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Ground state of composite bosons in low-dimensional graphs
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We consider a system of composite bosons given by strongly bound fermion pairs tunneling through sites that
form a low-dimensional network. It has been shown that the ground state of this system can have condensatelike
properties in the very dilute regime for two-dimensional lattices but displays fermionization for one-dimensional
lattices. Studying graphs with fractal dimensions, we explore intermediate situations between these two cases
and observe a correlation between increasing dimension and increasing condensatelike character. However, this
is only the case for graphs for which the average path length grows with power smaller than 1 in the number
of sites and which have an unbounded circuit rank. We thus conjecture that these two conditions are relevant
for condensation of composite bosons in arbitrary networks and should be considered jointly with the well-
established criterion of high entanglement between constituents.
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I. INTRODUCTION

Several recent developments have presented the oppor-
tunity for the exploration of systems with very complex
geometries, approaching the freedom to build arbitrary net-
works for many-body physics. This is possible due to the
engineering capabilities achieved with optical tweezer arrays
[1,2] and most notably with circuit quantum electrodynam-
ics [3,4]. Other examples in this direction are given by
the implementation of frustrated lattices and quasicrystalline
structures in optical traps [5,6], photonic quasicrystals [7],
and polaritonic systems [8], as well as artificial fractal lat-
tices for electrons [9] and treelike couplings of atom arrays
inside optical cavities [10]. Implementations in the context
of Josephson-junction arrays have also inspired the study of
Bose-Hubbard models on various graphs [11–13].

It is well known that the dimensionality of a physical
system can have tremendous impact on its properties. One
remarkable illustration of this phenomenon is given by the
fact that hard-core bosons exhibit fermionization in one-
dimensional (1D) systems [14,15], thus questioning intuitive
expectations of what bosonic behavior means. Another strik-
ing example is the existence of anyonic particles only in
two dimensions [16]. In more general scenarios, other graph
properties besides dimension have been shown to play a
relevant role as well, for instance, for the observation of
Bose-Einstein condensates in low-dimensional graphs [11],
propagation of solitons in networks [17], or frustration in spin
systems [18].

The number of spatial dimensions has been studied re-
cently in connection with the validity of the so-called coboson
ansatz for the ground state of a system of N composite bosons
[19]. This ansatz is a canonical-ensemble analog of the BCS
wave function and can in many cases be used as a compact
approximation of the ground state of a many-particle system

[20]. We note that the ansatz describes approximate conden-
sation to the ground state of a single composite particle, as
opposed to a more general kind of condensation to an arbitrary
state as studied in [21].

Loosely speaking, the coboson ansatz is expected to be
suitable for dilute systems with short-range interactions and
high entanglement between the constituents of each compos-
ite boson [20,22]. It has been noted that dimensionality also
plays an important role for the validity of the ansatz and that
1D systems fulfilling the previous conditions do not generally
obey the ansatz [23,24]. This is not surprising in light of the
already mentioned fermionized behavior. However, fermion
pairs in a ladder geometry, i.e., an n × m lattice with n →
∞ while m is kept fixed, behave as in a 1D system, al-
though fermionization is not applicable [23]. We note that this
dimension-dependent change in behavior, fermionizing in one
dimension but condensing in two dimensions for low enough
densities, was first studied for standard hard-core bosons (see,
for instance, [25]).

We now extend the previous analysis of the relation be-
tween lattice dimensionality and validity of the coboson
ansatz to models with dimensions between 1 and 2. To
this aim, we consider fractal geometries and compare the
performance of the ansatz for fractals with different Haus-
dorff dimensions [26]. The lack of translational invariance
makes this study numerically costly, so the systems studied
have moderate sizes. Nevertheless, several conclusions can
be drawn from our results. Indeed, the graph dimension does
seem to play an important role in the validity of the ansatz.
However, a different aspect that appears in our analysis is the
observation that fermion pairs do not exhibit condensation in
treelike graphs. In addition, we find that the ansatz is generally
a much better approximation to the ground state in systems
with closed boundaries, while the number of neighbors has
little impact on the results.
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Because of the computational cost, we focus on systems
of a few fermion pairs, i.e., two or three hard-core bosons
or equivalently four or six paired fermions. The structure of
coboson theory is such that the coboson ansatz for an arbitrary
number N of pairs leads, for low densities, to expectation
values dominated by the results of one and two pairs, ac-
companied by known N-dependent prefactors [20]. Then, if
the ansatz is shown to give wrong results for two composite
bosons, it cannot provide a good approximation of the ground
state of N pairs either.

