574672b°1_7y) drdy. (13)
Sa
Now, taking into account that |Sa| < ’yoelog% we get
_ 1
Ch'e 1/ dx dy < Ch*log —.
S; €

On the other hand, we have

Ch4€71/ (x4a€74672b0§+y4a€—4672b0%)dxdy:
Sa

log L
ChA(1 — 221)24@ D) /%6 g (x871)4a672b0x/5di
€

1

1 . 1—x, _ o _ d
+ Ch*(voe log o z1)et @) / (ye~Lytee2bov/e ?y
T

< Ch*.

where we used that clog1 < C, e4@=1) = ¢2 and that for § € [0,4] the integrals

fooo 2°e=2%9% dg are uniformly bounded. Similarly, we have

chte ™t | (1- y)4574672b"1_7ydac dy < Ch*.
S



10

Then from we get,

1
i Quullss, < C1* (1og 1)

Now, with similar arguments we obtain

1
lu— Qiullg.r, < CR? <log g) . (14)

Finally, since vo > %, it follows from Lemmathat

|02u| + |8§u| <cC on Rs.

Similarly, 8 < C on R3 since 70 > +. Then, using again the anisotropic interpola-
tion error estimates for the operator Q1 and that h;, h; < h for all ¢, j, we easily

obtain
lu— Qiullg,r, < Ch%. (15)

Since {2 = R; U R2 U R3, from 7 and we get the desired result. a
Also, we can prove the following result involving the H'-seminorm.

Proposition 2 Let u be the solution of and Qiu be the piecewise bilinear
interpolation of w on the mesh Tp. Then, under Assumption[I], we have

IV (u — Quu)llo < Ce™2h

Proof Let us estimate ||V (u— Qiu)||o,, where £2, = [0, %] x [0, 2]. Then estimate
on the rest of the domain follows by symmetry. Let us introduce the notation

2; = U;n:i(liRij, 0 = U;n:zldRU

Using inequalities @ and on each element R;; we have

mid mid
102 (u— Q1) 5,2, < I~ |z Oz ullf @, + Y hillOZulld, .+ h5110x0yull§ s
=2 j=1
mid mid
< hy 2|2 0zullg, 0, 4 Y B e ull,, + Y ki l10:0yull§ o

i=2 j=1
where, for the second line, we used that
hi < hz® V(w,y) € Ri;,2 <.

Since h1 = h® with s =
have

ﬁ, we have that h372* = h?. On the other hand we
hj < hy® Y(z,y) € Rij, 2 < j.
Then we have

102 (u = Quu)ll6, 0, < h*|lz*07ulld 0, + h*|ly™ 0:0yulld o\ o1 + BT 1020y ull§ o1 -
(16)

10



11

We need to bound each term in the last inequality. By integration by parts twice,
Lemma, [3] and using that

Oyu=0 onz=0andz=1, d2u=0 ony=0
we have

1020y ull3, 01 < 1920yull5, 10,11 [0,01]

T 1 Ty
:/ azayuaymédy—/ / Dy Dy d2u dy dx:
0 0 0

1 xq 1
:/ / Oou O2u dy dx —/ dyu d2u|3" dx
o Jo 0

1 1
. 1 1 e
<5 <1+%€_b°€> dx+f/ (1+76 b“) dz
e? Jo € e Jo €

< Ce73.
By Assumption 1 we have, in particular, that €,k < e~ !, thus
h% _ h25 _ h4log% _ hQIOg%hQ logé < h2€2 log% Y h2€2,

therefore
h3 |02 0yul|§ o1 < Ch%e™ . (17)

On the other hand, using again the estimates of Lemma [3| we have

1
2 94 1 _op 2
|2°02u|3.0. < C / 22 (ng )dm
0

1
<C+ 6'52“—3/2 (f)m o—2bo% 4T
- 0 \€ €

<oe

and so

R ||z 02ul|g. o < ChPe™ . (18)

11



12

Finally, with the same arguments, see [4] ineq. (4.31)] for a similar computation,
we have

ly* 20y ulls, 2@ < ||yaazayu||t2),[o,1]x[o,%]
2a 1
RO R CH L CHE
2
/ / 209> ' 8yu dru dy da
+/ /2 y2a3§u8§udyda:
o Jo
1 1 .
SC/ (1+—267b°?) dx
0 6
—|—C/1 2a—1 1_‘_167505 d /1 1+i67b0£ dr
o Y c Y o 22
Yoo 1 gy L T
+C Oy 1—0—8—26 = | dy ; 1+E—Qe < | dz

<Ce

that is
W2y 020y ul|§ oo < Ch?e™ . (19)

Now inserting (I7)—(19) in we obtain

102 (u — Qiu)llo,2, < Che™ 2,
and by symmetry it follows

|10z (u — Qiu)|lo, 0 < Chs-%.

