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Abstract

An implicit/explicit integration scheme for non-linear constitutive models is presented. It aims at providing additional computability
to those solid mechanics problems were robustness is an important issue, i.e. material failure models equipped with strain softening, soft
materials, contact-friction models, etc., although it can also provide important advantages, in terms of computational cost, with respect
to purely implicit integration schemes. The proposed scheme is presented based on general families of constitutive models (continuum
damage and elasto-plasticity) and its properties, in terms of robustness and accuracy, are analytically derived and computationally
assessed by means of numerical simulations. An adaptive time stepping algorithm, based on a priori control of the committed error

and the application of the proposed scheme to contact/friction interfaces are also presented.

© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Let us consider a typical, displacement driven, material
non-linear solid mechanics problem, appropriately discret-
ized in time, ¢ € [0, T], and space, x € Q, which, after appli-
cation of the selected time marching algorithm and spatial
discretization scheme, at time step #n + 1, reads:

Find.

A1 Lpt15 Ontly

Such that:

Fint(an+17 Opil, tn+l) - Fext(tn+1)
= G(an+la Oyl (an+l)a tn+l) =0
(balance of forces), (1)
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g((xn-%—lv Opil, tn+l) =0

(state evolution equation), (2)

. 0,1 — O,
Oy = = = E(S(an+l)7 OCn+17o-(-))
Al‘nJrl
(constitutive equation), (3)

where a, | are the nodal displacements, at the end of time
step n+ 1, and o, and @, are, respectively, the strain-
like variable and the stresses at the sampling points. Addi-
tionally, &,, are the strains, related to the stresses through
the (non-linear) constitutive function, X, in rate form in Eq.
(3), and F, and Fy, stand, respectively, for the external
and internal forces whose balance is established in Eq.
(1). Therein ¢,,1 (¢t,41 = 0, At,y1 =t,01 — 1, = 0) stands
for that increasing parameter being cither the actual time
(as in dynamic problems) or playing the role of time (the
pseudo-time identified as the loading factor or the arc
length parameter) in quasi-static problems.
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In the context of the theory of dissipative material mod-
els equipped with internal variables [1,2], in Eq. (2) function
g(tyi1, 6411, t,r1) implicitly defines the current value of these
internal variables, o,,;. For rate-dependent models, this
function can be identified from the time-discretized version

of the evolution equations of the internal variables i.e.

. _ O — Oy
Opt1 = At = h(an+17an+l7tn+l)
n+1

(evolution equation), (4)
g(an+1aan+17tn+1) = (O(n+l - O(,,)

- (tn+1 - tn) X h(an+176n+17tn+l)
whereas in rate-independent models it comes out from the
combination of the Kuhn-Tucker algorithmic loading/
unloading conditions and the evolution equations of the
internal variables, typically [2]:

(state equation), (5)

AA’II‘FI > Oa f(o'nJrl;(anrl) > 07 A)vn+1f(o'n+la an+1) = 0
(loading/unloading conditions), (6)
w1 — O A, . .
Byl = Yol 7 O Bl (evolution equation), (7

Atyer Aty
{unloading — A1 = 0= g(ti1, Gnity bnst) = Ouy1 —

loading — Al,1 # 0 = (U1, 6ns1, bur1) = f(Gui1, tur1)
(state equation), (8)

where A4, and f(6,1,%,41), in Eq. (7), are, respectively,
the algorithmic Lagrange multiplier and the restriction
defining the closure of the elastic domain in the stress space
(Eo',,ﬂ = {611+1;f(0r1+17an+l) < O})

Regarding Eq. (3) the specific format of function X is
determined by the selected algorithm for integration of
the material model. Typically, a true dependence of
2 (@41, %y1,6,41) on the values of the stresses at the end
of the time step (6() = a,,) corresponds to a classical
implicit (backward-Euler) integration, whereas dependence
on values at previous time steps (6() = ¢(6,,6,_1,...) char-
acterizes an explicit integration of the material model.

Much has been written in the literature about implicit vs.
explicit integration schemes and the advantages and disadvan-
tages of each of them. They can be summarized as follows:

e Explicit integration schemes are in many cases condition-
ally stable. This translates into a limitation of the time
step length and, therefore, a large number of time steps
are needed to solve the problem. On the other hand, 6,
in Egs. (1)—(3) becomes, in many cases, linearly or quasi-
linearly dependent on the problem unknowns, a, ;. In
many cases this translates into a linear or a quasi-linear
structure of function G in Eq. (1), and the global algo-
rithm for its resolution becomes, generally, very robust.

e Implicit integration schemes are generally uncondition-
ally stable. Therefore, there is no intrinsic limitation
on the length of the time step, other than the control
of the integration error, which uses to be small, and
the number of required time steps, is small when com-
pared with explicit algorithms. On the other hand,
6,1, in Egs. (1)—(3), uses to be highly non-linear in

terms of the main unknowns a, ;. This non-linearity is
inherited by Eq. (1) and the resulting solving algorithm
(typically a Newton—Raphson iterative procedure) often
can be made robust only by using very skillful proce-
dures (namely, continuation methods) and dramatic
shortenings of the time step values. In certain cases,
for instance when strain softening appears in the consti-
tutive model, the algorithm becomes so ill conditioned
that no convergence, and then no result, can be achieved
for problems of practical interest.

In summary: explicit integration schemes yield robust but
expensive (in terms of the computational cost) solving algo-
rithms, whereas implicit integration schemes lead to accu-
rate results, even for large time steps, but at the cost of a
loss of robustness of the resulting numerical algorithm
which, for cases of practical interest, can also dramatically
affect the corresponding computational cost.

This work proposes a combination of implicit and expli-
cit integration schemes that exploits the advantages of both,
while overcoming some of their drawbacks. In essence, it is
a combination of a standard implicit integration scheme of
the stresses, 6,1, in the constitutive model in Eq. (3) with an
explicit extrapolation of the involved internal variables,
oni1, i Egs. (2)—(3). The proposed implicit/explicit integra-
tion scheme, from now on shortened as IMPL-EX, is
presented based on two representative families of rate-inde-
pendent material constitutive models: continuum damage
models and elasto-plastic models. However, this does not
imply intrinsic restrictions in terms of its application to
other families of inelastic constitutive models.

At the cost of few, and simple, additional operations, to
be performed at the constitutive driver level, the IMPL-EX
algorithm, renders relevant benefits when it is conveniently
exploited in computational mechanics. They can be sum-
marized as follows:

e The algorithmic tangent constitutive tensor becomes
symmetric and semi-positive definite even in those cases
as the analytical one is not. This leads to dramatic
improvements of the robustness in problems where
implicit integrations result in singularity or the negative
character of the algorithmic tangent operators.

e In many cases, the algorithmic tangent constitutive ten-
sor becomes constant. Therefore, in absence of sources
of non-linearity other than the constitutive model, the
complete non-linear problem reduces to a sequence of
linear (at every time step) problems. The classical New-
ton—Raphson procedure takes a unique iteration to con-
verge and the problem becomes step-linear. The effects
on the computational costs are also dramatic.

e The good stability properties of the implicit integration
algorithm are inherited by the proposed IMPL-EX inte-
gration algorithm.

e The order of accuracy of the IMPL-EX integration algo-
rithm, with respect to the size of the time step, is, at
least, linear; the same as many classical backward-Euler
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implicit algorithms. Nevertheless, the absolute error is
larger for the same time step length.

e The method can be exploited to render robust, and step-
linear, complex non-linear problems. For instance: in bi-
lateral contact/friction problems, a strategy based on
using an anticipating contact interface mesh, whose cle-
ments are equipped with an appropriate constitutive
model, to penalize interpenetration and define the fric-
tion effects, can be linearized by using an IMPL-EX
integration of that constitutive model, resulting in a
sequence of linear problems.

Previous works [3] of the authors have displayed the
benefits of the IMPL-EX integration scheme when applied
to modeling material failure. Here, the theoretical aspects
of the method are described in detail and generalized to a
broader family of material models, and its accuracy prop-
erties are analyzed. Additional applications, as the ones
in contact/friction problems, are presented as well.

The remaining of the paper is structured as follows: in
Section 2, two target families of, widely representative,

non-linear material models (continuum damage and elas-
to-plasticity) are described, their classical implicit integra-
tion schemes are presented and the corresponding
properties in terms of robustness are examined. Then, in
Section 3, the proposed implicit/explicit integration
scheme is presented, its accuracy properties are derived
and a corresponding error control method is presented.
Section 4 is devoted to the numerical assessment of the
proposed integration method via selected representative
examples. In Section 5 the method is extended to con-
tact/friction interfaces and the provided additional robust-
ness is assessed. Finally, in Section 6, some final remarks
are provided.

2. Representative constitutive models

For the sake of covering a wide range of constitutive
models, in the remaining of this paper two families of
rate-independent models will be considered: (1) isotropic
continuum damage models and (2) elasto-plastic models.

Isotropic continuum damage model

Elasto-plastic model with isotropic
hardening

Free energy 0(6.) = (1 - d)oy

pp=138:C":¢

1 .
o(&,0) = zse (C e+ o (o)

d(e) =1-(q(x)/2) =0 )
e=¢&+&
Internal variables a=17 do,_y=o0y=0,/VE =14 ol_=0 (10)
& =/m; m=0,P(s)
Constitutive equation 0':(1*41)0)38:@(:653:%& c=C:e=C:(¢-¢) (11)
Damage/yield function gl o) = 1(e) — o g(o,q) = ®(6) —q (12)
(e)=Va:C :6=ve:C :¢
Loading—unloading condition =0, g<0; Jg=0 =0, g<0; Jg=0 (13)
Stress-like internal variable g=Ha;, g=0 qg=Hda; g=0 (14)
evolution ql_g =00 = o’u/\/E qli—o = 0.
o 6=C":¢
Constitutive tangent tensor 6=C" ;¢ )
k) = e 15
C(unL) = (1 _ d)Ce _ gCe Ctan _ C C ) . ( )
Ctan — o C(load.) = Ce _ Cm®C*m
C(load.) =4C° - q—zﬂo_ ®a m:C¢:m-+H
o q*o
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The main ingredients of both models can be described as
follows [2,4,5]:

where, in Eq. (9), ¢(¢, o) is the free energy depending on the
strain tensor ¢ (or the elastic counterpart, &, in the plastic
model) and the internal (strain like) variable o and d(«)
(0 < d < 1) is the damage variable. The ¢, term, in the
damage model, is the elastic strain energy for the elastic
(undamaged) material, C° = A(1® 1) + 2l is the elastic
constitutive tensor, where 4 and fi are the Lame’s parame-
ters and 1 and I are the identity tensors of second and
fourth order, respectively.