This article is organized as follows. In Sec. II we introduce
the model we study for different networks. Section III dis-
cusses basic concepts regarding the coboson ansatz that are
essential to understand our work. Section IV introduces rele-
vant graph properties. In Sec. V B we present our numerical
results for various graphs with dimensions between 1 and 2.
In Sec. VI we summarize our conclusions.

II. MODEL

The system we consider consists of a graph of M sites with
two species of fermions that can hop along them. Fermions
of different species experience a very strong attraction, so if
the numbers of particles of both species are equal then the
low-energy manifold has all particles in pairs. More precisely,
the Hamiltonian takes the form

H = − U0

M∑
j=1

a†
j a jb

†
jb j + J

2

∑
〈i, j〉

(a†
i a j + b†

i b j + H.c.), (1)

where aj (a†
j ) destroys (creates) a particle of type a in site

j, b j (b†
j) does the same for a particle of type b, and 〈i, j〉

indicates neighboring sites in the graph. For simplicity, we do
not consider spatial variations of local energies or tunneling
strength.

We are interested in the limit when the interaction energy
is much stronger than the hopping, i.e., U0 � J , and apply
perturbation theory to find the ground state of the system.
As will be shown in the following, the restriction to the
limit when particles always tunnel in pairs makes our system
an instance of the hard-core Bose-Hubbard model, which is
equivalent to a Heisenberg model [27–30]. Heisenberg models
on fractal lattices have been studied, for instance, in [31–33].
An important point to keep in mind is that for a coboson
system with N composite particles only a particular subspace
of the equivalent spin system with a fixed total spin projection
Sz is relevant [23].

This limit of very strongly bound pairs is the one studied in
[23,34] and it is particularly relevant for our purposes since it
is the situation where the coboson description should be most
appropriate. The Hilbert space of N fermions of each kind
divides into a ground manifold composed of the states where
all fermions are paired, i.e., occupying the same site as one of
the other species, and many excited manifolds with unpaired
particles. The effective Hamiltonian within the ground mani-
fold can be found with perturbation theory. We note that the
steps involved are the same as in [23,34], but now generalized
to arbitrary graph geometries.

To zeroth order in the hopping the energy of the ground
manifold is −NU0. When second-order terms in the hopping

are introduced, one obtains an overall shift of the energy of
this subspace, Hamiltonian terms describing correlated tun-
neling of pairs, and an additional term coming from the fact
that hopping of a particle into a given site is forbidden if there
is already an identical fermion there. This leads to the form

H (N )
g � −N (U0 + Jeff ) + Ht + Hd . (2)

Here Jeff is the effective tunneling strength for a pair

Jeff = J2

U0
(3)

and Ht is the tunneling contribution

Ht = −Jeff

2

∑
〈i, j〉

(Ti, j + Tj,i ), (4)

with Ti, j the operators that correspond to hopping of a pair
from site i to j. The interactions between neares neighbors
are contained in a contribution Hd that will be diagonal in our
basis and is of the form

Hd = Jeff
∑
〈i, j〉

NiNj . (5)

In this expression, Nj is the number of pairs at site j, with
double occupations being forbidden because of the fermionic
character of the constituents.

Our strongly bound fermion pairs are thus the same as
hard-core bosons with a specific relation between tunneling
strength and nearest-neighbor repulsion. The hopping term
tends to delocalize the cobosons, whereas the repulsive in-
teraction together with the hard-core character compete with
the hopping. Therefore, one expects that the ground state
will have delocalized pairs which are however unlikely to
be found next to each other. We note that previous work
[35] has considered the inclusion of longer-range attractive
interactions that can lead to the formation of larger aggregates.
Such generalizations imply a richer variety of behaviors and
are beyond the scope of the present study.

From Eq. (2) we can write the matrix form of the Hamilto-
nian for any particular subspace with fixed N . For brevity, in
the following we ignore the overall energy −N (U0 + Jeff ). For
N = 1 the basis of our restricted Hilbert space is composed
of states of the form |k〉, where k labels the location of the
bound pair in the graph, and the Hamiltonian contains only
tunneling:

Ht
k,l = −Jeff

2
Akl . (6)

Here Akl is the corresponding element of the adjacency matrix,
which is 1 when sites k and l are neighbors and vanishes
otherwise.