Clearly, the estimate
_1
|10y (v — Q1u)||o;e < Che™ 2

can be proved in a similar way concluding the proof. a

We remark that, from the definition of the S-norm || - ||z and Proposition [2]
since 8 < C’1 we get

eV (u— Quu)l|s.0 < Ce?||V(u — Quu)lo,0 < Ch, (20)

which together with Proposition [1| allows us to obtain the main result of this
Section.

Theorem 1 Let u be the solution of and Qiu be the piecewise bilinear inter-
polation of w on the mesh Ty,. Then, under Assumption[d], we have

1\ 2
l[lu— Qiul|lsg < Ch (1+h (logg> ) .

Clearly as a consequence of Céa Lemma, equation and this Theorem we have
the corresponding error estimate for the finite element approximation wuyp,.

12
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5 Supercloseness

In this section we prove that the S—norm of the difference between the interpola-
tion of the exact solution u and the finite element approximation uy is of higher
order than the S-norm of the error u — up.

Let us denote by Bmin and Bmas the piecewise constant functions such that
on each element R € 7T, hold

i = min T = max T,Y).
ﬁmzn|R (m,y)GRﬁ( 7y)a ﬂmax‘R (w,y)ERﬂ( 72/)
Clearly Bmin and Bmaz depend on the mesh 7j but this dependence is omitted for
the sake of simplicity of the notation. The following Lemma presents an estimation
of the relation of Byin and Bmaqs inside the elements which is fundamental for our
estimations.

Lemma 4 There exists a positive constant n, independent of h and €, such that
on graded meshes Tp,, assuming h < e~ %, we get

Bmas < Qe on 2.
5min

Proof Due to the symmetry of the problem it is enough to estimate Bmaz/Bmin

for elements contained in 25 = [0, %] X [O, %] On elements R1; or R;; we have

1 -2 1 _ape
Bminzl-l-ge Zdmaa =14 ¢ —Zh7

1 _2g .
5maw:1+*€ demzl‘f'*,
g g

where naturally dmaez and dmin represent the maximum and the minimum of the
distance to the boundary. But

1 1
hs _ h2logg _ EQlogﬁ

and so, since h < %,

210g%—1

—ghs = ~ve > —ve

and therefore 1
Bmin > 1+ ge*“.
Then we can conclude that

/Bmax 1+ %
Bmin 1 + ée‘“f&"

Now, we consider a rectangle R;; with

1
1>1 and z; < 7yoelog —
€

or

1
j>1 and z; < voelog =

13



14

It can be checked that it is enough to consider a case as in the Figure [2, and we
will use the notation of that Figure. We have

dmin =Y, Admaz = Y2,

and then Bpin =1+ %e’vyf and Bmar = 1+ %677%. Then

dpni d
1 —rydmin 1 —rydmaz
Bmaw _ 1+ =€ ° =14 € N e_%(dnbin_d'lnam) -1
/3 . - 1 7.ydmaac - 1 7,Ydmax
min 1+ c€ B 1+ ze e
1 771’—2
—~€e € _a _ o —
:1+ﬁ(e E(yl yz)_1>§1+65(92 y1)_1
1 + ge v
e

1 .
But, since eles= = e, we obtain

1

a 1 1_2101g% 1 2l<}g5
hyt <h ’yoslogg :hfyoelogg yoslogg

fary

_1

1
1 14 1 1 2toe= 1
= hseé'yo 21g< Jog - <log g> ’ < Chelog -

I+ 5iass L
where we used that v, *'*** < C and (log %) 2leg 2 < (. Then we have

e%hy‘f‘ < ecm log L _ S—A/Ch'
Finally, it is clear that on rectangles R;; with z; or =; greater than yoslog%
we have
6maz ~1
Bmin

and this concludes the proof. a

For the meshes 7; we also introduce the piecewise constant function hpin
which on each rectangle R € 7T} take the minimum of the lengths of the sides of R.
Taking into account that the graph of the distance function d is a square pyramid
with its apex on the point (%, %), it can be checked that, given an element R € T
and (x,y) € R there exists (int, yint) € R such that

From the coerciveness and the Galerkin orthogonality of the bilinear form
B (-, ) we get

C|up, — QIU|||% < Bg(up — Qiu,up — Qiu)

(22)
= Bg(u — Qiu,up — Q1u)

14
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]

.
Y1 L

B

o 5108;

Fig. 2 Notation on {25 for the proof of Lemma

Now, for any w € V}, we have
Bs(u — Qiu,w) = / e2V(u — Qiu) - V(Bw) dx + / b(x)(u — Qru) (Bw) dx
0 o’
= / *V(u — Q1u)f - V(w) dx + / 2V (u — Qu) - V(B)w dx+
Q Q

/ b()(u — Q1u) (Buw) da
(9]

[ V= QB fin) - Yo+ [ Efin¥(u— Q) Tt
2 2

/ 2V (u— Qlu)~V(ﬁ)w+/ b(z) (1 — Q1) Buw
(P 2
= I+ 11+ 1III+1V

(23)
In the next subsections, we will prove the following estimates for I, 11, I and

IV assuming that ¢ < ch?, for some fixed constant ¢ > 1,
_ 1
|1],|111] < Ch®e "hloggHIU)IHﬁ and  |11],|[IV] < Ch?|||w]||s-

Therefore,

_ 1
|B5(u— Quu, up — Quu)| < Che™ " log _||[wl]ls,

which together with will allow us to conclude the following supercloseness

result.