In Egs. (10) and (14), o, is the tensile strength (in the
damage model) and the yield stress (in the plastic model),
and E is the Young modulus, and in Eq. (11), 6 = C : ¢
is the effective stress.

In Eq. (12) g(e) = 0 defines the boundary of the elastic
domains. The initial elastic domain in the damage model
is then defined, in the strain space, as
E}:={51(e) =Ve: C :e <%} in terms of the strain
norm t(g). For the plasticity model it is defined in the stress
space, as E! := {a;®(¢) < 7,}, in terms of the equivalent
uniaxial stress, @ (o).

The stresses, o, and the stress-like variable, ¢, are deter-
mined via Eqgs. (11) and (14). This last equation defines the
hardening/softening law in terms of the continuum harden-
ing/softening modulus, H(a), which is assumed a known
function of «. Finally, Eq. (15) is the rate constitutive law

Table 1
Implicit backward-Euler integration algorithm for the damage model

in terms of the tangent constitutive operator, C*", which
is specified for loading, C"*) or unloading, C"“",
processes.

2.1. Implicit integration

Let us consider the problem with the time domain, [0, 7],
discretized in an appropriated number of time intervals.
The classical implicit (backward-Euler) integration of the
selected constitutive models in the time interval [¢,,7,.] is
done in the following way:

(a) Damage models: In the domain of non-linear consti-
tutive models, isotropic damage models constitute a
fairly unusual case, since they can be integrated in a
closed form. In fact, inspection of the evolution
Eqgs. (10)—(13) allows computing exactly the internal
variable «(¢) as the historical maximum [6] of the
strain norm t(¢) at time ¢:

o(t) = max,ep, (o, T(&(s))). (16)

From this, the constitutive model can be integrated
through the steps as in Table 1.

(b) Elasto-plastic models (radial return): The most com-
mon procedure to implicitly integrate elasto-plastic
models is the so-called radial return algorithm, defined
through the steps as in Table 2 [2]:

DATA: &,11, 0,9,

1. Compute effective stresses and trial values

_ e .
Opt1 = Cc: &ntl3

a7

Tyl =

if g(8n+l y &
else if g(&,+1,0) = 1,11 — o > 0 then

2. Compute damage multiplier

A/Ln+1 =Tnpl — &

&n+l : Ce*l :6-n+l = ||6-n+l

. trial __
C,l, O‘n+1 = Uy

) <0 — A, = 0 — elastic/unloading

(18)

trial

trial

1 > 0 — damage loading

Opt1 = Oy + A)~n+l = max(oc,,, Tn+l); CI,,H = C],z + HnAanrl;

3. Update internal and damage variables

dyy =1 -1 5

(19)

Opt1
=(1=d,,)C: *qHICG‘
. n+l — n+ s Ontl — « On+t
4. Compute stresses Opil 1 Ent1 THI Ept1 (20)
5. Compute algorithmic tangent operators C'Z‘fiun” = Z:"“ =(l—d,)C° (21)
n+1
aleload) 06,41 —H,o,, _ _
CZE =" = dyi1)C* — q”“*"fam & 6yl
Ogy1 (otur1)
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Table 2

Implicit backward-Euler integration algorithm for the elasto-plastic model

DATA: ¢,.1,6,, %, 9n

1. Compute trial stresses a—ffifll =06, 4+ C: (84s1 — &)); q;‘ifll =gq, (22)
if g(¢',¢"%) < 0 — A, = 0 — elastic/unloading
2. lasti Itipli . i ; 2
Compute plastic multiplier dlse if g (a;‘fll, q;rfll) < 0 then (23)
Opy1 (A/’Ln+l) = o, + A;LnJrl
qﬂ+1(A;Ln+l) =q, +H, (01 — o) = q, + H, ALy
Opil (A;“n+l) =0, (8n+1) - A/‘“}'H»l(je : m(6)1+1 (A)VH»I): In+1 (A;“n+l))
. plastic
Solve : g(anﬂ(Ainﬂ)v qn+1(A)“n+1)) =0— A/“IHI >0— .
loading
3. Update internal variables Ot = Oy + Adny1;  Guy1 = ¢, + HoAo, (24)
4. Compute stresses Solve for 6, : (25)
G, = 0y + Cc: (8n+1 - gn) - A;“rHrlCe : m(6n+laqn+1) — Optl
5. Compute algorithmic tangent operators Al 06,4 .
Cn+l = =
aer»l
alg!*d) _ 2, = Sy O, m,
2+51 = 5:»1111 e mnllTE:il:mn::fH:] (26)

- -1 , -1
Ea=(C +AnA) 5 A =0, m, =

P0(0,11)
06,41 206, |

In Eq. (23), and from there on, the algorithmic plastic
multiplier, Al,.1, and the continuum plastic multiplier, /. in
Egs. (10) and (13) are related through A4, = 4,1 At,.

Remark 2.1. The uniaxial equivalent stress ®(s), in Egs.
(12) and (26), is a convex function of the stresses as a
requirement for the convexity of the elastic domain in the
stress space, Eg, , = {6,41;P(6,11) < ¢q,,1}, intrinsic to
the use of classical radial return algorithms. This fact
automatically translates into the semi-positiye definite
character of the symmetric tensor A,.; :%, in
Eq. (26) and, therefore, oflthe algorithmic elastic tensor [2],
E,+1, 1n Eq. (26) since C°  is isotropic and positive definite
and Ak, = 0.

Remark 2.2. Also, very often, the plastic flow m(s,q) in
Eq. (10) is, or it can be rephrased as, a quadratic function
of the incremental stresses, a,,; (see Appendix 1 for an
example). In those cases, the plastic flow tensor
m,.(6,+1,9,,,) is linear in the stresses i.e.

m(o-n+l7qll+]) = A(qn+l) P O0pyl + b(qn+l> (27)

and the tensor A,.;, in Eq. (26), does not depend on the
stresses (A,11 = A(g,.,)). These facts will be appropriately
recalled in Section 3.2.

2.1.1. Stability and accuracy of implicit integrations
Stability and accuracy of implicit integration algorithms
for constitutive models is nowadays a very well established

issue. For the two target families of constitutive models,
the summary of the corresponding results is the
following:

e The implicit integration of the continuum damage
model in Eqs. (17)~21) is unconditionally stable (in
Appendix 2 a proof is given). Also, the implicit integra-
tion for the elasto-plastic models given in Egs. (22)—26)
is unconditionally stable (proofs of the stability of impli-
cit integrations of elasto-plastic models can be found in
Refs. [7,8]).

e Both integration algorithms are first order accurate
when using the backward-Euler integration procedures.
Mid point integration rules increase the accuracy to sec-
ond order [7].

2.2. Robustness issues: computability

In numerical solution procedures, computability [9] is
associated to the ability of the considered algorithm to
provide results at affordable computational costs. In this
sense, terms like computability and robustness are closely
related.

A typical case of lack of robustness, in non-linear solid
mechanics problems, appears when standard Newton—
Raphson procedures are used to linearize the resulting dis-
crete system of Eq. (1). In this case, the ability to provide
results is associated to the convergence of the iterative pro-
cedure. In turn, the convergence of a Newton—Raphson
procedure depends, for instance, on the length of the time



1870 J. Oliver et al. | Comput. Methods Appl. Mech. Engrg. 197 (2008) 1865-1889

step, but, most importantly, on the spectral properties of
the resulting tangent stiffness matrix.

In fact, if the tangent matrix becomes singular, or ill
conditioned, at a certain stage of the iterative procedure,
the process does not converge (or it consumes an unafford-
able number of iterations to converge), even for very short
time steps. Then, no solution can be obtained and the pro-
cess losses its robustness. In certain cases, as in modeling
geometrical instabilities, remedies can be found by using
appropriate continuation methods, which render the
extended tangent stiffness matrix positive definite [10].
However, in many other cases, as in modeling material fail-
ure for brittle materials, these remedies fail [3] and the sim-
ulations suffer from dramatic lack of robustness.

In this context, non-linear solid mechanics problems
involving crack formation and propagation constitute a
paradigm of computability difficulties [9]. In continuum set-
tings, i.e. when stress vs. strain constitutive models are
used, the constitutive models have to be endowed with
strain softening in order to model the physical loss of mate-
rial strength as the crack propagates [11-13]. Then, the
softening modulus in Eq. (14) is negative (H < 0). The sit-
uation is very similar in discrete settings [14-16], when
material failure is modeled via traction—separation laws,
which must be also equipped with strength softening.
Apart from mathematical implications on the character
of the corresponding boundary value problem, the algo-
rithmic consequences of inserting negatives values of soft-
ening parameters in the implicit algorithms in Eqgs. (17)-
(21) and (22)—(26) are dramatic in terms of robustness.

To examine the reasons for this, let us consider the prob-
lem, discretized in time and in space in a finite element
mesh of 7™ elements, with elemental measure Q. Then,
the momentum Eq. (1) reads:

Fim(o'n+1(an+l)) - Fext(tn+l) =0 (28)
and the tangent stiffness matrix, K, can be computed
as
Ktang _ 6Fim(an‘H)

i aan+1

== AEZI,,“,nelem (/Q(e) VN(G) . Czlfl : VN((.’) dQ) 3 (29)

where A stands for the assembling operator and N are
the collection of shape functions involved in element e.
Negative values of the hardening/softening modulus, H,
translate into loss of the robustness of the algorithmic
problem through the following process:

(1) At initial stages of the analysis, the tangent constitu-
tive operator, C*'%, is elastic (C*%, = C'*)) and, there-
fore, positive definite. So is the global tangent
stiffness matrix K}'/§.

(2) In subsequent stages, the algorithmic tangent opera-
tors for loading cases, in Egs. (21) and (26), loose posi-
tive definiteness at those points where material failure

occurs and, therefore, exhibit negative eigenvalues.

(3) Consequently, the kernel of the integral in Eq. (29)
losses positive definiteness, and exhibits negative
eigenvalues as well.