For N = 2 the basis of the Hilbert space is composed of the
states |k, l〉, where k and l label the locations of each of the
pairs in the graph, and using Pauli exclusion principle we can
take k < l . In this basis, the diagonal part is

Hd
kl,kl = Jeff Akl , (7)

while the tunneling part of the Hamiltonian is of the form

Ht
kl,mn = −Jeff

2
(δlnAkm + δlmAkn + δknAlm + δkmAln). (8)
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For N = 3 the basis is of the form |k, l, m〉, with k < l < m.
The diagonal part of the Hamiltonian is

Hd
klm,klm = Jeff (Akl + Akm + Alm), (9)

whereas the tunneling term can be written as

Ht
i jk,lmn = −Jeff

2
(Ailδ jmδkn + all permutations), (10)

where by “all permutations” we mean all permutations of
indices i, j, k and l, m, n separately.

III. COBOSON ANSATZ FOR THE GROUND STATE

In this work we focus on identical composite bosons, each
made of two distinguishable fermions. This section provides
a brief overview of the coboson ansatz for the ground state
of N such pairs. For a more complete introduction to the
coboson formalism, we refer the reader to [20]. For a given
Hamiltonian corresponding to a single pair, the ground state
|ψ〉 defines the coboson creation operator B†, namely, the
operator which acts on the vacuum state |v〉 creating a single
pair in the ground state |ψ〉 = B†|v〉.

One can write a normalized state of N composite bosons
obtained after acting N times with the coboson creation oper-
ator in the form [20,36]

|N〉 = (B†)N

√
N!χN

|v〉. (11)

Here χN is a normalization factor which accounts for the Pauli
exclusion principle [36,37].

For composite bosons made of two fermions the normal-
ization factor depends on the Schmidt coefficients λ j of |ψ〉
and takes the form [36–38]

χN = N!
∑

pN >pN−1>···>p1

λp1λp2 · · · λpN . (12)

For the case N = 2, the normalization coefficient is equal to
χ2 = 1 − P, with P the purity of the reduced density matrix
of one of the constituent particles of a pair in the ground state
|ψ〉. Thus, a high entanglement in state |ψ〉 is a key aspect
behind effectively bosonic features. In general, the behavior of
pairs as approximate elementary bosons can be related to the
normalization coefficients and bosonic behavior is recovered
when χN/χN−1 � 1 [22,36,38,39].

In particular, for the model we consider the purity P is
determined by the distribution of occupation probabilities
p1( j) of the various sites j in the single-pair ground state,
according to

P =
M∑

j=1

p2
1( j). (13)

For a fixed number of sites, the maximum entanglement
or minimal purity corresponds to a uniform probability
distribution.

The idea that the state |N〉 of Eq. (11) provides a good
approximation of the ground state of a system of N cobosons
is an important element of coboson theory and we refer to
this in the following as the coboson ansatz. This ansatz pro-
vides an enormous simplification of the description of the

many-body ground state, in the cases when it is applicable.
Nonetheless, we note that the coboson formalism is a pow-
erful machinery also when this simplification is not possible,
as illustrated by several examples in the literature (see, for
instance, [24,40,41]).

A useful property of state |N〉 is that for dilute systems one
can derive simple expressions for the expectation values of
many observables of interest in terms of an expansion in the
density of particles. Following the steps in [20], one obtains
approximations of the form

〈O〉N � N〈O〉1 + N (N − 1)

2
(〈O〉2 − 2〈O〉1) (14)

up to corrections of third order in particle density. Here 〈O〉N

denotes the mean value of operator O evaluated over state |N〉.
The derivation in [20] takes O to be the system Hamiltonian,
but the same steps can be carried out for any observable
which can be written as a one-body operator either in terms
of cobosons or in terms of elementary fermions.

Problems with full translational invariance, like the ring
and torus studied in [23], lead to very simple forms for the
state |N〉. The ground state of a single pair in such a lattice is
the same as in the fully connected graph, i.e.,

|ψ〉 = 1√
M

M∑
j=1

a†
j b

†
j |v〉. (15)

The structure of this state greatly simplifies many calculations,
because all Schmidt coefficients of this state are equal to 1/M.
For states of the form of Eq. (15), the coboson ansatz has full
symmetry between all sites for arbitrary N .

