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Abstract. We classify Nichols algebras of irreducible Yetter—Drinfeld modules over
groups such that the underlying rack is braided and the homogeneous component of
degree three of the Nichols algebra satisfies a given inequality. This assumption turns out
to be equivalent to a factorization assumption on the Hilbert series. Besides the known
Nichols algebras we obtain a new example. Our method is based on a combinatorial
invariant of the Hurwitz orbits with respect to the action of the braid group on three
strands.

Introduction

Since its introduction in 1998 by Andruskiewitsch and Schneider, the Lifting
Method [AS98] grew to one of the most powerful and most fruitful methods
to study Hopf algebras [AS00], [BDR02], [Did05], [KR09], [ABM10], [Mom10],
[ARS10], [AS10], [MPSW], [GG], [Mas]. Although it originates from a purely
Hopf algebraic problem, the method quickly showed a strong relationship with
other areas of mathematics such as

e quantum groups [Ros98|, [AS10],
e noncommutative differential geometry [Wor89], [Sch96], [Maj05], [KS97],
o knot theory [KRT97], [CJK*03], [Gra02],

DOI: 10.1007/s00031-012-9176-7
Keywords: Hopf algebra, Hurwitz action, Nichols algebra, Rack, 3-transposition group.

Received March 24, 2011. Accepted October 17, 2011.



I. HECKENBERGER, A. LOCHMANN AND L. VENDRAMIN

combinatorics of root systems and Weyl groups [Hec09], [AHS10], [Ang],
Lyndon words [Kha99], [GHO7], [Ang09],

cohomology of flag varieties [FK99], [Baz06], [KM10],

projective representations [Ven],

conformal field theory [Gab03], [ST].

The heart of the Lifting Method is formed by the structure theory of Nichols
algebras. Nichols algebras were studied first by Nichols [Nic78]. These are con-
nected graded braided Hopf algebras [And02] generated by primitive elements,
and all primitive elements are of degree one. If the braiding is trivial and the
base field has characteristic 0, the Nichols algebra is a polynomial ring. The situa-
tion becomes much more complicated for non-trivial braidings. A major problem,
which is open since the introduction of the Lifting Method, is the classification
of finite-dimensional Nichols algebras over groups [And02, Questions5.53, 5.57].
Under the additional assumption that the base field has characteristic 0 and the
group is abelian, this problem was completely solved in [Hec06], [Hec09] using Lie
theoretic structures. A generalization of this theory to arbitrary groups is pos-
sible [AHS10], [HS10] and opens new research directions [HS]. Nevertheless, the
problem of classifying finite-dimensional Nichols algebras of irreducible Yetter—
Drinfeld modules over non-abelian groups cannot be attacked with this method.
One needs a fundamentally new idea. One approach in this direction is to iden-
tify finite groups admitting (almost) only infinite-dimensional Nichols algebras.
Here a remarkable progress was achieved for sporadic simple groups and for alter-
nating groups [AFGVb], [AFGV11]. Despite these developments, the structure of
important examples of Nichols algebras, for example, those associated with the
transpositions of the symmetric groups, remained unknown for more than 10 years
[FK99], [MS00], [AFGVDb].

So far only a few finite-dimensional Nichols algebras of irreducible Yetter—
Drinfeld modules over non-abelian groups are known. These examples have an
interesting property in common: the Hilbert series of the Nichols algebras factor-
ize into the product of polynomials of the form 1+¢" 2" 4+ -+t with r,n > 1.
A theoretical explanation of this fact is not known. Motivated by this observation,
in [GHV] M. Grana and the first and the last authors classified finite-dimensional
Nichols algebras over groups with many quadratic relations. This corresponds to
a factorization of the Hilbert series, where only » = 1 appears. After the pub-
lication of the paper some other examples appeared which require one to allow
r > 1. In our paper we attack the case r < 2. We consider in detail the Hurwitz
orbits with respect to the action of the braid group Bs on X3, where X is the
support of the Yetter—Drinfeld module. For such orbits, we obtain an estimate on
the kernel of the shuffle map using graph theoretical structures closely related to
those in percolation theory [STBT10], [BBJW10]. Such structures are known to
be very complicated. Since we are forced to perform very sensitive calculations,
we concentrate on braided racks; see Definition 2. We obtain all known examples
of finite-dimensional Nichols algebras of irreducible Yetter—Drinfeld modules over
non-abelian groups except those over the affine racks with 5 elements (which are
not braided), and we also get two new examples. In principal, our method allows
us to consider arbitrary racks, but to do so we will need additional improvements
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of the general theory.

Our approach has the advantage that it works for all groups and it produces
quickly all known examples. Surprisingly, during our calculations we never met any
examples of Nichols algebras which satisfy our assumption but are not known to be
finite-dimensional. Although there exist many indecomposable braided racks, for
example, conjugacy classes of 3-transpositions, we do not use difficult classification
results such as the classification of 3-transposition groups [Fis71], or [AHT73].

The structure of our paper is as follows. In Section 1 we recall the fundamental
notions related to racks with particular emphasis on braided racks; see Definition 2.
We recall the Hurwitz action of the braid group. The orbits of this action play
a fundamental role in our approach. In Proposition 9 we determine the Hurwitz
orbits in X2 for braided racks X. The structure of Hurwitz orbits is in general
not known. This is one of the reasons we study braided racks first. In Section 1
we also define and determine the immunity of the Hurwitz orbits. This will be a
crucial ingredient for our classification theorem.

In Section 2 we formulate our main theorem concerning Nichols algebras with
many cubic relations. With Propositions 14 and 15 we give detailed information
on the kernel of the quantum shuffle map restricted to orbits of size 1 and 8. This
information will help us to obtain a condition in Proposition 20 allowing us to
concentrate on a few braided racks. These racks are classified in Sections 4, 5 and
6. In Section 4 we also mention and use an interesting connection to 3-transposition
groups [Fis71], [Asc97]. In Section 7 we collect the information obtained in the
previous sections to prove our main theorem. We consider the remaining racks and
the corresponding Nichols algebras case by case. Our careful preparations allow
us to succeed with the proof without using any technical assumptions.

In two appendices we collect tables with information on the racks and the
Nichols algebras found and we display Hurwitz orbits graphically.
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transposition groups. Many thanks go to Volkmar Welker for providing us with
the references to percolation theory. Finally, we thank the referees for their careful
reading and for their suggestions leading to improvements of the paper.
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Universitdt Marburg for the support of his visit from December 2010 to April
2011.

1. Braid groups, racks and Hurwitz actions

1.1. Racks

We recall basic notions and facts about racks. For additional information we refer
to [AGO3]. A rack is a pair (X, ), where X is a non-empty set and >: X x X — X
is a map (considered as a binary operation on X) such that

(1) the map ¢; : X — X, where x — i > x, is bijective for all i € X, and
(2) ir(jrk)=(>G>j)>(ivk) foralli,j, ke X.
For all n € N and 4,j € X we write i>"j = ©l'(j).
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A rack (X,>), or simply X, is a quandle if i>i =14 for all i € X. A subrack of
a rack X is a non-empty subset Y C X such that (Y,>) is also a rack. The inner
group of a rack X is the group generated by the permutations ¢; of X, where
i € X. We write Inn(X) for the inner group of X. A rack is said to be faithful if
the map

v : X — Inn(X), i Q4 (1)
is injective.
Remark 1. Let X be a rack. Then
Piv = 0ipip; ! (2)

for all 4,5 € X.

We say that a rack X is indecomposable if the inner group Inn(X) acts transi-
tively on X. Also, X is decomposable if it is not indecomposable. Any finite rack
X is the disjoint union of indecomposable subracks [AG03, Prop.1.17] called the
components of X.

Let (X,>) and (Y,>) be racks. A map f : X — Y is a morphism of racks if
Flivj§) = f(i)> f(j) for all i,j € X.

Example 1. A group G is a rack with 2>y = 2yz~! for all z,y € G. If a subset
X C @G is stable under conjugation by G, then it is a subrack of G. In particular,
we list the following examples.

(1) The rack given by the conjugacy class of involutions in G = D, the dihedral
group with 2p elements, has p elements. It is called the dihedral rack (of
order p) and will be denoted by D,,.

(2) The rack T is the rack associated to the conjugacy class of (234) in Ay.
This is the rack associated with the vertices of the tetrahedron, see [AG03,
§1.3.4].

(3) The rack A is the rack associated to the conjugacy class of (12) in Sy.

(4) The rack B is the rack associated to the conjugacy class of (1234) in S,.

(5) The rack C is the rack associated to the conjugacy class of (12) in Ss.

Example 2. The racks D, (p a prime number), 7, A, B, C are faithful and
indecomposable.

Example 3. Let A be an abelian group and let X = A. For any g € Aut(A4) we
have a rack structure on X given by

rey=(1-g)x+gy

for all ,y € X. This rack is called the affine rack associated to the pair (4, g) and
will be denoted by Aff(A4,g). In particular, let p be a prime number, ¢ a power
of pand o € Fy \ {0}. We write Aff(Fy, ), or simply Aff(q,a), for the affine
rack Aff(4, g), where A = F, and ¢ is the automorphism given by = — «z for all
z €Ty,
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Example 4. A finite affine rack (4, g) is faithful if and only if it is indecomposable;
see [AGO3, §1.3.8].

Remark 2. Let X be a finite rack and assume that Inn(X) acts transitively on
X. Then for all 7,7 € X there exist » € N and ki,k2,..., k. € X such that
gailgoilo~<pil(i) = j. Equation (2) implies that all permutations ¢;, where
1 € X, have the same cycle structure.
Lemma 1 ([AG03, Lemma1.14]). Let X be a rack, and let Y be a non-empty
proper finite subset of X. The following are equivalent.

(1) Y and X \'Y are subracks of X.

(2) XpY CY.

By [GHV, Lemma 2.18] it is possible to define the degree of a finite indecom-
posable rack.

Definition 1. The degree of a finite indecomposable rack X is the number ord(p,;)
for some (equivalently, all) z € X.

For any rack X let Gx denote its enveloping group
Gx =(X)/(zy = (z>y)zx for all z,y € X). (3)

For a finite indecomposable rack X of degree n, the finite enveloping group of
X is defined as Gx = Gx/(z"), where x € X. This definition does not depend on
the choice of x € X; see [GHV, Lemma 2.18].

1.2. Braided racks

Definition 2. A rack X is braided if X is a quandle and for all z,y € X at least
one of the equations x> (y>z) =y, x>y = y holds.

