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ABSTRACT: The vacuum entanglement entropy in quantum field theory provides nonper-
turbative information about renormalization group flows. Most studies so far have focused
on the universal terms, related to the Weyl anomaly in even space-time dimensions, and the
sphere free energy F' in odd dimensions. In this work we study the entanglement entropy
on a sphere of radius R in a large radius limit, for field theories with gravity duals. At
large radius the entropy admits a geometric expansion in powers of R; the leading term is
the well-known area term, and we also consider the subleading contributions. These terms
can be physical, they contain information about the full renormalization group flow, and
they reproduce known monotonicity theorems in particular cases. We set up an efficient
method for calculating them using the Hamilton-Jacobi equation for the holographic en-
tanglement entropy. We first reproduce the known result for the area term, the coefficient
multiplying R%~2 in the entanglement entropy. We then obtain the holographic result for
the R¥* term and establish its irreversibility. Finally, we derive the R?~6 coefficient for
holographic theories, and also establish its irreversibility. This result goes beyond what
has been proved in quantum field theory based on strong subadditivity, and hints towards
new methods for analyzing the monotonicity of the renormalization group in space-time
dimensions bigger than four.
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1 Introduction

Irreversibility theorems provide key insights into the nonperturbative structure of quantum
field theories (QFTs). The first such theorem was proved by [1], and established the
decrease of the central charge C in d = 1+ 1 dimensions along renormalization group flows.

This theorem was rederived using quantum information tools in [2], and an extension of



these methods allowed to establish the F-theorem in d = 2+ 1 dimensions [3]. In d =3+1
dimensions, the A-theorem was proved by [4] using unitarity and the dilaton, and then
in [5] based on strong subadditivity of the entanglement entropy.

This situation is somewhat puzzling. On the one hand, these proofs use quite different
methods (euclidean, Lorentzian and information theoretic), and it is not clear how they
are related. One would hope for some unifying understanding, but it has not emerged so
far. Furthermore, none of the results extend to more than 3+1 space-time dimensions. A
clue that these issues should have a positive resolution comes from QFTs with holographic
duals. Indeed, for such theories, the null energy condition (NEC) allows to construct a
running C-function and establish the irreversibility of holographic renormalization group
(RG) flows [6-8]. The proposed C-function depends on the metric scale factor, and coin-
cides with the universal A or F terms at fixed points. Further progress for understanding
holographic RG flows in terms of the EE was made in [9, 10]; we will revisit their method
in the appendix.

Motivated by these questions, in the present work we will analyze the entanglement en-
tropy for holographic RG flows with the goal of finding new inequalities. We use holography
because we want to access d > 4 dimensions, and because we hope that this may provide
clues for future field theoretic approaches. We will go beyond previous irreversibility re-
sults by obtaining new inequalities for the geometric large radius terms of the holographic
entanglement entropy. As we will discuss, these contain physical information about the
renormalization group and about the effective gravitational action induced by integrating
out the QFT degrees of freedom.

We consider Poincare invariant QFTs in d space-time dimensions. We assume that at
short distances the theory is described by a conformal field theory; relevant perturbations
trigger an RG flow, which we assume ends at an IR CFT (different from the UV one). We
will analyze the EE associated to a spherical region of radius R. Near a fixed point, it
admits an expansion

(—1)g_14A log(R/¢) , d even

_ 1.1
(—1)F F, dodd (1)

S(R) = ,ud,QRd72 + Md,4Rd74 + ...+ {

A and F are the so-called universal terms (related to the Weyl anomaly in even space-
time dimensions, and the sphere free energy in odd dimensions), and ¢ is a short distance
cutoff. The R?2F terms arise from geometric quantities of the boundary of the entangling
region [11], and they will be the main focus in our work.

The entropy and its i coefficients diverge as the short distance cutoff ¢ — 0. However,
we will be interested in comparing two different theories: the UV fixed point one, and the
theory that undergoes the nontrivial RG flow. We will review below how this leads to a
finite, cutoff-independent, entropy differece AS.

For an RG flow with a typical mass scale m, the UV CFT corresponds to m = 0. In
this limit, the sphere EE has the form (1.1) with coefficients that we call uyV$FT. For
mR > 1, the IR fixed point is approached, and the EE is also of the form (1.1) but with



different coefficients ,ugi%.l We will be interested in the entropy difference

AS(R) = SB(R) — SYVT(R) = Apg_oR72 + Apg_ 4R + ..., (1.2)
with
Apa—or = pufon — o - (1.3)

As discussed in section 3.3, this becomes independent of the cutoff and hence is a property
of the continuum theory. The entropy difference appears naturally in information-theoretic
approaches to irreversibility [5, 12-14].

The AA or AF are intrinsic to the fixed points, namely they are independent of the RG
flow that connected the UV and IR CFTs. This is what “universal” means in this context.
The other quantities Apg o in the large mR expansion do depend on the RG trajectory,
but can still be physical (i.e. finite in the continuum limit). The simplest example is Apg_o,
the coefficient of the area term. It corresponds to the renormalization of 1/Gy when weakly
coupling gravity to the QFT; equivalently, the flow of the area term in the EE coincides
with the low energy QFT contribution to black hole entropy. Ref. [15] showed that

™

Apg—o = —m /ddfﬁ $2<@($)@(0)> ) (1.4)

where ©(x) is the trace of the energy-momentum tensor. From here and reflection positivity
or unitary, it follows that
A)ud—Q §07 d22 (15)

This result for Apg_ o is also interesting because it contains the C-theorem as a par-
ticular case. Indeed, in the limit d — 2, Aug_oR*2 — —%(CUV —cr) log(mR), and

CUV — CIR = 37r/d2:c z2(0(x)0(0)) > 0. (1.6)

Eq. (1.6), established first in [16], is known as a sum-rule: the integrand in the right hand
side depends on the RG trajectory, but its integral should only depend on the end-point
central charges.

Further progress on understanding the coefficients in the expansion of the EE was
made in [5], which showed that

Apg—4>0,d>4. (1.7)

The A-theorem is obtained for d — 4. Given these results, it is natural to conjecture that
the higher order terms satisfy
(—1)* Apig_ar > 0. (1.8)

This would also imply the validity of A-theorems for all even d by setting 2k = d. So far
there is no proof of this conjecture.

!Being an IR fixed point, the theory contains irrelevant deformations, and the typical mass scale m acts
as a UV cutoff for the IR effective theory.



Our goal in this work is to analyze the Aug_ok in theories with gravity duals. With
this aim, we consider asymptotically AdS geometries that represent holographic RG flows.
We will find that the Hamilton-Jacobi equation for the holographic EE as a function of the
radius R and a radial cutoff € provides an efficient method for obtaining the p1q_or. The null
energy condition will then allow us to establish new inequalities of the form (1.8). We will
obtain holographic expressions for pg_4 and pg_¢, and will prove (1.8) for kK = 1,2,3. The
result for k£ = 3 is also conceptually important as it goes beyond current results based on
strong subadditivity. It also gives further support for the conjecture (1.8) which, however,
we will not be able to prove in general.