In general, the coboson ansatz is expected to be a sat-
isfactory approximation when the system is very dilute,
interactions are sufficiently short ranged, and the single-pair
ground state |ψ〉 exhibits high entanglement between the pair
constituents. Previous work, however, has shown that the va-
lidity of the ansatz may also depend on the dimensionality
[23]. This is to be expected since the coboson ansatz does not
properly capture the strong spatial correlations among pairs
that build up for one-dimensional or quasi-one-dimensional
systems.

IV. GRAPH DEFINITIONS AND RELEVANT PROPERTIES

In light of the previous results, in this work we consider
more general graphs with both integer and noninteger dimen-
sions, to better study the interplay between dimensionality
and applicability of the coboson ansatz. Before presenting our
findings, in the following we introduce the fractal graphs that
we will consider, as well as some concepts of graph theory
that will be important for our analysis.

In the next section we numerically examine the ground
state of two and three fermion pairs in different graphs with
dimensions between 1 and 2, considering the Hausdorff di-
mension for the case of fractals [26]. In contrast with regular
lattices, which have integer dimensions, the Hausdorff dimen-
sion can take noninteger values to describe the geometry of
fractal graphs. It is related to the box-counting dimension,
associated with the growth of the number N (r) of balls of
radius at most r required to cover a graph region completely,
in the limit when r goes to zero.
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FIG. 1. Small-size versions of the fractal graphs we consider:
(a) first and (b) second levels of the Vicsek fractal with ν = 3 and
(c) first and (d) second levels of the Vicsek fractal with ν = 4. (e)
Sierpiński gasket with 15 sites.

We note that fractal dimension is only well defined in
the limit of infinitely many points in the graph, whereas our
systems are always of finite size. Our interest, however, is
precisely the behavior of the ground state as the infinite-size
limit is approached and the system becomes more dilute. We
regard fractal dimension as a good measure for our purposes
since the increase in system size in our study is achieved by
considering successive levels of the iterative construction of
the fractals.

We take the following instances of graphs: (i) one-
dimensional lattices given by simple chains (which we label
1D); (ii) two-dimensional square lattices (2D); (iii) frac-
tal graphs given by the Sierpiński gasket, also called the
Sierpiński triangle, with dimension log2(3) � 1.58 and which
we label S; and (iv) Vicsek fractals, with dimensions d =
log(ν + 1)/ log(3) � 1.26 for ν = 3 and d � 1.47 for ν = 4
[42,43], labeled V3 and V4, respectively. Both the Sierpiński
and the Vicsek fractals are built iteratively, so the actual fractal
structure corresponds to the limit of infinitely many iterations.
The stepwise construction of these fractals is illustrated in
Fig. 1. In the case of the Vicsek fractals, the parameter ν is
associated with the number of copies of the graph that are
appended to it to build the next iteration and the first level is a
star graph with ν + 1 points.

The dimension of the graphs we consider is related to the
growth of the average path length between graph nodes as the
size of the graph is increased. Here the path length is taken to
be the number of edges along the shortest path between nodes;
this quantity is then averaged over all pairs of nodes. In Fig. 2
we show the growth of the average path length for the system
sizes we explore. For all graphs except the Vicsek fractals,
we consider both open and closed boundary conditions; for
the Sierpiński gaskets, the modified boundary conditions are
obtained by adding extra edges linking the outer vertices of
the triangle. As can be seen in the plots, the numerical fits of
the growth of the average path length indicate a power that
coincides with the inverse of the graph dimension and that is
independent of the boundary conditions.

FIG. 2. Growth of the average path length between sites (in loga-
rithmic scale) as a function of the total number M of sites in the graph
for (a) 1D chains and 2D square lattices, and (b) Sierpiński gaskets
and Vicsek fractals with ν = 3, 4. For regular lattices and Sierpiński
gaskets we consider both open and closed boundary conditions, the
latter labeled CBC. In each case the inverse of the power of the
growth of the average path length α, obtained from the numerical
fit and represented with a dotted line, coincides with the graph
dimension.

