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Electron emission from metal surfaces produced by short laser pulses is studied within the framework of the
distorted-wave formulation. The proposed approach, named surface-Volkov �SV� approximation, makes use of
the band-structure based �BSB� model and the Volkov phase to describe the interaction of the emitted electron
with the surface and the external electric field, respectively. The BSB model provides a realistic representation
of the surface, based on a model potential that includes the main features of the surface band structure. The SV
method is applied to evaluate the photoelectron emission from the valence band of Al�111�. Angular and energy
distributions are investigated for different parameters of the laser pulse, keeping in all cases the carrier
frequency larger than the plasmon one.
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I. INTRODUCTION

The interest in the study of laser-surface interactions is
motivated by the latest developments in laser applications,
which include irradiation over metal, plastic, and biological
solids �1�. In particular, the photoelectron emission induced
by laser pulses from solid surfaces has become a promising
tool to determine the carrier-envelope phase of the pulse
�2,3�.

The present work focuses on the electron emission pro-
duced by the interaction of an intense few-cycle laser pulse
with a metal surface. This process was recently studied
within the density functional theory in Ref. �2� by solving the
time-dependent Khon-Sham equations numerically. The
method, albeit precise, involves a hard computational task.
For this reason we propose an approach based on the use of
Volkov-type wave functions �4�, which requires less compu-
tational efforts. We introduce a time-dependent distorted-
wave method, here named surface-Volkov �SV� approxima-
tion, which combines the band-structure based �BSB� �5�
model with the phase of the Volkov wave function to repre-
sent the final distorted electronic state. The BSB theory is
based on the model potential proposed by Chulkov et al. �6�,
which incorporates information about the band structure of
the solid, providing an accurate description of the one-
electron states at a metal surface. This potential has been
successfully applied in several branches �7–10�. The Volkov
wave function is the exact solution of the Schrödinger equa-
tion for a free electron in an electromagnetic field �11�, and it
has been extensively used to compute atomic processes
driven by monochromatic laser fields �12�. Therefore, the SV
approach is expected to include the main aspects of the in-
teraction of the ejected electron with both, the surface and
the applied electric field.

The proposed method is employed to evaluate the electron
emission from the valence band of Al�111� due to the inter-
action with an ultrashort and intense laser pulse. The study is
confined to large frequencies of the laser field, for which the
influence of the surface induced potential on the emitted
electron can be neglected. Angular and energy distributions

of ejected electrons are analyzed for different durations of
the pulse, allowing from zero to several oscillations of the
field. The paper is organized as follows. In Sec. II we de-
scribe the theoretical model, in Sec. III results are presented
and discussed, and in Sec. IV conclusions are summarized.

Atomic units are used throughout unless otherwise stated.

II. THEORY

We consider a short laser pulse, characterized by the elec-
tric field F�t�, which impinges grazingly on a metal surface
�S�. As a result of the interaction with the external electric
field, an electron �e� of the conduction band of the solid,
initially in the state i, is excited to a final state f . The frame
of reference is placed at the position of the crystal border,
which is shifted a half interplanar distance with respect to the
topmost atomic layer. The ẑ axis is fixed perpendicular to the
surface, aiming towards the vacuum region.

The temporal evolution of electronic state ��r , t�, in the
presence of the external field F�t�, is determined by the time-
dependent Schrödinger equation

i
���r,t�

�t
= �H0 + VL�r,t� + Vind�r,t����r,t� , �1�

where r is the position vector of the active electron e and
H0=−�r

2 /2+VS is the unperturbed Hamiltonian, with VS the
surface-electron interaction. The potential VL�r , t�=r ·F�t�
represents the interaction with the laser field, expressed in
the length gauge, and Vind�r , t� denotes the induced surface
potential, created by the time-dependent density fluctuations
produced by the external field.

To represent the surface interaction VS we employ the
BSB model �6�, which describes appropriately the main char-
acteristics of the surface band structure, modeling the surface
as a finite and smooth barrier. Within the BSB model, trans-
lational invariance in the plane parallel to the surface is as-
sumed, and the eigenfunctions of H0 are expressed as
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�ks,n
�r,t� =

1

2�
exp�irs · ks��n�z�exp�− iEks,n

t� , �2�

where r��rs ,z� has been decomposed in its components
parallel and perpendicular to the surface, ks denotes the par-
allel electron momentum, and Eks,n

=ks
2 /2+�n is the eigenen-

ergy, with ks= �ks�. The one-dimensional functions �n�z� and
their corresponding eigenenergies �n are obtained solving the
one-electron Schrödinger equation associated with the one-
dimensional model potential of Ref. �5� in a slab geometry
�13�. The function �n�z� has the following representation:

�n�z� =
1
�L

�
j=−N

N

an�j�exp	i
2�j

L
z̃
 , �3�

where L is a normalization length and 2N+1 is the number
of basis functions. The coordinate z̃=z+dS is measured with
respect to the center of the slab, which is placed at a distance
dS from the surface edge, and the coefficients an�j� are nu-
merically evaluated.