Lemma 2. Let X be a braided rack and let x,y,z € X such that x>y = 2z and
z#y. Thenyrz=2x and z>x = y.

Proof. This follows from Definition 2. [

Lemma 3. Let X be a braided rack and let x,y € X.
(1) Ifypx ==z thenz>y=1y.
(2) If x> (ypx) =y then yv (x>y) = x.

Proof. Assume that > (y>z) =y and ypx =xz. Theny =a> (ypz) =zvzr ==
and hence x>y =y, y> (z>y)=2. O

Lemma 4. Let X be a quandle. The following are equivalent.

(1) X is braided.
(2) x> (y>x) €{z,y} for al z,y € X.

Proof. (1)=(2). If z,y € X with z> (y>x) # y then x>y =y. Hence yra =z
by Lemma 3. Thus zt> (y>z) =2 >z = z.

(2)=(1). Let x,y € X. Then zv> (y>x) € {z,y} and y> (x> y) € {x,y}. We
have to show that x> (y>2) =y or x>y = y. Assume that 2> (y>x) # y. Then
x> (y>x) = and hence y > 2 = z since X is a quandle. If y > (x> y) = y then
zpy=y. fy>(xpy) =xthenxz = (y>z)> (y>y) = x>y and hence x = y.
Again it follows that x>y =y. O
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Lemma 5. Let X be an indecomposable braided rack. Then X is faithful.

Proof. Assume first that there exists x € X such that z>x = x for all z € X.
Since X is indecomposable, Lemma 1 with ¥ = {z} implies that X = {z}. Then
X is faithful.

Let now z,y € X such that x> 2 = y> 2z for all z € X. By the previous
paragraph we may assume that there exists z € X such that z>x # x. Then
x=z>(x>z)=2z>(y>z) €{y, 2} and hence x = y. Thus X is faithful. O

Let X be a finite indecomposable faithful rack and let z € X. In [GHV, Sect. 2.3]
integers k,, for n € N> were defined by
kn=#{yeX|z>(y>(ze(y> ) =y,
. ~ -

n elements

x> (y> (x> (y>---)) #y forallje{1,2,...,n—1}}.
~ ~ -
j elements

In particular,

ke=4{ye X |avy=ya#y}, ks=#{yeX|z>(yrr)=yr0y#y}
Since X is indecomposable, the integers k,, do not depend on the choice of zx.

Remark 3. By definition, an indecomposable rack X is braided if and only if X is
faithful and k,, = 0 for all n > 3.

Example 5. The racks D3, T, A, B, C are braided; see [GHV, Table 2].

Example 6. Let A be a finite abelian group and g € Aut(A). It is well known
that the affine rack Aff(A4,g) is faithful if and only if 1 — g is injective. Since A
is finite, this is equivalent to z >y # y for all x,y € X with « # y. Therefore
Aff(4,g) is braided if and only if 1 — g + g = 0. In particular, the affine racks
Aff(F5,2) and Aff(FF5, 3) are not braided, but Aff(IF7, 3) and Aff(F7,5) are braided.
If an affine rack Aff(F,, ) is braided, then « has order 2, 3 or 6. If ord(a) = 2,
then ¢ is a power of 3. If ord(«) = 3, then ¢ is a power of 2.

Proposition 6. Let X be a braided indecomposable rack. Then X has degree 1,
2, 3,4 or6.

Proof. Let x,y € X such that x>y # y. Assume that zp" y = y with n > 4
minimal. We will prove that n = 6. We have

(zoy)>(z?y)=z> (yo (z>y)) =z = 2.
By applying ¢, we obtain that
n—1

x> (y>(zp?y) = (y> (zoy) e (y> (zply) =ypo =z 'y

Then y> (z>?y) = 2"~ 2y. By applying ¢,p2, to the equation z> (z>3y) = x>ty
we obtain that (x >2y) > (z % y) =y, since

(zp?y)e (> (z6°y) = ((ap?y)pa) e (@b’ y) > (267 y))
=(zoy)e (@>® (y> (zpy))) = (xpy) o =y.
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Since x >* y # y, we conclude that (x>2y) > (z>*y) # z>* y. Then
(@p?y) e (et y)) > (@p?y) =zpty,

because X is braided. Therefore z>*y = y > (x>2y) = 2 >""2? y and hence the
claim holds. [

Proposition 7. There exist infinitely many finite braided indecomposable racks of
degree 6 which are generated by two elements.

Proof. The affine racks X = Aff(F,, o) are braided if and only if 1 — a +a? = 0.
Take any prime number p > 3. If there exists o € F,, such that 1 — a + o? = 0,
then X = Aff(F,, a) is braided. Otherwise, take the quadratic extension of F,, by
a, where 1 — a+ a? = 0. These racks are indecomposable, since o # 1. Moreover,
1 —a+ ao? =0 implies that a® = 1. Since p > 3, o # 1 and o> # 1. We claim
that these affine racks are always generated by two elements. If there exists o € IF,,
such that 1 — a + a? = 0, the claim follows from [AFGVa, Prop.4.2]. Otherwise
take the quadratic extension of F,, by a. Then

(utav)>(z+ay)=(utv-y)+alz+y—u) (4)
for all u,v,z,y € F,. In particular, u>® 0 = 2u for all u € F,, and hence F, is
included in S, the subrack generated by 0 and 1. Since 0> 1 = « and (av) >3 0 =
a(2v) for all v € F, we conclude similarly that o, is also included in S. Therefore

the claim follows from equation (4) by taking (u,v) = (0,k) for k € F, and
(x,y) =(,0)for leF, O

1.3. Hurwitz actions
For any n € N let

Bn = <O’1,...,O’n,1>/(010'j =004 if |Z 7]| Z 27

()

denote the braid group on n strands. According to [Bri88], the action of B,, on
the set X™ = X x --- x X (n-times), where X is a conjugacy class of a group, was
studied implicitly in [Hur91].

Let X be a rack and let n € N. There is a unique action of the braid group B,
on X" such that

0i0j0; = 040,05 if |’L —j‘ = 1)

Ui(llil,...,l’n) = (1’1,...,131',1,1‘1'l>l’i+1,l‘i,l‘i+2,...,l’n) (6)
for all zq,...,z, € X, i€ {1,2,...,n— 1}. This action of B,, on X™ is called the
Hurwitz action on X™. For any (z1,x2,...,z,) € X™ we write O(z1,z2,...,Ty)

for its Hurwitz orbit, the orbit under the Hurwitz action. The rack X acts on itself
via the map >. This extends to a canonical action of the enveloping group G x on
X. More generally, Gx acts on X" diagonally:

g> (z1,...,x) =(g>x1,...,9>T,) forallge Gx, z1,...,7, € X. (7)

The diagonal action of Gx and the action of B,, on X" commute. Two Hurwitz
orbits 01,02 C X" are called conjugate if there exists ¢ € Gx such that the
map X" — X" T — gb Z, induces a bijection O; — O3. Two Hurwitz orbits
01,05 C X™ are called isomorphic if there exists a bijection ¢ : O; — Os such
that ¢(0(Z)) = o(p(Z)) for all o € B,,, T € O;. Clearly, conjugate Hurwitz orbits
are isomorphic.
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Remark 4. The braided action studied in [GHV] is the same as the Hurwitz action
on X2,
Remark 5. Let X be a rack, n € N and z1,...,2,,91,..-,yn € X. By the def-
inition of the enveloping group Gx, if (y1,¥2,-.-,yn) € O(z1,%2,...,7,) then
Y1y2Yn = X172+ Ty in Gx.

In this work we focus on orbits of the Hurwitz action of Bs. For a given rack
X and for all j € N let

1Y = #{0(x,y,2) | 2,y,2 € X, #0(z,y,2) = j}.

It should always be clear from the context which rack X is.

In Proposition 9 below we determine the Hurwitz orbits © C X3 of a braided
rack X up to isomorphism. The non-trivial orbits are illustrated in Figures 8-14
in Appendix B. In these figures, circles stand for triples in O, black arrows indicate
the action of o7 and dotted arrows indicate the action of oo; see Figure 1.

Figure 1: The notation for Hurwitz orbits

For the proof of Proposition 9 the following theorem going back to Coxeter is
useful.

Theorem 8. Let n,p € N. The group B, /(c¥) is finite if and only if (1/n) +
(1/p) > 1/2. In particular,

S3 ifp=2,
SL(2,3) ifp=3,
SL(2,3) % Zs if p =4,
SL(2,5) x Zs if p=5.

B3/ (o7) ~

Proof. See [Cox59] for the first claim. For the second claim see [MK99]. The group
B, /(01) can also be identified with the help of GAP [GAP06]. O

Proposition 9. Let d € N and X a braided rack of size d. Then the possible sizes
for a Hurwitz orbit © C X3 are 1, 3, 6, 8, 9, 12, 16, and 24. Two such Hurwitz
orbits are isomorphic if and only if they have the same size. If X is indecomposable,
then

dt d(ka(ke —1) —1t
W =a, P =dke 0= 1P = (2(23 )=,
3 dkg 3 dm 3 d
=0 W= e = (ks — B ke t0),
where
m=#{zeX|lva#x 1>z =z}, (8)

t=#{1z,y) [lvz=gz, loy=y,zry=y, z#Ly#La#y} (9
and 1 is a fized element of X.
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Remark 6. Let X and m be as in the Proposition. Then 3|m since 1 € X acts
on{z € X | 1>z # 2,132 = 2} and all orbits of this action have size 3 by
assumption.

Proof. Let O C X3 be a Hurwitz orbit. We distinguish two cases and several
subcases.
Case A. Assume that a; > (a2 >a1) = ag for all (a1, az2,a3) € O. Then

o3(a1,az,a3) = (a1, az,a3) forall (a,as,a3) € O.

In particular, B3/(03) acts on O via the Hurwitz action. The group Bs/(o3) is
finite by Theorem 8. Moreover, the order of B3/(03) is 24. Thus #0O divides 24.
Let (a,b,c¢) € O. The elements of O (counted possibly several times) are

a,b,c), B=(avb,arc,a),
a>b,a,c), (axb)>c,a> (b>c),a>d),

b,a>b,c), a>b,c,a>c),

(

(

(

(b, (a>b)>c,a>b),
(a>(b>c),b,arb),
(¢, (a>b)>c,arc),
(
(
(
(
(
(

D=

F=(
H=((apb)pc,arb,a>c),
J=(b,c,(apb)r>e),
L=(a>(brc),a>b,a),
N = (av> (b>c),a,b),
P=(
R=(
T=(
V=
X =

¢,brc, (a>b)>c),
b, b, (a>b)bc),
b>c,ar (b>c),b)
a,b>c,b),
a>c,a,b>c),

)

A=
C=
E
G
I
K
M
0
Q=
s
U
w

(apb)>c,arc,a> (b>c)),

see also Figure 14 in Appendix B.