Apart from the dimensionality, the quality of the coboson
ansatz may also be affected by other graph properties. Two
concepts from graph theory that will be relevant in the fol-
lowing are those of circuit rank and betweenness. The circuit
rank of a connected graph is equal to the minimum number
of edges that must be removed to turn the graph into a tree
[44] and so in comparison with the total number of edges, it
gives an idea of how close the graph is to being a tree. For
instance, the circuit rank is equal to 0 for a tree, whereas
it grows quadratically with the number of nodes for a fully
connected graph and linearly for a regular lattice of dimension
larger than 1.

The betweenness centrality or betweenness g of each node
in a graph is a measure of its centrality in the graph [45]. It
is related to the fraction of shortest paths among graph nodes
that pass through the particular vertex considered. Among the
graph families we study, the distribution of betweenness of
the different nodes varies significantly. For the graphs with
closed boundary conditions, all sites have the same value of
g; nontrivially, this is also valid for the Sierpiński gasket.
Among the graphs with open boundary conditions, regular
lattices have nodes with larger betweenness at the center, but
the variation is smooth. In contrast, for Vicsek fractals the
central nodes have values of g that are much larger than those
of the rest.

Actually, betweenness centrality is related to another as-
pect that is relevant to our study, namely, the purity P of
the reduced density matrix of each fermion in the single-pair
ground state, which depends on the kind of graph considered.
As explained in the preceding section, bosonic behavior of
the coboson creation operator is directly associated with P.
To take this into account, we characterize the effective size S
of our system as S = 1/P for each given lattice. The reason to
consider S as an effective size is that a value of S smaller than
M implies that a pair in the ground state is not spread over all
sites equally and we wish to correct for this effect when we
study the validity of the coboson ansatz.
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FIG. 3. Occupation probability p1 of each site in the single-pair
ground state vs centrality of the node, as quantified by the be-
tweenness centrality g, for graphs with open boundary conditions
and numbers of sites M ∼ 1000. The subplots correspond to (a) the
1D chain with M = 900, (b) the Sierpiński gasket with M = 1095,
(c) the Vicsek fractal with ν = 3 and M = 1024, and (d) the Vicsek
fractal with ν = 4 and M = 900. Dashed horizontal lines represent
values of uniform probability given by 1/M.

It turns out that, although there is no one-to-one corre-
spondence, the single-pair ground state tends to localize at
the nodes with larger betweenness, as illustrated in Fig. 3. We
note that the 2D case is not shown in Fig. 3 but looks similar to
the 1D chain. The very uneven occupation probability found
for the Vicsek fractals can be better appreciated by observing
the dashed horizontal lines that indicate the average over all
sites.

Thus, graphs with very unbalanced betweenness values
also have larger differences between the number of sites M
and the effective size S. The relation between M and S for
various graphs is displayed in Fig. 4. Indeed, the lowest values
of S for a given M are found for Vicsek fractals. The limit
value S = M is shown with a dashed line and is found for the
one-dimensional ring and the torus, i.e., the square lattice with
periodic boundary conditions. Closed boundary conditions
always lead to larger values of S for fixed M, thus implying
larger effective sizes without increasing the numerical cost.
However, for large systems the relative difference in effective
size becomes rather small, as boundary effects become less
important.

V. FIDELITY BETWEEN THE GROUND STATE AND THE
COBOSON ANSATZ FOR VARIOUS GEOMETRIES

A. Preliminary considerations

The goal of this study is to test the validity of the ansatz
in different graphs with dimensions between 1 and 2. For this

FIG. 4. Effective size quantified by log10(S) as a function of
log10(M ) for the graphs studied, with S = 1/P the effective system
size and M the total number of sites. The dashed line shows the
identity M = S that is obtained for uniformly distributed single-pair
ground states. The lowest values of S(M ) are obtained for Vicsek
fractals.

purpose, we first find the ground state of a single composite
particle in the lattice, of the form

∣∣φ(1)
GS

〉 =
M∑

j=1

c j | j〉, (16)

where | j〉 labels the location of the pair on the lattice. Because
the two fermions forming a pair are always at the same site,
the Schmidt decomposition is trivial, with Schmidt coeffi-
cients given by λ j = c2

j , since for our model c j ∈ R.
From the state (16), we can build the coboson ansatz for

an arbitrary number of pairs. Our aim is to assess the quality
of the coboson ansatz for the ground state in different graphs
and we do so by computing the fidelity between the ground
state |φ(N )

GS 〉 obtained numerically and the coboson ansatz |N〉
according to

FN = ∣∣〈N∣∣φ(N )
GS

〉∣∣2
. (17)

If the coboson ansatz is applicable, the fidelity FN is expected
to approach 1 in the infinitely dilute limit, i.e., when the
number of sites M tends to infinity. We note that FN depends
on both N and M and also on the kind of graph considered; this
dependence will be left implicit to keep the notation simple.