As a consequence of the momentum conservation, the de-
scription of photoelectron emission by an electric field par-
allel to the surface requires the inclusion of the parallel recoil
of the crystal lattice. Then, the parallel invariance of the
BSB surface interaction restricts the application of the SV
approximation to electric fields normal to the surface plane.
In this work we consider a laser pulse represented by a time-
dependent electric field linearly polarized along the ẑ axis.
This is compatible with the approximately grazing incidence
of the light on the surface. The temporal profile of the pulse
is defined as

F�t� = F0 sin��t + ��sin2��t/	� �4�

for 0
 t
	, and 0 elsewhere, with 	 the pulse duration, �
the carrier frequency, � the carrier-envelope phase, and F0
the maximum field strength.

A. SV transition amplitude

From the BSB electronic state, we derive the SV
distorted-wave function by introducing the phase corre-
sponding to the well-known Volkov state �11�. For the final
channel, it reads

� f
�SV�−�r,t� = �kfs,nf

�r,t�exp�iD−�z,t�� , �5�

where �kfs,nf
is the final unperturbed state defined by Eq. �2�,

and

D−�z,t� =
z

c
A−�t� − �−�t� �6�

is the Volkov phase introduced by the electromagnetic field,
with the light velocity c. In Eq. �6�, A−�t� represents the
vector potential, which is related to the electric field as

A−�t� = − c�
+

t

dt�F�t�� , �7�

and �−�t�= �2c2�−1�+
t dt��A−�t���2 is associated with the pon-

deromotive energy. Note that in the definition of A−�t� we

have set A−�+�=0 to represent properly the final �incoming�
asymptotic conditions, i.e., � f

�SV�−�r , t�→�kfs,nf
�r , t� for

t→ +. Under the impulsive hypothesis �14–16�, the wave
function � f

�SV�− can be considered as an approximate solution
of the time-dependent Schrödinger equation given by Eq.
�1�. It should be particularly valid for large frequencies, for
which the quiver amplitude �0=F0 /�2 is small in compari-
son with the system dimensions.

By employing � f
�SV�− within the usual time-dependent

distorted-wave formalism �17�, the post form of the SV tran-
sition amplitude reads

Tfi
�SV� = afi − i�

−

+

dt� f
�SV�−�t��Wf

†�t���kis,ni
�t�� , �8�

where

afi = lim
t→−

� f
�SV�−�t���kis,ni

�t�� �9�

is the sudden transition amplitude and �kis,ni
is the initial

unperturbed state given by Eq. �2�. The potential Wf�t� is the
distortion potential corresponding to the final channel, which
satisfies �H�t�− id /dt��� f

�SV�−�t��=Wf�t��� f
�SV�−�t��. In Eq. �8�,

the term afi represents a simple step process and has been
found null for electronic transitions from the surface. Conse-
quently, within the SV approximation, the photoionization
process is described through the time integral over all inter-
mediate transitions involved in the second term of Eq. �8�.

In the present article we limit the � values to the range
���s, where �s is the surface plasmon frequency. For such
high frequencies, the induced surface potential outside the
solid is small compared with VL, and its effect on the ejected
electron can be neglected. Then, by dropping the contribu-
tion of Vind from the distortion potential Wf, the SV transition
amplitude approximates

Tfi
�SV� = − i�

−

+

dt� f
�SV�−�r,t��VL�t���kis,ni

�r,t�� . �10�

After some algebra, it becomes an analytical closed-form
given by

Tfi
�SV� = ��k fs − kis�R�nf,ni� , �11�

where the � function expresses the parallel momentum con-
servation and

R�nf,ni� = i
�

L �
j,j�=−N

N

anf

* �j�ani
�j��exp�− iQjj�dS�Gjj�,

�12�

with Qjj�= �2� /L��j− j��. The factor Gjj� is defined as

Gjj� = �
te

2�� + Qjj�
2

�F�te��
exp�i��te + i�−�te�� , �13�

where ��=�nf
−�ni

is the transferred perpendicular energy,
and the times te are the emission times for which the equa-
tion
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Qjj� +
1

c
A−�te� = 0, �14�

associated with the z-momentum transfer, is satisfied.