Case A.1. There exists (a,b,¢) € O with a = b = ¢. Then O = {(a,a,a)}.
There are ZE?’) = d such orbits.

Case A.2. There is (a,b,c) € O with #{a,b,c} = 2. By applying o; " and/or
oy 1if needed, we may assume that ¢ = b. In this case, O is the Hurwitz orbit of
size 8 depicted in Figure 10 in Appendix B, with

A= (c,avc,a>c), B = (a,c,ap>c), C = (a,a,c),
D= (avc,a,a>c), E = (a,arc,a),
F=(avc,a>cav?c), G = (a>c,av?c a), H = (av?¢c,a,a).

Note that a >2 ¢ neither commutes with a nor with a > ¢ and it differs from both.
There are dks triples (a1,a1,a3) € X3 with a; > ag # a3. Since C and F are the
only triples in O of this type, we conclude that lég) = (1/2)dks.

Case A.3. Assume that #{a1,a2,a3} = 3 for all (a1,a2,a3) € O. Then a>b ¢
{a,b,c} and b c ¢ {a,b,c}. If the triple A = (a, b, ¢) differs from all other triples
in the above list, then #0 = 24. Otherwise

a=(a>b)>ec, b=avc, c=av(b>c), (10)
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in which case A = W and then the graph in Figure 14 in Appendix B collapses to
the graph in Figure 12, corresponding to an orbit of size 12. The second and third
equations in (10) imply that b>c¢ = a> b, and hence from (10) one obtains that

c=ab(a>b) =av3c In turn, it follows that (10) is equivalent to

b=arc, c=av’c (11)

The triples corresponding to the vertices in Figure 12 are

A= (a,a>c,c),

a,c,c>a),

= (a>c,a,c>a),

(
(
(
(
(
(

D=(
c,abc,c>a), G =(a>cca),
¢, a,abc), I=(

K=

c>a,cabc),

B
C
E=(a,cra,arc), F
H
J
L

c>a,a,c).

The number of 12-orbits is just the number of triples (a1, a1 >as,as) with a1 >a3 #
as, a1 b3 az = as (which is dm) divided by the number of occurrences of such
triples in the 12-orbit (which is 12), that is, I3 = (1/12)dm.

Case B. There is (a, b, ¢) € O such that two of a, b, ¢ are different but commuting.
We are left with four subcases:

(1) Two of a, b, ¢ are equal, the third one commutes with both.

(2) a,b,c are pairwise different and commuting.

(3) a,b, c are pairwise different; there are precisely two commuting pairs among
(a,b), (a,c), (b,c).

(4) a,b, c are pairwise different; there is precisely one commuting pair.

Case B.1. We have an orbit of size 3; see Figure 8 in Appendix B. The number
of triples of the form (a1, a1, as) with a; # a3 and a1 > as = as is l§3) = dks.

Case B.2. Here O is an orbit of size 6, see Figure 9 in Appendix B. The braid
group acts on the triples in O just as the permutation group Ss does. All 6 triples
of O are of this type and there are dt such triples. Hence léB) = (1/6)dt.

Case B.3. By applying o1 and/or o9 if needed, we may assume that a>b = b,
a>c=c. Then a> (b>c) =brcand b>c ¢ {a,b,c}. Then #0O = 9; see Figure 11
in Appendix B:

A= (b,ca), B=(b>e¢,b,a), C = (¢,brc,a),
D = (b,a,c), E=(b>c,a,b), F = (ca,brc),
G = (a,b,0), H = (a,b>c,b), I=(a,c,b>c).

The total number of triples (a1, as,a3) € X with

ai>as =as, ai1b>az=as, G 7Faz, G17Fas, a7 as
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is dka(k2 — 1). From this we subtract the number of triples in which a2 and as
commute (there are d¢ such triples) and divide by the number of occurrences of
such triples in the 9-orbit (which is 3). Hence lég) = (1/3)d (ka(ke — 1) — t).

Case B.4. As argued in Case B.3, we may assume that a>b = b. Then
a>(brc) #becand (a>c)> (b>e) = b c. Therefore, the orbit O has at most
size 16, with the following triples:

a,c,bec),

a>c,a>(b>c),a),

¢, b>e adc),
av>(b>c),a,b),
b>ec,b,a>c),

A=( B =
C = D= (
E=( F=(
G = (b,arc,a), H = (a,b,c),
I=(av(b>c),b,a), J =
K= L=(
M = ( N =(
0= P =

(see also Figure 13 in Appendix B). Further, #{a, b, ¢, a>c,b>c} = 5 and a>(b>c) ¢
{a,b,a>c, b c}. Looking at the first and last components of the above triples it
follows that #O = 16. In particular, O did not appear in Cases B1-B3.

The total number of triples (a1, az, a3) of pairwise different elements, such that
only a; and as commute, can be calculated as follows: the total number of triples
(a1,a2,a3) with pairwise different a1, a2, as, such that a; and as commute, but
a1 and ag do not commute, is dkoks. Among these we have the d(ka(ka — 1) —t)
triples with as>as = ag (see also Case B.3). With this, the total number of triples,
such that only a; and as commute, is

dkaks — d (ks (ks — 1) — t) = d(koks — k3 + ko + t).

Finally, there are four triples in O(a, b, ¢) of the form (a1, as, ag) with a1 >a2 = as:
F,H,J and L. Hence

1
e = ,d(kaks — k5 + ks + 1).

This completes the proof of the proposition. [

1.4. The immunity of a Hurwitz orbit
Let X be a rack. In the next section we will need a combinatorial invariant of a
Hurwitz orbit @ C X2 which is defined as follows.

Definition 3. Let © C X3 be a Hurwitz orbit. A quarantine of O is a non-empty
subset @ C O such that if two of

(x,y,2), (x,y>z,y), (z>(y>z),z,9)

are in @, then the third one is in . Graphically this means the following (see
Figures 1, 2): if two vertices along a path consisting of a dotted arrow followed by
a black arrow are in (), then the third vertex is in Q).
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Figure 2: The rule defining a quarantine

A subset P C O is called a plague if the smallest quarantine of O containing P
is O. Let P be a plague of the smallest possible size. The immunity of O is the
number immep = #P/#0 € QN (0,1].

Proposition 10. Let X be a braided rack and © C X3 a Hurwitz orbit.
If #0O =1 then immp = 1.

If #0 € {3,6,9,12} then imme = 1/3.

If #O = 8 then immep = 3/8.

If #0O = 16 then immep = 5/16.

If #0O = 24 then immep = 7/24.

Proof. By Proposition 9, any Hurwitz orbit @ C X3 is up to isomorphism uniquely
determined by its size, which is one of 1, 3, 6, 8, 9, 12, 16 or 24. The case #0 =1
is trivial. We use a labeling of the triples of the orbit as on Figures 8-14 in the
Appendix. If #0 = 3, then P = {A} is a plague. If #0 = 6, then P = {A, B} is
a plague and no subset of O of cardinality 1 is a plague.

Assume that #O = 8. The set {A, D, H} is a plague of @. On the other hand,
since {A,B,D,E,F,G} and {B,C, D, E,G, H} are quarantines, for any plague P
of O we have PN{C,H} # @ and PN{A, F} # @&. Since none of {4,C}, {A, H},
{C,F}, {F,H} is a plague, we obtain that imme = 3/8.

Assume that #0 = 9. The set {4, B,C} is a plague of O. On the other hand,
B is an element of the quarantines {B,C,E,G,H}, {A,B,D,G,I} and {B, F},
and hence there is no plague P with B € P, #P = 2. Similarly, H is an element
of the quarantines {B,C,E,G,H}, {A,C,F,H,I}, {D, H}, and hence there is no
plague P with H € P, #P = 2. Finally, {B,C,E,G,H}, {A,E}, {D,E}, {E, F},
{E, I} are quarantines containing F, and hence there is no plague P with F € P,
#P = 2. By symmetry, there is no plague P of O with #P = 2. We conclude
that imme = 1/3.

The proof for the other orbits is similar but more tedious. However, the cru-
cial inequality immep < ... is easily checked: If #O = 12, then {A,B,D,E}
is a plague. If #0 = 16, then {4, B,C,E, H} is a plague. If #O = 24, then
{A,B,C,D,E,K,N} is a plague. O

2. Nichols algebras over groups

For the general theory of Nichols algebras we refer to [AS02]. Details on the
relationship between racks and Nichols algebras can be found in [AGO03, §6].

Let k be a field. Yetter—Drinfeld modules over a group G are kG-modules with
a left coaction d : V — kG ® V satisfying the Yetter—Drinfeld condition. Any
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Yetter—Drinfeld module V' over G decomposes as V = €
V]d(v) =g®uv} for all g € G. The set

gec Vo, where Vg = {v €

suppV = {g € G | V; # 0} (12)

is called the support of V. By the Yetter—Drinfeld condition, supp V' is invariant
under the adjoint action of G.

For any group G, any g € G and any representation (p, W) of the centralizer
Ca(g) of g the kG-module

M(g, p) = kG ®ycog) W (13)

is a Yetter—Drinfeld module, where W is regarded as a kCg(g)-module via p €
Endy(W) and §(h ® w) = hgh™' @ (h @ w) for all h € G, w € W. Let g% be the
conjugacy class of g in G. Then M (g, p) = @zegc M(g,p)s, where M(g, p)pgn-1 =
kh @ W for all h € G.

The category ﬁgyD of Yetter—Drinfeld modules over a group G is a braided
monoidal category. Unless otherwise specified, all tensor products are taken over
the fixed field k. The braiding is denoted by c. If the braiding appears together
with the tensor product, we also use leg notation: forallk € N, i € {1,2,...,k—1}
and all Yetter—Drinfeld modules V{y),..., V(i) let

Ciiir1 V) @@ Vi) = Vi) @+ @ V1) @ Viig1) @ V(i) @ V(i) @ -+ @ Vi,

Ciitl = it Rc® idkilil.