One could consider, instead of calculating the fidelity, a
comparison of the ground-state energies obtained from nu-
merical calculation and from the coboson ansatz. A clear
disagreement between these values would already imply a
failure of the ansatz. However, as has been shown in [23], it is
possible that the energies agree to a good approximation while
at the same time other properties such as spatial correlations
are not correctly reproduced.
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In the following we will focus on the cases N = 2, 3. For
two composite particles we get

|N = 2〉 =
√

2

χ2

∑
j<k

c jck| j, k〉. (18)

If the ground state for two pairs has coefficients given by

∣∣φ(2)
GS

〉 =
∑
j<k

α jk| j, k〉, (19)

then the fidelity takes the form

F = 2

χ2

⎛
⎝∑

j<k

α jkc jck

⎞
⎠

2

, (20)

where we are using that all coefficients are real. Along the
same lines, for the case of three pairs N = 3, the expression
for the fidelity takes the form

F3 = 6

χ3

⎛
⎝ ∑

j<k<l

α jkl c jckcl

⎞
⎠

2

, (21)

with α jkl the coefficients of the ground state for N = 3 in the
basis | j, k, l〉.

A few cases can be readily analyzed. The fully connected
graph, due to its symmetry, has the coboson ansatz as the
exact ground state and thus FN = 1 for any number of sites
as long as it can accommodate N pairs. Another example that
is solvable because of its high symmetry is the star graph.
We note, however, that the creation operator of the single-
pair ground state on the star cannot exhibit proper bosonic
behavior, because χN/χN−1 does not tend to 1 as the number
of sites goes to infinity.

The 1D chain with closed boundary conditions has been
studied in [23]. The single-pair ground state has the fully
symmetric form of Eq. (15), and the fidelity for N = 2 with
M → ∞ is equal to 8/π2 � 0.81, as has been shown using
the mapping to the Heisenberg model. A 1D chain with open
boundaries has a nonuniform single-pair ground state, and
the asymptotic fidelity for N = 2 is 217/π4452 � 0.66, as can
be seen using fermionization [15]. Thus, not surprisingly, 1D
systems do not exhibit condensation in the dilute limit and the
coboson ansatz does not approach the ideal fidelity of 1.

Previous work [23] has also numerically studied 2D square
lattices with periodic boundary conditions, observing a fi-
delity which increases monotonically with system size and
suggesting an asymptotic value of F2 = 1. In contrast, the
fidelity for ladder systems, i.e., n × m lattices with n → ∞
and m fixed, has a behavior that resembles that of 1D chains.
It seems then that the effective dimension of the lattice for
our purposes is best captured by the power of the growth of
the average path length between sites: Indeed, ladder models
have average path lengths that asymptotically grow linearly in
the total number of sites, just like 1D systems. It is natural to
conjecture that an average path length growth with power 1 is
associated with the failure of the coboson ansatz.

FIG. 5. Fidelity between the coboson ansatz and the true ground
state for two pairs, quantified by F2 as a function of log10(S) for
different graphs.

B. Numerical results

In the following we analyze the behavior of the fidelity
between the coboson ansatz and the numerical ground state
for increasing sizes of graphs with different geometries. We
note that, as observed in [23], the convergence of the fidelity
with increasing system size is rather slow. The study of large
systems in [23] was largely simplified by exploiting transla-
tional invariance, which is no longer possible in the present
work.

In Fig. 5 we show the fidelity for two pairs F2 as a function
of S for the different networks considered. We note that, apart
from the cases plotted and already described, we performed
calculations with open square, triangular, and hexagonal 2D
lattices, leading to results very similar to those for the open
square lattice. Calculations with the Hanoi graph, or dual
Sierpiński gasket, also lead to results very similar to those
for the Sierpiński gasket. Just like the various geometries for
two-dimensional lattices, the Hanoi graph and the Sierpiński
gasket have the same dimension but different numbers of
neighbors. From these comparisons we conclude that the
graph degree does not play a relevant role for our purposes.