Theorem 2 There exist positive constants C' and 7, independent of € and h, such

that on graded meshes Ty, assuming that h < e % ande < ch®, we get

un — Quull|s < Ce™ ™ log(1/<)2 h2.

15
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5.1 Estimation of term I

Let us estimate

I= / e°V(u — Qi1u)(B — Bmin) - V.
o}
Using property and Lemma [4| we have

1B(2,y) = Bmin| < Chumin [VB(wint, Yine)| < Chmine ™ |B(@ine: yint)]
< Chumine™ e ™|B(x,y)|.

Let

1
So = {(w,y) € 2 :min(z,y,1 —x,1 —y) < yoelog g} .
For elements R C Sp we have Amin,r < Y0 helog %, and therefore
—nh 1

Then

/ 2V (u — Q1u) (B8 — Bmin) - Vw‘
So
—nh 1 1 1
< Che ™" 1og — [¢]183 V(u— Quu)llo,s, | [¢llB2Vwlos, |
_ 1
< o= tog (1) llullas,
where in the last inequality we used estimate (20]).
Now, let S1 = 2\ Sop. Since vo > % we have
B(z,y),|VB(z,y)| <C  V(z,y) € S1

and therefore it is easy to check that

‘/B(xay)_ﬂmznl <Ch (m,y)ER, R C Sy,

Also, since 8 > 1 we have, on || - [|g,s, ~ || - |lo,s,. Then, using again we get

< Chel|V(u — Quu)lg, s, Vwlls,s,

2
< Ch7||wlllg,s,-

Then finally we obtain

_ 1
1< ere™ tog (1) .

/ 'V (u — Quu)(B = Bmin) - Vw’ < Chel|V(u — Qiu)llo,s,6[Vwlo,s,
5

16
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5.2 Estimate of I1

Now we consider

II = / Brmine’V(u — Qiu) - Vw.
Q

Since Bmin is piecewise constant we can use an argument due to Zlamal [23],
as in [0, Lema 4.5], to obtain that for each element R;; we have

2 / Buminde (1 — Q1u)daw
Rij

1
< CeBlin {h?H@xmuHo,Rij + hih;l|Ozzyullo,r,, + h?H@wyyuHo,Ri]}

1
X B minllOzwllo,r,,
1
< CeBin {12 100aatllo,m, + hitti|Oaayullo,m, + W10yl n, |

X [wl|

B,R;j;

In Lemma [f] in the Appendix, we prove that

2
e 1" Bin (h210%ullo, 1., + hihs |20y ullo, ., + 1310205 ullo. 5, )

4,3

from which we can conclude that

1

I1<c (10g é) * 12|l |- (25)

5.3 Estimate of III

Now we deal with the estimate for IT1. Let £2, = [0, 3] x [0, 3]. Then it is clear
that due to symmetry arguments it is enough to estimate I71s which is defined as
IIT but with the integral over {2;. We have

I = / 2V (u—Qiu) - (VB w
2

s

= / e2V(u— Qiu) - (VB w +/ 2V (u— Qiu) - (VB) w
D

D,
=1L +11I

with
Dy = U {R : Vd is discontinuous on R}, D2 =2\ D;.
Let Sa = [0,70510g %]2 and Sp = ['yoslogé, %]2 Then

D1 =(D1iNSa)U(Di1NSE)

17
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and we can put
111 4 := / €2V(u - Qiu) - (VB) w,
DiNS4
Il g = / eV (u — Qiu) - (VB) w.
DiNSpg

We will use that
IV(u— Qiu)| < C||Vulleo < Ce™!

which follows from Lemma [I| and from the a priori estimates of Lemma [3| Then
using that |V 3| < C/e we have

|11y, 4] =

/ 2V (u— Qru) - (vmw’ <c Blwl
DiNS4 DiNSa

1
sc(/ ﬁ) Hxﬁwno,msASC(/ ,3) ol
DiNS4 DiNS,

Since rectangles in D1 NS4 have sides of lengths O (h (5 log %)a) it is not difficult
to see that

1\ ¢ Yoe log L 1
/ B<Ch (alogf) / ~e /% dz 4+ | D1 1 S
DiNSa € 0 €

<Ch (e log é)