Nichols algebras are Ny-graded braided Hopf algebras. For any Yetter—Drinfeld
module V over a group G the Nichols algebra of V' is denoted by B(V). Then

BV) = P Bu(V)

neNp

is its decomposition into the direct sum of the homogeneous components, where
Bo(V) =k, B1(V) =V, and B,(V) is a Yetter—Drinfeld submodule of B(V') for
all n € No. The Hilbert series of B(V) is the formal power series Ho (v (1) € Z[t]
defined by

Has (1) =D (dim B, (V))t". (14)
i=0
We use the notation
n—1 . [e’e) .
(n)er =Y ", (00)pr = »_t" (15)
i=0 i=0

for all »,n € N>; in connection with the Hilbert series of Nichols algebras.
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2.1. Nichols algebras with many cubic relations

The main result of our paper is the following theorem. In (3) the map 1+ ¢12 +
c12¢23 € Endy(V®3) will appear which is defined using leg notation.

Theorem 11. Let G be a non-abelian group, g € G and p a finite-dimensional
absolutely irreducible representation of Ci(g). Assume that the conjugacy class X
of g is a finite braided rack and generates the group G. Let V.= M(g,p). The
following are equivalent.

(1) The Hilbert series Hoz(vy(t) of B(V) is a product of factors from
{(n)e, (n)e2 | n € N> U{oo}}.

(2) dimB3(V) < dim V (dim B2(V) — (1/3)((dim V)2 — 1)).
(3) dimker(1 + c1a + c12¢23) > (1/3) dim V((dim V)2 — 1).
(4) The Yetter—Drinfeld module V' appears in Tables 4 and 5.

Remark 7. In the setting of Theorem 11, the rack X is indecomposable since G is
generated by X and X is a conjugacy class of G.

Definition 4. Let V be a Yetter-Drinfeld module over a group algebra. We
say that the Nichols algebra B (V) has many cubic relations if the inequality in
Theorem 11(3) is satisfied.

The difficult part of Theorem 11 is the implication (3)=(4). Its proof will
occupy the remaining part of the paper. The other implications are elementary.

Proof. (1)=(2). Consider Hg(v)(t) in Z[t]/(¢*). Then (1) implies that Hesv)(t)
is a product of polynomials 1 +¢, 14+ ¢+t2, 1+t +¢2+1¢3 and 1+ ¢2. By
replacing the factors 1 4+t 4+ t2 by 1 4+t + ¢t 4+ t3 we may raise the coefficient of
3 in He(v)(t) without changing the coefficients of 1, ¢, and ¢*. Now replace the
factors 1+t +t2 + 3 by (1 +t)(1 + ¢?). Thus there exist n,a,b € Ny such that

Hovy(t) = (1 +1)*(1 + t2)? — nt® 4 terms of degree > 4. (16)

Since B1(V) =V, we conclude that a = dim V. The coefficient of t* in Heg (1) (t)
is a(a — 1)/2 + b and the coefficient of t3 is

ala —1) a(a® —1)
;)=

ala—1)(a —2) o

—i—ab—nza(

This implies the claim.
(2)=(3). Let S3 = (1 + c23)(1 + c12 + c12c23) € Endy(V®3) denote the third
quantum symmetrizer. By definition of B3(V) and by (2),

dimker S3 = (dim V))? — dim B3(V)

>dim V <dim ker(1 +¢) + Zl))((dim V)2 — 1)) :
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On the other hand, by linear algebra we obtain that

(dim V') dimker(1 + ¢) + dim ker(1 + ¢12 + ¢12¢23)
= dimker(1 + ¢a3) + dimker(1 + ¢12 + ¢12¢23)
> dimker(1 + co3)(1 4 ¢12 + c12¢23)
= dim ker Ss.
The combination of these two inequalities yields the claim.
(4)=(1) The Hilbert series of B(V') can be found in Table 4. For the old exam-

ples, Hoz(vy(t) was already known. For the new examples, we calculate Hp (v (t)
in Propositions 32 and 36. O

Remark 8. The inequality
dimker S5 < (dim V') dim ker(1 + ¢) + dimker(1 + ¢12 + c12¢23)

used in the proof of (2)=-(3) is in fact an equality for arbitrary braidings of finite-
dimensional vector spaces, but we don’t need this fact here.

Let G be a group, V' a Yetter—Drinfeld module over kG and X = supp V. For
any Hurwitz orbit O C X3 let

Vt= P V.eV,eV.

(z,y,2)€0
Since V' = @, x Vg, we conclude that V=@, V5?3, where O is running over
all Hurwitz orbits. Further, each of Vg’S is invariant under 1 + ¢19 + ¢12¢23. Thus
dimker(1 + c12 + cracz3) = Y dimker(1 + c12 + c12¢23) |y 25. (17)
o

The next proposition is one of our main tools to find a good estimate of the
dimension of ker(1 + ¢12 + ¢12223).

Proposition 12. Let G be a group, V' a non-zero finite-dimensional Yetter—Drin-
feld module over kG, X =suppV and O C X3 a Hurwitz orbit. Then

dimker(1 + c12 + c12¢23)| 93 < imme dim Vg)S.
(@]

Proof. Let 7 € ker(1 + ¢12 + 612623)|V§3' Then for all (z,y,z) € O there exist

uniquely determined elements 7, .) € V, ® V,, ® V, such that 7 = > __, 7z.
Since 7 € ker(1 + ¢12 + ¢12¢23), it follows that

T(z>(y>2),z,y) + C12T(z,y>z,y) + c12¢23 (T(a:,y,z)) =0

for all (z,y, z) € O. If two summands of such an expression vanish, then so does the
third, since c12 and c23 are bijective. Now let P C O be a plague. If 7, , .y = 0 for
all (z,y, z) € P, then 7 = 0 by the choice of P. Hence the rank of 1+612+612623|Vg)3

is bounded from below by dim Vg?’ — #P(dim V)3, where x € X, that is,

#P

dimker(1 + ¢12 + Cl2c23)|v§’3 <#P(dimV,)* = #0

dim V§? = imme dim V;§?.

This proves the claim. [
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Definition 5. Let G be a group, V' a non-zero finite-dimensional Yetter—Drinfeld
module over kG, X = suppV and O C X3 a Hurwitz orbit. The pair (V,O) is
said to be optimal with respect to 1 4 c12 + c12c23 € Endk(Vg’S) if

dimker(1 + ¢12 + 012023)|V5®3 = imme dim Vg’S.

2.2. Hurwitz orbits with one element

For the study of Nichols algebras over groups with many cubic relations, the Hur-
witz orbits of size 1 and 8 will play a distinguished role. We start with a lemma
to warm up and with the analysis of the 1-orbits.

Lemma 13. Let G be a group, V a non-zero Yetter—Drinfeld module over kG,
and X = suppV. Let g € k\ {0}, z € X, and O = O(z,x) C X?. Assume that
e =dimV, < oo and that xzv = qu for all v € V. Then dimker(1l + ¢) is the
following:

ele+1)/2 ifg=-1,
e(e—1)/2 ifq=1, chark # 2,

0  otherwise.

Proof. Let v1,va,...,v. be a basis of V. For all 4,5 € {1,...,e} let W;; =
k(v; ® v;). Decompose V, ® V, as

V.0V, = (EBW”)@EB Wij @ W),

1<J
Then
(1 + C)|W11 = (1 + Q)lde
foralli € {1,...,e}, and the matrix of 1+c with respect to the basis (v; ®v;, v;@v;)
of W;; @ Wj; for i # j is
(& 1)
q 1)°

This matrix has rank 1 if ¢?> = 1 and rank 2 if ¢> # 1. Now the claim of the lemma
follows by counting. O

Proposition 14. Let G be a group, V a non-zero Yetter—Drinfeld module over kG,
and X =suppV. Let g € k\ {0}, x € X, and O = O(x,z,z) C X>. Assume that
e =dimV, < oo and that xv = qu for allv € V,,. Then dim ker(1+012+012023)|vg3
1s the following:

e(e+2)/3 ifchark=3,¢=1,

e(e? =1)/3 ifq=—1 orchark #3, g =1,
e(e+1)(e+2)/6 ifchark#3, 1+q+q¢*>=0,
e(e—1)(e—2)/6 ifchark #2,3,1—q+¢* =0,

0  otherwise.

In particular, dimker(1 + ¢12 + 012623)|V§3 <e(e?+2)/3.
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Proof. Let v1,va,...,v. be a basis of V. For all ¢,5,k € {1,...,e} let Wi =
k(v; ® v; ® vg). Decompose V, @ V, ® V, as

VeV, @V, = (@V%”) @@(Wiij @Wiji @ij)@ ( @ ka>
i i#j i£j#kiF£k
Then
(1 + c12 + c12c23) (w1 ® w2 @ w3)
= w1 ® we @ w3 + qwa ® w1 @ w3 + ¢*ws @ Wy @ Wo

for all wy € Vi, wy € V; and ws € Vj. In particular, if 1 + ¢ + ¢ = 0, then
dimker(1 + c12 + 612623”@1: Wi, 1 e, otherwise it is zero.

Assume that e > 2. Let 4,5 € {1,...,e} with ¢ # j and let A1, A3, A3 € k. Then
(1 + C12 + 612623)(A1’U¢' X Uy X Uj + )\QUZ' [ ’Uj X Uy —+ Ag’t}j X Uy [ ’Ui)

= (A1 + A + Ag?)v ® v; ® v,
+ ()\2 + A3q + )\3(]2)1)1' Rv; ®v; + (A3 + A2q + )\1q2)vj R v Q ;.
This expression is zero if and only if
0=(1+QM+¢Aa=da+ (¢ + )3 =M\ + o + X3
Note that
14+q ¢? 0
det [ 0 1 qg+¢°|=0+9*(1-9*(0+q+¢*)
¢ q 1

and the rank of this matrix is at least 2. Therefore if (14 ¢)(1—¢q)(1+¢+¢?) =0,
then the dimension of ker(1+012+012023) restricted to ®i¢j(Wiij @ Wz]z @ W]”)
is e(e — 1); otherwise it is zero.

Assume that e > 3. Let 41,1i2,13 € {1,..., e} be pairwise different elements and
for all o € S3 let A, € k. Similarly to the previous calculation,

Z Agvio_(l) X Vig (2 X Vig (3 c ker(l + c12 + 612623)

o€ES3

if and only if (\s)ses, € ker A, where
1 0 g ¢> 0 0
0 1 0 0 g ¢

2
g ¢ 1 0 0 O
A= 0 0 0 1 ¢ ¢
¢ g 0 0 1 0
0 0 ¢* ¢q 0 1

We obtain the following facts:
o det A=(q+1)*g—1)"¢*+q+1)(¢* —q+1),
o rank A =4 if and only if ¢ € {—1,1},
e rank A =5 if and only if (¢> + ¢+ 1)(¢> —q¢+1) =0, ¢> # 1.