B. SV emission probability

The differential emission probability can be straightfor-
wardly derived from Eq. �11� as

dP�SV�

dEfd� f
= �ekf�

i

�Tfi
�SV��2, �15�

where Ef �Ekfs,nf
and � f are the energy and direction corre-

sponding to the final electron momentum k f, the sum indi-
cates the addition over of all possible initial states i, and
�e=2 takes into account the spin states. However, as the final
electronic state �kfs,nf

displays a well defined momentum
only in the direction parallel to the surface plane, in order to
obtain the differential emission probability it is necessary to
define an effective electron momentum perpendicular to the
surface as kfz=�2�nf

. Employing the usual treatment for the
square of the � function �14,18�, the SV differential probabil-
ity reads

dP�SV�

dEfd� f
= kf�kfz

�e�
ni

�R�nf,ni��2��EW + �ni
���k̃ni

− kfs� ,

�16�

where kf = �kfs
2 +kfz

2 �1/2 is the final electron momentum and
�kfz

is the density of final electronic states with perpendicular
momentum kfz. The first unitary Heaviside function in the
right hand of Eq. �16�, ��EW+�ni

�, restricts the initial states
to those contained inside the Fermi sphere, with EW the work

function. While the second Heaviside function, ��k̃ni
−kfs�,

with k̃ni
=�−2�EW+�ni

�, limits the range of final parallel mo-
menta, as a result of the momentum conservation imposed by
the delta function in Eq. �11�.

III. RESULTS

We apply the SV approximation to evaluate the electron
emission from the valence band of Al�111� produced by the
grazing incidence of ultrashort laser pulses. The following
parameters are employed to describe the aluminum
surface: the Fermi energy EF=0.414 a.u., the work function
EW=0.156 a.u., the interplanar distance 4.388 a.u., and the
surface plasmon frequency �s=0.4 a.u. To solve the one-
dimensional Schrödinger equation associated with the BSB
model, in Eq. �3� we used a basis of plane waves with
N=170, the width of the unit cell L=394.92 a.u., and the
distance between the crystal border and the film center
dS=155.77 a.u.

Two different intensities of the field, F0=0.05 and 0.1 a.u.
are considered in this work. Both of them correspond to a
range of strong fields but still in the perturbative regime, in
which the saturation has not been reached yet �12�. Even
though these high intensities could not be withstood by the
material, they have been used as a limit case for the theory,

allowing us to compare with similar results for ionization of
atomic hydrogen �19�. Except in Fig. 4, where the effect of
the phase was investigated, all calculations were made for
symmetric pulses, with �=−�	 /2+� /2.

In the present work, carrier frequencies � larger than the
surface plasmon frequency �s are considered. For Al targets
this condition reduces the range of application of the SV
theory to photoemission processes with Keldysh parameter,
�=��EW /F0 �20�, larger than one �weak-field regime�. We
have varied the values of 	 from subfemtoseconds to femto-
seconds �21� so that the field performs from no to many
oscillations inside the envelope.

In the BSB model, for each positive energy �nf
two func-

tions �nf
can be associated: the symmetric and the antisym-

metric one �classified according to symmetry properties with
respect to a plane parallel to the surface and placed in the
middle of the slab�. Then, the wave functions given by Eq.
�3� do not allow to distinguish the internal ionization
process—associated with electrons emitted inside the solid—
from the external ionization process, which corresponds to
the emission of electrons towards the vacuum semispace. As
a first estimation we consider that electrons ejected to the
vacuum region are about 50% of the total ionized valence
electrons �5�. This assumption will be revised only for a
particular case by taking the final wave function correspond-
ing to external emission as a lineal combination of the sym-
metric and antisymmetric functions �22�.

A. Angular distribution

As a result of the azimuthal invariance of the problem, the
angular distribution of ejected electrons given by Eq. �16�
depends only on the elevation angle �e, which is measured
with respect to the surface plane. We start the analysis of
the proposed method by considering laser pulses with
F0=0.1 a.u. and �=1 a.u. In Fig. 1 we plot the differential
emission probability, as a function of the final electron en-
ergy, for three ejection angles: �e=30, 45, and 90°. Two dif-
ferent values of 	 are considered: �a� 	=4 a.u. and �b�
	=40 a.u. The first case, 	=4 a.u., corresponds to an ul-
trashort pulse in which the field does not perform oscilla-
tions. The mechanism behind the ionization process for
nonoscillating fields is usually associated with the collisional
regime because of the similarities between the electromag-
netic field of the laser pulse and that produced by the grazing
impact of a fast ion. Resembling ion-surface collisions �5�,
the emission probabilities of Fig. 1�a� decrease smoothly as
the electron velocity increases, displaying only a maximum
at very low electron energies.

