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POLYAK’S THEOREM ON HILBERT SPACES

MAXIMILIANO CONTINO, GUILLERMINA FONGI, AND SANTIAGO MURO

ABSTRACT. We extend to infinite dimensional Hilbert spaces a celebrated result, due to B. Polyak, about
the convexity of the joint image of quadratic functions. We show sufficient conditions which assure that
the joint image is also closed. However, we prove that the closedness part of Polyak’s theorem does not
hold in general in the infinite dimensional setting. Finally, we give some applications to S-lemma type

results.

1. INTRODUCTION

In [17], Polyak extended a well-known theorem of Dines [8], by providing a convexity property related

to non-homogeneous quadratic functions. Consider the functions
(251(213) = <A1:E,:E> + <ZZ?, ai> + bi,

where A; is a n X n symmetric matrix, a; € R™, b; € R for i = 1,2. Polyak’s result [17] states that if
n > 2 and there exists (1, u2) € R? such py Ay + Az > 0 then the set

{(¢1(2), ¢2(2)) : € R"}

is closed and convex. Here, the notation p1 A1 + peAs > 0 means that the matrix puq Ay + poAs is positive
definite. Polyak also proved that the joint image of three homogeneous quadratic forms in R" is a closed
and convex cone of R? if and only if there is a positive definite linear combination of the operators
determining the three quadratic forms.

In [2] an extension of Polyak’s theorems to quadratic forms defined by compact operators on infinite
dimensional separable Hilbert spaces was investigated. However, in [2, Theorems 2.1 and 2.3], some com-
pact operators are assumed to be bounded below, so unfortunately,their main results are only applicable
to finite dimensional spaces (see the comments after Corollary 2.2). Moreover, Example 2.3 shows that
the joint image can be non-closed, even for quadratic functions determined by compact positive definite
operators. This shows that additional hypothesis must be considered in order to prove the closedness
part of Polyak’s theorem.

In this work we extend Polyak’s convexity result to an arbitrary infinite dimensional Hilbert space
‘H. Moreover, we show that if A; is a compact operator on H with 0 in its numerical range and A, is a
positive invertible definite operator, then the joint image of two non necessarily homogeneous quadratic
forms determined by A; and As, is also closed. We finish this work with some applications to S-lemma

type results.
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2. EXTENSION OF POLYAK’S RESULTS: THE HOMOGENEOUS CASE

In this section we prove the convexity of the joint image of three homogeneous quadratic forms on a
Hilbert space. Let us first introduce some notations.

Throughout H and K denote real inner product spaces. The range and nullspace of any given mapping
A are denoted by R(A) and N(A), respectively. Also, L(H,K) stands for the space of the bounded
linear operators defined on H to K. When H = K we write, for short, L(#). Given a linear operator
T on H (possibly densely defined) we say that T is positive definite or T > 0 if T is symmetric (i.e.,
(Tx,y) = (x,Ty) for every z,y in the domain of T') and (Tz,z) > 0 for every  # 0 in the domain
of T. The group of invertible operators in L(H) is denoted by GL(H) and GL(H)" denotes the set of
positive definite and invertible operators in L(H). For a closed subspace M, Py denotes the orthogonal
projection onto M. Finally, S3 and By denote the unit sphere and the open unit ball of H, respectively.

A key tool used in the proof of Polyak’s theorems is a result on the joint real numerical range of real
symmetric matrices due to Brickman [3]. This result can be seen as the real analogue of the classical
Toeplitz-Hausdorff Theorem (and implies it, see e.g. [14]). Brickman’s result was extended to infinite

dimensional inner product spaces, [15, 13] (see also [12, Theorem 2]):

Theorem 2.1 (Brickman’s convexity). Let (H,(-,-)) be a real inner product space, 3 < dim(H) < oo.

Let Ay, As be (not necessarily bounded) linear endomorphisms on H. Then the set
WR(Al,AQ) = {(<A1£L‘,£L‘>, <A2£L',LL'>) eR?: HJJ” = 1}
is a convex subset of R2.

As a consequence of Brickman’s convexity theorem, it is easy to show that a similar result holds
considering two different inner products in H. The following corollary will be useful to prove our convexity
result (see Theorem 2.10). In order to include examples of densely defined unbounded operators (e.g. the
differentiation operator on L?(R)) we state the next corollary for linear mappings from an inner product

space to its completion.