(4) As material failure propagates through the solid,
those local negative eigenvalues deteriorate, via the
assembling process, the condition number of the glo-
bal tangent stiffness matrix, K;''f, whose smallest
eigenvalues become progressively closer to zero.

(5) Eventually, K;aflg, becomes singular and the conver-
gence fails. In general, there are no simple remedies
for this, and the simulation process cannot be contin-

ued beyond that point.

Remark 2.3. Through the preceding reasoning it appears
that the lack of positive definiteness of the algorithmic
tangent operator, as a consequence of including strain
softening in the model, is responsible for the observed loss
of robustness. However there are other situations where
lost of robustness is not directly motivated by strain
softening. Modeling very soft materials with almost negli-
gible elasticity (for instance in powder compaction pro-
cesses [17]), involves quasi-singular algorithmic tangent
operators in all the domain of the analysis, with very
similar consequences in terms of robustness.

3. Implicit/explicit integration: the IMPL-EX scheme
3.1. Fundamentals of the method

The proposed implicit/explicit integration scheme,
grounds on the following two stages, to be executed at
the representative time step n + 1:

(1) In a first stage the explicit evaluation of the stresses,
6,11, and the stress-like variable, g,.; (notation ()
will be used from now on to denote the corresponding
results), is done in terms of the implicit stresses at the
previous time step, a,, and the extrapolated values,
&,.1, of the strain-like internal variable, o,,o, 1,
implicitly integrated in previous time steps. Details of
this stage are given in next section.

(2) In a second stage the standard implicit integration of
the constitutive model, according to Tables 1 or 2, is
performed and the implicitly integrated stresses, &, |,
are obtained.

In addition, fulfillment of the momentum balance Eq. (28)
at time step #n + 1 is imposed in terms of these IMPL-EX
stresses 6,1 and not in terms of the implicitly integrated
stresses, 6,1.

3.2. The explicit stage

Let us, consider the strain-like internal variable, o, in
Eq. (10), defining the evolution of the plastic damage (for
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a A
Implicit integration .."
2
= Explicit extrapolation ...g‘I O(AL,,)
&n+] .‘c‘;‘:,—é
.a-‘::"‘ H
al’l
an—l
t
Z. e

t -

n+l

Fig. 1. Internal variable extrapolation.

the damage model) or the plastic multiplier (for the elasto-
plastic model), i.e.

4= (30)

Remark 3.1. Eq. (30), and the existence of the internal
variable o, plays a fundamental role in the proposed
method, but it is not limiting its application. In fact, if in
the considered material model does not appear an internal
variable fulfilling this equation, it can be additionally
introduced to be object of the specific treatment indicated
below.

Let us now consider the discrete flow of that variable
obtained from the implicit integration of the constitutive
model (see Fig. 1).

At the beginning of the computations at time step n + 1,
results of that integration at previous time steps are avail-
able. Taylor’s expansions of that variable read:

Table 3
IMPL-EX explicit stage for isotropic damage models

1871
Opt1 = Uy + O.CnAtn-H + (9<Atﬁ+l) (31)
Oy = Uyt + Gty + O(AL ) — &, = 522 — O(AR)
Atn+1 2
= Oy =0, + Ao, + O(At,, ), (32)

At,

where At, = t, — t,_1,At,y1 = t,p1 — t, and Ao, = o, — 0,1
Therefore, truncation of the expansion (32) defines the fol-
lowing prediction, &,,, for the internal variable o, (see
Fig. 1):

Atn+l
At,

Eq. (33) constitutes an explicit extrapolation of the internal
variable, o, at time step n + 1, in terms of the implicit values
obtained in the previous time steps, n and n — 1 (see Fig. 1).
The algorithmic damage/plastic multiplier resulting from
this extrapolation reads:

Aa,. (33)

Oyl = Oy +

Aty Aty
At, At,

Now, steps 3 and 4 in Tables 1 and 2 can be pursued in
terms of the value Aa,.; in Eq. (34) yielding the IMPL-
EX integrated values of the remaining variables &,,; and
Gn+1. Those IMPL-EX results are then substituted in Eq.
(28) to fulfill the momentum equation. The IMPL-EX ex-
plicit stage for both cases is summarized in Tables 3 and 4.

Ao,

A)Vn-%—l = A&}H—l = &n-%—l — Uy Airr

(34)

Remark 3.2. The most specific feature of the IMPL-EX
scheme is that, unlike in the standard implicit integration,
the values o, are independent of the current value of the
strains, &,.1, and they are known at the beginning of time
step n + 1; in other words, they remain constant during the
current time step. This yields relevant differences in the
resulting tangent algorithmic operators, in Egs. (39) and

DATA: &,41, 0, 01

1. Explicit extrapolation At At
- " 35)
Bt = 0y + =2 Ay = o, + =LA (
n+1 n At,, n n Atn n
AL,
ACZ,, =0y — Oy = A/Ln
3 . . Aty 36
2. Compute damage multiplier Alpit = Ayt = Gpyy — 04 = A"t Adw 20 (36)
n
3. Update internal & damage variables Gns1 = q, + H, A%y ‘}Hl =1- ?Ll >0 (37)
Op+1
4. Compute stresses G, =(1— ;i,,H)C" D8y = iI"H C’ ey (38)
Opt1
. . alg at'}nJrl ~ e
5. Compute algorithmic tangent operators Cn+1 = = (1 -d)C (39)

68,,+1
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Table 4
IMPL-EX explicit stage for elasto-plastic models

DATA: &,41, 0%, 0y—1, 060, 9n

1. Explicit extrapolation - At, At R 40
p p Gy = oy Dl Ay Bl (40)
At, ~~ At,
AL,
Ao, = o, — o,y = A4,
nots ERT 5 AZX = o Athrl N
2. Compute plastic multiplier Adiy = Aty = Oy — 00y = AL Ay 20 (41)
n

3. Update internal variables Gni1 = q, + H,AGy (42)
4. Compute stresses Solve for 6, : (43)

&n+l =0, + Ce : (sn+l - sn) _A)“nJrlCB . ﬁl(&n+l7q:z+l) - 6';1+l

trial
n+l1

o

For linear plastic flow : (M, = Aui1(Gni1) © 61 + lN),,H(q,,H))

~ =
Opil = Spyl * [C

5. Compute algorithmic tangent operators Cile _ 06,41
n+l = 2
€11

A = a&,,+1mn+1

e !

—
= =

. trial 3 r L= _ e ! 3 A -1
.0 - A/“nJrlanrlL =n+l = (C + AAVH»I An+l)

n+l

ntl = (Ce*l + A5~n+11§n+1)71 (44)

I

62(1)(&)1+1)

- 6&n+1 ® 66’7’14»1

(44), when compared with the ones resulting from the
implicit integration in Egs. (21) and (26). The key
differences are:

(1) The IMPL-EX algorithmic tangent operators are in all
cases symmetric and semi-positive definite. The argu-
ments are trivial for the damage model (Eq. (39)),
since (1 — ;l,,H) > 0 and C° is symmetric and positive
definite. For the elasto-plastic model, in Eq. (44), they
follow from the reasoning in Remark 2.1, about the
symmetric and semi-positive definite character of ten-
sor A, 1, and the positive character of A4,,; and C°.
Therefore, those problems of robustness, referred to in
Section 2.2, due to the negative character of the algo-
rithmic tangent operators in Eq. (29) should
disappear.

(2) The algorithmic tangent operator, in Eq. (39) is
constant (independent of the current strain, g,,;) for
the damage model. For the elasto-plastic model, the
algorithmic tangent operator, in Eq. (44), is also con-
stant for the linear plastic flow cases mentioned in
Remark 2.2 (see Eq. (27)). Otherwise, the plastic flow
can be expanded around e,, for the explicit stage in
Table 4 as (see Appendix 1 for a specific example):

m(&n+l) = m(an + Aa-n+l)
= m(an) + A(Gn) : Aa'n+1 + (Q(A&n+l)27 (45)

Ao—nH =0pi1 — Oy

Truncation up to linear terms gives rise to the linearized
plastic flow:
ﬁer»l = A(dn) : Aa'n+1 + m(a,,),

~ om, (46)
An+1 = - = A(o-n)

aa-n+1
and, again, the algorithmic tangent operator, in Eq. (44), is
constant during the time step n + 1. In all those cases, the
Newton-Raphson linearization of Eq. (28) yields a con-
stant tangent matrix, K\'%, the iterative process should con-
verge in a unique iteration per time step, and the solving
procedure becomes step-linear.

Remark 3.3. The explicit stage of the IMPL-EX algorithm
reduces to the simple algebraic computations displayed in
Tables 3 and 4. Therefore, the IMPL-EX scheme does not
involve relevant additional computational costs, other than
storing in memory some values computed in the implicit
stage, typically the stress field, o, and the algorithmic
plastic/damage multiplier, A4, to be used in subsequent
time steps.

3.3. The IMPL-EX algorithm as a predictor/corrector
scheme

In order to provide an interpretation of the IMPL-EX
integration scheme, it is illustrative to decompose the stres-
ses, 6,1, in Egs. (38) and (43), as the sum of a predictor
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(0)

stress, 6, ;, and the remaining corrector stress. Therefore,
for the damage model:
&n+l(£n+l) = (1 - dn+])CE Y PR
~(0 ~ e
= 0'51+)1 + (1 = dp1)C 2 Agyyy,
~— (47)
predictor corrector

¥ ~ g |
n+1 = Ont+llAg, =0 —

= (1 —dy)C s gy = D e,

Unt1
and for the elasto-plastic model (and the linear plastic flow
case):

~ = -1 % =
Opyl = Zpyl I_Ce o, + (£n+1 - 8,,) - A)Vn+1bn+lj

~(0)

= O'n+1 +:ln+1 : A8n+17 48
e (48)
predictor corrector
~(0) _ ~ = e P
Gni1 = On+l |5n+l:ﬁu = il [C G, — A)‘nnlennL]]'

The interpretation of that decomposition can be seen in

% 2. It should be noticed that the predictor stresses,
o'n(ll, in Egs. (47) and (48), can be calculated, without
any further information, at the beginning of the time step
n+ 1. They define the initial value for the internal forces
Fim(&fﬂ)l) in the momentum Eq. (28). Then, the first itera-
tion of the Newton-Raphson procedure, corrects them,
across a linear correction path, to fulfill the momentum

Eq. (28).