In Fig. 1�b� we show results for a longer pulse,
	=40 a.u., in which the laser field performs several �approxi-
mately five� oscillations inside the envelope. In this case the
electron spectra present peaks whose number and position
vary with the emission angle. These peaks are not directly
related to the above-threshold-ionization �ATI� �12� maxima,
which should be regularly spaced as a function of the per-
pendicular energy. The structures displayed in Fig. 1�b� can
be associated instead with quantum interferences between
photoelectrons with a same final kinetic energy but different
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emission times �23,24�. Within the SV approximation, the
transition from an initial to a final state occurs at the times te
when the classical momentum transferred by the external
field, c−1A−�te�ẑ, coincides with the perpendicular momen-
tum gained by the electron, as expressed by Eq. �14�. Then,
for a given normal transferred momentum there are different
times �or paths� that contribute to the electronic transition,
producing interference effects.

As observed in Figs. 1�a� and 1�b�, photoelectrons are
mainly ejected in the direction perpendicular to the surface,
which corresponds to the orientation of the external field.
Besides, since the electron does not gain parallel momentum
during the interaction, kfs keeps within the Fermi sphere, as
expressed by the last Heaviside function in Eq. �16�. For this
reason, the energies Ef reached by electrons ejected in a
given direction �e are limited to be Ef 
EF cos−2 �e. Then,
the range of final electron energies diminishes when the
emission angle decreases, and only slow electrons with ve-
locity lower than the Fermi one are ejected parallel to the
surface.

To study the influence of the number of the cycles con-
tained inside the envelope, we increase the duration of the
pulse to let the laser field perform many oscillations in the
time interval �0,	�. Electron distributions for a pulse with
duration 	=100 a.u. and for different ejection angles are
shown in Fig. 2, considering the same intensity and fre-

quency of the laser field that in the previous figure. When the
number of the cycles augments, the laser frequency � tends
to the photon energy, and thus, the ionization process is ex-
pected to correspond to the multiphoton regime �25�. From
Fig. 2, for the angle �e=90° the emission probability dis-
plays two broad structures, whose perpendicular energies dif-
fer approximately in the photon energy ��=1 a.u.�. Such
structures can be ascribed to the multiphoton ionization
mechanism. But overlaying them, the spectrum displays an
additional oscillatory pattern which could again be related to
interference between different electron paths. Note that for
long times 	, the electron has enough time to move inside the
solid, interacting with several atomic planes before being
emitted, something that might produce additional interfer-
ence effects.

With the aim of revising our estimation about the percent-
age of ionized electrons that are ejected towards the vacuum,
we built a final wave function associated with the external
ionization �EI� process as a lineal combination of the sym-
metric and antisymmetric �nf

states �22�. The coefficients of
this transformation were obtained by matching the final wave
function with the one corresponding to the EI process for the
jellium surface potential [Eq. �A4� of Ref. �26�], considering
an arbitrary position in the vacuum side, far from the surface.
EI results for perpendicular emission ��e=90° � are plotted in
Fig. 3 for a duration of the pulse 	=40 a.u., comparing them
with the previous values obtained by considering that only
half of the ionized electrons is ejected outside the solid. We
found that for oscillating fields both procedures give similar
probabilities, but some differences were observed in the col-
lisional regime. The small pattern displayed by the EI prob-
ability in Fig. 3 might be related to the use of a discrete base
to represent the final electron state.

Finally, we investigate the dependence of the photoelec-
tron emission on the carrier-envelope phase of the pulse.
While in Ref. �2� the influence of � can be observed in the
time-resolved electron emission probability, within a
distorted-wave formulation, such as the SV approximation,
the effect of the phase becomes evident in the electron emis-
sion spectrum. In Fig. 4 we display electron distributions for

FIG. 1. Photoelectron emission probability from the valence
band of Al�111�, as a function of the electron energy, for three
different ejection angles: �e=30°, 45°, and 90°. The parameters of
the laser field are: F0=0.1 a.u. and �=1 a.u., and the duration of
the pulse is: �a� 	=4 a.u. and �b� 	=40 a.u.