Several features of Fig. 5 are interesting. In general, the
plots always show a higher fidelity for closed boundary con-
ditions (open symbols), even after correcting for the effective
size using S instead of M. Leaving aside the case of the Vicsek
fractals, a higher dimension is associated with a higher fidelity
and graphs with dimension higher than 1 seem to have fideli-
ties that improve as the graph size is increased. Of course, this
does not imply that the fidelity approaches the ideal value of 1
as the number of sites approaches infinity; it may well be that
convergence is observed at much larger values than the ones
numerically accessible.

The case of the Vicsek fractals is strikingly different from
the other graphs studied; indeed, in Vicsek fractals the cobo-
son ansatz actually gets worse as the system size is increased
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FIG. 6. Fidelity between the coboson ansatz and the true ground
state for three pairs, quantified by F3 as a function of log10(S) for
different graphs.

and the corresponding fidelities lie clearly below the case of
1D chains. We associate this behavior with the treelike charac-
ter of the Vicsek fractals (see Fig. 1). We thus conjecture that
the validity of the coboson ansatz for dilute systems in general
graphs is to be expected when not only the average path length
grows with a power lower than 1, but also the graph should
have an unbounded circuit rank.

As explained in Sec. III, a failure of the coboson ansatz
for N = 2 generally leads to wrong predictions for higher
numbers of particles. However, as a further check, we also
study the fidelity for increasing graph size for systems with
N = 3. In this case, we restrict the study to smaller graphs to
keep the full Hilbert space tractable. The results are shown
in Fig. 6 and indeed display a behavior similar to that in
the previous figure: The fidelity increases with graph size for
the 2D lattice and the Sierpiński gasket, whereas it exhibits
convergence to a value clearly below 1 for the 1D chain and it
decreases for the Vicsek fractals.

There is actually an intuitive explanation why treelike
graphs can be expected to behave very differently from other
graphs. Indeed, the presence of a first pair on one site blocks
that site for a second pair; thus one can think of that second
pair as moving in a graph which is modified by the removal of
the blocked site. In the case of 2D graphs, it is clear that this
effect is minor; in contrast, for treelike graphs, removing a
single site generally splits the graph into two or more isolated
parts.

Along this line, one can then think that the key feature
determining whether the ground state can have condensatelike
properties is given by the vertex connectivity, i.e., the mini-
mum number of nodes that have to be removed to make the
graph disconnected. This, however, does not seem to be the
case, since Sierpiński triangles have low connectivity and their
behavior is more similar to 2D graphs than to Vicsek fractals.
There is also a reason why the connectivity is not necessarily
relevant: It not only is important that removing a node will

modify the properties of the graph; it also matters how likely
it is to find a pair at a particular given site.

This point can be better examined considering once more
the probability distribution p1 of occupation of the various
nodes for the single-pair ground state as displayed in Fig. 3.
For the case of the Vicsek fractals, we notice that a few sites
have an occupation probability that is way larger than the
average. These sites are precisely those whose removal has the
largest impact on the properties of the remaining graph, in par-
ticular the central node. This is not the case in the Sierpiński
gasket, or in 1D and 2D lattices, for which many nodes have
comparably high occupation. We conjecture that this strong
relation between centrality and occupation probability makes
treelike graphs particularly unfavorable for condensation.

VI. CONCLUSION

We have studied a system of a few (N = 2, 3) strongly
bound fermion pairs in graphs of dimension between 1 and 2.
In order to characterize the behavior of the composite particles
at zero temperature, we have examined the fidelity between
the ground state found numerically and the so-called coboson
ansatz. The latter is a condensatelike state, but taking into
account the fermionic character of the constituents of each
pair. Although we restricted the study to systems with two
or three pairs, the structure of coboson theory is such that at
low densities many expectation values are dominated by the
results for few pairs and so our conclusions are relevant also
for the many-body scenario [20].

Our results indicate a poor performance of the coboson
ansatz for 1D chains and Vicsek fractals. From our findings
we conjecture that condensation of fermion pairs in the very
dilute limit can be expected when (i) the average path length
grows with a power strictly lower than 1 and (ii) the graph
has unbounded circuit rank and is thus very different from
a tree. These conditions should be considered together with
the already known criteria associated with the entanglement
between the constituents of a single pair in its ground state
and the short-range interactions.