The claim of the proposition follows by summing up dimker(1 + ¢12 + c12¢23) for
different values of ¢. O



I. HECKENBERGER, A. LOCHMANN AND L. VENDRAMIN

2.3. Hurwitz orbits with eight elements
The other important Hurwitz orbits for the proof of Theorem 11 are the orbits
with 8 elements.

Proposition 15. Let G be a group, V a non-zero Yetter—Drinfeld module over
kG, and X = suppV. Let z,y € X, O = O(z,x,y) C X3, and q € k\ {0}.
Assume that x> (y>x) =y, x #y, e =dimV, < co and zv = qu for all v € V.
Then dim Vg?’ = 8e3.

(1) If g = —1 then dimker(1 4 ¢12 + 612623)|V§3 <e?(be+1)/2.

(2) If ¢ # —1 then dimker(1 + c¢12 + 012023)|Vggs < e%(5e—1)/2.
Proof. Let z =abyand w = z>z. Then w ¢ {z, 2}, 2>z =y, woax = 2z, ypz = x,
z>bw = x, and

O = {(3,2,9), (2,2, 2), (0,2,8), (2,0, 2), (2, 2,0), (5,3, ), (9, 2, 2), (2,5, )}
Since z > (y > x) = y, it follows that dimV, = dimV}, and dim Vg):s = 8e3. Any
element 7 € Vg‘o’ has the form

T = Tﬂﬂy + TZZI —"_ Twwa: + TZ'[UI —"_ TZZU) —"_ Tzwz —"_ TyZZ —"_ Twyz;

where 7,1, € V; @ V; @ Vi, for all 4,5,k € X. Suppose that 7 € ker(1 + c12 +
012023)|v§3' Applying 1+ ¢y + c12¢13 to 7 and considering summands of different
degrees we obtain the following equations:

Towy + C12(Towy) + C12€23(Tayz) = 0, Tozz + C12(Towe) + €12€23(T2z2) = 0,
Twae + €12(Teza) + €12023(Teay) = 0, Tows + C12(Twaa) + c12¢23(Twaa) = 0,
Tozw + €12(Tozw) + €12023(Towz) = 0, Towe + C12(Tayz) + €12€23(Taz2) = 0,
Tyzz + C12(Tewz) + C12€23(T2zw) = 0, Teyz + €12(Tyz2) + c12€23(Ty22) = 0.

This system of equations is equivalent to

Towe = —(C12¢23) " (1 + €12) (T220), (18)
Tyze = —C12(Tzzz) — C12€23(Tazw), (19)
Teyz = *Clz(Tyzz) - 612023(Tyzz)

= c12(1 + c23)c12(Teez) + c12(1 + c23)C12€23(T2zw)s (20)
Tazae = —(C12€23) " Tz + C12(Tay2))

=—cyy ((01_21 + 1y + c12623¢12) (Taaz) + c12(1 4 c23)c12623(T2z0)) . (21

N
[\

Twzr = 7012(7—95295) - 612023(szy)a
0= Trzy + C12 (szy) + c12C23 (Txyz)7
0= Trzx + ClQ(Tzww) + 012023(Tzwz)a

0= Towe + ClQ(Twww) + c12€23 (Tww$)~

N TN TN /SN /N
NN
INGENY)

=20

[\V)
Ut

Using equation (20), equation (23) is equivalent to
(14 c12)(Tazy) — c12¢23¢12(1 + €23) (Ty22) = 0. (26)

Since zv = qu for all v € V,,, Lemma 13 yields that dimker(1+c)|v,gv, = e(e+1)/2
if ¢ = —1 and dimker(1 + ¢)|v,gv, < e(e—1)/2if ¢ # —1. This implies the claim.
O
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Proposition 16. LetG,V, X, x,y, O, q,e be as in Proposition 15. Let v, € V;\{0},
vy € Vy \ {0}. The following are equivalent.

(1) The pair (V, Q) is optimal with respect to 1+ c12 + c12¢a3.

(2) e=dimV, =1, ¢=—1 and (1 + ¢*)(vy ® vy) = 0.
Proof. We use the same notation as in the proof of Proposition 15. Since immep =
3/8, (1) holds if and only if equations (23)—(25) are satisfied for all tensors 7,4, €
Ve @Ve®@Vy, Toar € Vo @V ®V, and 700 € V. @V, ® Vi, where Towe, Tyzz, Tays,
Tpzws Twes are as in (18)—(22). By equation (19), equation (26) holds for all 7,4,
Texr and T,z if and only if

(1 + C)(Vw ® Vw) = 07 (27>

that is, dimV, = 1 and ¢ = —1.
Assume now that equation (27) holds. Then (1+¢)(V, ®V,) =0 for all u € X.
Hence (18)—(25) are equivalent to

Tews = 0, Tayz =0, (28)
Tyzz = — Clz(Tzzz) - 612023(7'2210)7 (29)
Toza = — (C12¢23) ™ (Toaz), (30)
Twaz = C12(€12¢23) " (T2z) — C12€23(Toay), (31)
0= — (c12¢23) M (Towz) + 12623 (o2 )- (32)
Clearly, equation (32) is equivalent to
Tzxz = (012623)2(Tzzz) = 6%2623C12(Tzzz)- (33)
Since ¢12(7Tzq2) € Vy ® V., ® V2, we conclude that ca3¢i2(7202) = —Ts2. and hence

equation (33) is equivalent to
g (14 ) o, = 0.
Since dim V,, = 1, this implies the equivalence claimed in the Proposition. [J

Proposition 17. Let G be a group, V a non-zero Yetter—Drinfeld module over
kG, and X = suppV. Let v,y € X, O = O(x,z,y) C X3, v, € V. \ {0},
vy € Vy \ {0} and g € k\ {0,—1}. Assume that x> (ypx) =y, x #y, dimV, =1
and xv = qu for all v € V.. Then dimker(1 4 c¢12 + 012023)|ng3 < 2 and if equality
holds then (1+ ¢3)(vy ® vy) = 0.

Proof. We use the same notation as in the proof of Proposition 15. Let 7 €
ker(1 + c12 + 012023)|Vg,a as in the proof of Proposition 15. Since dimV,, = 1 and
q # —1, we conclude that

Trxy = 612023012(Tyzz) = *0120230?2(7'2952) - Cl2c23C?2023(Tzzw)a
where the first equation follows from (20) and (23) and the second from (19).
Hence dimker(1 4 ¢12 + 012023)|V§’3 < 2. Equation (24) implies that

0= 702_3161_21(1 + C?Q)(TZIZ) - C2_3161_21(1 + 6?2)023(1 + €12)(Tzzw)- (34)
Thus, if dimker(1 4+ c12 + 012623)|V5®3 = 2, then equation (34) holds for all 7.,
and 7,,,,. This implies the claim. [
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3. The inequality in the main theorem for braided racks

Let G be a group, z € G, X the conjugacy class of z in G, and let d € N.
Assume that X is a finite indecomposable braided rack of size d. Let V be a finite-
dimensional Yetter—Drinfeld module over G with suppV = X and let e = dim V.
Let ¢ € k\ {0} and assume that zv = qu for all v € V.. We collect properties which
hold if ®8(V') has many cubic relations. The number m was defined in equation (8).

Proposition 18. Let dy,ds € Ng. Assume that dim ker(1+ c12 +612C23)|Vé®3 <d
for all Hurwitz 1-orbits O C X3 and dimker(1 + c12 + 012023)|ng3 < dg for all
Hurwitz 8-orbits O C X3. If B(V) has many cubic relations, then

12k3ds + 24d; — k3 — 30ks +m — 8d*(e® — 1) +8(e — 1) > 0. (35)
Proof. Assume that B(V') has many cubic relations. Proposition 12 implies that

Z imme dim Vg?’ + Z dimker(1 + c12 + c12¢23)| @3
O|#0¢{1,8} O|#0e{1,8} °
S de((de)? — 1).
- 3
Since the only Hurwitz orbits have sizes 1, 3, 6, 8, 9, 12, 16 and 24, we further
obtain that

19 43189 4617 + 815 + 01 + 1208 + 16150 + 2418 = ®. (36)

Since X is braided, we also know that ko = d — k3 — 1. Using Proposition 9 and
the numbers imme from Proposition 10, we conclude that the inequality in (35)
holds. O

Lemma 19.
(1) Let dy = e(e? —1)/3 and ds = €*(5e + 1)/2. Then the inequality in (35) is
equivalent to ek3 — em — 6k3 < 0.
(2) Let dy = e(e® +2)/3 and ds = e*(5e — 1)/2. Then the inequality in (35) is
equivalent to egkzg —e2m + 6eks — 24 < 0.

Proof. This follows by direct calculation. [

Proposition 20. Assume that B(V) has many cubic relations. Then ks < 6.
Further, if e > 2 then ks < 3.

Proof. Assume first that ¢ = —1. Then we can set

e(e? — 1) e?(5e + 1)
dy = 5 , dg = 9
in Proposition 18 because of Propositions 14, 15. Thus, if B(V) has many cubic
relations, then Proposition 18 implies that the inequality in Lemma 19(1) holds.
Hence
(6]{33 — 6)(]{73 — 1) + 6(]{73 — m) <6.
Since e > 1, m < ks and 3|m by Remark 6, the latter inequality does not hold for
ks > 7. Similarly, it does not hold if ks > 4, e > 2.
Assume now that ¢ # —1. Then, as above, one obtains that the inequality in
Lemma 19(2) holds. Since m < kg, it follows that e?k3 (ks — 1) + 6eks — 24 < 0.
Since e > 1, this does not happen for k3 > 3. O
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4. Braided racks of degree 2 and 3-transposition groups

4.1. 3-transposition groups

A set D of involutions in a group G is called a set of 3-transpositions if D is a union
of conjugacy classes of G, G is generated by D and for each x,y € D the product
xy has order 1, 2 or 3. In this case we say that the pair (G, D) is a 3-transposition
group. For more information related to 3-transposition groups see [Asc97].

Example 7. Symmetric groups are 3-transposition groups, where the 3-transpo-
sitions are the transpositions.

Example 8. Let (G, D) be a 3-transposition group and 7 : G — H an epimor-
phism of groups. Then (H, (D)) is a 3-transposition group.

All 3-transposition groups generated by at most four elements are classified in
[HS95]. Let F(k,d) be the largest 3-transposition group (G, D), where D has size
d and G can be generated by & (and not less than k) elements in D.

Let (G, D) be a 3-transposition group and let Y C D be a subset generating D
as arack. Let G(Y') be the graph with vertex set Y such that z,y € Y are adjacent
in G(Y) if and only if ord(zy) = 3.