< Che log1
€

where for the last inequality we recall that « =1 — ﬁ. It follows that

11 1)2 2 1)\:2
111,41 < Ch3e3 (log 2 ) " Illwllls < €2 (tog - ) llwllls,

since £ < ch®.
On the other hand on Sg we have |V|, |Vu|, |VQiu| bounded independently
of £. We also have | D1 N Sp| < Ch. Then

111 5| = ‘/ 22V (u — Quu) - (Vﬂ)w‘
DiNSp

1

< Ce®|D1 N SB|2 ||lwllo,pynss
2, 1 2

< Ce’hz|||w]||g < CR7|||w]||g8,

by using that € < h.
Thus, we obtain

11 < Ch? (log 2) !l (26)

18
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Now we consider
Iy = / 2V(u — Qiu) - (VB) w.
D,

On each element R let (VB)min,r be the componentwise minimum of V3 on R.
We write

11, = / 2V (u — Qi) - (VB — (V) min) wt
Dy

/ 2V (u — Qiu) - (VB)minw
D»

= III21 + I1132.
Let D3y = Don{(z,y):x <y <1—xz,x < oelog 1}, Notice that d(z,y) = z on
D} 4. Tt follows that

VB(e.y) = (~%e7,0)  on Dia.
By the Mean Value Theorem, since V3 depends only on x, and that for rectangular
elements on D% 4 the horizontal sides have the minimum length, we have

V() = (VB)min.n = (Z5¢ 7 (2 = Tmin,), 0)

with int € R and Zpin,r being the minimum value of z on R. Now, since
Tint

Le=77 < B(@int) < Bmaz taking into account Lemma 4| we have

|Vﬂ(x,y) - (vlg)mzn,R| S Cg_nhg_zﬂmin,Rhmin,R~

But Amin,r < Ch(elog é)o‘ < Che logé (on elements touching @ = 0 we also
have hpmin < Che). So

Ivﬂ(xvy) - (Vﬁ)mzn,R| S Cg_nhg_lﬂmin’Rhlog é

Then

/D 2V (u— Qru) - (VB — (VB)min) w

1
2A

< Ce " hlog (é) / [5,3%|V(u - Qlu)@ [ﬁ%\w@

2A

—nh,2 1
< Ce™ 2 log < [[wllls

where we have used .

On D3, =Dsn{(z,y) z2<y<1l—z,z> fyoelog%} we also have that 3,
|D°(B)], 0 < |6] < 2, are uniformly bounded respect of & and we also have § > 1,
so a simple computation leaves

/D EV(u— Q1u) - (VB — (VB)min) w

2
2A

< Chel|eB> V(u — Quu)lo.llB2 w00
< Ch’el[|wl|| -

19
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i
fzf' | & {1
Ri ]
0
h i

Fig. 3 Notation

Clearly, similar arguments can be used on D2 \ (D34 U D34) to obtain
[[II5] < Ce™ "’ log ( ) l|[wl]]6- (27)

Now we have to estimate I1l22. Let call (VB)min,r,; = qij = (qilj, qizj). Then
we will estimate

Z / aqwﬁx(u—Qlu)

R;;jCD>

We will follow a technique used in [22l[5]. Take into account Figure [3| for the
notation of the sides of an element and its lengths. Let

2
Kij(u,w) = / Oz (u — Qru)w — % </ (Ozzu)w dy — /i_(amu)w dy) .
R ey

Then we can write

Z / 6q”8w (u— Qru)w =

R;jCDs
2,1 g 2 1 hi P d P d
Z €7q;; Kij(u, w) + Z € ij 1y /( pa)w dy — ij( o) wdy | .
R;;CDs R;;CDy £y 2

From [5] eq. (3.14)] we know that
|Kog(w,w)| < C (h102ullo,r,, + hilsl|020,ullo,,, + 311020 5., ) lwllo. s,

then, since

lgi;] < VB < cg < Cafnhﬂme

20
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using Lemma[6] it follows that
Z £%q Kij(u,w) < Ce™™
R;;CD>

1
S B (R2N10%ullo.r,, + hibs 1020, ulo,r,, + 1310.03ll0,r, ) 185 wllo,r,

ij

_ 1 2 1
<ceiiog (1) Itulloa. (29

It remains to deal with
Z £ ql] 1; (/ (amru wdy — /l ( Iwu)w dy)
R;;CD> Y
which can be written as

&
- < 12/ |(@2uyw]

R”CDQ

2 1 h 3 2 1 h 2
€°qij 12/ (Ozu)w €°qij 12/ Oz ulzw

Ru CDsy R” CcD,

n

=: =1+ =s.
Now we take into account that

7nh Bmin
7&3 .