The work is structured as follows. In section 2 we describe the holographic setup.
In section 3 we derive the Hamilton-Jacobi (HJ) equation for the holographic EE, we
discuss properties of the large radius expansion, and we compare this with the lin-
earized holographic RG. Sections 4 and 5 contain the main results — the expressions for
Ld—2, hd—a, hd—e and the associated inequalities. Finally, in section 6 we present our con-
clusions and future directions. Additional explicit calculations that supplement the main
text are given in the appendices, where in particular we explore an alternative method
based on solving the minimal surface equation and matching UV and IR approximations.

2 Holographic setup

In this work we consider QFTs that are described by a UV CFT at very short distances,
and a different IR CFT at long distances. The two fixed points are connected by an RG
flow. For concreteness, we can think that this RG flow is triggered by perturbing the UV
CFT by a single relevant deformation,

S = Scrr,uv + /dd%‘go(ﬂ?) ; (2.1)

where O is a primary operator of dimension A < d. The relevant coupling g defines a mass
scale typical for the RG, m ~ ¢*/(@=2)_ Multiple relevant operators can also be added, and
this will not change our analysis. We will probe the properties of the RG flow using the
entanglement entropy for a spherical region of radius R. We will focus on QFTs that admit
gravity duals, where the EE is calculated by the Ryu-Takayanagi (RT) formula [17-19].
Let us briefly describe this next.

2.1 Gravity dual

The holographic dual is taken as Einstein-Hilbert gravity coupled to a scalar field ¢ dual
to the relevant operator O:

1 1
S = 7/dd+1x\/—g REHD _ gMN o) dong — V(¢)) — 7/&% 7K .
167G ( ) grGld Y v

(2.2)
Additional scalars are straightforward to include. In order to represent an arbitrary RG
flow between two fixed points, the potential should have two critical points at ¢. such that
Vi(ge) = —d(gg_gl), where ¢ = UV, IR (see figure 1). If ¢ = ¢, the gravity solution is AdSgy1
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Figure 1. Schematic representation of the bulk potential that interpolates between the UV and
IR fixed points for an arbitrary holographic RG flow. The conformal fixed points at ¢. have
V(de) = —d(;é_;) and are described by AdS;;1 geometries with radius ¢, (¢ = UV,IR).

with radius £.. We require that the matter sector satisfies the NEC. This energy condition
has been used previously in the holographic proof of the irreversibility of the universal
term in arbitrary dimensions [6-8]. Moreover it is the weakest of the most common local
conditions [20].

The solution to the scalar wave equation in AdS has two decay modes near the asymp-
totic boundary: a source-type term, and the VEV-type term [21]. The relevant deforma-
tion (2.1) is dual to turning on a source in the asymptotic boundary. This perturbs ¢ away
from ¢yv, which will then evolve radially towards ¢r. The background that describes this
(preserving Poincare symmetry in the boundary) can be parametrized as

2 E%V dz* 042 2 2 102
ds” = = 7o~ (dx”) +dp” 4+ p°dQ_o | , &= &(2). (2.3)

To proceed, we will only need the following properties. First, note that when f(z) =1

for all z, this geometry recovers the AdS;,1 spacetime with radius fyy. For arbitrary f(z)

we only require that f(z) — 1 near the asymptotic boundary z — 0. On the other hand, at

large 2z, f — (fyv/hr)?. Also, the NEC for the matter sector translates on the equations

of motions to the monotonicity requirement f’(z) > 0. So in summary, the main properties
of the scale factor are )

1< 56 < (). rezo. (2.4)

with f’(z) =0 for AdS4y1 spacetimes. See appendix A for more details.

2.2 Holographic entanglement entropy

For an entangling region ¥ in a constant time slice, the holographic EE in asymptotically
AdS spacetimes is given by the Ryu-Takayanagi prescription [17, 18]

S = min %, (2.5)



Figure 2. Representation of the minimal surface o for a spherical region ¥ of radius R anchored
at z = e.

where o is a codimension-2 hypersurface in the bulk, anchored on 9% and which minimizes
the area; GS\?H) is the (d + 1)-dimensional Newton constant. This result was established
in [19].

To calculate the area of the minimal surface o we exploit the fact that the bulk met-
ric (2.3) is diagonal and that the boundary is time independent and spherically symmetric.
The minimal surface is a (d — 1)-hypersurface parametrized by d — 2 angular variables €;
and a radial function p(z). See figure 2 for a schematic representation. Thus, S is given by

z d—2 1 1(.S4—2 d—1 2 a1 d—1
¢ 4G r(45) 46§

(2.6)
where € is a geometric cutoff that regulates the entropy, and z; is a bulk radial turning
point.? The turning point z; arises at p = 0 as a consequence of spherical symmetry. The
profile described by p(z) has the boundary condition

ple) =R. (2.7)

The turning point obeys
p(z) =0, plz) = o0, (2.8)
Note also that when the size of the entangling region R — 0, the minimal surface collapses

to a point, and this gives zero area,

lim S=0. (2.9)

R—01

We must evaluate S on the profile p(z) that minimizes the area. This is the solution
for p(z) given by the Euler-Lagrange equation for (2.6),

p(2)2"7H [p/ ()% + f(lz)az (Zdl G ) Gl (2.10)

St s 16

2The radial cutoff €, which preserves Poincare invariance, is dual to the TT deformation in the UV
CFT [22].




This is a non-linear second order ODE in z for p(z). It cannot be solved in closed form for
a general metric f(z) except for d = 2.

At large R, (2.10) can be solved approximately in the UV and IR regions, and then
both expressions can be matched in some overlapping regime [9, 10]. We will discuss this
in appendix B . But we will find it more convenient to apply the Hamilton-Jacobi method
at large R, and we turn to this next.

3 Hamilton-Jacobi approach

The Hamilton-Jacobi method for a mechanical degree of freedom ¢(t) gives an equation for
its on-shell action S as a function of initial data ¢(to) = qo,

8S(q0,t0) ( 0S )
_ Sl VA - _— 1
Bty H ( qo0,po 8q0,t0 , (3.1)

with H the Hamiltonian. It appears naturally in holography with the radius playing the role
of time, and the on-shell gravity action giving the large N partition function of the dual field
theory. In this context, the HJ formulation is very convenient as it gives directly an equation
for the on-shell action in terms of boundary data, without having to go through solving the
bulk equations of motion. It has been applied extensively to the holographic RG, starting
from [23], to Wilson loops [24] and to the entanglement entropy [25, 26], among others.

3.1 Derivation

We begin by briefly reviewing how to obtain (3.1) for the holographic entropy (2.6), ex-
plaining some subtle points specific to our case.

The solution to the equation of motion (2.10) gives a function p(z;¢, R) that depends
explicitly on the boundary data € and R. Similarly, the on-shell entropy is a function
S = S(e, R). In general, the derivatives 0,p and O,p are different. However, at z = €, we
have p(z = €€, R) = R. Since R is independent of €, the total derivative dp/de = 0 at
z = €, and hence

o, _ e,
a(zaevR) - az(zaevR) . (32)

zZ=€ zZ=¢€
This relation is needed for the following derivation.