Remark 9. The graph G(Y') is the complementary graph of the commuting graph
of Y defined in [Asc97, Ch.2].

One says that two 3-transposition groups (G1, D1) and (Ga, D3) have the same
central type if G1/Z(G1) ~ G2/Z(G2) as 3-transposition groups.

Theorem 21. Let (G, D) be a 3-transposition group which is generated by a subset
Y of D such that #Y < 3 and G(Y) is connected. Then G has the same central type
as one of the groups F(1,1) ~ Zo, F(2,3) ~S3, F(3,6) ~ Sy, F(3,9) ~SU(3,2)".

Proof. This has been proved independently by several people; see, for example,
[HS95, Theorem 1.1]. O

4.2. Graphs and racks of degree two

Lemma 22. Let (G, D) be a 3-transposition group. Assume that D is an inde-
composable rack. Let' Y C D be a minimal subset generating D as a rack. Then
G(Y) is connected.

Proof. Assume that G(Y') is not connected. Let Y = Y; U Y3 be a decomposition
into non-empty disjoint subsets such that y1 >ys = yo for all y; €Y7, y2 €Y>. Then
D = (Y) = (Y1) U (Y2) is a decomposition of the rack D into the union of two
subracks and by the minimality of Y we may assume that Y1N(Y2) = &, Yon(Y7) =
@. Then (Y1) N (Y3) = @, a contradiction to the indecomposability of D and to
Lemma 1. O

4.3. Examples

Using the classification of 3-transposition groups generated by at most three ele-
ments given in Theorem 21, it is not difficult to produce examples of braided racks
of degree two.

Example 9. The 3-transposition group F(1,1) ~ Zs gives the braided rack of
one element.
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Example 10. Figure 3 gives the 3-transposition group F(2,3) ~ S3. The conju-

gacy class of involutions of S gives a braided rack isomorphic to D3. In this case
ks = 2 (see Table 1 at the end of this section) and G x ~ Ss.

Figure 3: Diagram of type (ab)

Example 11. Figure 4 gives the 3-transposition group F(3,6) ~ S4. The conju-
gacy class of transpositions of S, gives a braided rack isomorphic to A. In this
case ks = 4 (see Table 1) and Gx ~ Sy.

O, ® ©

Figure 4: Diagram of type (abc)

Example 12. Figure 5 gives the 3-transposition group F(3,9). A presentation
for this group is given in [HS95]. The generators are a, b and ¢. The defining
relations are

a? = b = = (a%)® =1,

aba = bab, aca = cac, beb = che.

The group F'(3,9) has order 54 and it is isomorphic to SU(3,2)’. The elements
a, b, ¢ belong to the same conjugacy class X. The conjugacy class X is a braided
rack of 9 elements. As arack, X is isomorphic to the affine rack Aff(Fg, 2). Further,
ks = 8.

: ® 2

Figure 5: The diagram (abca)

Example 13. Figure 6 gives the 3-transposition group F(4,10) ~ S5. The con-
jugacy class of transpositions of S5 gives a braided rack isomorphic to C. In this
case k3 = 6 (see Table 1) and Gx ~ Ss.

® ® © @

Figure 6: Diagram of type (abed)
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Example 14. Figure 7 gives the 3-transposition group F'(4, 12). Following [HS95],
the group F'(4,12) is defined by generators a, b, ¢, d and relations

a? =bv = = d,
aba = bab, ada = dad, aca = cac,
cb=bc, cd=dc, bd=db.

The group F'(4,12) has order 192. The elements a, b, ¢, d belong to the same con-
jugacy class X. The conjugacy class X is a braided rack of size 12 and k3 = 8.

Figure 7: Diagram of type (cab, ad)

Let GC denote the category of pairs (G, D), where G is a group with trivial
center, D is a conjugacy class of G generating GG, and a morphism between pairs
(G, D) and (H, E) is a group homomorphism f : G — H such that f(D)=FE.

Proposition 23 ([AG03, Prop.3.2]). There is an equivalence of categories be-
tween the category of faithful indecomposable racks with surjective morphisms and
the category GC.

Corollary 24. There is an equivalence of categories between the category of brai-
ded indecomposable racks of degree two with surjective morphisms and the category
of 3-transposition groups in GC.

Proof. Let I' denote the equivalence in Proposition 23. Then a rack X has degree
two if and only if D consists of involutions, where I'(X) = (G, D). Further, X is
braided if and only if ord(zy) € {1,2,3} for all z,y € D. O

Lemma 25. Let X, X’ be finite indecomposable braided racks such that X ¢ X'.
Then k‘g(X) < kg(X/).

Proof. Since X' is indecomposable, there exist z € X, y € X’ \ X such that
x>y #y. Then ks(X')=#{z e X' |zvz# 2} >#{z € X | x>z # z} = k3(X).
O

Proposition 26. Let X be a finite braided indecomposable rack of degree two with
ks < 6. Then X is isomorphic to one of the racks D3, A and C.

Proof. First assume that the rack X is generated by at most three elements. By
Theorem 21 and Corollary 24 we only have to check Examples 10, 11 and 12.
In this case X ~ D3 or X ~ A. Assume now that X is generated by a subset
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Y C X with #Y = 4. By Lemma 22, the graph G(Y) is connected. If G(Y)
contains a triangle, then k3(X) > 8 by Lemma 25 and Example 12. If G(Y)) is as
in Example 14 then k3(X) > 6. Hence X ~ C by Example 13. Finally, if X is
generated by more than four elements, then k3(X) > 6 by Lemma 25. O

Table 1: Some braided racks of degree two

Rack Diagram Size ks Reference
D3 (ad) 3 2  Example 10

A (abe) 6 4  Example 11
Aff(9,2)  (abca) 9 8  Example 12
C (abed) 10 6 Example 13

5. Braided racks of degree four

Proposition 27. Let X be a finite braided indecomposable rack of degree 4 such
that ks < 6. Then X is isomorphic to B.

Proof. Let 1,2,...,#X denote the elements of X. Since k3 is the number of moved
points of the permutation 1, the type of ¢ is (2,4) or (4).
Type (2,4). Without loss of generality we may assume that

o1 = (23)(4567).

Lemma 2 implies that @2 = (13)me, where 72 is a 4-cycle that commutes with
(13). Similarly, ¢3 = (12)ms, where 73 is a 4-cycle that commutes with (12). We
prove that 21>4 ¢ {4,5,6,7,8}, which is a contradiction.

Assume that 2>4 = 4. Then 1> (2 5) = pap1(2>4) = p2p1(4) = 2> 5. Let
8 = 25 be this new element that commutes with 1. Then 8 = ¢?(2>5) =2 7,
which is a contradiction.

Assume that 24 = 5. Then 4>5 =1 and 45 = 2 by Lemma 2, which is a
contradiction.

Assume that 2>4 = 6. Then 2> 6 = ¢3(2>4) = »3(6) = 4, which contradicts
the type of vs.

Assume that 24 = 7. Then 26 = ¢3(2>4) = p3(7) = 5. We obtain that
¢o = (13)(4765) and @3 = (12)(5476). Then 257 = 6 implies that 652 = 7
and 3> 7 = 6 implies that 6 >3 = 7, a contradiction.

Assume that 2>4 = 8. Then 8 = ¢?(8) = ¢}(2>4) = 2> 6, which is a
contradiction.

Type (4). Without loss of generality we may assume that

©1 = (2345).

Then 1>5 = 2, 52 = 1, and hence 5 and 2 do not commute. Let x = 2 5.
Then Lemma 2 implies that ¢ = (3151), v3 = (412¢1(2)), pa = (513 p3(x))
and 5 = (214 ¢i(z)).
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Assume that 25 = 4. Then 3>2 = ¢1(2>5) = ¢1(4) =5 and hence 25 = 3,
a contradiction. Therefore 21>5 = 6 and hence ¢y = (3156), 3 = (4126),
ws = (5136), 5 = (2146) and g = (2543). Therefore X ~ B, the rack
associated to the conjugacy class of 4-cycles in S4. O

6. Braided racks of degree three or six

Proposition 28. Let X be a finite braided indecomposable rack of degree 3 such
that ks < 6. Then X is isomorphic to the rack T .

Proof. Let 1,2,...,#X denote the elements of X. Since k3 is the number of moved
points of the permutation 1, the type of ¢ is (3) or (3, 3).
Type (3). Without loss of generality we may assume that

1= (234).

Lemma 2 implies that po = (314), 93 = (412) and ¢4 = (132). Then X ~ T.
Type (3,3). Without loss of generality we may assume that

01 = (234)(567).

Lemma 2 implies that 2 contains the 3-cycle (314), p5 contains the 3-cycle (61 7)
and ¢7 contains the 3-cycle (165).

If @9 contains the 2-cycle (56 7) or (576) then 25 € {6,7}. However, 25 = 6
and Lemma 2 imply that 1 = 5> 6 = 2, a contradiction. Similarly, 2>5 = 7 and
Lemma 2 imply that 6 = 5> 7 = 2, a contradiction.

Without loss of generality we may assume that 25 = 5. Apply the permutation
wa2p1 t0 21>5 =5 to obtain 1> (2>6) = 21> 6. We may assume that 8 = 2> 6 and
that 218 € {7,9}.

Assume that 2>8 = 9. Applying w21 we obtain that 1> (2>8) = 2> 9, that
is, 9 = 21 9. This is a contradiction to 2>8 = 9.

We have proved that 21>8 = 7 and hence @3 = (314)(687). Since 2>7 = 6,
Lemma 2 implies that 5 = 7> 6 = 2, a contradiction. [

Proposition 29. Let X be a finite braided indecomposable rack of degree 6 such
that k3 < 6. Then X is isomorphic to one of the racks Aff(7,3), Aff(7,5).

Proof. Let 1,2,...,#X denote the elements of X. Since k3 is the number of moved
points of the permutation ¢1, the type of 1 is (2,3) or (6).
Type (2,3). Without loss of generality we may assume that

01 = (23)(456).

Lemma 2 implies that @9 contains the transposition (13) and ¢4 contains the
3-cycle (165).

First we show that 2> 4 = 4. Indeed, the possible values for 2> 4 are 4, 5, 6
and 7. The case 21> 4 = 7 is excluded by the formula ¢?(2>4) = 2> 6. The case
2> 4 =5 contradicts Lemma 2 since 1>4 = 5. If 2>4 = 6, then Lemma 2 implies
that 2 =416 = 5, a contradiction.
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Since 2> 4 = 4, we obtain that 25 = ¢f(2>4) = ¢1(4) = 5 and 26 =
©3(2>4) = p3(4) = 6. Since the permutation ¢ is of type (2,3), we may assume
that o = (13)(789). Then 8 =18 = p2p1(2>7) = p2p1(8) = 21> 8, which is a
contradiction.