Corollary 2.2. Let H be a real vector space and let {-,-),(-,-)« be two inner products on H and 3 <
dim(M) < oo. Consider Ay, Ay (not necessarily bounded) linear transformations from H to H, where H

denote the completion of H with respect to the inner product {-,-). Then the set
{((Arz,2), (Arz,2)) € R? - ||z]l. = 1}
is a convex subset of R?, where || - ||« is the norm associated to the inner product (-,-)..

Proof. As in the proof of [13, Theorem 2.2], we first consider # = R3. In this case H = H = R3
and, since (-,-) is continuous on (R?, (-,-),), there exists B € L(R?) such that (z,y) = (Bx,y). for every
x,y € R3. Thus, by Theorem 2.1 for H = R3, the set

{((Arz, z), (Agz, 2)) € R? : ||z||« = 1} = {((BA1z,2)., (BAszx, x),) € R? : ||z||. = 1}

is convex.

Now suppose that 3 < dim(#H) < cc.

Let y1 := ((Ar1z1,21 ), (Asxy, 21 ) and yo := ((Ajza,22), ( Asxa, x2)), with [|z1]« = ||x2]|« = 1, be
any two different points in {((A1x,z), (Asx,2)) € R? : ||z||. = 1}. Take any orthonormal basis {w1, w2}
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of the space (span{zi,z2}, (-, -)) and take another vector ws such that (ws,w;) = (w3, wy) = 0 and
|ws|l« = 1. Set W := span{w,ws,ws} and consider the operators A; := Py (A)|lw : W — W, for
I =1,2. Then by the first part of the proof, {((A,z,z), (Ayzx,z)) : € W, ||z||, = 1} is convex.

Moreover, since (A;z, z) = (Ajz, z) for any 2 € W, we have that
{((Aiz,2), (Asz,2)) = 2z € W, |y = 1} € {({(Arz, @), (Asz,2)) - @ € H, Jlaf]s = 1}
Finally, since z1, 22 € W, we conclude that for every A € [0, 1],
(1= Ny + Ay2 € {((Arz, ), (Ag, ) € R® : ||z]l = 1},
O

In [2] the authors tried to extend Polyak’s theorems to quadratic forms defined by compact operators
on infinite dimensional separable real Hilbert spaces. For example, Theorem 2.1 in [2] was intended to
show the closedness part of Polyak’s theorem. There it is assumed that A;, Ay € L(H) are compact
operators and that there exist scalars i, o € R such that C := pu31 Ay + s A satisfies that for some
a >0,

(1) (Cx,x) > afz||? for every z € H.

The reader should be aware that in [2] an operator C satisfying (1) is denoted by C' > 0 . It is well
known that there are no compact operators on infinite dimensional Hilbert spaces that satisfy (1). Indeed,
consider (z,,)n>1 C By (the closed unit ball). Since (x,,),>1 is bounded and By, is a closed subset of H,

then there exists a subsequence (z,, )x>1 C By and xg € By such that (n,, )e>1 converges weakly to xg.

Since C' is compact, it follows that klim |Cxp, — Cagl| = 0. Therefore
—00
, 1 1
[0, = 2ol|” < = (Clxn, = 20), Tny, = 20) < —||Cny = Caolll[2n, — 2ol — 0.
« « k—o0

Then By is norm compact. Therefore # is finite dimensional.

The following examples show that the closedness part of Polyak’s theorem does not hold neither for
pairs of compact positive definite operators (Example 2.3) nor for pairs of bounded below operators
(Example 2.4) on infinite dimensional spaces. Also, it is not difficult to extend both examples to k-tuples

of operators.

Example 2.3. Take any sequence (o, )y, of positive real numbers converging to 0. Consider on ly (the
usual Hilbert space of square summable sequences with orthonormal basis (en)nen) a pair of diagonal

operators defined by
1
Ao(z) = (anzn)n, Ai(z) = (an(l+ ﬁ)‘r”)n
Note that Ag, A1 are both positive definite. Since a,, — 0, then Ag, A1 can be uniformly approzimated by

finite range operators, so they are both compact operators. Moreover, note that for j = 0,1,
(Aja;Yen, a7 %e,) = agH(Ajen, en) =1+ % —1, asn— oc.