Remark 3.4. Like in regular integration procedures, the
IMPL-EX scheme, yields null unbalanced (residual) forces
at the end of the time step n i.e.:

lAin = Fint(&n) - Fext( ) - 0 (49)

but, unlike in standard integration procedures, the afore-
mentioned predictor—corrector character, yields an unbal-
anced residue ﬁffﬁl at the beginning of the time step
n + 1 (before any increment of the external actions):

ﬁHl—Flnt( 6\))) — Feu(ts) £ 0, (50)

since &' +1 # 6,, according to Eqs. (47) dnd (48). The null
character of the initial residual forces, R\ 11 in Eq. (49), is
implicitly assumed in many continuation (arc-length) meth-
ods [10]. Therefore, in order to use them together with the
IMPL-EX integration scheme, they have to be slightly (and

A implicit
. m  explicit IMPL-EX)
8., :: prediction
O,
G n+l _: ."'-,-. Poil
r = rewT n+l
n+l1 : . “rea, L

~(0) : ] treaa,
G n+l H A e,

: % C(ﬂ'g) treaa,,

. - n+l

€
8n 5n-+l

Fig. 2. Prediction/correction stages of the IMPL-EX integration scheme.

trivially) modified. In Appendix 3, the modified version of
the classical updated normal plane, to be used with the pro-
posed integration method, is described.

3.4. The IMPL-EX algorithm as a fractional time-step
scheme

Let us consider the global time evolution problem, giv-
ing raise to the time-discretized problem in Egs. (1)—(3):

Find:
a(1); u(1); (1)

Such that:
Fin(a,0,t) — Fe (1) = G(a,0,1) =0

(balance of forces), (51)
g(a,6,t) =0 (state/evolution equation), (52)
6 = X(¢(a),n,6) (constitutive equation). (53)

Eqgs. (51)—(53) can be regarded as a set of differential-alge-
braic equations (DAE) [18], in the unknowns (a,«, &)
where integration of the ordinary differential equation
(ODE) (53), is constrained by the fulfillment of the alge-
braic equations (51) and (52).

The IMPL-EX integration scheme outlined above can
be rewritten as a fractional step method [18-20] for integra-
tion of the global time evolution problem in Egs. (1)—(3)
based on the steps shown in Table 5.

In Step 1 (Eq. (55)) the extrapolation of the internal var-
iable @, , as in Eq. (33), is done. Then, the stresses 6, are
computed, in Eq. (56), via a backward-Euler integration of
Eq. (53), and the balance of forces Eq. (54) is solved pro-
viding the nodal displacements, a,,;. Intrinsically, Eqgs.
(54)—(56) in Step 1 constitute a non-linear system, which
has to be iteratively solved repeating Step 1 until achieving
convergence. However, for the damage model and the lin-
ear plastic flow cases, it becomes a linear system of equa-
tions (see Remark 3.2). This constitutes the IMPL-EX
explicit stage described in Tables 3 and 4.

Then, in Step 2 the values a,, | remain frozen, and Egs.
(55) and (56) correspond to the IMPL-EX implicit stage
i.e.: the implicit integration of the constitutive models in
Tables 1 and 2.

The consistency of the scheme in Table 5, with the differ-
ential algebraic system (51)—(53), is proven by checking

that, for At,.; = O:
Opt1 = &n+1 = 0y Oyl = &n+1 =0y (57)

and that the solution (a,,,%,.1,6,,) fulfills the time-dis-
cretized version, in Egs. (1)—(3), of the flow problem in
Egs. (54)-(56).

3.5. Accuracy analysis

The IMPL-EX scheme introduces a specific error associ-
ated to the extrapolation of the internal variable in Egs.
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Table 5

The IMPL-EX scheme as a constrained fractional step integration method

Step 1 Step 2

Fint(atz+1 ) &)H»l ) tn+l) - cht(tn+]) =0 A1 = 0 (54)

- Aty

Opyl = Uy + A’;+ AOC,, g(an+l76n+1> tn+l) =0 (55)
n

-+ _Gui(2y1) — O ~ - . _Opy) — 0O,

Opi] = #ﬂn = Z(E(an+1)7 Oln+1, o-n+1) Oy = nAtT = Z(a(a,,H), Oln+1, o-n+1) (56)

IMPL-EX explicit stage: a,|

IMPL-EX implicit stage: (04,41, 6+1)

(32) and (33). Therefore, the accuracy of the algorithm will
depend crucially on the type of this extrapolation.

In order to work in a more general setting, let us con-
sider the following family of extrapolations of the internal
variable, &,,, in terms of the implicitly integrated values at
previous time steps o, o,_; and o,_5:

- - At +1 At +1
Aan-H = Uyt — Oy = ﬁ Ar;,, AOC,, + (1 - ﬁ) Al:,l AOCn—la
AOC,, = Uy — Oly—1; AO‘n—l = Up—1 — Oy—2-

(58)

In order to find out the accuracy properties of that
extrapolation family, and assuming, when needed, for
mathematical simplification that Az, | = At, = At let
us consider the following Taylor’s expansion of o, |
around ¢,:

o,y = oft, — At,,)
. I. » 1 3
= o, — &AL, + Erxn(Atn) - ga,,(Atn)

+0(AL,), (59)

where &,, %, and &, stand for increasing time derivatives at
time step n. Therefore, from Eq. (59):

Aan = 0y — Op—1

1 1
— 4,At, — zezn(mn)z + 8, (AL) + O(AL ).

g (60)

Similarly to Eq. (60), for the time interval [¢, 5,7, ] one
gets:
AOC,,,l = 0p—1 — %y—2
. 1. 1 3
= O‘nflAtnfl - E“nfl (Atn—]) + gan—l (Atn—l)
+O(AL,). (61)

In turn, time derivatives in Eq. (61) can be approximated
by the following expansions:

1
St = Oty — A1) = Gty — Aty +§ae,,(At,,,1)2 +O(AL,),
&n—l = E).((l‘n - Atnfl) = E).(n - .dénAtn—l + (Q(Ati_;_])a
Oy = .d(.(l‘n — Atn_l) =70, —|—(9(Aln_1).
(62)

Substitution of Eq. (62) into Eq. (61), provides, after some
straight-forward operations, the following expansion of
Aa,_; around ¢,:

AO{,,,] = 0py—1 — Oyp—2
. 3. 7...
= OCnA[y,,l — EOCV,(AZ‘W,I)Z + EOC,,(AZ‘,,,l)3
+O(AL, ). (63)
Then, substitution of Egs. (60) and (63) into (58) yields:
A&n-H = [ﬂ + (1 - ﬂ)]&,,Ath

_ B[H%(l - ,8)} 8, (Atys1)

1 7
+ [Eﬁ + 3 (1- ﬁ)} Gy (Atyy1)’ + O(AL,) (64)
and, after performing the bracketed operations:
A&II+1 = &IH»I — Oy
. 3 .
= oc,,At,H] — (2 - ﬁ) a”(Atn+1)2
7 3 ) 4
+ 6—[5 by (Atyi1)” 4+ O(AL ). (65)

Eq. (65) provides the resulting expansion of the IMPL-EX
extrapolated increment, Ad,,;, around ¢,. On the other
hand, the Taylor’s expansion of the implicitly integrated
increment, Aw, 1, reads:

Adtyy1 = Opy1 — 0y
. I. > 1 3
= &, Aty + E{xn (At 1) + gan(Aan)

+O(AL). (66)
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Subtraction of Eq. (66) from (65) yields:
&n+1 — Uyl = A&n+1 - AOC,,+1

= —(2 = B)i(Atyr)’ + (1 = BYoia(Atyir)’
+0(AL,,), (67)

which establishes the error of the IMPL-EX results with re-
spect to the implicit ones. Eq. (67) proves the order one accu-
racy of the extrapolation (58) for any value of f excepting
the particular choice § = 2 that provides second order accu-
racy. For this value, the extrapolation in Eq. (58) yields:

AZLnJrl Ao _Atn+1
At, . At,_4

as the optimal (in terms of accuracy) linear extrapolation
for the IMPL-EX scheme.

In order to corroborate these results, in Fig. 3 an accu-
racy analysis, proposed in [2,7] but here based on the
IMPL-EX integration of a J2 plasticity model, using differ-
ent values of f in Eq. (58), is presented.

A single material point (Gauss-point) is subjected to uni-
axial stress and driven to yielding. Then, the required num-
ber of, constant and arbitrary, strain increments are given,
and the corresponding stresses are integrated using the
IMPL-EX algorithm of Table 4. The error is then com-
puted with respect to the implicit integration, on the same
strain path, using a very large number of increments, which
is considered the exact solution (see Fig. 3).

For all values f§ # 2 the slope, 7y, of the error curve in a
log-log diagram is y = 2, corresponding to a first order
accuracy in Eq. (67). Only for f = 2 the slope of the error
curve is y = 3, agreeing with the second order accuracy
expected from Eq. (67).

A&,,+1 =2

AOC,,,1 (68)

Remark 3.5. It is well known that accuracy analyzes apply
only to the limit case of infinitesimal time increments

In(error) (J2 plasticity model)

2 p=25 —

Y
-10 |

Ag
-14 : : : ‘ 3 :
-5 -4 -3 2
In(Ag)

Fig. 3. Error (log-log) diagram for the IMPL-EX integration of a J2
plasticity model.

(At — 0) and monotonic loading. Therefore, higher accu-
racy orders could not translate into smaller errors for finite
time step lengths. This has already been observed in
implicit integration schemes for constitutive equations [7].
The experience of the authors, in a large number of
simulations, shows that, for typical time step lengths, the
extrapolation scheme in Eq. (68) (f = 2 in Eq. (58)) is not
the optimal, in terms of the global error, in comparison
with the one in Eq. (33) (f = 1), in spite of the higher order
of accuracy of the former. Therefore, in all the examples,
presented in the remaining of this work, the linear
extrapolation scheme, in Eq. (33), has been used.