To proceed, we compute the variation 9.S(e, R). This varies the endpoints as well as
the integrand in (2.6), which on-shell depends on €. There is no contribution from varying
the endpoint z;, because the integrand vanishes at z = z;. On the other hand, varying
the integrand, imposing the equation of motion and integrating by parts, gives a purely
boundary term. Using here (3.2) and combining with the contribution from the endpoint

at z = e obtains
98  ya p(2)? 1

— - .
(azp) + f(lz) z=€

9 f(z) 201 33

We recognize the right hand side as minus the Hamiltonian H = L — g—pL, pat z=¢e.



To complete the derivation, we need the relation between the momentum conjugate to
p(z) and OrS. A calculation very similar to the one just described gives

@ _ p(2)*? 9:p
R /4 a1

2 | (3.4)
(Ozp) + ﬁ z=¢€

Using this equation to write d,p in terms of JrS and replacing into (3.3), we arrive at

99 1 Ri-2\*  /95\?
W

This is the desired HJ equation for the holographic entanglement entropy. It has to be

solved in the domain € € (0,00), R € (0,00) and, recalling (2.9), the boundary condition is
S(e,R—07)=0. (3.6)

We will use it to solve directly for S = S(e, R) without recourse to the equations of motion.
A conceptually important point is that, while originally € was introduced as a very
small and fixed geometric cutoff, in the HJ equation € is varied in 0 < € < oo. This is
very similar to what happens with the running Wilsonian cutoff, and is at the basis of the
connection between the HJ equation and the holographic RG [23].
We will also use an equivalent form of (3.5),

0S\? . (9S> Ri-2\
bt =) = 1 . 3.7
10(5) + (55) <7d . (37)
This is an eikonal equation, and it would be interesting to explore potential connections
with the bit thread formulation [27], something that we leave for future work.?

3.2 Exact solution for pure AdS

It is in general not possible to solve explicitly the HJ equation (3.5) for arbitrary f(z), but
we will shortly see that it can be easily solved in a large R expansion. Before turning to
that, however, we will focus on the case of pure AdS;1, f(z) = 1 for all z, where an exact
solution can be obtained.

We solve the equation by proposing that the entropy depends on the dimensionless

2
combination y(e, R) = 4/ (%) +1, S(e, R) = S(y(e, R)).* For R = 0 there is no entangle-
ment entropy in this new variable so the boundary condition (3.6) is written as
Saas(y=1) =0. (3.8)
3 A similar result for the gravitational action is interpreted as the WKB limit of the bulk Wheeler-de

Witt equation [23, 28].
4This particular combination is actually z;/¢ and is motivated by the solution using the Euler-Lagrange

equation in appendix B, where it is clear that the surface that minimizes the area is a cut of a sphere of

radius vV R? + €2.



Now the new equation in one variable is integrable

dSads =
= (v—1) 7 . (3.9)
Using the condition (3.8) we get the final result
Yo/ 4=3
Sads(y) = 7d/1 dy (y - 1) : (3.10)
The result is the incomplete beta function®
! 1-d 2)4=3
Saas(y) =74 | dw w TNl —w?) 2
1/y
_ _ 3.11
[ 2-aaoa) reghregy) o O
- 2 )
2 1+ (2) 2 ' 2 J
The expansion in powers of  gives
1y 1 2-dd-1 _(R)d_2 11 (e>2+
2 r\2 2 7 2 | \e (d—2) 2(d—4) \R
1+ (%)
¢ (3.12)
+(_1)k+1(2k—3)!! 1 (6)2(k_1)+... '
(2k—2)!! (d—2k) \ R
We recognize the structure (1.1), with
UV CFT pe1(2E=3)1 1 1 (3.13)

Hd—2k (6) = (_1) (2]{5 — 2)” (d _ 2/{7) €d—2k ~

In particular, the logarithmic universal term is recovered for even d = 2k recalling that

INE=0INE= 2k — 3)!! 1
—QQﬁ 2) - <(1)kg2k_2§”> BT +0((d - 2k)), (3.14)
and T
dli>n21k NCESTR = log(x). (3.15)

It is worth noting that these coefficients are different from the ones obtained in the
original calculation [18] —except for the universal terms that are identical. This is due to
a different radial cutoff: in [18], the integral starts at z = ¢, but the boundary condition
is taken as p(z = 0) = R. In our case, we instead impose p(z = €¢) = R. One could
view € simply as a regulator, always taking ¢ — 0, and then we have just two different
regularization schemes. However, in the HJ approach it is important that we vary € over
all scales in order to solve the HJ equation. So it is not necessarily the smallest scale in
the problem. In fact, the EE with the cutoff procedure of [18] does not satisfy the HJ
equation (3.7). We instead prefer to view the introduction of the Dirichlet wall at z = € as
a physical deformation of the boundary theory, akin to the T'T" deformation [22].

®The incomplete beta function B(z;a,b) = / dtt* ' (1 —t)> " fora,b>0and 0 <z < 1.
0



3.3 Large R expansion

We will now use the HJ equation to solve for the entropy in the large R expansion. Let us
first analyze some properties of this expansion.

The RG flow introduces some characteristic mass scale m ~ g'/(@=2) (see (2.1)), which
in the gravity side translates into the value of z for which f(z) starts to differ appreciably
from the UV value f(0) = 1. At long distances, the theory flows to an IR fixed point;
in gravity language, f(z — 00) ~ £%,/¢%;. This regime is probed by the EE with radius
R > 1/m. Asreviewed in section 1, near a fixed point the EE admits a geometric expansion

S(e,R) = Ya (Haa()R*2 + pa_a( R + pa_()R*C + ...

ld/2]
= Yd (Z R pug_op(e) + .. ) : (3.16)

k=1

In the semiclassical bulk description, the leading contribution to the EE is proportional
to 4, as in (2.6).5 To simplify the following formulas, we have made 4 explicit here in
front of the large R expansion. The coefficients pg_or here then differ from their QFT
counterparts (1.1) by this factor of 74.

The expansion is valid for positive integer powers of R. The terms that decay with
R (the ‘... in the last line) generically have non-integer powers; these are related to the
specific dimensions of the leading irrelevant operators that control the approach to the IR
fixed point. We will not consider such terms in this work; refs. [9, 10] studied them in
holographic theories.

The entropy is dimensionless, so f1q_ox has dimensions of 1/(length)?=2* to compensate.
On dimensional grounds then, for a dimensionless function fig_of

1 _
fd—2k = mﬂd—%(ged ). (3.17)

These expressions are not known in general; however, their parametric dependence may be
understood near a fixed point using conformal perturbation theory. In particular, near the
UV fixed point € < gl/ (=) we expect, up to order one constants,

1 1 ok B
Hamok ~ <o + (PN b g TR for e g, (3.18)

where we used that the leading perturbation arises at order g2(O0) [29).

The first term is an ultraviolet divergence coming from the UV CFT. The simplest
example is the divergent area term, but such divergences also afflict other terms in the
geometric large R expansion. The second term, on the other hand, is a consequence of the
relevant perturbation. Recalling that A < d, this term will diverge for ¢ — 0 in the window

d+ 2k

<A<d. (3.19)

5In dual QFT variables, 74 ~ Cr, the coefficient in the stress tensor two-point function. For instance,
in A = 4 SU(N) super Yang-Mills, y4 ~ N2

~10 -



These divergences are familiar from renormalizable interactions in QFT. They may also be
understood from the gravitational action induced by the QFT. We will instead restrict to

d+ 2k

A
< 5

(3.20)

so that there are no UV divergences associated to the relevant perturbation. While the
w's are cutoff dependent, the difference Apgy_o is finite as € — 0,

d—2k

A,ud ok ~ gd—A . (3.21)

Therefore, by comparing the large radius expansion of the UV fixed point and of the theory
with nontrivial RG flow we obtain physical (cut-off independent) entropy coefficients
Apig—o,. They are a property of the continuum theory.” The inequalities below will refer
to these coefficients.