This means that (1,1) is in the closure of {((Aox,z), (A1x,2)) : x € o} in R
But on the other hand, (1,1) ¢ {((Aoz, z), (A1z,z)) : x € Lo} because for any x # 0,

1
(Agz,x) = Zanxi < Zan(l + E)xi = (Ayz,x).
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Therefore the image of the quadratic form determined by Ay, A1 is not closed.

Example 2.4. Take any sequence («,), of positive real numbers converging to o > 0. As in Example
2.8, let Ay, Ay be operators on H = fo defined by,

n

Ag(z) = (anan)n, Ar(z) = (an(l+ %)xn) .

Then Ao, A1 € GL(H)T because o > 0 (in particular, both operators satisfy (1)). Moreover, proceeding as
in the previous example, it follows that (1,1) is in the closure of the image {({(Aoz, x), (A1, ) : © € Lo}

in R2, but not in the image of the quadratic form determined by Ay, A;.

Remark 2.5. It is known that the numerical range of a compact operator is not necessarily closed on
infinite dimensional Hilbert spaces: take for example on /5 the operator (), +— (%*),, then the nu-
merical range is (0, 1] (see [11, Problem 212]). Thus, the image of the unit sphere by pairs of quadratic
forms (i.e. the joint numerical range) is not closed in general for infinite dimensional spaces, even for
compact operators. On the other hand, since a quadratic form determined by a compact operator is
weakly continuous on bounded sets, and the closed unit ball is weakly compact, we immediately conclude

the following: given {A;,---, A, }, any collection of compact operators, the set
{(<A15L‘,.’L‘>, T <Anx7x>) ER™: HCL‘H < 1}

is closed.

Next, we give some conditions under which the joint image of three quadratic forms is closed and
convex. First we need the following lemma, which is an extension of a result in [6] and shows, using the
same ideas, that under certain conditions the joint numerical range of compact operators on real Hilbert

spaces is closed.

Lemma 2.6. Consider Ay, As compact selfadjoint operators on a real Hilbert space H. Suppose that
(0,0) € Wgr(A1, A2) then Wr(A1, As) is closed.

Proof. Let A € Wg(A1, Az). Since the closed ball is weakly compact then
A =1m((4A124, Ta), (AaTa, Ta))

for some net (z4), with ||z,] = 1 weakly convergent to some x with ||z|] < 1. Moreover, since the
operators Ay, As are compact, it is easy to see that A\ = ((Ajz,z), (Asx,z)). If A = (0,0) there is
nothing to prove. Otherwise, x # 0, and thus W belongs to Wgr (A1, A2). Finally, since ||z|| < 1 and
(0,0) € Wg(A1, Az), we conclude that A € Wr(A;, A2) by Theorem 2.1. O O

Theorem 2.7. Let F(z) = ((A1x,x), (Asx, x), (Asx, x)) be a quadratic mapping determined by bounded
operators Ay, As, As on a real Hilbert space H. Suppose that there exist ji1, jo, us € R such that p1 Ay +
poAs + pusAs € GL(H)™T, Ay, Ay are compact and (0,0) € Wgr(A1, A2). Then F(H) is closed.

Proof. We may assume that A, As, A3 are selfadjoint and we assume that #H is infinite dimensional

because the finite dimensional case was proved by Polyak [17, Theorem 2.1].
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We first assert that it is sufficient to prove the case when A, As are compact and A3 = I. In fact,
consider the linear transformation 7" : R® — R? defined by T'(r, s,t) = (7, s, 17+ pas+ ust). Since uz # 0,

T is invertible and preserve closedness. Then it suffices to prove that
T(F(H)) = {({A1z, z), (Ao, x), (Asz, z)) € R® : = € H}

is closed, where As = 1Ay + poAs + psAs.

Since A3 € GL(H)™, the inner product (z,y). := (Asz,y) makes (H, (-,-),) a Hilbert space. Denote
by || - ||« the induced norm, which is equivalent to || - ||.