Among the graphs fulfilling conditions (i) and (ii) above,
we find a strong correlation between the dimension and the
quality of the coboson ansatz: The larger the dimension,
the better the description provided by the ansatz. Boundary
conditions also play an important role: Lattices with closed
boundary conditions consistently display larger fidelities than
their open-boundary counterparts. On the other hand, the com-
parison of different kinds of 2D lattices and the Sierpiński
gasket with its dual suggests that the number of neighbors
does not affect the results significantly.

We note that the same conclusions apply to standard hard-
core bosons, since we observed little difference when the
nearest-neighbor interactions resulting from Pauli exclusion
were removed. Given the slow convergence of the fidelity
with system size, it would be desirable to extend our anal-
ysis to larger graphs. This will require more sophisticated
numerical techniques; direct diagonalization is too costly due
to the quadratic scaling of the Hilbert space and the lack of
translational invariance. We hope that the present work sparks
further interest in the problem of condensation of composite
particles in arbitrary geometries.
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Kurzyński, Phys. Rev. A 100, 032105 (2019).
[36] C. K. Law, Phys. Rev. A 71, 034306 (2005).
[37] M. Combescot, X. Leyronas, and C. Tanguy, Eur. Phys. J. B 31,

17 (2003).
[38] C. Chudzicki, O. Oke, and W. K. Wootters, Phys. Rev. Lett. 104,

070402 (2010).
[39] M. Combescot, Europhys. Lett. 96, 60002 (2011).
[40] M. Combescot and S.-Y. Shiau, Excitons and Cooper Pairs: Two

Composite Bosons in Many-Body Physics (Oxford University
Press, Oxford, 2015).

[41] M. D. Jiménez, E. Cuestas, A. P. Majtey, and C. Cormick,
SciPost Phys. Core 6, 012 (2023).

[42] T. Vicsek, J. Phys. A: Math. Gen. 16, L647 (1983).
[43] A. Blumen, C. von Ferber, A. Jurjiu, and T. Koslowski,

Macromolecules 37, 638 (2004).
[44] C. Berge, The Theory of Graphs (Courier, Chelmsford, 2001).
[45] M. Newman, Networks (Oxford University Press, Oxford,

2018).

043324-8

https://doi.org/10.1126/science.aah3752
https://doi.org/10.1103/PhysRevA.102.063107
https://doi.org/10.1038/s41586-019-1348-3
https://doi.org/10.1038/s41567-020-0815-y
https://doi.org/10.1103/PhysRevLett.108.045305
https://doi.org/10.1103/PhysRevLett.125.200604
https://doi.org/10.1038/nature04722
https://doi.org/10.1103/PhysRevB.95.161114
https://doi.org/10.1038/s41567-018-0328-0
https://doi.org/10.1038/s41586-021-04156-0
https://doi.org/10.1209/epl/i2000-00431-5
https://doi.org/10.1103/PhysRevB.70.184520
https://doi.org/10.1088/1367-2630/8/12/327
https://doi.org/10.1103/PhysRev.50.955
https://doi.org/10.1063/1.1703687
https://doi.org/10.1016/0550-3213(85)90252-4
https://doi.org/10.1103/PhysRevE.81.066602
https://doi.org/10.1016/j.physrep.2007.11.003
https://doi.org/10.1103/PhysRevB.96.064502
https://doi.org/10.1103/PhysRevA.86.042317
https://doi.org/10.1103/PhysRevA.100.012309
https://doi.org/10.1103/PhysRevA.105.013302
https://doi.org/10.1103/PhysRevB.65.104519
https://doi.org/10.1063/1.4822511
https://doi.org/10.1103/PhysRevB.54.395
https://doi.org/10.1016/S0304-8853(97)00280-1
https://doi.org/10.1016/S0378-4371(01)00318-1
https://doi.org/10.1103/PhysRevLett.109.260403
https://doi.org/10.1103/PhysRevA.100.032105
https://doi.org/10.1103/PhysRevA.71.034306
https://doi.org/10.1140/epjb/e2003-00003-1
https://doi.org/10.1103/PhysRevLett.104.070402
https://doi.org/10.1209/0295-5075/96/60002
https://doi.org/10.21468/SciPostPhysCore.6.1.012
https://doi.org/10.1088/0305-4470/16/17/003
https://doi.org/10.1021/ma034553g