<C

lgi;] < V8| < g

Then

) 1_))

Therefore, after applying Cauchy—Schwarz inequality and by using Lemma [f] it
follows that

Sl <™ S (B I0ulon, ) (Bl

R;jCD>

1
- —nh 1\2 2
=50 < oo (1) w2l
Analogously we have

= —nh 3
152 < e ST (Brihdl3ulon, ) (BainlOwwllo.n,)

R;;CD>
With similar arguments we easily obtain
|Z2] < Ce™ "R ||wl||.

Then we arrived at
1

1 2
5] < e "hlog( ) B lloll .

21



22

This inequality together with give

_ 1\:?2
> [ abontu- anu| < 0w (1) 2wl
Ry

R;jCDy

Clearly a similar argument allow us to conclude that

1
_ 1\?2
18] < 0= tog (1) 12 ful (29)

With inequalities , and we arrive at

1
111 < 0= tog (1) ¥l (30)

5.4 Acotacién de TV
From Proposition |I| we have

IV < C18% (u — Qo all 2wl 5
1 31)
1) (
<cn? (1og 1) lulls

5.5 Proof of Theorem [

From (22), the splitting with w = up, — Qiu € Vj and the estimates (24),
, (30) and we obtain

1
_ 1)\2
lun = @uul3 < =~ t0g( 1) 42w — Qualll

from where the poof concludes.

6 Numerical experiments

We consider the problem
—2Au+u=f in £, u=0 on dfN (32)

on 2 = [0,1]? with two different choices for the function f. The first one is taken
from [6] and the second one was introduced by Kopteva [9] and is widely used
in the literature (see, for example, [IL16]). In both cases we take e = le — 6 and
¢ = le—8. All the numerical results were computed using Firedrake [20]. In Tables
we report the estimated order of convergence (eoc) of distinct quantities with
respect to M, the number of grid points along x and y axis. We recall that the
number of degrees of freedom is ~ M?2.
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4.00 4

1.33 2
0.89
0.44
-0.00

1.0

Fig. 4 Solution of Examplewith e=10"6.

h | M || [lu—unllo | eoc [l — unlllg | eoc [[fur — unllls | eoc
0.2 [245 [[5.5510e5 |- 1.2455¢-1 |- 2.2109¢-2 -

0.1 | 521 [[1.6126c-5 | 1.6384 || 6.6549¢-2 | 0.8307 || 6.3379-3 1.6614
0.05 | 1055 || 4.35300-6 | 1.8561 || 3.4499e-2 | 0.9312 || 1.7021e-3 1.8633
0.03 | 1758 || 1.6160e-6 | 1.9406 || 2.1014e-2__| 0.9708 || 6.3126¢-4 1.9425

Table 1 Report of errors for the numerical experiment of Examplewith e =109,

Ezample 1 Take f given by

1
1—e v

e e .
flay) =—2——5 (e_ﬁ te VE 4 e +e‘fTZ> +4.
1—e =
By setting
lfe_ﬁ L i
UO(t) = —27\/5 (e V2e + e ﬁs) +2
l—eTc

it follows that the exact solution u is

u(z,y) = uo()uo(y)-

We report in Table [1] (resp. Table [2)) the errors and convergence orders obtained
using the discretization with V}, being the space of piecewise bilinear functions
on the graded meshes introduced in Section [3| with € = 1e — 6 (resp. € = le — 8).

Ezample 2 Now, f is chosen such that

_z 1 _y _1

™ e = —e = e s —e =

u(z,y) = cos(—x)—i l—-y— —F—
( ) |: 2 1—e }( 1—e =

is the solution of . This solution exhibits boundary layers only along the sides
z = 0 and y = 0. In Table [3| (resp. Table we report the convergence results
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R [ M [[Tu—unllo [eoc [[Tu—unllls [eoc |z — unllls [ eoc
0.2 333 5.6529e-6 | - 1.2443e-01 - 2.2354e-2 -

0.1 707 1.6423e-6 | 1.6418 || 6.6517e-02 0.8318 || 6.3922¢-3 1.6628
0.05 | 1431 || 4.4411e-7 | 1.8547 || 3.4493e-02 0.9314 || 1.7183e-3 1.8632
0.03 | 2384 || 1.6498e-7 | 1.9401 || 2.1013e-02 0.9710 || 6.3753e-4 1.9425

Table 2 Report of errors for the numerical experiment of Example |1| with ¢ = 10~8.