Then (z,y) = <A3Aglx,y> = </~1§1x,y)*, for every x,y € H, and

T(P(H)) = (A5 Avz, 2, (A5 g, 2)e, all2) € R & 0 € Y,
Finally note that, in (H,(-,-)«), we have that A;lAl,/i;lAg are compact operators and (0,0) €
Wr(A31A;, A1 Ay).
Suppose then that Az = I and take A = (A1, Ag, A3) € F(H). Then
A =lim F(z,) = im((A12,, 2,), (Aoxp, 2), |20 )
for some sequence (), C H. If A3 =0 then 0 = A3 = lim,, [|z,,||?. So that A =0 € F(H).
If A3 # 0, then A3 = lim,, ||2,,||?. Therefore,

Tn Ty i

1171;11<Ajm’ m) = )\—; for j=1,2.
Then (:\\—;, i—z, 1) € F(Sy) and (i—;, i—g) € Wgr(A1, A2) = Wr(A;, Ay), where we used Lemma 2.6. Hence,
there exists z € Sy such that
(ﬁv ﬁ) = ((A12, 2), (422, 2)).
Az A3
Then F(AS?2) = (A3(A12, 2), As(A2, 2), A3) = A, so that A € F(H). 0 O

Remark 2.8. Modifying Example 2.3, it can be seen that the assumption (0,0) € Wg(A1, A2) cannot be
dropped in the above theorem. Indeed, take A;(z) = (%xn)n, for j = 1,2, A3 = I. Then (0,0,1) =

lim,, F'(ey,) is in F(H) but not in F(H).
With a similar proof we may show the following more general result.

Corollary 2.9. Let F(x) = ((Ayz, ), (Asz, x), (Asz, ) be a quadratic mapping determined by operators

Ay, A, Az on a real Hilbert space H. Suppose that there are linear combinations

Aj = pin Ay + pig Ag + 13 Az for i =1,2,3

such that the 3 x 3 matriz of real numbers p = (Mij)?,jzl is mot singular, Az € GL(H)t, Ay, Ay are
compact and (0,0) € Wg(Ay, As). Then F(H) is closed.

We prove now the extension of Polyak convexity theorem [17, Theorem 2.1] to not necessarily bounded

linear operators on inner product spaces.

Theorem 2.10. Let H be a real inner product space, 3 < dim(H) < oo. Let Ay, Az, Az be linear
transformations from H. to its completion H such that there exist p1, piz, s € R with pig Ay +poAs+p3As >
0. Then the set

F(H) = {({A1z,2), (Aszx, 2), (Azx,2)) € R® : © € H}
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is a convex cone in R3.

Proof. We may suppose that pus # 0 (otherwise we interchange the order of the operators).
As in the proof of Theorem 2.7, consider the linear transformation 7' : R® — R3 defined by T'(r, s,t) =

(rys, par + pros + pst). Then T is invertible and preserves convexity. Therefore it suffices to prove that
T(F(H)) = {({A1z, z), (Asz, x), (Asz, ) € R® : = € H}

is convex, where Ay = u1Ar + poAs + pu3As. Since Ay > 0, the bilinear form (-,-), = ([13-, -) makes
H.:=(H,(-,-),) an inner product space with norm denoted by || - ||«. Then

T(F(H)) = {((A1z,z), (Asz, 2), ||2||?) € R® : = € H}.
By Corollary 2.2, the set {({A1z,z), (Asx, z), ||z|?) € R? : ||z|. = 1} = T(F(S%.)) is convex. Hence

by homogeneity, T'(F(H)) is a convex cone because

T(F(H) = [Jt- {((Aiz,2), (Aoz, ), |2])7) € R : [l = 1}.

t>0

O O

3. THE NON-HOMOGENEOUS CASE

Using the closedness of the joint image of a pair of non necessarily homogeneous quadratic forms, it
was proved in [2, Theorem 2.2] that this image is also convex. We will now prove Polyak’s theorem for

non-homogeneous quadratic forms without assuming that it is closed.

Proposition 3.1. Let H be a real inner product space, 3 < dim(H) < oo. Let A1, As € L(H) be
such that p1 Ay 4+ peAs > 0 for some pi,pu2 € R, a1,as € H and by, by € R. Let ® = (¢1,d2) be the
non-homogeneous quadratic form defined by ¢;j(x) = (Ajx, z) + (x,a;) + b;, j =1,2. Then

(M) = {(¢1(2), ¢2()) € R? : w € H}

1S convex.

Proof. Let t,s € ®(H), with ¢ # s, then there exist z,y € H such that
t=®(x) and s = P(y).