3.6. Error control: adaptive time stepping

In Section 3.5 the additional error, with respect to the
implicitly integrated values, resulting from the extrapola-
tion in Eq. (58) has been analyzed. It appears that there
are two different sources for this error:

e The intrinsic error, resulting from the IMPL-EX linear
extrapolation of the internal variable o in Eq. (35) or
(40), at the smooth parts of the internal variable evolu-
tion curves (see Fig. 4).

e The error resulting from that extrapolation at points
where this curve is not smooth (typically when passing
from elastic to inelastic stages or the opposite. In fact,
at these points the subdiferential of function «(¢) has mul-
tiple subderivatives, du = [A7, A" ], and the IMPL-EX
extrapolation is done on the basis of the first of those sub-
derivatives, &~ (see Egs. (35) and (36) or (40) and (41)) i.e.:

~ A;Ln N

Byl = 0, + FAt”H ROy + A Aty (69)

The consequences of those errors on the results will be

examined in Section 4.1. In spite of the order of accuracy

determined by Eq. (67), it is clear that the extrapolation
error becomes larger as the length of the time step, At,
increases. Therefore, the necessity to control this length,

o ag)/

—8— IMPLICIT
—{1 IMPL-EX

a %
V{N
Joy =[?t*1' 5:1 ] |

A
. o T
i i aafm,xz]I @
A7=0 ; | A=0 ¢
elastic | loading unloading

Fig. 4. Errors in the IMPL-EX integration scheme. In points 1 and 2 the
evolution of « is not smooth.
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in order to keep that error into appropriate bounds, arises.
In this section, an adaptive time step scheme developed for
this purpose is presented. The scheme has an « priori char-
acter, so that the time step length at the time step n + 1 is
calculated in terms of values determined at previous time
steps. The goal of the scheme is, then, to keep the error
due to the IMPL-EX extrapolation, e, (x), bounded at
all material points x € Q" i.e.:

sy (X) = |Tus1 — 1| (X) < o vx e Q' (70)

where ¢ € (0,1) stands for the tolerance of the relative
error, with respect to o™ a, model dependent, reference
value. For the damage and elasto-plastic models in Eqs.
(9)—(15) the following values have been considered:

ot damage model — 2 (= o = q,)
elasto-plastic model — % (= uniaxial elastic strain).
(71)

Let us then consider the Taylor’s expansion in Eq. (67) for
the considered case § = 1 (see Remark 3.5):

5(,,+1 — Upy] = —&nAtiJrl + (C(Alﬁ+1). (72)

Therefore, the absolute error e, ,, in Eq. (70), can be eval-
uated as
Cotni1 = |&n+1 - OCn-H‘ = |5‘H‘Ati+l' (73)

Additional Taylor’s expansions yield the values:

Ao,
iy = L 0 %i_(:::if:’
Ac,—
o = o = = 0
O b |

(74)

where the algorithmic result Ao, = A4,Vn, in Egs. (19) and
(24), has been considered. Substitution of the last Eq. (74)
into Eq. (73) yields:

) 1

e“nﬂ = |&”|Atn+l = A—t
n

AL, Ay

- AP
At, At,_

n+l1*

(75)

In order to keep the extrapolation error at the material
point x € Q" equal to the bound in Eq. (70) (ie.
e,,.,(x) = &™), from Eq. (75) the critical time step length,
At | has to fulfill:

n+1°
crit 2 _ €0, (X)Atn
(A6, (0)" = An(x) _ Ay (%)
At, Aty y
édref
= A Az (76)
Ady(X) = 20 AJ, (x)’

Therefore, in order to keep the relative error below the tol-
erance ¢ at all points of the discretized domain Q", an esti-
mation of the time step length reads:

Aty < MIN(AL (x))°
1

= Eo™ A2 MIN . (77)
xeQ! A)v,,(x) _ Atil A/I,H(x)

Aty

An alternative expression, which is the one used by the
authors for practical purposes, consists of considering the
factor At,/At,_; in, Eq. (77), close to one and, then, esti-
mating the time step length as

1
A2 | = ET A MIN .
w0 A M S A (]

The result in Eq. (78) is subjected to the following
restrictions:

(78)

Atn+l g ﬂAtm

(79)
Atn+l < Atmax7

where the first Eq. (79) imposes an ad hoc limitation on the
growth of the time step length, at two consecutive time
steps, in terms of the acceleration factor n (for practical
simulations purposes a value 7 = 1.3 has been used in the
results presented here). The second Eq. (79) limits the max-
imum value of the time step length to the value, Af™*,
determined by considerations on the precise tracing of
the action-response curve.

Remark 3.6. Eq. (78) provides a prediction of the length of
the time step at time step n+ 1 in terms of values at
previous time steps n and n — 1. This gives rise to a variable
time-step length scheme (adaptive time stepping) where the
estimation of the time step length does not imply any
recalculation, apart from the one in Eq. (78), and does not
translates into relevant additional computational costs.
Therefore, Eq. (70) might not be exactly, but approxi-
mately, fulfilled. In Section 4.1 the degree of efficiency of
the proposed scheme will be assessed.

Remark 3.7. The result in Eq. (78) admits a geometrical
interpretation. In fact, taking into account Egs. (74), (76)
can be written:

crit 2 (X)Atﬂ
(A6 (X)) = Nn(X) A1 (%)
Aty A,y
ref ref
o~ LA@, (% 6“—) . (80)
|60 (X) — a1 (X)) |6 (X))

The value |&, — &,_1| = |&,|At, is a measure of the apparent
curvature and smoothness of the algorithmic curve describ-
ing the internal variable evolution (see Fig. 4). Therefore,
at non-smooth points it becomes larger (|&, — &,_1| # 0),
resulting in a time step shortening from Eq. (80). For
smooth points |&, — &, 1| =0, and the time step length
can be amplified (at a speed limited by the second Eq.
(78)) up to the maximum value Ar™**.
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4. Numerical assessment

Some simple, but representative, simulations are used to
assess numerically the properties of the IMPL-EX integra-
tion scheme, in terms of: (1) accuracy, (2) computational
cost and (3) robustness.

4.1. Accuracy and computational cost analyzes
The target example consists of the plastic loading of a

rectangular plate, with a center hole, which is vertically
stretched (see Fig. 5a). For symmetry reasons only one

a P

16}  IMPLEX Implic/
o

12t \J ) / IMPLEX :
" [ NSTEP=50

W - |

08}t O_

0.4 l

0 .

0 0.1 0.2 03 d

Nr. of iterations per time step

C -
E Impilicit (range)
7 tol.1e-4
4 |mplicit (range)
AA 4 ¥ tol.1e-8 ]
R : O IMPL-EX
DO S S ;
] v 3 3
3l
Q
1t oo o o IT
o 200 400 600 800
NSTEP
Ine
e o
4t .."‘.,_. _ || Pusree - Rolliz
. IMPL-EX &l
““‘u\
6| e
“a,
-8 | Implicit
X
.10 [
3 4 5 6 7

In (NSTEP)

fourth of the plate is analyzed. The assumed material
model is a J2 plasticity model, in plane strain, with linear
strain hardening. In order to prevent locking effects, a
mixed quad element, with constant pressure and linear dis-
placements [21,22], is used.

In Fig. 5a, the action-response curves, F—J, obtained
with both, implicit and IMPL-EX, integration schemes is
presented. For large time steps, the IMPL-EX result
exhibits an overstress effect, at the initiation of the plastic
regime, which can be almost completely removed by
reducing the time step length (see also Section 4.2). Plastic
yielding spreads in a surface manner as it is shown in

b A0
r = 77
18
8 =00435 8 = 0.0535 a & = 0.0997 -
E=70MPa ;v=02 q=outHa
o,=0.24MPa H =2.24 MPa
R cpu time
40 A Implicit
v
tol=1.08,"
0l.=1.e-
30 i
' tol=1.e-4 o
20
& IMPL-EX
10| s
0 1 1 " "
0 200 400 600 800
NSTEP
Rcpu time
A
e ylol=1.e-8
.
30 X
20
10
Implicit .
e N = S
0 : ; : : . B
0 8 5 4

In ea

Fig. 5. Square plate with a center hole (strain hardening): (a) action-response, P—d, curves, (b) propagation of plastic yielding for increasing stages of the
analysis (darker elements are in plastic loading), (c) comparison of the (in average) required number of iterations per time step in terms of the considered
number of times steps, NSTEP, (d) relative computational cost in terms of the number of time steps, (e) error (log-log) diagram and (f) relative

computational cost in terms of the accepted integration error.
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Fig. 5b and, as a result, the curve P-0 has a smooth aspect,
regardless the number of elements of the finite element
mesh.

In Fig. 5c, a comparison, in terms of the required num-
ber of iterations (average) per time step, in terms of the
length of the time step (or, equivalently, the number of
steps used for the complete analysis, NSTEP) is presented.
As expected, the IMPL-EX scheme is step-linear and a
unique iteration per time step is required, regardless the
value of NSTEP. For the implicit case the number of iter-
ations depends, naturally, on the adopted tolerance (tol.)
for convergence of the Newton—-Raphson procedure and
it ranges from 4-6 (for large time step lengths) to 2-5
(for minor step lengths). This translates into a proportion-
ally higher computational cost for the implicit scheme,
when compared with the IMPL-EX scheme, for the same
number of used time steps NSTEP, as displayed in Fig. 5d.

In Fig. Se the analysis of the error provided by both
integration procedures, in terms of the L, norms of the cor-
responding P-J curves, referenced to the exact solution,
obtained with a large value of NSTEP, is presented in a
log-log diagram. There, it can be checked the linear accu-
racy of both schemes (slope of the curves =2) and the
higher absolute error associated to the IMPL-EX proce-
dure. Combination of the results in Fig. 5d and e allows
comparing the relative computational cost of both integra-
tion schemes, now in terms of the committed error (see
Fig. 5f). Here the computational cost is slightly higher
for the IMPL-EX scheme, although certainly depending
on the adopted value of the tolerance, tol., in the implicit
scheme.

Remark 4.1. The results in Fig. 5(c)—(f), show that, for this
type of robust problems, i.e. as the implicitly integrated
problem yields an easy and robust convergence of the
Newton—-Raphson procedure all along the analysis, the
superior robustness of IMPL-EX is not a determinant
issue. However, the superior computational cost vs. error
of the implicit scheme might not always be the most
determinant factor. In fact, if the length of the time-step is
determined by the maximum acceptable error, probably
there would not be any advantage in using the IMPL-EX
scheme, since results in Fig. 5f will be determinant.
However, if, as it often happens, the required number of
time steps in the analysis is determined for the precise
tracing of the action-response curve (i.e., obtaining a
sufficiently high number of points) rather than for error
considerations, then the IMPL-EX scheme can lead to
substantial reduction, up to 3-4 times, of the final
computational costs, as indicated by results in Fig. 5d.