Type (6). Without loss of generality we may assume that

o1 =(234567).

Lemma 2 implies that po = (317 ---), w3 = (412 ---), o4 = (513 ---), p5 =
(614---), p6=(715---) and o7 = (216 ---). Since

7T=2>1=2p3p4)=2r3)>p(2p4) =1>(2>4),
it follows that 2>4 = 6. Moreover, 21> 5 # 5. Indeed, otherwise,
7=2p1=2>(4r5)=(2p4)>(2>5)=6>5#T7,

a contradiction. Therefore 3 € {(317465),(317546)}. By conjugation with ¢
one obtains all permutations ¢; with i € {3,4,5,6,7}. Since X is indecomposable,
we conclude that #X = 7.

Assume that o = (317465). Then 3 = (412576), w4 = (513627), p5 =
(614732), p6 = (715243) and w7 = (216354). This rack is isomorphic to the
affine rack Aff(7,5). On the other hand, if p2 = (317546), then 3 =(412657),
g = (513762), 95 = (614273), pg = (715324) and 7 = (216435). This
rack is isomorphic to the affine rack Aff(7,3). O

7. The proof of Theorem 11

In this section we prove Theorem 11(3)=-(4). If #X = 1, then G is cyclic. Hence
#X > 1. Since X is indecomposable, Proposition 6 implies that the degree of X is
2, 3, 4, or 6. Further, k3 < 6 by Proposition 20 and k3 < 3 if the degree of p is at
least 2. By Propositions 26, 27, 28 and 29 we only have to take care about the racks
X =Ds, T, A B,C, Afi(7,3) and Aff(7,5). Each of these racks is considered in a
separate subsection. Since G is generated by X, there is an epimorphism Gx — G.
Thus we may assume that G = Gx. The elements of X and their image in G x will
be denoted by 1,2,...,#X and x1,x2,...,2xx, respectively. Since any braided
rack is faithful, the elements z;,...x4x are pairwise distinct.

During the proof some known and some new finite-dimensional Nichols algebras
will appear. The Hilbert series of these algebras are collected in Table 4. The
formulas for the known examples are taken from [GHV, Table1].

7.1. The rack D3
Let X = {1,2,3} = D3. The size of X is d = 3. The rack structure of X is
uniquely determined by ¢ = (23).

Lemma 30 ([GHV, Lemma 5.2]). The centralizer of x1 in Gx is the cyclic group
generated by x1.
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Proposition 31. Let p be an absolutely irreducible representation of Cy (x1) and
let V.= M(x1,p). Then B(V) has many cubic relations if and only if p(x1) = —1
or chark = 2, p(z1)? + p(x1) +1 = 0.

Remark 10. The Nichols algebra B(V') in the case p(z1) = —1 appeared first in
[MS00]. Some data about B(V') can be found in Table 4. The Nichols algebra B (V)

in the case chark = 2, p(z1)? + p(z1) + 1 = 0 is an unpublished example found by
H.-J. Schneider and the first author. More details can be found in Proposition 32.

Proof. Assume first that p(z1) = —1 or chark = 2, p(z1)? + p(z1) + 1 = 0. Then
Hoz(vy(t) is a product of polynomials (n); and (n)e for some n € N; see Table 4.
We conclude that B(V') has many cubic relations by Theorem 11(4)=-(3).

Assume that B (V') has many cubic relations and p(z1) # —1. By Lemma 30, the
group Cg, (x1) is abelian. Hence the degree of p is e = 1. Further, Proposition 15
implies that dimker(1 + ¢12 + C12€23)|Vg§>3 < 2 for all orbits O of size 8, since
p(x1) # —1. If dimker(1 + ¢12 + 612023)|V§’3 < 1 for all orbits O of size 8, then
Proposition 18 yields a contradiction, since d = 3, m =0, k3 = 2 and d; < 1. Since
the three Hurwitz orbits of size 8 are conjugate, we conclude that dim ker(1+4c12+
012623)|v§3 = 2 for all orbits O of size 8. Proposition 17 implies that (1+c35)(v®
x3v) =0 for all v € V;;. Then

0=(14c)(v®r3v) = v ® T30 + T2T1T3V @ T3V
= (v+ 23210) ® 230 = 20 ® T3V
since 7 = z3. Therefore chark = 2. If p(z1)? + p(x1) + 1 # 0, then Proposi-
tion 14 gives that dim ker(1+ c12 + 612023)|Vg,3 = 0 for all orbits O of size 1. Then
Proposition 18 yields a contradiction. O

Now we discuss one of the Nichols algebras mentioned above. Assume that
chark = 2 and that k contains an element ¢ € k with ¢> + ¢ +1 = 0. Recall
that X = D3. Let p be the absolutely irreducible representation of Cq, (1) with
p(x1) = q. Let V.= M(x1,p), a € Vy, \ {0}, b = ¢ 'z3a and ¢ = ¢ 'z1b. The
action of Gx on V is then determined by Table 2.

Table 2: The action of Gx on V, where X = Dg

a b ¢
r1 qa qc qb
o qc qb qa
rs gb qa qc

Proposition 32. The Nichols algebra B(V') can be presented by generators a, b, ¢
with defining relations

ab + ¢*bc + qca = 0,
ac + ¢*cb + gba = 0,
a®=b=c*=0,

(a®b*)® + b(a®b?)*a®b + b*(a*b*)%a® 4 ab®(a®b?)?a = 0.
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The Hilbert series of B(V) is

Hos (v (t) =(3)e(4)1(6)£(6)2.

The dimension of B(V') is 432. The top degree of B(V) is 20. An integral of
B(V) is given by
a’bab(a®b?)3 2.

Proof. The relations in (37)—(40) “generate” a Hopf ideal of the tensor algebra
T (V). Using the theory of Grébner bases [CK, GAPO06], it can be seen that the
quotient algebra has the stated dimensions in each degree. Using [AG03, Theorem
6.4, part (2)], it is sufficient to see that a2ba?b(a?b?)3c? does not vanish in B(V)
in order to prove the claim. Direct calculation gives that

0y0504000:0:04040.0.0p0y0.0p 00y 00,0, O

applied to a?ba?b(a?b?)3c? gives a non-zero number. This completes the proof.

O

7.2. The rack T

Let X ={1,2,3,4} = T and d = 4. Using that X is braided, the rack structure of
X is uniquely determined by @1 = (2 3 4). Note that z1 > x2 = x3 in contrast to
the convention xs > 21 = x3 in [GHV, §5.2]. Hence our group Gx is the opposite
of the group Gx in [GHV, §5.2].

Lemma 33 ([GHV, Lemma 5.5]). The centralizer of x1 in Gx is abelian and is
generated by x1 and xoxy. Further, the relation (xga:4)2 = x‘ll holds in Gx.

Lemma 34. Let z,y,2',y € X with x # y and ' # y'. Then O(x,z,y) and
O(z’', 2, y") are conjugate.

Proof. By applying ¢1 we conclude that O(1, 1,2) is conjugate to O(1, 1, z) for all
z € X\ {1}. Since X is indecomposable, the claim follows. O

Proposition 35. Let p be an absolutely irreducible representation of Ca (x1) and
let V.= M(xz1,p). Then B(V) has many cubic relations if and only if

(1) p(x1) = =1 and p(a2z4) =1, or
(2) pla1)? + plz1) +1 =0 and p(zraa4) = —p(z1)~".

Remark 11. The Nichols algebra B(V) with p as in (1) appeared first in [AGO03,
Thm. 6.15]. For arbitrary fields the example was discussed in [GHV, Prop. 5.6].
Recall that B(V) depends essentially on chark.

The Nichols algebra B(V') with p as in (2) is new. It will be discussed in Propo-
sition 36.

Proof. Assume first that (1) or (2) hold. Then Hg(v)(t) is a product of polynomi-
als (n); and (n);2 for some n € N; see Table 4. We conclude that %(V') has many
cubic relations by Theorem 11(4)=(3).

Assume that B(V) has many cubic relations. By Lemma 33, the group Cg, (z1)
is abelian. Hence the degree of pis e = 1. Since m = k3 = 3, Proposition 18 implies
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that 36ds + 24d; > 96, where d; € {0,1} and ds € {0,1,2,3} by Proposition 15.
Hence dg = 3, d; € {0,1} or ds = 2, dy = 1.

Assume first that p(z1) = —1. Then we can choose d; = 0 by Proposition 14.
Since then dg = 3, there is at least one 8-orbit with immunity 3/8. By Lemma 34,
all Hurwitz orbits of size 8 are conjugate. Hence for each 8-orbit the pair (V, O)
is optimal with respect to 1 + c12 + c12¢23. Thus Proposition 16 implies that

0=(14c})(v®z3v) =V ® 230 + Loz T3V @ T3V

41
= (v + zaxgx10) @ 230 = (1 + p(a224)p(21))V @ T3V (41)

for all v € V. Since p(x1) = —1, it follows that p(zex4) = 1, that is, (1) holds.

Assume now that p(z1) # —1. Then, by Proposition 16, the pair (V, Q) is not
optimal with respect to 1+ c12+c12¢03 for any 8-orbit O. Hence dg = 2 and d; = 1.
Proposition 14 and d; = 1 imply that p(z1)? + p(z1) + 1 = 0. By Lemma 34, all
Hurwitz orbits of size 8 are conjugate. Hence dimker(1+ ¢12+ 612623)|Vg;3 = 2 for
all orbits O of size 8. Proposition 17 implies that (41) holds for all v € V,,,, that
is, p(wox4) = —p(x1)~L. This proves the claim. [

Now we discuss the Nichols algebra corresponding to p in Proposition 35(2).
Assume that k contains an element ¢ € k with ¢ + ¢+ 1 = 0. Recall that X = 7.
Let p be the absolutely irreducible representation of Cg (z1) with p(z1) = —1,
p(xaxs) = 1. Let V. = M(z1,p), a € Vy, \ {0}, b= ¢ 'z3a € V,y, c = ¢ 'aya €
Vi, d = q 1a9a € V,,,. The action of Gx on V is then determined by Table 3.