1.00

0.44 0.6
0.33

0.22 0.4
0.11
-0.00

1.0

0.0

Fig. 5 Solution of Examplefor e =109,

R [M [ Tu—unllo [eoc [ lu—uallls [eoc [ Mlur=unlll5 oc
0.2 245 1.3125e-3 | - 2.0775e-2 - 6.6800e-3 -

0.1 521 3.3423e-4 | 1.8129 || 1.1058e-2 0.8358 || 1.8082e-3 1.7320
0.05 | 1055 || 8.4654e-5 | 1.9464 || 5.7287e-3 0.9322 || 4.7234e-4 1.9026
0.03 | 1758 || 2.9457e-5 | 2.0673 || 3.4892¢-3 0.9710 || 1.6900e-4 2.0128

Table 3 Report of errors for Exampleusing graded meshes towards the entire boundary of {2
with e = 1076.

obtained by using meshes graded towards the entire boundary 942 for ¢ = le — 6
(resp. ¢ = le — 8), and we note that the expected orders of convergence are
observed. On the other hand, in Table [5| (resp. Table @ we report the results
obtained by grading the mesh only close to the boundary layers of the solution. In
this case, we observe the correct order of convergence in ||| - |||3, but the ones for
the L?-norm and the supercloseness are suboptimal. This curious behavior will be
in the future subject of further investigation.

Remark 3 As we mentioned in the Introduction, it is desirable that graded meshes
designed for a small value of € work well for reaction—diffusion problems with larger
values of the diffusion parameter. Although this fact is not included in our analysis,
we show computationally that behaviour. As an example, Figure [f] exhibits the
solution of Example 2] with £ = le — 3 obtained using the graded mesh designed
for h = 0.1 and & = le — 8. Using the same fixed graded mesh, Table [7] shows the
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R T [ Tu—uallo [eoc [ TNu—unllls [eoc [Tz — uallls [ eoc

0.2 |333 | 1.2517e-3 |- 2.0709e-2 - 6.4672¢-3 -

0.1 | 707 || 3.2785e-4 | 1.7794 || 1.1032e-2 0.8365 || 1.7876e-3 1.7079

0.05 | 1431 || 8.3918e-5 | 1.9327 || 5.7167e-3 0.9324 || 4.7048e-4 1.8932

0.03 | 2384 || 2.9208e-5 | 2.0678 || 3.4823e-3 0.9712 || 1.6842e-4 2.0126
Table 4 Report of errors for Exampleusing graded meshes towards the entire boundary of 2
with e = 1078.

h | M | [lu—unllo | eoc [[lu — unlllg | eoc [llur — unlllg | eoc

0.2 | 125 || 4.6034e-2 | - 7.9234e-2 - 7.6137e-2 -

0.1 | 265 || 1.9384e-2 | 1.1511 || 3.3988e-2 1.1264 || 3.2117e-2 1.1487

0.05 | 537 || 6.9052e-3 | 1.4614 || 1.2799¢-2 1.3828 || 1.1448e-2 1.4606

0.03 | 895 || 3.2052e-3 | 1.5024 || 6.3562¢-3 1.3703 || 5.3146e-3 1.5024
Table E'% Report of errors for Example using graded meshes towards = 0 and y = 0 with
e=10"".

h | M |[llu—unllo | eoc [[lu — unllls | eoc [lur — unlllp | eoc

0.2 | 169 4.5459e-2 | - 7.8290e-2 - 7.5187e-2 -

0.1 | 358 || 1.9286e-2 | 1.1423 || 3.3825e-2 1.1180 || 3.1953e-2 1.1400

0.05 | 725 || 6.8893e-3 | 1.4588 || 1.2771e-2 1.3804 || 1.1423e-2 1.4578

0.03 | 1208 || 3.1980e-3 | 1.5032 || 6.3424e-3 1.3708 || 5.3026e-3 1.5031

Table 6 Report of errors for Example [2| using graded meshes towards x = 0 and y = 0 with

e=10"8.

0.99

0.22
0.11
-0.00

1.0

0.4

Fig. 6 Solution of Example for € = 1073, obtained using the mesh designed with h = 0.1
and € = 1078,

errors obtained for € varying between le — 8 and le — 3. We observe that for all
the values of diffusion parameter the errors are almost the same.
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€ lv —unllo | [[lu—unlllg | [Mur —unllls
1.0e-3 || 3.2820e-04 | 8.4978e-03 1.5048e-03
1.0e-4 || 3.2793e-04 | 8.7397e-03 1.5486e-03
1.0e-5 || 3.2786e-04 | 9.2645e-03 1.5964e-03
1.0e-6 || 3.2785e-04 | 9.8217e-03 1.6513e-03
1.0e-7 || 3.2785e-04 | 1.0410e-02 1.7146e-03
1.0e-8 || 3.2785e-04 | 1.10326-02 | 1.7876e-03

Table 7 Report of errors for the numerical experiment of Example [2| for distinct values of
with a fixed mesh designed with h = 0.1 and € = 10~8.
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Appendix

In this section we present some technical results which have been used along the
paper.

The following Lemma is a consequence of [I4, Lemmata 1.1 and 1.2]. In addition

to the compatibility conditions of Section [4] we assume here that the fourth order
derivatives of f and b are Holder continuous up to the boundary. It is also assumed
that b(z,y) > 2b3.