4.2. Assessment of the error control
The rectangular plate problem in Fig. 5 is now used to

assess the performance of the adaptive time stepping algo-
rithm presented in Section 3.6.

Fig. 6a displays the maximum local relative error,
MAX, o (e,(x)/ar"), for different values of the tolerance,
£. According to Eq. (70) the ideal value for this variable
(implying a perfect error control) would keep that error
equal to the value ¢ at all times. As we normalize this error
as MAX, o (e,(x)/(Eo)), like in Fig. 6b, that ideal value
should be one, regardless the value of ¢&.

Due to the predictive character of the proposed error
control method, and the restrictions set in Eq. (79), this
goal is not completely achieved, but the method shows a
good efficiency in keeping the error below the tolerance
limit, &, for most of analysis time interval. Only at initial
times, where a large number of material points switch from
elastic to inelastic regimes and the IMPL-EX extrapolation
induces the aforementioned overstress (see Sections 3.6 and
4.1), at some points, and for a reduced number of time
steps, the tolerance is surpassed; but soon after, the time
step shortening reduces the maximum /ocal error to the
accepted limit.

As for the global error, eg, in terms of the area under the
force—displacement curve in Fig. 5a, Figs. 6¢c and d shows a
clear correlation between the adopted tolerance, &, for the
local error, e,, and the global error, eg, and, therefore, the
capability of the proposed time stepping algorithm to con-
trol the global error as well.

4.3. Robustness and computability analyzes

Let us now consider the example displayed in Fig. 7. The
rectangular plate in Fig. 7a is discretized in five rows of
quads and pushed horizontally along the upper rows,
inducing a pure shear stress state in the lowest row of ele-
ments. Two different finite element meshes are used, keep-
ing constant the number of rows but using different number
of columns: n., = 10, for the coarse mesh, and n., = 80 for
the fine one. The material is assumed to follow a J, plastic-
ity model in plane strain but, this time, it is equipped with
exponential softening. Consequently, plastic yielding local-
izes in the lowest row and, unlike in the hardening case of
Section 4.1, propagates linearly, in a sequential, element-
by-element manner, along that row from the left to the
right hand side (see Fig. 7b).

The action-response, F—d, curve exhibits the peculiar
shape displayed in Fig. 7c. On a global trend, exhibiting
first a hardening branch, then a softening one and, in the
last stretch, a strong snap-back, a large number of local
oscillations and snap-backs are superposed. Indeed, every
oscillation corresponds to the propagation of the plastic
yielding from one Gauss-point to the next one, in the plas-
tic path of elements in Fig. 7b. This is a simple, but very
representative, case of a behavior that is frequently found
in the context of more general and real-life problems in
computational material failure mechanics aiming at simu-
lation of propagation of cracks (in brittle materials [3]) or
shear bands (in more ductile materials).

Using a finer mesh, n.,, = 80, alleviates the amplitude of
the oscillations, but increases the number of them, as it can
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Fig. 6. Errol control assessment: (a) evolution of the maximum relative error for different values of the tolerance ¢, (b) normalized maximum error
evolution, (c) and (d) correlation between the structural error and the tolerance parameter &.

be observed in Fig. 7d. The consequence of such a rough
action-response path is a tremendous loss of computabil-
ity. Indeed, those types of curves are not frequently dis-
played in the literature (although they have already been
reported some times [23,24]) because they are extremely
difficult to obtain by using classical implicit integration
schemes. Only skillful ad hoc procedures [24], or a precise
and a priori knowledge of the structural response allowing
devising a specific load control procedure, allow tracing the
complete action-response F — 0.

In order to trace structural responses displaying snap-
backs in the equilibrium curve, one has to resort to general
continuation methods [10,25], like the wupdated normal-
plane method described in Appendix 3. Using this proce-
dure, the results presented in Figs. 7c and d have been
obtained.

Using the implicit integration scheme, the Newton-—
Raphson iterative procedure losses convergence very soon
(see Fig. 7c), before reaching the critical load. Neither
reduction of the time step length nor the use of a finer mesh
remedies that situation: the analysis could not be driven
beyond the point shown in Fig. 7c. Reasons for this loss

of convergence, were given in Section 2.2 and, Remark
2.3, on the basis of the loss of the positive definite character
of the tangent algorithmic operator, which, after propaga-
tion, translates into singularity of the numerical tangent
stiffness matrix. This is corroborated in Fig. 7e, displaying
the condition number of the structural tangent stiffness
matrix of the problem (after removing the prescribed
degrees of freedom) along the iteration procedure. There
it can be checked that the condition number of that matrix
(defined as the ratio of the minimum and maximum eigen-
values) becomes zero, precisely at the point were the itera-
tion procedure losses its convergence. Using more
sophisticated displacement control methods does not sub-
stantially change the situation.

On the contrary, using the IMPL-EX integration
scheme, the positive definite character of the tangent algo-
rithmic operator is guaranteed (see Remark 3.2) and the
condition number of the resulting algorithmic stiffness
matrix remains positive all along the analysis, as it is dis-
played in Fig. 7f.

The consequence is that, even for this, very difficult, type
of problems, the action response curve can be traced, at no
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difficulty, and at the only cost of a unique iteration per time
step.

Indeed, the preceding example is a very simple one,
selected to exemplify the computability problems found
in numerical simulations involving soft and brittle materi-
als. It is just a little sample of the difficulties found when
facing real problems in two to three dimensions. However,
according to the experiences of the authors in solving a
large number of these problems in different fields [3], the
benefits of the IMPL-EX integration scheme shown here,

extend to general problems affected by similar computabil-
ity difficulties and provide dramatic improvements in terms
of the robustness of the numerical simulations and of the
resulting computational costs.

5. Application to contact/friction interfaces
Contact-friction phenomena are responsible for the non-

linear behavior in many solid mechanics problems. Very
often, the contact and friction conditions for the contacting
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Fig. 8. Contact-friction interface.

bodies, are imposed at specific interfaces, via non-linear
constitutive models [26] which, in turn, can be integrated
using the previous IMPL-EX schemes. Again, this allows
enjoying the aforementioned advantages of robustness
and, if there is no other source of non-linearity, the itera-
tive solving algorithm becomes step-linear.

5.1. Contact-friction model

For the sake of simplicity, let us restrict the problem to
the two-dimensional case. Let us, then, consider, at time
step n+ 1, two contacting bodies, .@Sjl and %’fﬁl, whose
boundaries, 6,%’5121 and &%fﬁl, are connected by a contact
interface, ,%L'L, which is assumed to remain constant along
the time step (see Fig. 8). This contact interface can be
either a line, discretized in one-dimensional finite elements
[26], or a surface, discretized in two-dimensional elements
[27]. The way that this contact interface is constructed is
not relevant for our purposes, whenever it defines the dis-
tances (gaps) from }))oints of one boundary with respect
to the other (i.e. giil(x)Vx € %L‘ﬁ) for the interface ele-
ment, e, occupying the interface elemental domain %’L“ff)),
and the incremental relative displacements of both bound-
aries in the tangential direction, Avfﬂl(x) = uffll(x) -
vl(x) Vx € %;‘fl)

Let us also assume that both gff_il and Avfﬁﬂl can
be appropriately rephrased into strain-like measures by
dividing them by a representative length, ¢ (see Fig. 8),
Le.

(e) (e)
e, =St gl = B, (81)

(e}

o B
=7
KC
T
(o]
ol v
Kr =3
—Hla|

Fig. 9. Contact-friction constitutive models at the interface.

int(®)

Then, the contact condition, gfle(x) = 0vVxecal,, pre-
cluding boundary interpenctration, and the friction effects
between both bodies, can be imposed via an appropriate
continuum (stress vs. strain) contact-friction model, de-
fined at the interface, and relating the normal and tangen-
tial stresses, (o,7) with the normal and tangential strains,

(&,7), i.e.

@={7h w-{}

)
@) =6} 0] |

CUU CO'T ]
C‘L'G' C‘L"E '

Those stresses, once spatially integrated, translate into a,
self-equilibrated, nodal forces at the contact/friction inter-
face, %L‘il, and, then, into contact/friction nodal reactions
at the contacting boundaries 6.%&)1 and &%’fﬁl.

Using a penalty-like method, to impose contact, and a
Coulomb model, to account for the frictional effects, that

interface continuum constitutive model reads (see Fig. 9):

Contact model

Friction model

Constitutive equation

o= E(p)e
ﬂmz{o

K.

E= K (-5 (83)

for f =0
for f <0

(continued on next page)
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Contact model

Friction model

Internal variables evolution B=i(g) Pl =eg®) v _ S of (1) _ sign(r) = T
B ’ o 7]
PP — s )= j||r||{ I‘C.phrased (84)
slip flow
o= ;L,, 0C|t:0 =0
= = Ty = 85
Slip function S@ =l =5 o = allell (85)
Stick—slip condition 220, f<0 Af=0 (86)
Constitutive tangent tensor C,o = E™(B); Cpe=0 C.. =G Cqp = psign(o) E™
0 fe > 0 . G(stick) = Kf (87)
gy = {0 0P G = 4 i) —
K¢ for f <0 G"P' =0

where K¢ and K’ are, respectively, the contact and the fric-
tion-stick penalty parameters. In the contact model, a
dummy internal variable § (f = ¢) has been introduced to
make the model ready for the IMPL-EX integration. On
the other hand, the friction model displays a complete elas-
to-plastic format which makes it completely comparable to
the one in Egs. (9)—(15). . .

In Eq. (84), the original slip flow, 7" = jm = Jsign (1),
has been rephrased to, 7P = it in order to generate a lin-
ear plastic flow, amenable to enjoy the step-linear character
from the IMPL-EX integration scheme (see Remarks 2.2,
3.2 and Appendix 1).

Remark 5.1. The contact model in Egs. (83)—(87) imposes,
via the contact penalty constant, K., the condition
e(x) = 0 Vx € A" and, therefore, through Eq. (81), the
contact condition g(x) > 0 Vx € ™. On the other hand,
the contact and friction models are coupled, in one
direction, since the normal stress, ¢ determined in the
contact model, appears in the slip function, g (in Eq. (85)
for the friction model). Therefore, the contact model has to
be firstly integrated and, then, the friction model can be
solved.

5.1.1. Implicit integration

The contact-friction model in Egs. (83)—(87) can be inte-
grated using backward-Euler integration according to
Table 6.