Let us now obtain the differential equations for the coefficients pg_or. For this, we
replace (3.16) into (3.5) and set to zero the coefficient multiplying each independent power
R%2F Denoting € — z here, this gives linear differential equations o (z) in terms of
lower p’s. In particular, the first three are

1
g2 = _W
_9)2 d-1
Oupiss = 57 Fiata-(e)’ (3.22)
(d—2)4 Z3(d 1) Ld—1
Ozha—6 = ——3 FoiEt 2(2)* + (d—2)(d— 4)f( i7zha- 2(2)pa—a(2) .

Therefore, the HJ equation in the large R expansion gives first order equations that can
be solved iteratively. The area coefficient pq_o is sourced by the inhomogeneous area term
in the HJ equation, and the higher order coefficients are in turn sourced by a nontrivial
td—o. In sections 4 and 5 we will solve these equations and establish inequalities for the
resulting solutions.

3.4 Linearized approximation

The Wilsonian RG can often be seen as an infinitesimal step in the exact RG [30-32] and
holographic RG equations [23, 28, 33]. It is then interesting to consider a linearized version
of the EE HJ equation in order to derive a flow interpretation. The connection with the
RG was stressed in [25].

With this aim, let us consider the first step in the large radius expansion, writing

S(e, R) = Ya (Sareale, R) + S(e, R)) | (3.23)

"Instead of restricting A as in (3.20) there is another possibility. It was found in [11] that the strong
subadditivity formulas also work if one compares the EE S(R) to the entropy of the CFT plus appropriate
‘counterterms’ whose role is to cancel the UV divergences. However, this procedure in the gravity dual gives
rise to expressions whose sign is not fully determined by the NEC. So we will not pursue this approach here.

- 11 -



where Syrea cancels the inhomogenous right hand term in (3.7),

0 dz
d—2 d—2
Sarea(€, R) = R /E W =R “pq_s(€) . (3.24)
The HJ equation for S then reads
RI2 5, 2(d—2 d—2
o p0 0,8+ XD ons 4 1057 + 0n8) = -2z, (325)

This is still the complete HJ equation now for S: it contains both linear and quadratic
terms, and shows that Syes acts like a source term for S.
The idea now is to neglect the terms that are quadratic in derivatives of S ,

Rd* 2(d — 2) (d—2)? (d=2)*
—1 R R area °

We will check the validity of this approximation shortly. This equation may be interpreted

( )1/2863(+ SareaaRg ~ —

(3.26)

as a geometric flow equation for the EE, relating the change in cutoff to the geometric
deformation 635‘ and the area term.

The linear differential equation can be solved by the method of characteristics. The
general solution is

R d— 2 00 ,Ud—l B d_1 5
Sren(€, R) = _(22)/6 dvféi;d)lig) lR2+2d 2 / du )1/2Hd a(u)

d 1
e, <\/R2+2d 2 / o rosiygha-2(v )), (3.27)

where G(n) is some arbitrary function we should fix with boundary conditions, and ¢

comes from a choice of integration constant in the method.

In order to assess the validity of the linearized approximation, we expand S at large
R in terms of the p4_2,, and plug into (3.26). This gives ODEs term by term in the 1/R
expansion; the first are

=22/ f(2)pig-a(2) + (d = 2)*21g-2(2)* = 0
=22/ f(2)pg_6(2) +2(d — 4)(d = 2)21g-2(2)pa-a(z) = 0
—22\/ f(2)g—s(2) +2(d = 6)(d — 2)2"g-2(2)na-6(2) = 0. (3.28)

As opposed to the full nonlinear ODEs for the p4_2),, these keep only terms that are linear
0 (Hd—4, d—6; - - -)-

Relating (3.22) and (3.28), we find that pg_4 is captured completely by the linearized
approximation, while from the order uy_g the linearized approximation fails. The quadratic
terms that are neglected (3.26) turn out to be comparable to (3.28) beginning at O(RY6),
and for this reason the linearized approximation is not useful for such non-universal terms.
The equations (3.22) are still linear differential equations in the unknowns, and hence
resemble RG beta functions for the entropy coeflicients. But getting these right requires
taking into account more nonlinear terms beyond the leading area contribution.
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3.5 Sphere free energy

The large R expansion (3.16) must be modified for odd space-time dimensions d and has
to include a term F'(e),

d—1

S(e,R) = va (,ud—Q(E)Rd_Q + pa-a(€) R + pa(€) R0 + . ) +(=1) 2 F(e). (3.29)
Inserting this new expansion in the Hamilton-Jacobi equation (3.7) gives
F'(e) =0, (3.30)

therefore F' is a constant. In a CFT this is the constant term of the free energy of a d
dimensional euclidean sphere [34, 35].

The term F' can be fully determined at fixed points in our holographic context from
the expression (3.11) for the entropy when f(z) is constant. More precisely,

UV o ’Ydr(¥)r(%) SR 5 4, (EIR >d_1 F(%)F(%)
SN SN

are the constant terms in the UV and IR expansions. This gives the inequality®

(3.31)

(-)F T (3

AF =F® - FV =
d+1
4GS

) (' -0}y <0 vdodd,  (3.32)

because of fyy > lir as a consequence of the NEC (2.4) and the positivity of the prefactor
for d odd. This F-theorem was obtained by [7, 8] in an holographic analysis for all d odd
and by [3, 5] using QFT methods involving the SSA in d = 3. At the moment there is no
QFT proof for F-theorems in d > 3 spacetime dimensions.

4 Analysis of the R2 and R%* terms

In this section we calculate the p14_2(2) and pg—4(2) terms in the large R expansion of the
EE. The area term has been calculated for holographic theories in [36] using a different
method based on stress-tensor correlators; we will reproduce their result. The holographic
result for pg—4(z) has not appeared in the literature, as far as we are aware.

For each coefficient we give expressions in terms of a single integral involving f(z) that
allow to prove the inequalities Aug_o < 0 and Apug_4 > 0 for Apg_or = pdg—ok — MSYQ%FT
using the NEC (2.4). We will also rewrite these coefficients in a way that makes manifest
the anomaly result when d — 2 and d — 4 respectively. This “anomaly oriented” procedure

will also be useful for our analysis of Aug—g < 0 in section 5.