Table 3: The action of Gx on V, where X = T.

a b c d
r1 qa qc qd qb
ro qd qb —qa —qc
r3 gb —qd qc —qa
x4 qc —qa —qb qd

Proposition 36. The Nichols algebra B(V') can be presented by generators a, b,
¢, d with defining relations

A ===d=0, (42)
—q%ab — gbc + ca = —q*ac — qed + da = 0, (43)
qad — ¢*ba + db = qbd + ¢*cb + dc = 0, (44)

a?beb? + abeb?a + beb?a? + cb?a?b + b2a?be + babeb,
+beba’c + cbabac + ch*aca = 0.
The Hilbert series of B(V) is
Haw) (1) = (6)F(2)7

The dimension of B(V) is 5184. The top degree of B(V) is 24. An integral of
B(V) is given by
a’ba’ba’b?a’ch*a’ch*a’d.
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Proof. The relations in (42)—(45) “generate” a Hopf ideal of the tensor algebra
T (V). Using the theory of Grébner bases [CK, GAPO06], it can be seen that the
quotient algebra has the stated dimensions in each degree. Using [AG03, Theorem
6.4 part (2)], it is sufficient to see that a?ba?ba®b?a?cb®a?cb?ad? does not vanish
in B(V) in order to prove the claim. Direct calculation gives that

0:0:030:0:040:0-04040:0:0,05 040405 00.040400.0000p
applied to a?ba?ba®b?a?cb?ach?a?d? gives —q?. This completes the proof. [
7.3. The rack A
Let X ={1,2,3,4,5,6} = A and d = #X = 6. Using that X is braided, the rack
structure of X is uniquely determined by ¢1 = (2 3)(5 6), w2 = (1 3)(4 5).

Lemma 37 ([GHV, Lemma 5.8]). The centralizer of x1 in Gx 1s the abelian group
generated by x1 and w4. These generators satisfy x2 = x3.

Proposition 38. Let p be an absolutely irreducible representation of Ca (x1) and
let V.= M(x1,p). Then B(V) has many cubic relations if and only if p(x1) = —1
and p(xq) € {—1,1}.
Remark 12. The Nichols algebras B(V) with p(z4) = —1 and p(z4) = 1 appeared
first in [MS00, Example 6.4] and [FK99, Def. 2.1], respectively. These two Nichols
algebras are twist equivalent; see [Ven]. Their Hilbert series are given in Table 4.
Proof. If p(x1) = —1, then p(z4)? = p(z1)? = 1 and hence p(z4) € {—1,1}. Then
$B(V) has many cubic relations by Theorem 11(4)=-(3) and Table 4.

Assume that B(V) has many cubic relations. By Lemma 37, the group Cg (21)
is abelian. Hence the degree of p is e = 1. Since d = 6, k3 = 4 and m = 0,
Proposition 18 implies that

24d; + 48ds > 136. (46)

If ¢ # —1, then we may set dg < 3 by Proposition 15. This is a contradiction to
(46). Hence p(x1) = —1 and the claim of the proposition follows. O

7.4. The rack B

Let X = {1,2,...,6} = B and d = #X = 6. Using that X is braided, the rack
structure of X is uniquely determined by ¢1 = (234 5), w2 = (156 3).

Lemma 39. [GHV, Lemma 5.10] The centralizer of x1 in Gx 1is the abelian group

generated by x1 and x¢. These generators satisfy x3 = xg.

Lemma 40. Let z,y, 2’y € X with x>y #y and 2’ >y #y'. Then O(z,z,y)
and Oz’ ', y") are conjugate.

Proof. By applying ¢1 we conclude that O(1, 1,2) is conjugate to O(1, 1, z) for all
z €{2,3,4,5} = {2/ € X | 1> 2 # 2’}. Since X is indecomposable, the claim
follows. O

Proposition 41. Let p be an absolutely irreducible representation of Ca (x1) and
let V.= M(z1,p). Then B(V) has many cubic relations if and only if p(x1) =
plzg) = —1.
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Remark 13. The Nichols algebras of Prop. 41 appeared first in [AG03, Thm. 6.12]
over the complex numbers and in [GHV, Prop.5.11] over arbitrary fields. The
Hilbert series of B(V) is given in Table 4.

Proof. Tf p(x1) = p(xe¢) = —1, then B(V) has many cubic relations by Theo-
rem 11(4)=(3) and Table 4.

Assume that B (V') has many cubic relations. By Lemma 39, the group Cg (z1)
is abelian. Hence the degree of p is e = 1. Let d1, dg be as in Proposition 18. Since
d =6, k3 =4 and m = 0, Proposition 18 implies that (46) holds. If ¢ # —1, then
we may assume that dg < 3 by Proposition 15. This is a contradiction to (46).
Hence p(xz1) = —1. Assume that p(z¢) # —1. Then

(1+cly)(v1 @ v2) #0
for v1 € V;, \ {0} and vy = x3v1 € Vj,. Indeed, we obtain that

(14 cfy)(v1 ® v2) = v1 ® 2301 + ToT1T3V1 ® T30

= (v1 + mﬁx%vl) ® x3v; = (V1 + Tev1) @ T3V1.

Since all Hurwitz orbits of size 8 are conjugate by Lemma 40, we again may assume
that ds < 3 by Proposition 15. This yields a contradiction to (46). O

7.5. The rack C

In order to avoid confusion, let X = {x1,22,...,210} = C. The size of X is
d = 10. The rack X can be seen as the rack of transpositions in S5. We identify
the elements of X with transpositions as follows: 21 = (12), 22 = (23), 23 = (13),
T4 = (24), Ty = (1 4), Te = (25), Ty = (1 5)7 xrg = (34)7 Tg = (35), T10 = (45)

Lemma 42 ([GHV, Lemma 5.8]). The centralizer of x1 in Gx is the non-abelian
subgroup generated by x1,xs,79. These generators satisfy ¥3 = x3 = 13, Toxs =
TYTp, Taly = Tola, TyToly = TL9TgLy.

Proposition 43. Let p be an absolutely irreducible representation of Ca (x1) and
let V.= M(x1,p). Then B(V) has many cubic relations if and only if p(x1) = —1
and p(xzs) = p(xg) = 1.

Remark 14. The Nichols algebras of Proposition 43 appeared first in [FK99] for
p(xzg) = 1 and in [Gra] for p(xg) = —1. These two Nichols algebras are twist
equivalent; see [Ven|. Their Hilbert series are given in Table 4 (see Appendix A).

Proof. Tf p(xz1) = —1 and p(xg) = p(x9) = £1, then B(V') has many cubic relations
by Theorem 11(4)=-(3) and Table 4.

Assume that B(V) has many cubic relations. Since ks = 6, the argument at
the beginning of Section 7 yields that e = 1. Let dy,ds be as in Proposition 18.
Since d = 10, k3 = 6 and m = 0, Proposition 18 implies that

24d; + 72ds > 216. (47)

If ¢ # —1, then we may assume that dg < 3 by Proposition 15. This is a contra-

diction to (47). Hence p(z1) = —1. Since 23 = 23 = 22 and xsz9x8 = 92879 bY

Lemma 42, we conclude that p(zg) = p(zg) = £1. O
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7.6. The racks Aff(7,3) and Aff(7,5)
Let X = Aff(7,3) or X = Aff(7,5) with X ={1,2,...,7} and let d = #X =T.

Proposition 44. Let p be an absolutely irreducible representation of C (x1) and
let V.= M(xy1,p). Then B(V) has many cubic relations if and only if p(x1) = —1.

Remark 15. The Nichols algebras with many cubic relations in Proposition 44
appeared first in [Gra] over C and over arbitrary fields in [GHV, Prop. 5.15]. The
Hilbert series of B(V) is given in Table 4.

Proof. If p(xz1) = —1 and p(xg) = p(x9) = £1, then B(V') has many cubic relations
by Theorem 11(4)=-(3) and Table 4.

Assume that B(V) has many cubic relations. By [GHV, Lemma 5.14], the
group Cg, (x1) is cyclic and it is generated by x;. Hence the degree of p is
e = 1. Let di,dg be as in Proposition 18. Since d = 7, k3 = 6 and m = 0,
Proposition 18 implies that (47) holds. If ¢ # —1, then we may assume that
ds < 3 by Proposition 15. This is a contradiction to (47). Hence p(z;) = —1. O
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Appendix A. Braided racks and Nichols algebras

Tables 4, 5 and 6 contain data of finite-dimensional Nichols algebras over groups
which have a non-trivial indecomposable braided rack as support.

Table 4: Finite-dimensional Nichols algebras

Rack Rank Dimension Hilbert series Remark
D3 3 12 (2)2(3), 87.1
D3 3 432 (3)¢(4)4(6)(6);2  Prop. 32, chark = 2
T 4 36 (2)%(3)7 §7.2, chark = 2
T 4 72 (2)2(3):(6): §7.2, chark # 2
T 4 5184 (6)3(2)% Prop. 36
A 6 576 (2)2(3)7(4)7 87.3
B 6 576 (2)%(3)7(4)? §7.4
Aff(7,3) 7 326592 (6)9(7); 87.6
Aff(7,5) 7 326592 (6)9(7); 87.6
C 10 8294400  (4)#(5)2(6)} 87.5

Table 5: Centralizers and characters

Rack Generators of Cg, (1) Linear character p on Cg, (1)
]D)3 I p(ml) =-1
Ds x chark =2, p(z1)?* + p(z1) +1=0
T T1, T4To plar) = =1, p(xazs) =1
T T1, T4To p(x1)? + p(z1) +1 =0, p(z4z271) = —1
A T1, T4 plar) = =1, p(xqg) = £1
B T1, Te p(x1) = p(ze) = -1
Aff(7,3) X1 plxy) =-1
AfE(7,5) L1 p(x1) = -1
C X1, Tg, Tg plx1) = =1, p(as) = p(xg) = £1

Table 6: Indecomposable braided racks occuring with Nichols algebras with many cubic
relations.

Rack deg size k3 m  Reference
Dg 2 3 2 0 Example 10
T 3 4 3 3 Prop. 28
A 2 6 4 0 Example 11
B 4 6 4 0 Prop. 27
C 2 10 6 0 Example 13

Aff(7,3) 6 7 6 0 Prop. 29
Aff(7,5) 6 7 6 0 Prop. 29
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Appendix B. Hurwitz orbits of braided racks

With Figures 8-14 we present the isomorphism classes of nontrivial Hurwitz
orbits of braided racks. There are nontrivial Hurwitz orbits of size 3, 6, 8, 9, 12,
16 and 24.

©
®

Figure 10: The Hurwitz orbit of Figure 11: The Hurwitz orbit of
size 8 size 9

Figure 12: The Hurwitz orbit of size 12
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Figure 14: The Hurwitz orbit of size 24
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