Consider H := span{w, z,y}, where w € H is linearly independent to 2 and y. Note that 2 < dim(#) < 3.
Let (-,-); be the restriction of (-,-) to H. Let Py denote the orthogonal projection onto the finite
dimensional Hilbert space H. Set ® := ol = ((51, (52) where qgj := ¢jly for j =1,2. Then, (;5}- :H — R,
t=®(z), s = ®(y) and, for z € H,

¢ (2)

<AjZ,Z>—|—<aj,Z>+bj

(Ajlz2, Pyz) + (aj, Pyz) +b;

(PrAjlaz 2)q + (Pgag, z ) g + b;.
Let Aj := Py Aj|y for j =1,2. Then ulfil + ugfig > 0. In fact, for z € H we have

< (11 A1 + p2Az)z, 2 >H = ((mPrA1l7 + n2PrAalg)z, z) = (1 A1 + p2A2)z,2) > 0.
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Then, by Polyak’s Theorem, <i>(7—~L) is a convex set. Therefore, for every a € [0, 1],

at + (1 —a)s € D(H) C D(H).
Hence ®(H) is a convex set. O O

Remark 3.2. We may actually prove the convexity of the image of ® under the hypothesis of Ay, As being
non-degenerate (that is, if (Aju,u) =0 = (Agu,uw) then u = 0). For infinite dimensional Hilbert spaces,

this is a strictly weaker assumption, see e.g. [4].

Proof. Using the notation as in the proof of Proposition 3.1, it is clear that A1, Ay is a non-degenerate
pair. If the 2-homogeneous part of P is not surjective, then by [8, Corollary 1], there are u1, uo € R such
that ,ulfil + HQAQ > 0. Then, by Polyak’s Theorem, i)(’;’:[) is a convex set.

On the contrary, if the 2-homogeneous part of ® is surjective, then by [10, Lemma 4.10], ®(H) = R2.
Therefore, <i>(7—~L) is a convex set. Then, for every « € [0, 1], Therefore Ay and Az are compact operators
and (0,0) € Wg(Ay, A3). Hence ®(H) is a convex set. O O

Proposition 3.3. Let H be a real Hilbert space, 3 < dim(H) < oo. Let Ay, Ay € L(H) be selfadjoint
operators, ai,az € H and by, by € R. Let ® = (¢1, ¢2) be the non-homogeneous quadratic form defined by
oi(x) = (Ajz,x) + (x,a,) + bj, 7 = 1,2. Suppose that there are linear combinations

Al = 1A + oAy, Ay = PrA1 + B2A2

such that oqfBa — a1 # 0, Ay is compact, </~11x, x) =0 for some x # 0 and Ay € GL(H)T. Then ®(H)

18 convex and closed.

In particular if 0 is in the numerical range of Ay, Ay is compact and As € GL(H)". Then ®(H) is

convex and closed.

Proof. Since Ay € GL(H)T, by Proposition 3.1, ®(#) is convex.
Now we are going to show that ®(#) is closed. As in the proof of Theorem 2.7, consider the linear
transformation T : R? — R? defined by T'(r,t) = (c1r + ast, f17 + Pat). Since a1B2 — azfy # 0, T is

invertible and preserves closedness. Therefore it suffices to prove that
T(®(H)) = {((Arz, ) + (x,d41) + by, (Agx, z) + (z,d) + by) € R? : € H}

is closed, where A; := a;A; + ay Ay is compact, 0 = <f11x,x> for some x € Sy, Ay = B1A; + BaAy €
GL(H)Jr, gll = Qo1aq + 202, ZLQ = ﬁlal —+ /82a2, i)l = O[lbl + O[ng and 52 = ﬂlbl —+ ﬂQbQ.
Let H := H x R and define the following 2-homogeneous forms on #:

fi(z,t) =(Ajz, x) + t{x,a;) + t2b;, j=1,2

f3(z,t) =t2.