8The holographic value for F' matches with the universal term a} =

(ei)d_l defined in [7, 8] via

)7 r(1-%) 1

the identification F' = 27aj, ¢4 ' = 8716’5{,“” and recalling that - due to the Euler’s

reflection formula.
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4.1 Apg—2(z)

The equation for pg_o(2) is
1

fg—o(2) = —W- (4.1)

The integration constant should be independent of R, and z; moreover for z = ¢ — 0,

this must reproduce the UV CFT expansion ulYa FT (€) ~ ¢=(472) (3.13). Therefore, this
integrates to

pa—2(z) = /Z‘X’ Ud_lcjfi(iv)w >0. (4.2)

Subtracting the contribution of pure AdS, f(v) = 1, gives the inequality for the area term

o0 dv > dv
Apg—2(2) :/Z T ()12 —/Z v <0, (4.3)

because f(z) > 1 for all z. The decrease of the area term coefficient along RG flows has
been proved in QFT in [13, 15]. The holographic calculation using stress-tensor correlators
was carried out in [36]. Our HJ method is extremely simple and gives the same result.”

In the limit d — 2, (4.3) should reproduce the holographic C-theorem, and so it should
only depend on UV and IR CFT quantities and not on the full RG flow. To exhibit this,
we integrate by parts the 1/v%~! factor,

1 1 1 1

_ = - = - 4.4
Ha-2(2) d—2202f(z)2 24— 2% 2(2), (44)
where we define & F)
* dv v
_ = — = >0. 4.5
9d 2(25) /; pd—2 f('l))3/2 = ( )
For future use, note that since pg_2(z) > 0 for all z,
2
0 < ga—2(2) < (4.6)

22 f ()12
Finally, taking the limit z = ¢ — 0 and recalling that f(¢) — 1 and gg_s = 0 for AdS,'°

1 1
A o = —— _ < . 4.
Hi-2 = —57—504-2(0) <0 (4.7)
When d — 2, gq_» becomes a total derivative and the logarithmic term in AS is recovered,
Ac dAS _1 _1 lR luv _ car —cuv
_— Ri = o0 2 — 0 2 = — = < 0, 48
35 7 VAR s (fe07 —1073) 269 26Y 3 =% W

giving raise to the weak version of the holographic C-theorem. The central charge is
identified via ¢ = —24; in d = 2 [37].
2G
N

9To match their result, the appropriate change of variables is A(r) = log (ZUTV), A(r) = ”eLfIE/Z>.
10T general Apg_or has potentially the most divergent contributions coming from terms that goe like

dv f'(v)

ga—2k(2) = f;o VA-TF 5y @RA/Z when z — 0. However because f(z) = 1+ (u2)*@™2) 4 ... in the UV

limit (A.10), the integrand for such contributions goes like ~ v*~?212%~1 In the window A < 2£2£ (3.20)
the integrand decays slower than v~! for v — 0, s0 Ajg_ok remains finite and cut-off independent when

e — 0 as discussed in section 3.3.
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4.2 Apg-a(z)

After the previous warm-up, we now move to the R** coefficient, for which there was no
known holographic expression. Starting from the equation,

(d—2)? z4-1 9
oa(2) = G e (e) (4.9)
the solution integrates to
du 2
pa-4(z) = T2 (/U W) : (4.10)

The expression (4.10) satisfies pg—4 < 0 for all z. Therefore, the NEC gives the
following inequality,

vt =52 [ [ ([ )~ [ (5]

>0. (4.11)

Indeed, the AdS contribution is explicitly larger than the one corresponding to the holo-
graphic RG flow, since f(z) > 1 is a monotonically increasing function.

Ref. [5] proved Apg—4 < 0 in QFT using the strong subadditivity for multiple boosted
spheres. Here we have obtained the same result for theories with gravity duals and the
NEC, in the large R expansion. It would be interesting to relate (4.10) to euclidean
boundary correlators. This would help towards an euclidean proof of the A-theorem, with
a corresponding sum rule.

Following what we did before for pg_o, let us rewrite (4.11) in order to make the
holographic A-theorem manifest when d — 4. From (4.4), we have

2 1 1 9d—2(2) 4
22 = gy i o g @) - w)
Replacing into (4.9) and integrating,
4
fd—a(2 2/ o 3f 3/2 8/ 1/29d 2(v )<Ude(U)l/2_gd_2(v)> :

(4.13)
Finally, integrating by parts with respect to 1/v%=3 in the first term, and defining

ga_a(z) = /:C’ vzl: m >0, (4.14)

we arrive at

_ 1 1 3
pa—a(z) = — 2d — 1) zd—4f( BE + - 4)gd_4(z) -
A )
8/ 1/29d 2( ) <1}d_2f(2})1/2 —gd_2(0)> .
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Note that from the integration by parts,

1 [ dv 1 1 3
§/z VI3 F(0)32  d—42dAf(2)32  2(d - 4)901—4(2) >0 (4.16)

we obtain the bound
2 1

0 < ga-a(2) < 320722

(4.17)

Finally setting z = ¢ — 0 and subtracting the pure AdS result, we obtain the desired
inequality

Apg—g = (d3 1% 4(0 / dv 1/29d 2(v )<vd—2f4(v)1/2 _gd—Q(U)) =>0.
(4.18)
The last term is positive semidefinite because of (4.6). It contributes by a finite amount to
the entropy and depends on the full RG flow. In the window (3.20) for k = 2, this is finite
for € — 0 and hence we have a physical cut-off independent coefficient.

When d — 4, g4_4 becomes a total derivative and the logarithmic term in AS is

recovered,
dAS V4 _3 _3 W@%’R ﬂﬁ%v
_ _ pi=r _ 4 B _ _ B .
4Aa = R dR |pi-a 2 (f(O) 2 — f(o0) 2) 2G§3) + 2G§\5,) 4(ag —avv) > 0,
(4.19)
where the a-anomaly is given by a = % in d = 4. The extra terms in (4.18) contribute
8G y

to the constant nonuniversal term when d #4.

5 Beyond the SSA: the R4 % term

In this section we give an integral expression of ug_¢(z) in terms of f(z) and provide a
proof of the inequality Aug_¢ < 0 following an anomaly oriented procedure. This is the
first term in the large R expansion whose RG flow is not constrained by the boosted strong
subadditivity. Surpisingly, we find that the NEC in the large R expansion is sufficient to
establish the inequality.

For the present case the equation is

(d — 2)4 23D -1
fry—g(2) = T fig—o(2) + (d —2)(d — 4)Wud—2(2)ud—4(2) . (5.1)

Unlike what happens with the coefficients in section 4, this is the first time there is a
competition between two terms of opposite sign (because of (4.2) and (4.10)). Using (4.4)
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and (4.15), expanding the two terms in (5.1), and integrating,

e 1 1 1 1)3 1 ’Ud+1
pao(s) = [ dv |~ o+ ()di_m (o)
1 U3(d 1) 9
T 128 f(v 1/29d 2(v (ud 2 (w)1 ) ng(u)) } (5.2)

1 3 1 pd-1 9
+/ dv |:2Ud 5 (v )1/2 4f( )di 2(v) — 5 v)l/2 (Ud_zf(v)1/2 —gd_Q(U))
3 d 4) 4
<49d 4(v / du 1/29d 2(u )(W—gdg(u))N.