FIG. 2. Similar to Fig. 1 for a laser pulse with a duration
	=100 a.u.
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�e=90° and different phases �, fixing the parameters of the
laser—intensity, frequency, and duration—the same as in
Fig. 3. We found that the electron spectrum corresponding to
perpendicular ejection is strongly modified by the carrier-
envelope phase. The positions and heights of the secondary
maxima change noticeably for different values of �, although
the energy position of the principal maximum remains in-
variable. Therefore, it is expected that the measurement of
electron distributions produced by ultrashort laser pulses pro-
vides useful information about the carrier-envelope phase of
the pulse.

B. Energy distribution

The energy distribution of emitted electrons, dP�SV� /dEf,
is obtained from Eq. �16� by integrating over the ejection
direction � f. In Fig. 5 we show emission probabilities
corresponding to the field parameters F0=0.1 a.u. and

�=1 a.u., again for two pulse durations �a� 	=4 a.u. and �b�
	=40 a.u. For 	=4 a.u. the laser field does not oscillate, and
thus, for every transferred momentum Qjj� there is a unique
value of te that satisfies Eq. �14�. In this regime, the energy
distribution does not displays signatures of interference; the
probability decreases smoothly as a function of the electron
energy, as also observed in Fig. 1�a�. But when the duration
of the pulse augments, allowing the pulse to perform several
oscillations, interference effects arise in the spectrum �Fig.
5�b��. Notice that even though the general features of the
energy distribution of Fig. 5�b� are similar to those obtained
for ionization of atomic hydrogen �Fig. 3 of Ref. �19��, in the
case of surface ionization the spacing between maxima de-
pends strongly on 	, tending to the photon energy only for
long pulses.

Energy distributions corresponding to a weaker field, with
the maximum strength F0=0.05 a.u., are plotted in Fig. 6 for

FIG. 3. Electron emission probability, as a function of the elec-
tron energy, for the ejection angle �e=90°. The parameters of the
laser field are: F0=0.1 a.u., �=1 a.u., and 	=40 a.u. Dashed line,
similar to Fig. 1; solid line �full circles�, results including EI
asymptotic conditions, as explained in the text.

FIG. 4. Electron emission probability, as a function of the elec-
tron energy, for the ejection angle �e=90°, considering different
carrier-envelope phases. The parameters of the laser field are:
F0=0.1 a.u., �=1 a.u., and 	=40 a.u. Solid line, �=0; dotted line,
�=� /2; dashed-dotted line, �=3� /4; dashed line, �=�.

FIG. 5. Energy distribution of emitted elec-
trons, as a function of the electron energy, for a
laser field with F0=0.1 a.u. and �=1 a.u. The
duration of the pulse is: �a� 	=4 a.u. and �b�
	=40 a.u.
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a pulse duration 	=40 a.u., considering two different fre-
quencies: �a� �=1 a.u. and �b� �=0.5 a.u. Comparing Figs.
6�a� and 5�b� we find that when the intensity of the field
decreases, the height of the peaks diminishes, while their
energy positions stay roughly invariable. But when the laser
frequency is divided by two, as in Fig. 6�b�, the emission
probability increases and the position of the second maxi-

mum is shifted towards higher energies. The probability in-
crease for decreasing � values is associated with the aug-
ment of the perpendicular transferred momentum, which is
determined by the vector potential A−, as given by Eq. �14�.
A similar behavior is also observed in photoelectron emis-
sion from atoms for photon energies larger than the ioniza-
tion potential �27,28�. In addition, in the case considered in
Fig. 6�b� the laser field performs just only two oscillations.
Consequently, the peaks of the energy distribution begin to
disappear, tending to the collisional regime. This supports
the idea that for few-cycles laser pulses, the maxima of the
electronic spectrum are not related to the usual ATI peaks but
are associated with interference patterns.

IV. CONCLUSIONS

We have proposed a distorted-wave method, the SV ap-
proximation, to deal with the photoelectron emission from
metal surfaces induced by ultrashort laser pulses. The SV
approach describes the main characteristics of the surface
interaction in the initial and final channels, while the dynam-
ics of the electron movement during the interaction time is
governed by the laser field.

The SV approximation constitutes a computational inex-
pensive approach, whose predictions are expected to be reli-
able as long as the perturbative conditions hold. It allows us
to evaluate angular and energy distributions of emitted elec-
trons for laser pulses ranging from the collisional to multi-
photon regimes. Even though in this work we have consid-
ered frequencies of the laser field larger than the plasmon
frequency, for which the effect of the induced surface poten-
tial can be neglected, we plan to include the induced poten-
tial derived from the BSB model �with lineal response
theory� in order to extend the application of the theory for
lower frequencies of the laser field.
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