Then, the homogeneous quadratic form f; is determined by the selfadjoint operators

. A. . 0 0
Ajl—< 3, )forj—lﬂaﬂdf%—( )

Sl
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Infact,wehave<[l3(i),(gtc)>=t2=f3(x,t),andforj=1,2,
A" ) = A+ 1% TN = (A2 4t ag) + 120, = fi(,0)
N )t (@, %y +tb; )\t e Y o

Also, A and Aj are compact operators and (0,0) € WR(Al,A3).
Let ps € R be such that
VA2 b,

ps > || Ay 5

then As + p3ds € GL(7:[)+. In fact,

R . A '} A d
Z = Ay + p3Az = &2 .2 = f - ;
(%) batps d* by+ps

where d : R — H is the operator defined by d(t) := t%. Then d* = (-, 2 ), d = Aé/z([l;lﬂd) and
g:= A;l/Qd is the (reduced) solution of the equation d = Aglmz, see [9]. Then
- -1 - —1/2a
gg=dA a4 2R

Hence, by + 3 = g*g+t with t := l~72+u3—|\/~12_1/2%2|\2 > 0. Then, by [1, Theorem 3], Z = Ay 4 psAs > 0.
Also, z := by + i3 — g*g = by + 3 — d* Ay 'd =t > 0. Then 2! = (by + s — d* A5 *d)~" € R and, it can
be checked that ) . ) .

g1 At —i—A;ldzjlcll*A;l —Aytdz! € L(T0).

—z7ld* A5 z71
Therefore Z = Ay + pusAs € GL(H)T.
Set F := (f1, fa, f3). Then, by Theorem 2.7, F(#) is closed. Then

F(H)N{(a,b,c) eR®: ¢ =1} = F(H x {—1,1}) = F(H x {1}),

where we used that F(z,—1) = F(—z,1) for every « € H. Therefore, the set F'(H x {1}) is closed because
the set {(a,b,c) € R3: ¢ =1} is closed. Finally, note that the projection of F(H x {1}) to R? is exactly
O(H). O O

4. APPLICATIONS

Let H be a real Hilbert space, A € L(H), b € H and p > 0. Consider the function G : H — R given by

Az —b)?
¢ = T

In [5, Proposition 4.13], we apply the following version of an S-lemma in order to give a method for

+pllal®.

finding the infimum of G. In that work, we give a characterization of such infimum and we present

sufficient conditions for the existence of solution of a related total least squares problem.

Lemma 4.1. Let H be a real Hilbert space. Let ¢j(x) = (Ajz, x) + (x,a;) + b, with A; € L(H), a; € H,
bj € R, j =1,2. Suppose that i1 Ay + p2 Az > 0 for some p1, 2 € R. Let F : R? — R be defined as

F(2)=(0z,2) + (z,v) — t,

where © is a real symmetric nonnegative 2 x 2 matriz, v = (vi,v2) € R? and t € R. Then the following

are equivalent:
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(1) F(p1(x), d2(z)) >0 for every x € H.
(ii) There exist o, B € R such that for every x € H and every z = (21, 22) € R?,

F(z) 4+ a(p1(z) — 21) + B(d2(x) — 22) > 0.

Moreover,
(1) if Ay is not bounded below and Ay € GLT(H) then 3 > 0. Likewise, if A is not bounded below
and Ay € GLT(H) then a > 0;

0 0

0
(2) ifeither@-(o ) and vy >0, 07’@-(5 O) and vy < 0 then o > 0.
p

In order to prove the above result we need the following R? version of Farkas’ Theorem (see for example
[16], [7], [18, section 6.10]):

Let F,h : R? — R be convex functions and suppose that there exists # € R? such that h(Z) < 0. Then
F(z) > 0 for every z € R? such that h(z) < 0 if and only if there exists A > 0 such that F(z) + Ah(z) > 0

for every z € R2,

of Lemma 4.1. By Proposition 3.1, D := {(¢1(z), p2(z)) : = € H} is convex. Since © > 0, the set
{z € R? : F(z) < 0} is also convex. Moreover, by (i), DN {z : F(z) < 0} = (). Thus, we can separate
these sets by a hyperplane in R?, i.e., there exist o, 3,7 € R such that

(2) 2€D = az +fz+v>0 and,
F(z) <0= az + fz+7v <0.

Thus, F(z) > 0 for every z = (21, 22) such that az; + 822 + v > 0. By the Farkas’ Theorem, there exists
A\ > 0 such that for every z € R?,

F(2) = Moz + Bz2 +7) > 0.
From this inequality and (2) we conclude that,
F(z) + Aa(¢1(x) — 21) + AB(¢2(x) — 22) = F(2) — Moz + 22 +7) + AMagi(x) + Boa(x) +7) > 0,
for every z = (21,22) € R? and every @ € H. The converse is straightforward.