Lemma 5 Let u be the solution of (I)). Then for allz € (0,2)x (0,3) and k < 2,
1t holds

_ —1 —by = —k —bo ¥ 11—k —b,&ty
83@35%(36,1/)‘ SC(1+51 k)+z—: Lembot 4 gmhembol 4 omimhembo ™t

x4y

‘3y3§u(m,y)‘ <cC (1 +517k) +ehembof 4 emlembol 4 gmimk o Y

Similar estimates are valid on the subdomains (0, 2)x (1,1) (replace y by 1—y),

(£,1) % (0,3) (replace z by (1 —z)) and (%,1) x (+,1) replace (x by 1 —z and y
by 1—y).
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Fig. 7 Split of 2, = [0, %]2 used in the proof of Lemma@

This Lemma allows us to obtain the next result.

Lemma 6 Let u be the solution of . Then, under Assumption we have that
there exists a constant C such that

|-

2
& |2 Bunin (B31102ullo, ., + hihs 1020y ullo,m, + B3 110205 ulo. v, )
%,
1\ E
2
<C <log g) R%. (33)
Proof Tt is clear that by symmetry arguments it is enough to obtain when

the sum on the right hand side is restricted to the indices i, j with R;; C 25 :=
[0, 1] x [0, %] Let us split {25 as indicated in Figure |7} More precisely we set

'3
Ao = (zm, 3) X (zm, 3), A1 = (zm, 3) % (21, 2m),
A2 = (z1,2m) X (a:l, %), Az = (m, %) x (0,21),
Ay = (07581) X (O, %) s

where 4, is a grid point with s = o log % We use the notation

=

2
el Y Ban (R2NB2ullo,r, + hihsl|020yulo.m,, + 3 10:05ulo,r,, )
4,J: Rij C Ay
We will estimate separately A(Ag) for k=0,...,4.
0. Since o > % we have from Lemmataand that |D3u(z,y)| < Ce™! and
being 7o > 1 we also have Bmin < |B(z,y)| < C for all (x,y) € Ao. Since

h; < h for all i easily arrive at

A(Ao) < Ch2.
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1. On A; we also have 8 < C/e. Taking into account that the length of A; in the

y-direction is < Celog %, hi < hz® for (x,y) € Ri; C A1, and using Lemma
we have ) )
> Buin (RE102ullo,r,,) < Ce "' log <. (34)
Ri; CAy
Now we again have into account the estimate

u(x,y)) <C (1 —|—z~:_1) e 2ot p e leThol gm0 (35)

With the previous arguments, and in addition using that o > b%, we have
e 2e7 %% < Con Ay, hi,hj < h, hj < Chy® for (z,y) € R;j C A;. Thus we
obtain

S Bin (hibsll (14 Vloym, )" < Ohte 2 1og -,

R”C-Al
_2 —boZ 2 4 1
> Buin (hihylle e flor, ) < Chlog =,
R, CA,
Y 2
Bmin (hz | 71 U;HO,RM) < Ch4’
RL]CAI
> Bmin (h h;j ||573€7b0 ||0 Rl,) < Cch*.

R;jCAy
Then, together with (35) we arrive at

2 a1
3" Bonin (hihjuaﬁayuno,mj) < Ch*e?log=. (36)
RijCA1 ¥

Now, from Lemma, [5] we further have

)’ <C (1 + 571) pelehE pam bl | o T3emho R (37)

Now we use that h; < h, |S4| < Ce log%, g 2% < Con A and hj < hy®
for (z,y) € Ri; C A1 to obtain

_ ) Nt 2 o, 1
> Bmin (h§||(1+s Ytele ”OsHo,RM) < Ch'e 210gg,

Ri;CAy
2
> Buin (3l E o,r,, ) < OB,
R;;CAy
Z Bmin (h || N 7b0 ||0 Rzy) < Ch452>
R;;CAy
which joint with give
2 _ 1
3" Buin (h§||ama§u||oﬁij) < Ch'e ™ log —. (38)
Ri;CA;

Inequalities , and leave
AlA) <C (log %)

1
2

h2
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2. On A2 we use that 8 < C/e. In order to estimate A(A2) we first note that
since h; < Chx® for (z,y) € Ri; C A2 we have from Lemma [3| with k& = 3 that

> Bminhi|03ulld k., < Ch'e™?. (39)
R;;CAy

We use again stated in Lemma Using that for R;; C As the inequalities
hiyhj < Ch, hi < hz® h; < hy® for (x,y) € Rij, hi < C’hslogé and |A2] <
Ce log% hold true, it can be checked that

3
_ 1
> BminhiB3|l(1+¢ 1>||8,R,U§C(logg) ht,
R;;C Ay
Brminhih3|le 25|13 5, < Ce2h?,
J s Alig
R;jCAz
> Bminkibille e 5 I3 R, < CBY,
R;;C Ay
_a _p (zty) _
Z Bminhih3 e ?e " < ||§,R”, < Ce 'ht
R;jCAs