In Eq.
considered.

Aol

o = sign(e)

(93), the result has been

5.1.2. IMPL-EX integration
The implicit—explicit integration of the above contact-
friction model follows the scheme described in Section 3.

The implicit stage has been described in Table 6. Then,
the explicit stage involves the steps as in Table 7.

Remark 5.2. Unlike in the implicit integration case, the
non-diagonal terms C% —and C%¢ . in the tangent
operator in Eq. (82), are null. Besides, the term
Cﬂ%ﬂ = G:lfl =K'/(14+ KAk, 1) is positive according
to Eq. (98). Therefore the algorithmic tangent operator
obtained from the IMPL-EX integration:

~cf _ Cilo_g,l+1 Ci‘i’%,l E(Bﬂ+1 ) O
(AR N o | o
CTUHI C”n+1 1+K/ A;Lnﬂ

is step-constant, symmetric and semi-positive definite.
Through arguments similar to the ones in Section 2.2 and
Remark 2.3, this should translate into a larger robustness
of the numerical simulations.

5.2. A representative simulation: 2D cylinder roller contact

A classical contact/friction benchmark [28] is here used
to assess the performance of the IMPL-EX algorithm in
Table 7. A steel cylinder is pressed against an aluminum
block, as shown in Fig. 10a, by means of a vertical force:
F =37.0 kN. The cylinder and the block are assumed to
behave as linear elastic materials with parameters described
in the same Figure. A 2D plane strain case is considered
with a friction coefficient: u = 0.1.

Fig. 10b shows the corresponding contact pressure
and frictional stress along the x-coordinate. There, the
contact pressure analytical solution corresponds to the
classical Hertz’s solution [29] for the frictionless case.
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Table 6
Implicit integration scheme for the contact-friction model

Contact model

Friction model

DATA 88
[ A)’H]J Ty U ( )
trial __ f
T =1, + K/ Ay
1. Compute trial values :’f.ll trial o
“tnal — ria . —
L =A== pllewall (89)
2. Compute slip multiplier if j/:'i(lll <0 — Ak, =0 — stick
else if /' >0 — (90)
'trizil
/anrl :1;; , - Shp
= “+(¢& —& Olpy1 = O + Adpir 91
3. Update internal variables P \ﬁl’ (Ea ") ! " "
&
= &1
4 Und {0 for g,41 = 0 orial (stick)
. Update stresses Opy1 = c Tyl = Ltrial . ) .
K, for g, <0 s = sign (), (slip) (92)
alg Ealg . Calg )
5. Compute algorithmic tangent operator 7%nt1 H“@ 7Tt Cflril = G;lfl
alg _ 90nt I . fal\ I
En+1 (ﬁ”+1) = 68,,+1 Cicrg,,u = ySIgn(T:’Tl)mgn(aHl )E:fl (93)
_ 0 forg, =0 G (o) = 07,41 _ Gtk _ g
K¢ for gy < 0 n+1\7/n+l aV;Hl G(slip) -0

For the frictional case, Fig. 10c compares also the fric-
tional stress, 7, along the x-coordinate, obtained for a
certain, low, value of the friction/stick penalty parame-
ter, K/, in Eq. (87).

It is well known that contact/friction constraints are bet-
ter imposed for high values of the contact and friction pen-
alties, K¢ and K’/. Therefore, working with these high
values is generally intended.

However, it is also known that, for implicit integra-
tions, robustness issues set clear limitations on those val-
ues. In order to asses the additional robustness provided
by the proposed IMPL-EX algorithm, in front of the
classical implicit integration, in Table 8 comparative
results, of the relative computational cost and conver-
gence, for increasing values of the ratio K/ /E., are pre-
sented. There, it is displayed that, as that ratio
increases, the number of required iterations for the impli-
cit integration scheme also grows and, therefore, so does
the ratio implicit/IMPL-EX, of the computational costs.
Most importantly, it appears that there is an upper limit
for which the implicit integration scheme no longer con-

verges, whereas that limitation for the IMPL-EX scheme
can be much further extended.

6. Concluding remarks

Along the previous sections new implicit/explicit
integration schemes to increase computability in
non-linear solid mechanics problems have been ana-
lyzed. The main conclusions, obtained from that study, are:

e In many cases, when implemented in a classical New-
ton—-Raphson iterative method, the proposed integration
scheme render the resulting non-linear problem step-lin-
ear (i.e. the problem takes a unique iteration per time
step to converge). For other cases, some additional mod-
ifications (rephrasing the plastic multiplier or lineariza-
tion of the plastic flow) retrieve that property for the
iterative method.

e The order of accuracy of implicit integration schemes is
also kept (generally first order accuracy). However, the
committed error is larger. A method to a priori control
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Table 7
IMPL-EX explicit stage for the contact friction model

Contact model

Friction model

DATA &ii1, By AP,
~ AV
ﬁﬂ+1 = ﬂn + A”:’
1. Explicit extrapolation n
Aﬁn = ﬁn - ﬂn—l

2. Compute slip multiplier

3. Update stresses - %
P Opy1 = E(ﬁn+1)8n+1

4. Compute algorithmic tangent operator ~ e ~
C;I;H = E(ﬁn-%—l)

6alg -0

0Tpt1

E(Bn+l) = {

Ap,

A7n+1 » Ty [xm AO(VI (94)
~ Atn
Oyl = 0y + A + AO(n
g (95)

Ao, = o, — 0,1 = AL,

3 ~ Athr]
Aﬂn = 0y — 0y = A)vn = 0

An+1 +1 Al (96)

=~ trial 3 ~—
T = 1,0 — K A%,

Tlrial (97)
Tyt =
1+ K/ Ay
Cie, =G Cig =0 98)
"Galg _ a%n+l _ K/

n+l1

ayn+| B 1 “'KfA}LnJrl

0 for Z}Hl >0
K¢ for [~5’n+1 <0

that error, and to keep it below the desired bounds
(automatic time stepping algorithm) has been presented
and assessed.

e The algorithm supplies additional computability capa-
bilities with respect to more classical integration
schemes. Robustness is dramatically increased for those
solid material problems where alternative implicit
schemes exhibit lack of computability: i.e. constitutive
models equipped with strain softening, soft materials
models, contact/friction interfaces for high friction pen-
alty parameters, etc. Moreover, the symmetric character
of the resulting algorithmic constitutive tensor, provides
additional savings, as for the required computational
times when non-symmetric models are considered, since
symmetric solvers can be used.

e For those cases where the traditional implicit schemes
are robust enough, the proposed schemes can sometimes
provide savings in the computational cost too, whenever
the requirements on the precise tracing of the action—
response curve determine the maximum time step
length.

e Although not considered here, the inclusion of non-lin-
ear kinematics in the solid mechanics problem (finite
strains) does not change the central conclusions of this
work, in terms of the computability and computational
robustness provided by the IMPL-EX scheme. How-
ever, due to the geometrical non-linearity, the step linear

character of the iterative solution no longer holds in this
case, though the number of required iterations to con-
verge is considerably reduced.

e As for stability properties: analytical proofs of the
unconditional stability of the proposed scheme are not
available yet, and they are object of current research.
However, after using the proposed methodology in a
large number of numerical simulations, with linear and
non-linear kinematics and with a wide number of consti-
tutive models, the authors can report that classical
numerical instabilities due to error propagation have
not been found, even when large time step lengths, typ-
ical of unconditionally stable implicit methods, have
been used.

Although, for the sake of brevity, in this work the
method has been numerically assessed by simple, two-
dimensional, cases, the authors have applied it to many dif-
ferent problems in computational solid mechanics [3,27,30]
either in 2D or 3D cases and for infinitesimal and finite
strains. These experiences have confirmed the conclusions
reported above. Moreover, the method is not restricted to
the families of constitutive models tackled here, which have
been chosen for exemplification reasons. Indeed, the
authors have applied it successfully to elasto-plastic pres-
sure dependent models [31], and they believe that, keeping
the essentials presented here, it can be used for a large
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Fig. 10. 2D cylinder roller contact with friction.

Table 8
Comparative analysis between implicit and IMPL-EX algorithms for
solving the 2D cylinder roller contact with friction

Maximum number of iterations
required by the implicit scheme

CPU time cost:
Implicit (tol.107%)/

IMPL-EX

K/JE, =10° 115./36.23.2 6

K/ JE., = 10" 144./36. 4.0 9

K/ JE, = 10> 150./36. 4.2 18

K'JE.=10° —/36 Implicit not converged after 50
iterations

K'JE. =10 —/36 Implicit not converged after 50
iterations

Total number of time steps: 200.
E. : Young’s modulus of the cylindrical punch (E, = 210 kN/mm?).
K’ : stick-penalty parameter for the friction model (K¢ = K/).

variety, of rate-dependent and rate independent, inelastic
constitutive models and solid mechanics problems.
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Appendix 1. Rephrasing and linearizing the plastic flow: J2
plasticity example

Let us consider the classical J2 plasticity, the yield func-
tion, g(e,q) and the following three different options for
the plastic flow formulation:

A.1. Original flow

The yield function, g(e,q), and plastic flow tensor, m, in
Egs. (12) and (10) are defined as

3
g(6,9) =D(6) —g = \/EVS ‘ S —q.
S|
S =dev(e) =1 : 0,

_%(o.q) _30a) _ f3S
m(“)_T_T_\éW’

om(o) \/—j 1 (d S S >
A o) = = _— I v —® — 3
@) =5 = V28] ERE

where A is the Hessian of the equivalent uniaxial stress,
®(a) (Von Misses stress), I =1-1(1®1) is the devia-
toric operator, and I and 1 stand, respectively, for the
fourth and second order symmetric unit tensors. Clearly
A(e), which can be proven to be semi-positive definite, is
not constant and, therefore, m(a) cannot be included in
the linear plastic flow case of Eq. (27). Therefore its

(100)
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IMPL-EX integration will not yield a step linear problem
(see Remark 3.2). The flow equations to be integrated are
(see Egs. (10) and (12)):

6=C:(i— ),
. . /13 S
& =/m(e) = v\/r,
mie) =42 (101)
=1
g = Hs,

where the plastic multiplier is solved by imposing plastic
consistency i.e.: g(a(4),q(1)) = 0 (see Eq. (23)).