Adding up the first two terms arising from both integrals gives

3 1 15
g/z T~ 8(d—6) A5 (R  16(d— 60l > 0 (5:3)

where

aa) = [ e 69

and because of (5.3)
2 1
< _
0< gd_6(z) < 5 Zd_6f<z)5/2 . (5.5)
Finally, we arrive at

3 1 15 o 1 vttt
Hd— 6( ) (d 6) d— Gf( )5/2 B 16(d_6)gd—6(z) _/z dv [16 f( )3/29d 2( )2 (56)

1 p3(d=1) 4 2 ,d-1 5
"1 ;( jiada2lt y (ud‘zf(U)l/2 _gdz(u)> * §fvv)1/2 (vd—2f(v)1/2 —gdZ(U))

3 d—4) [ ! 4
X <4gd_4(v) + ( g ) /v dqud_g(u) (ud—Qf(u)l/? _gd—Q(U)>>1 .

Upon setting z = ¢ — 0, and subtracting the pure AdS contribution, we find

_ 15 o0 1 opttl 9 1 o3d-1) 9
Aud6——16(d_6)gd6(0)—/0 dv [16]0( Ok 2(v)" + —2 128 7(0)172%4- o(v)  (5.7)

4 2 1 vd 1 2
" (u“f<u>1/2 “ga-st) 4 2f(0)"7 <vd2f(v>1/2 ~40-2)

3 d—4) [~ ! 4
X <49d4(v) + ( 3 ) /U dUWQdJ(U) (W - gd2(u))>] :

Given (3.20), this is finite when € — 0. From to the inequalities (4.6) and (4.17), it satisfies
the inequality

Aud_ﬁ < 0. (58)
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Therefore, we have found that the NEC implies the decrease of the R46 term along
holographic RG flows. Finally, when d — 6 the function g4 ¢ becomes a total derivative
and the logarithmic term is recovered

dAS 3 5 s\ iy wR
dR i 8'76 (f( ) f( ) ) 4G§$) 4GS\77) = ( )

It would be interesting to translate (5.7) into stress tensor correlators. This expression
already has the desired features of satisfying the inequality (5.8) and reproducing a sum
rule for d — 6. So it may provide hints towards an A-theorem for d = 6.

6 Conclusions and future directions

In this work we analyzed the coefficients Apug_ox in the large radius expansion (1.1) of
the EE for field theories with gravity duals. These coefficients are finite for RG flows
triggered by operators with dimension A < %. Unlike the universal A and F' terms, the
Apg_op contain information about the full RG flow connecting the UV and IR fixed points.
Starting from the Ryu-Takayanagi formula, we derived a Hamilton-Jacobi equation (3.7)
for the holographic EE S(e, R). The cut off ¢ modifies the EE not just by cutting the
integral, but also modifying the minimal surfaces, allowing € to take any value. At large
radius, the HJ equation reduces to first order differential equations for the pg_or, which
are straightforward to solve. We derived explicit holographic results for pg_o, ttg—a, ttd—e

and established the inequalities
Apg—2 <0, Apgg >0, Apg6=<0. (6.1)

The first two inequalities have been proved before for general QFTs using the boosted
strong subadditivity [5] (SSA). On the other hand, the inequality Apug—¢ < 0 is new and
goes beyond the SSA.

Let us end by discussing future directions opened by these results. We have obtained
integral expressions for Apug—4 and Apg_g as a function of the metric scale factor. These
expressions are a starting point for deriving expressions in terms of euclidean stress-tensor
correlators. This would be interesting for different reasons. It could suggest a sum rule for
the 4d A-theorem, generalizing the sum rule of d = 2 (which uses (T} (x)7}/(0))) to d = 4.
The d = 6 result in terms of stress-tensor correlators, on the other hand, may shed light
on a possible A-theorem for that dimensionality.

Another important lesson is that the NEC together with a large radius expansion give
rise to the inequality Aug_¢ < 0 that is stronger than current results using SSA. It would
be very useful to translate this into quantum information conditions. It suggests thinking
in terms of a large radius expansion in field theory.

Finally, it would be important to push the holographic analysis to the higher coefficients
Aptg_ok. Our results support the conjecture

(—1)* Apg_ox >0, (6.2)
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and it would be nice to prove this for theories with gravity duals. The analysis for Apg_g
and higher coefficients appears to be significantly more involved, possibly requiring new
tools so that it can be made systematic.
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A Gravity dual equations of motion

The action for an arbitrary minimally coupled scalar field ¢(z) in the bulk is

1 1
i P — /ddgc dz /=g (R — gMNg N d — V(h)) — ——— /dda: 7K.
167G ( ) 8 Gl v

(A.1)
Here we consider the Einstein-Hilbert action with the standard Gibbons-Hawking boundary
term and some arbitrary potential V' (¢) for the scalar field. The equations of motion are

Run — %QMNR = OM@ONG — %QMN [(3z¢)2 + V(¢)} ; (A.2)

and
0w (V=a0"Vow0) ~ 555 = 0 (A3)
If the potential has a critical point %(qbc) = 0 with V(¢.) = —d(ggél), then pure

AdS;.1 with radius /. is a solution in the class of (2.3) for the equations of motion with

ﬂ@=cgy,¢@=@ va. (A1)

Replacing the metric (2.3) in the equations of motion (A.2) and (A.3)!! and combining
them yields two coupled nonlinear ODEs in z

ey d_l_f/(z) '(5) — E%V dv(¢)
o) - (4 ZWQ¢U s~ (A.5)
d—lf’(z)_ /()2

"For the metric (2.3) we find R,, = %% and R, = nw(fwgz%f,).
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These equations cannot be solved in closed form for a general potential in arbitrary d,
but notable features emerge after expanding the solutions near the critical points. Around
the UV fixed point the bulk potential can be expanded as

d(d-1)

+m2¢* 4 ..., (A7)
208,

V(g) =
so that the equations of motion can be solved order by order. To begin with, at zeroth
order f(z) =1 for all z and

¢(2) ~ puyz 2 + paz® 220, mihy = A(A - d), (A.8)

solves (A.5). The constant ¢a corresponds to the normalizable fall-off and it is proportional
to the vacuum expectation value (VEV) of the field which is set to zero; ¢yy is dual to
the source of the relevant boundary operator O of conformal dimension A and so the mass
is tachyonic, viz. m? = A(A — d) < 0. This explains why the UV is a local maximum in
figure 1. Subsequently equation (A.6) can be integrated using f(0) = 1,

d—A

T v (A.9)

fz)=1+

A similar procedure can be followed around the IR fixed point. The limit z — oo
corresponds to the IR asymptotic region where ¢(z — 00) = ¢r2z%2. The irrelevant
boundary operator @ has conformal dimension A with d— A < 0. The zeroth order in f (2)
is given by f(oc0) = €%, /¢%;. This analysis justifies the following generic expansion for f(z)

1+ (p2)? +... z—0 (UV)
f(z) = 2, . ) R’ (A.10)
K( —TZ)Q&)—{—... z—o00 (IR)

where & = d — A and & = A — d are both positive. The constants w and ji are mass scales
fixed by potential’s couplings, ¢yyv and ¢rr respectively. These mass scales define the UV
and IR regimes when pz < 1 and jiz > 1.