Moreover,

(1) Suppose that A; is not bounded below, Ay € GLT(H) and 8 < 0. By (2), it holds that 2o <
—%21 — %, for every z € D. Then the set D must be below a line with finite slope. We will now
prove that this is not possible. Let 0 < & < 6%, where § > 0 is such that (Asz, z) > §||z|* for
every x € H.

Since A; is not bounded below, given r > 0, there exists © € H such that ||z|| = r and
|(A1z,z)| < er?. Then

«
5r® — llag|lr — |ba| < da(z) < ~Féi(a) — %
5 5
laf 1]
< jarer® + lagflr +b1) + -
18 18
Thus, for every r we should have that
lol o e o 1]
(6 — 5re)r® = (5 llall + llaz|)r — |be| — 7701 — 127 < 0.
18 18 18 18
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This is a contradiction because § — ma > 0.

E]l

0 0 , 5

0 ,v1 >0 and a < 0. By (2), it holds that z; > —Z25 — 1 for
p

every z € R? such that F(z) < 0.

(2) Suppose now that © = (

0 0
Since © = < 0 ) and vy > 0, then F(z) = pz3 +v121 +vezo —t. Therefore, {z : F(z) < 0}
P

is the convex set determined by the parabola z; = —U—plzg — z—fZQ + %; so that it can not be on

the right side of a straight line (for example, if 21 < min{—2, £} then (21,0) € {2 : F(z) < 0}

«’ vy
but does not satisfies (2)).

The other case follows similarly.

O O

4.1. S-Procedure. In [17], Polyak gave several applications of his convexity theorem. Most of them can
be extended to infinite dimensional spaces using our result. In this final subsection we briefly present as
an example one of these extensions. Let H be a real Hilbert space and Ay, A1, As € L(H). Given two

quadratic forms
filz) = (A x), i=1,2
in H and aq, as € R; the problem is to characterize all fo(x) = ( Aoz, ), € R such that

(3) fo(z) < ap for every = € H such that fi(x) < a1, f2(z) < as.

Proposition 4.2. Let H be a real Hilbert space, 3 < dim(H) < oo. Suppose that there exist u1, pe €
R, 20 € H such that

(4) p1 Ay + pa Ay > 0,

(5) f1(2%) < a1, faa?) < a2
Then, (3) holds if and only if there exist 71 > 0, T2 > 0 such that
(6) Ao < 11 A1+ T2 Ao,

(7) Qo = T + T2002.

Proof. Consider
Fo={f(z):zeH}, f(2):=(fo(x), fi(z), f2(2)).
Then, all the assumptions of Theorem 2.10 hold; hence F' is convex. Then, the results follows using the

same arguments as those found in the proof of [17, Theorem 4.1]. O

Examples 4.1, 4.2 and 4.3 of [17] show that all the conditions of Theorem 4.2 are necessary.

A version of Proposition 4.2 where one of the inequalities f;(z) < «; is replaced by an equality can be

proven with an extra condition. See also [17, Proposition 4.1].

Proposition 4.3. Let H be a real Hilbert space, 3 < dim(H) < oo and as # 0. Suppose that there exist
w1, 2 € R satisfying (4), 2° € H such that

(8) f1(2%) < an, fa(a®) = aq.
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Then,
fo(z) < ag for every x € H such that f1(x) < a1, fa(x) = a9,

if and only if there exists 71 > 0 such that (6) and (7) hold.

5. CONCLUSIONS

An important result due to Polyak [17] states that the joint image of two non-homogeneous quadratic
forms defined on R” is a convex closed set of R%. This class of result has many applications, for instance
to S-lemma type results.

In this article we extend the convexity part of Polyak’s result to an arbitrary infinite dimensional real
Hilbert space H, see Theorem 2.10 and Proposition 3.1.

We present examples involving diagonal operators showing that the closedness part of Polyak’s theorem
does not hold on infinite dimensional spaces for quadratic forms determined by (compact or invertible)
positive definite operators. Moreover, we show that if A; is a compact operator on H with 0 in its
numerical range and As is a positive and invertible definite operator, then the joint image of two non
necessarily homogeneous quadratic forms determined by A; and A, is closed, see Proposition 3.3.

For further research, it would be interesting to find necessary and sufficient conditions that allow to

prove the closedness part of Polyak’s theorem in the infinite dimensional setting.
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