A.2. Rephrased plastic flow (linear plastic flow)

Let us, now, rephrase the flow Eq. (101) as
6=C: (&),

. 31 -
ép_}v\/is_ima,
2[S| (@)
——

A

- 3
i(s) = S; /l:\ﬂ—,
@ 218
i=i &—vﬁd‘
’ 218

— 2
qfw;HH¢Qw7

where, again, the plastic multiplier, 4, is solved by imposing
plastic consistency i.e.: g(6(2), (1) = 0 (see Eq. (23)).
Clearly, the only difference between Egs. (101) and (102)
is the change of variables («,1) by (&,4). Therefore, the
integrated results in terms of the generalized stresses,
(e,q), must be the same in both cases.
However, as for the IMPL-EX integration procedure the
change is substantial. From Eq. (102):
— om(e) OS 4.
Ao) = % 56" I (103)
and, now, A(e), is constant. Therefore, m(q) falls into the
linear plastic flow case of Eq. (27) and the IMPL-EX inte-
gration will yield a step linear problem enjoying the advan-
tages mentioned in Remark 3.2.

(102)

A.3. Linearization of the plastic flow

Let us now consider the linearization of the plastic flow,
in Eq. (100), at the explicit stage of the IMPL-EX scheme,

at time step n + 1, according to Eq. (46):
lil(o-n+l) = m(an) + A(o'n) : A&ﬂ+l; Aa-n+1 = &n+1 — Oy,

e o aInrH»l

A =——=A(g,) = A, 104
0=t = Ale) (104)
Substitution of Eq. (100) into Eq. (104) yields:
- 38, s
m,, = \/;W+An . (Sn+1 - Sn)
3 S
=A,:S, L 105
ot @snn (10%)

In eq

\.V‘ - Il Pusrep - Rolliz
4+ e gt S e : ThWeTa B2
B IMPL-EX

(linearized
plastic flow)

RN

: IMPL-EX
: (original
. plastic flow)

In (NSTEP)

Fig. 11. Error diagram for the J2 plasticity model in Fig. 5. Comparison
of different integration schemes.

where the result A, : S, = 0 has been used. Eq. (105) is a
specific case of a linear plastic flow in Eq. (27). Therefore,
the IMPL-EX integrationyields a step-linear problem.
More specifically, for this J2 plasticity model, after some
algebraic manipulation, Egs. (43) and (44), read:
Guir = 00 1+ S, —
opy = 0 + K(tr(gn) — tr(e)),
aﬂza+mmhﬂmrﬁ($ﬂ—mmaﬂ¢%%y
S;Tll =S, + 2udev(e, 1 —&,),

~alg(load.) - a&rl+]
n+1

— =K1 @1) + 2u(1+ 2uAd,A,) " T8,
a{':rHrl

(106)

where 7', stands for the mean stress, and K is the bulk mod-
ulus. In Fig. 11a comparison of the results obtained with the
above options is presented. There, it can be checked that the
IMPL-EX integration, for cases (Al) and (A2) (IMPL-EX
original or rephrased plastic flow) and (A3) (linearized plas-
tic flow) above, have the same order of accuracy and con-
verge to the implicitly integrated results.

Appendix 2. Stability analysis of the damage model implicit
integration

Stability of numerical integration algorithms is essen-
tially related to the way that the numerical integration
error, committed at a given time step of the analysis, prop-
agates and amplifies in subsequent time steps [21,22]. In the
context of linear constitutive models, the stability of an
integration scheme can be analyzed via its spectral proper-
ties but, for non-linear models as the ones considered here,
more sophisticated tools must be used. Classical works on
the topic are the ones in [7,8], where the concepts of small
and large scale instability are considered.

For a standard problem of evolution:

{%Z(t) =f(X(),1); t€]0,T],

T0) = 5 (107)
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and considering the time domain of interest, [0, 7], subdi-
vided in N disjoint time intervals [t,,%,.1] (n € [0, N]) and
any two possible discrete flows of the solution, X, and
¥, Vn € [0,N], generated by two different initial condi-
tions, X, and X,, respectively, the integration scheme is
said to be B-stable in the large scale if:

IE0s1 — & IZ, — Z.llg Vne[0,N], (108)

rt+1||(} <

€nt1 €y
where || ® || stands for a norm in the appropriate metric G.
Eq. (108) states that the (relative) error of both flows, e,
motivated by the error in the initial values, e;, does not am-
plify in subsequent time steps.

For the damage model in Egs. (9)—(15),
can be taken as the generalized
(1) = [o(1), q(1)].

Now, let us consider a prescribed strain flow,
&(f) vt € [0, T], driving the evolution of the stresses through
the corresponding integration scheme, and its correspond-
ing discrete counterparts, [g,,¢,.1], at the ends of the time
interval [t,, t,+1].

The internal strain-like variable, o, in Egs. (16) and (18)
is integrated exactly according to Eq. (16) and, therefore
the flows a(e,) and é(e,) are identical:

Vn € [0, N]. (109)
For the integrated internal variable ¢, in Eq. (19), both
flows are:

{anrl = qn + Hﬂ(an)(o‘l’ﬂ+1 - an);
QnJrl = Qn +Hn(an)((xn+l - an)a
= ||qn+l - qﬂ+1” - ”LIn - Eln”,

which proves the large scale stability for the integration of
the internal variable. As for the integrated stresses in Eq.
(20) the two flows, ¢ and &, are:

E(t) in Eq. (107)
stress  tensor:

o, =

(110)

— 9nt1 e . ~

Ontl = Lnt1 ¢ En1 il Oyl

S el = -—=0,

Oyl — 9‘:11 Cc: &t 9n+1 gn+1
Ol o'n+1 Gpi1l  Ouyl 6, O,
It Tl g = 0 = [Tt Tt | Ol
qn+l qﬂ+1 qn+l qn+1 q, qn

(111)

which proves the large scale stability of the implicitly inte-
grated variable (6/q). Then, the product:

.4 =06 (112)
q ~~
S~~~ stable

stable

is stable, which proves the stability of the implicitly inte-
grated stresses &

Appendix 3. Continuation (updated normal plane) method for
the IMPL-EX scheme

The classical continuation methods, for quasi-static
problems, are based on the iterative resolution of the
extended system of equations at time step n + 1 [10]:

R(an+1 5 .un+1) = Fint(an+1)
c(an+17 Asn+l) = Oa

(113)
(114)

— Uyt (Sn+1)fref = 07
ASrHrl > 0)

where R, are the residual forces and f™ are the reference
external forces, which are incremented (or decremented)
according to the load factor u(s), evolving in terms of the
pseudo-time parameter s > 0(As > 0). Eq. (114) consti-
tutes a scalar additional constraint, allowing to solve for
the incremental load factor, Ay, ,, for a given value of
ASrl+1~

Then, the typical Newton—Raphson scheme for resolu-
tion of Egs. (113) and (114) is the following:

Box 1. Continuation method scheme

Repeat, until convergence, the following steps:

1. Residual forces linearization

2. Iterative displacement decomposition

3. Solve for the iterative load increment

4. Update displacements and load factor

i i+1 i+1) gr
Ky -oay) = =R, ) +ou 5 T =0,
N— ———
(@)
R, (115)
i)
KO R},
n+1 (i)
0a,
i+1) i+1)
5anjrrl = oa“ + 5:“;HJ»r1 qn+l7 (116)
a i) -1 i i) 1—1 £
sa' = —[KIL R g = KT
i a i+1) i
c(@?), + 02" + 0T VqY) | Asyyr) =0 — St (117)
i+1) i+1 i+1) i+1)
ai:l =a,+Aa 1’1 )7 Aa( + Aa’Hl + 53,11—1 , (118)
1 i+1 1) i+1
uijI) - :un + Afunjrrl )7 A:unlil - Alun+1 + 5:“;1:1 )
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where superscript (o)(i>refers to iteration i. In Eq. (116) qi’ll
is the so-called reference displacement vector, which can be
understood as the linear displacement response of the solid,
endowed with an structural stiffness, K" .1 and subjected to
the reference external actions, f**. The scalar Eq. (117) is
generally solved in a closed form.

Let, for instance, consider the following format of the
constraint (114):

ql‘l
c(ay1,Asys) = Aa, - L Sn+1
H n+l||
——
(i)
nn+l
= A, -0 = As,y =0, (119)

which establishes As,,; as the projection of the actual
incrernental displacements, Aa, |, onto the reference direc-
tion, n”) . Then Eq. (117) reads:

n+l

Aa' (@)
( a +1 +5a ) n+1 ) (121)

(i+1) _ As,iy —
n+l (i)
qn+l L L

At the beginning of the time step Aa’ w1 = 0 and Eq. (121)
reads:

(0)

As, da’-n
5 (0>1 — +1 n+1 5 a
nt 0 O
n+1 n+1
0) 1-1 0 0 ref
= —[KZ R q) = KL (122)

Unlike in standard integration methods, in the IMPL-
EX integration scheme the initial residue, Rn 11, 1s not zero
(see Remark 3.4 and Eq. (50)). Moreover, for the step-lin-
ear cases mentioned in Remark 3.2, the algorithmic effec-
tive stiffness K&, is constant and the Newton-Raphson
procedure takes a unique iteration per time step to con-
verge. For those cases, the continuation method in BOX
1 reduces to:

Box 2. Continuation method for the IMPL-EX integration scheme and the step-linear case

1. Residual forces linearization

2. Incremental displacement decomposition

3. Solving for the load increment

4. Update displacements and load factor

K::I—llg Aa"+l = - R<0)(an7 :ui-oi—>17 &n+l)
0
R,
+A,un+lfref (123)
oR"”

tan, n+1
I(n+1g - aa:
Aan+l = Aaa + Au;1+1qrz+l7 (124)

ang™! 0 an, Te

Aa“ K;j 'REHEH 411 = [K:H—lg] S
N ASn+| —Aa% -n,

s Gy - Mgl

an, ang™! re
A [K;H—lg] : R’(BE“ qn+l - K:H.lg f f, (125)
qn+l

n, = .

T gl
a1 =a,+ Aan 5

+1 +1 (126)
:uwH—l = Uy + A:un-%—l'

(i+1) i
{ C(an+1 7AS”+1) Aan-%—l n+1 ASW‘H - 0
(i+1) (i+1) (i+1) (i)
A n+1 Aan+1 + 5an+l AanJrl + oa’ + 5lun+1 n+ :

(120)
Eq. (120) can be solved for 5uffjll) yielding:
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