In General Relativity it is common to impose constraints to the matter content in
order to discard non physical solutions. This is the case for the singularity theorems [38].
Among the standard pointwise energy conditions the Null Energy Condition (NEC) is the
weakest one. It states that Thsyn™n™ > 0 for any null vector n™ = (n%,1°, 7). Using the
metric (2.3) any null vector is constrained by

0=gunn™n" = 0 =—=0")*+ @) (A.11)
Given the contraction

02 1 -
Ty = 0V (T;W)? CTO()? + T;<n>2)

e (A.12)
=Y (55T - T + - T
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then, 17 — Té) > 0. Moreover, using Einstein’s equations

2 _ 2f'(2)
E (f(z)Rzz + ROO) - (d_ 1) 26%\/

Since for arbitrary holographic RG flows f(0) = 1 and f(co) = (fuv/lr)?, the NEC
implies

T —T) = RZ — R} = >0 = f'(2)>0. (A.13)

1< f(2) < (g‘JV)Q 0< f(2). (A.14)

bR
B Euler-Lagrange approach

In the main part of the work we calculated explicitly the large radius expansion of the
holographic EE using the Hamilton-Jacobi equation. Here we will show how the same
results can be derived by solving the equation of motion (2.10) that results from extremizing
the area, and evaluating it on-shell. We reproduce the equation here for convenience,

R 1 () _d=2)
p(z) p( )2+f(z)8z (Zdl p’(2)2+f(12)> 7 =0 (B.1)

Th Hamilton Jacobi approach is more direct; on the other hand, solving the Fuler
Lagrange equations gives a better understanding of the geometry of the minimal surface.
So both methods are complementary. We start with the simpler cases of AdS and d = 2.
Then we pass to the general case and study the large R expansion.

B.1 Simpler cases

B.1.1 Pure AdSg4+1

This is the case where f(z) is constant for all z and there is no RG flow. If we start with
the UV theory, then f(z) =1 and the solution to the equation (2.10) is simply

puv(z) = /27 — 22 (B.2)

It satisfies the boundary conditions if
2V =VR2 2. (B.3)

The minimal surface is a hemisphere centered at z = p = 0, with radius zV. This is the
radius at z = 0, which is different than the size R of the entangling region at z = e.
Similarly, in the IR theory, f(z) = €%, /¢z and the solution reads

14
pir(z) = gé—i\/z? — 22, (B.4)

In this case the boundary conditions imply that
52
2R = YRt €2 (B.5)
EIR
These solutions are valid for all d.

Evaluating the UV solution (B.2) in the holographic EE formula (2.6) we reobtain the
solution (3.11)

1 _
Suv = 'yd/ dw w1 - w2)%. (B.6)

uv
/Zt
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B.1.2 Two dimensional case and c-theorem

When d = 2 the p(z) dependence disappears in the equation (B.1) leaving an equation
involving just p/(z) and p”(z) . Therefore the variational problem contains a conserved
quantity and the solution can be written as

1

W) =r- [ s T (B
The turning point is fixed by
pz) =0 = R:/G t f(j;/Q W (B.8)
As a consequence of the NEC (2.4), f(z) > 1, so for an arbitrary z
Rg/thzlz 22 — €2 (B.9)
e V(a/)P-1
From (B.3), R = (ztUV)2 — €2, so (B.9) implies 2’V < z. Similarly, because f(z) <
(%)2, we have z; < Z%R. The combined inequalities give
2V <z < AR, (B.10)

The first derivative of S with respect to R can be written as an expression in terms
p(z) evaluated at the cut-off €, see (3.4). In particular for d = 2,
dsS R
R— =y—. B.11
dR 2 Zt ( )
This defines a running c-function by comparing (B.11) between the UV fixed point and the
holographic flow,

3= 3 3 Mg fuR

(B.12)

Ac  c¢(R) cYV(R) ds dsvv 1 1
— - <0.
Zt ZPV B

In the large R limit, z; ~ %R and the expression extracts the universal coefficient in
d=2

A A -
Ac _ Rd S _ EU(\;) B Ellzig) _ (cr — cuv) <0, (B.13)
3 dR lirs1  2GY)  2G6Y% 3

where we identify the holographic central charge ¢ = 22%) [37]. Egs. (B.12) and (B.13)

give a holographic proof of the irreversibility theorem in d =2 [2, 6, 7].
B.2 Larger dimensions

For dimensions d > 2 the variational problem associated to (B.1) does not have a conserved
quantity, and the equation of motion cannot be solved analytically for arbitrary f(z).
Instead, we will follow a matching procedure similar to what was originally done by [9, 10].
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Figure 3. Different approximations for the profile p(z) of the minimal surface including all the
scales present in the problem. The exact solution of p(z), which is unknown for d > 2, is depicted
in broad plot with turning point z;. In long dashed lines there is a schematic plot of the large R
expansion (B.31) and in short dashed lines there is an schematic plot of the large z expansion (B.26)
to order zo_l. The UV is defined for € < z < u~!, where € is an UV cut-off and p an UV energy scale;
the IR is defined for i < z where, ji is an IR energy scale. The matching procedure is done when
z is between fi~! < z < R, where R is the sphere’s radius of the spatial region at the boundary.

The idea is to write two different expansions for p(z). The first expansion is written
in powers of R in the large R limit, where each coefficient depends on z (section B.2.1).
This expansion is valid near z = 0 but it is not suitable near the turning point z;, so all
coefficients in the expansion have an unknown parameter. The second expansion is written
in powers of the IR mass scale ji. We refer to this as the large z expansion (section B.2.2).
There we can impose the turning point boundary condition but not p(e¢) = R. In the limit
where R and z are both large, both expansions overlap and this allows to fix the unknown
parameters (section B.2.3). In figure 3, we depict a schematic profile for p(z) including all
the scales present, and the overlap range.

B.2.1 Large R expansion

For the large R expansion, let us begin proposing

_ p1(z)
p(z,R) =R — R (B.14)

This ansatz satisfies the UV boundary condition if p;(e) = 0. The minus sign is explicitly

chosen because we expect p to decrease with z as depicted in figure 2. The linearized
equation of motion (B.1) for p;(z) is

zd-1 z / —
f(z)< Zif(l)pa(z)) =, (B.15)

To satisfy that p;(z) is independent from R we need a = 1. The equation can be integrated
to obtain the first correction

> 1

z ud—l z ud—l
o (2) :bl/E dum+(d—2)/5 dum/u O (B.16)
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The ansatz (B.14) is valid for %(QZ) < 1. Here by an arbitrary constant that multiplies
the homogeneous solution. This reflects the fact that we cannot impose the IR boundary
condition p(z;) = 0 in this expansion.

The next corrections involve higher odd powers of 1/R. The general solution also
includes non-integer powers of 1/R that satisfy the homogeneous equation without source.
These terms contribute nonlocal corrections to the EE that go to zero at large R, so we
will not focus on them. In summary, we have

p(z):R—pllg)—p;%)—...—péf)—.... (B.17)

Expanding the Euler-Lagrange equation in 1/R gives equations for each p,,

241 z /
= ( Zf_ﬁ)p;(z)) = 5n(2), (B.18)

where s, (2) is a source term for p,(z), which depends on py,(z) with m < n. The first

values for the sources are

(‘;(‘j) s3(2) = —p(2)

Integrating (B.18) gives the solutions

U2 gy Y

/ 3
f(2) — f(@)n(2)". (B.19)

s1(z) = —

Z w1 o0 v
_ b, / duﬁ E \ﬁ/ dv va(l)sn(z), (B.20)

with the b, undetermined at this stage.