Therefore we obtain
2
Z Bmin (hithaiayu||o7Rij> < Ch46_2. (40)
R;;CAz
We use now the etimate . Then, using that for R;; C A2 we have h; < h
and h; < hy® for (z,y) € Ri; and since |A2| < Celog L it follows

_ 1 —pz 2 _ 1
S Bin (W17 e D), ) < OB 0g L,
R;;CAs €

2
> Buin (B2 lo,n,) < CORY,

R;;CA2

T4 2
3" Bomin (h§||e*35bojy||o7mj) < Ce2ht,
R;;CAz

It follows that

2
3" Bmin (hiuaxajuuo,mj) < Ch'elog - (41)
Ri;CSy

Collecting — we find
1\7
A(A2) < C (log 7> h*.
€

3. We consider the estimate on A3. We note that R11 is exterior to Az and then
we have h; < hz® for all (z,y) € Ri1 C As. Since h < e ! we have

2log * 2log L 2
hi=h""%: =W <¢

30



31

and then we also have |A3| < Ce?. We will also use that 3 < % on As. Then,
from the estimate for d2u from Lemma [3| we have

2
> Brin (A llo.r0%ul])
R;1CA3
hq 1 2\ 2
< C’h4/ / (1—&-6_3352‘16_%?) dzdy < Ch*. (42)
o Jo

Now we again take into account the estimate (35]). Following the previous
argument and since h; < h, h1 < he we have

2
> Bumin (hibal1+e7 47 e lor, ) < Ch'e,
R;1 CA3
v 2
>2 Brin (hilalle™?e ™ o,g, ) < O'e,

R;1 CA3

and since h; < ha® for all (z,y) € Ri1 C A3 we also have

T4 2
> Bin (Rihalle7e™ ")) < on',
R;1CA3

Thus we arrive at
2 2 4
Z Bmin (hih1||5z0yUH0,Rﬂ) <h. (43)
R;1 CAs3

On the other hand, we now use the estimate (37)). Since again h1 < he we
obtain

- 2
5 i (K1 4 2 o, ) < O
R;1CA3

2
S Bmin (h%||5*2e-”o%||o,R“) < Oh’e.
R;1 CSg

With all the previous arguments we also can check that

z+ 2
Z B, (h%”af%*b“Ty ||) < Ch*e’.
R;1CA3

The last three inequalities give us

2
> Boin (B10:0ullo,r,, ) < h'e. (44)
R;1 CA3

Finally, from f leave

A(A3) < Ch’e.
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Now, we consider the estimate on A4. We note that
1 1 1 1 1
hl _ h2 logg — hlog EhIOgE _ hlog gslogﬁ < he.

Furthermore, as we proved in the previous item, we also have hy < 2, and as
a consequence |A4] < 2. Then, we can simply use that 82u < Ce™3, which
follows from Lemma [3] to obtain

2
> Buin (BR02ullo,r,,) < O™ (45)
R1jCAy

J#1
Now, take into account again ([35))

x4y

3%%“(%3/)’ <C (1 +E_1) +e et peTlemol f g3

We firstly note that, since h; < h, we have

2
S Bin (bl e e e o,n,, ) < b,
Ry;CAy
j#1
Z Bmin (hlthE_ze_bof

RyjCAy

J#1

2
0.r,) <Ch'e"

and secondly, since h; < hy® for all (z,y) € Ri; C A4, j # 1 we have

3 _pyrty 2 4
Z Bmin (hlhjnE € 0. ‘Olej) S Ch‘ \
Ry;CAy

j#1

From the last three inequalities we obtain

> Bunin (ahs10205ullo,,, ) < Ch*e ™", (46)
Ry;CAyg

J#1
Now we use the estimate ((37))

z

axaiu(w,y)’ <C (1 +571) G e7tembof 4 e2embor 4 3Tl

Since |A4] < &2 and h; < h we have

. 2
> (Bl e+ e Do, ) < OHte
RyjCAy
j#1
We also have
2
>° Buvin (B3l o,m,, ) < OB'?,
RyjCAy4
J#1
> Bunin (B3l

Ry jCAg

71

o+ 2
“llors,) < OB,
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where we used again h1 < €% and h; < hy® for (x,y) € Ri; C A4, j # 1. Then
we obtain

> Bunin (R10:05ullo,n,, ) < Ch*e™", (47)
RyjCAy4
j#1
Finally, since
|93ul, |820yul, |0z 00u| < Ce™

and using h1 < he and hy < €2, and so |R11| < e*, we obtain
4 () a3 2 2 2 4
Brinh? (103ullo.r,, + 1020, ullo,s, + 100} 0., ) < Ch'e. (48)
Therefore, inequalities f leave
A(Ag) < ChZe?.

In this way we obtain (33) when the indices 4, j are restricted to the ones for which
R;; C £2;. The proof concludes by symmetry arguments. a
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