B.2.2 Large z expansion

Now we look for approximate solutions of the Euler-Lagrange equation in the IR regime
pz > 1. Since z < 2z, in this limit we have fiz; > 1. In the IR zone we expect the
solution to be similar to the pure AdS;11 solution. We add a correction o that should be
suppressed by powers of iz,

p(z) = 53 N ot fUVUl( ), (B.21)

for some constant zg.
In the strict IR limit 2o = 2z} as discussed in (B.4). Using the IR approximation (A.10)
of f(z) in (B.1), the linearized equation for the correction becomes

\/23—22((d—2+d)z§z—(d—1)z3> (/221)2& =01(2)(d—2)28 240 (2) (224+(d—3)2822

—(d—l)zé)—i—a’l’(z)(z +22§—22%2 ) (B.22)
The solution to this equation is an integral involving hypergeometric functions, but the

exact expression is not illuminating. However, we only need the solution at large R, which
simplifies as we describe next.
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The first thing we learn from this equation is that o1 (z) is suppressed by (jiz)~2%. The
value of z; can be obtained at this order of approximation from the IR condition p(z;) = 0,

22 =22+ 03 (%) (B.23)

Thus, zg ~ 2; plus corrections of order (fiz;)~2%. From the pure AdS., case we expect the
turning point to be of order z; ~ R; we will check this self-consistently after finding the
solution for p(z). Since we want to match (B.17) with (B.21) we need to expand (B.21)
in the large zo limit. The large 2o expansion applied to (B.22) gives a linear equation for

01(2) at order 25!

2d=2+a) v
2 (fz)2@ (d—1)o1(z) + z01(2), (B-24)
with solution!?2
2 (&+d—2) 1
o2 1y B.2
o1(2) = co + 220 (p2)%% (@ —1)(2a+d —2) O (Z(Q)> (:29)

Replacing this solution into (B.21) and expanding the square root, we find the double

expansion in z and z° we were looking for

EIR KIR 22 < 1 (d +d-—- 2) )
=—2———|1— - cee B.26
p(z) tov ™ luy 22 (Az)** (@ —1)(2a +d —2) " et (B.26)
The first ‘..." refers to additional subleading powers of (fiz)?* whereas the second ‘...’

refers to additional subleading powers of 1/zp. Both terms receive extra contributions if
we consider higher corrections in (B.21).

B.2.3 Matching the expansions

The py, corrections (B.20) have b, as unspecified parameters. To obtain their values we
need information from the IR region. For such reason we expand the integrals in (B.20)
for fiz > 1 using f(z) (A.10) in the IR zone. The idea is to get an expression that looks
like (B.26) in order to extract by,.

The first correction (B.16) has two terms. To expand the first term, we split the
integral introducing an arbitrary value Z in the IR zone fiZ > 1, so that in the interval
(2, Z) the IR approximation is valid. The result is independent of Z up to order (jiZ)~2%
so we opt to consider the limit when Z — co. Namely,

o= o ey i e o)
R

TTov 1+ ozz)?d 2<d— 24) *) :

(B.27)

where Y is defined as

~ z ud—1 zd lir 1 d
Y= 1l d —— |1 - ). B.2
zféo/e YT d ew( Tz 2(d—2a) © ) (B.28)

12We do not consider the homogeneous solution ah"m(z) since the corresponding matching expression is
only related with the non integer powers of R.
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We use the same method for the second term expansion

1

d2/du\/;/d d2/dud1/oodv f(v)
(s

52
2IR / duu® >><
EUV

/ dvvt™ d(1+2(/w)2 ) (B.29)
Lo By 2P 1 (@+d-2)
_P—i_f%}\{/Q(l_(ﬂz)m (d—l)(2d+d—2)+'”>’

where T is defined as

) | 7 wd=1  ru dv
Fzzlg%o [—(al—Q)/6 du \/W/Oo vi-1 f(”)]

B.30
R 7 L] (@+d-2) N (5.30)

0y 2 (pZ)? (a—-1)(2a+d—-2) )|

As a result, the following double expansion holds for p(z),
o0 22 1 (G@+d-2)
=R——|hE+T+- 1 (1 - - )

pl2) R TR D % (a—D(2a+d—2) &

(B.31)

€IR Z 1 d
— 1 —
g ( T2 —2a) " )

Now that we have both expansions (B.31) and (B.26) in the same form we can match
the coefficients in them,

+ ...

1R, r
R=—2, by =0, co=——. B.32
Tov 0 1 0 R ( )
It is important to observe in (B.31) that the correction with the first power of R has two
terms that go like 22 and 2z¢. The unknown parameter by is the coefficient of the term %.
A similar scenario occurs when higher orders are considered in the expansion. In that case
p(z) looks like

d 22 !
=R——— |5+ ) —de—= —da— — ..., B.33
e (Bt +e) — o —da g (5.3
for some coefficients doi. Then (B.33) suggests that the b, coefficients must be identified
by looking at the terms ~ 2¢/R" in the large z expansion of p(z) (B.21). Since o1(z) is of
order (fiz) 2% only the square root term might contribute to b,. Its expansion for large z is

bR IR = (1/2 22k
R - =Y ( . (—1)k22k_1. (B.34)

tuy tov (= 5
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Finally,

b 0 ngd-1 (B.35)
n — d— . .
—d(—1)2 (Gllg) (éﬂ—i‘/) ' n—d—1& d=even

To make computations shorter, we work with non-integer dimensions d, so we can
effectively consider b, = 0 for all n. Taking the limit to the integer dimensions recovers
the correct result.

B.3 Entropy expansion

Having obtained the approximate solution p(z) at large R, we are ready to evaluate the
entropy. To make more explicit the R dependence of the entropy using the Euler-Lagrange
approach, we rewrite (2.6) as

# dz 2)\ 42
s=aurt? [T 5 () e (8.36)

Both terms 2 E%Z) and p'(z) contain only inverse odd powers of R, thus the large R limit

of the integrand reproduces the structure (1.1). The upper limit of integration z; is also
R-dependent, and this only contributes to finite terms because at first order z; ~ R. So in
order to obtain the ug_of it is sufficient to take z; — oco.

The first term from this expansion reproduces the area law and coincides with the
result of the HJ formalism (4.2) when z; — oo:

© dz 1
d—2) __ d—2
S( ) = "}’dR /e zd_l % (B37)

The second term depends on p1(2), so it needs to be evaluated using the solution (B.16)

with b; = 0. In particular, we have

Oodv

ph(z) = (d—2) ﬁ/ @)'

This matches the HJ solution (4.10) when z; — oo,

S(A—4) — o g4 /:o i,lzl;(z) (;f(zr)p'l(zr)2 —(d- 2)P1(2)>

= WRd 4/ () (B.39)

_ (d_2 d— d— < dv 1 2
=Yy R 4/6 dz 2471 f(2) (/Z Udlf(v)>

In the second step the equation of motion for p;(z) (B.15) was applied in order to combine
both terms,

- [Tt s == [T @R ) TG

(B.38)

(B.40)
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The procedure can be applied to calculate the higher order terms g _or. In the main
text we have instead focused on the HJ method since we found it was more economic than
using the minimal surface equation of motion.
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