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Abstract

The description with traditional methods of the single or multiple ionization of atoms and

molecules by two or more successive photons requires some special treatment. Difficulties oc-

cur when a spatially non-decaying driven term appears in the Schrödinger–like non-homogeneous

equation for the scattering wave function. We propose using the intrinsic physical and mathemati-

cal properties of generalized Sturmian functions to efficiently deal with the Dalgarno-Lewis second

order equation. In contrast to other approaches, our methodology provides a practical way to ex-

tract the transition amplitude from the asymptotic behavior of the scattering wave function, and

this without requiring any further projection onto some final approximate state. As an illustration,

the hydrogen case is studied in details, for both pulsed and monochrome laser radiation fields. The

successful comparison with analytical and time-dependent solutions provides a benchmark, and

allows us to master the numerical aspects of the methodology. Appropriately chosen generalized

Sturmian functions manage to easily reproduce the beat–type asymptotic behavior observed in the

photoelectron wave function after absorption by the atom of two successive photons.
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I. INTRODUCTION

In the last few years, the development of high order harmonics generation source and free

electron lasers that provide ultra–intense and ultra–short VUV–XUV pulses have allowed

the study of the dynamics in atomic and molecular systems on its intrinsic timescale [1–13].

The observation and control of such dynamics is a promising approach to understand and

manipulate the studied system at a fundamental level. The detailed understanding of the

quantum dynamics between correlated electrons is essential to determine the macroscopic

properties in any natural system (as chemical reactions and solid state effects, including

superconductivity) since it relates to atomic and molecular non–equilibrium processes. Such

correlation effects can be most clearly investigated in processes involving single atoms. In

particular, the emission of two electrons from an atom (induced by the impact of photons, by

a charged particle or by a short laser pulse) has become the standard process for studies of

dynamical electron correlations [14]. Recent experiments on helium with a single active elec-

tron [11, 15, 16], and, more recently, with two active electrons [17], motivate the development

of theoretical and numerical methods that provide solutions to the related time–dependent

Schrödinger equation (TDSE). Theoretical solutions with benchmark accuracy for simple

systems have become critical to the understanding and prediction of experimental results

that are necessarily carried out under conditions where a number of ionization channels

compete with the one that is the focus of measurement. In addition, the unambiguous anal-

ysis of the wave function of the fundamental processes involved at these energies is essential

for the design of future experiments. A recent example of this is the determination of the

absolute intensity of a laser to unprecedented accuracy (at the 1% level), achieved using

accurate theoretical data together with experimental ones for hydrogen atom [18].

As evidenced by the huge literature on the topic, obtaining an accurate theoretical de-

scription of the double ionization of the helium atom presents a measurable challenge for

numerical methods. The difficulty of correctly taking into account the electron correlation

in three–body scattering problems translates into discrepancies observed between several ab

initio methods when looking at different processes and in different energy regimes. One of

the technical obstacles encountered is the issue of how to extract quantitative scattering in-

formation from the propagated wave packet, and thus how to calculate the double ionization

amplitudes and cross sections. The imposition of exact asymptotic conditions when solving

2



the TDSE on a finite domain, remains indeed a formidable task. Another very important

issue is the choice of the domain size, and its discretization; a finite domain must include

the internal region where the solution is of interest. This is a serious problem, for example,

when dealing with two–photons double photoionization of helium [19]. Indeed, for photons

with energies greater than the first ionization threshold, the second order Dalgarno–Lewis

equation has a driven term (or source) that is not bound spatially since it contains the

wave function associated with the single ionization. As a consequence, the scattering am-

plitude to be extracted from the second–order solution does not converge with increasing

domain size. Our group has implemented a Generalized Sturmian Function methodology

(GSF) [20, 21] to calculate cross sections for several three–body scattering processes. One

important advantage offered by the method is that the scattering amplitude is extracted

directly from the wave function in the asymptotic region; this differs from other approaches

which need to project the solution onto some final approximate state. Solving the first order

term of the Dalgarno–Lewis perturbation series, the double photoionization of helium by

one–photon absorption was investigated in Ref. [22] where the GSF method was shown to

be numerically very efficient.

We aim to apply our GSF methodology to other and more difficult problems, such as, e.g.,

the double ionization of helium by two–photon absorption. As a first step, in this paper,

we will focus on how one should (slightly) modify the methodology for situations where

the source is not spatially limited. For this purpose, we use a one–electron test case that

presents the main characteristics we want to emphasize; it allows us to understand how the

methodology works and to delve into some of the numerical aspects of the general method

we propose to address, i.e., the multiphoton double ionization problem in two–electron

atoms. In this contribution, we study an hydrogen atom in its ground state interacting

with an electric field. For above–threshold ionization (ATI), the one–photon absorption

can be solved rather easily with various methods. However, the resolution of the next

order involves a driven equation with a spatially unbound source (the latter involves the

scattering wave function with outgoing wave condition corresponding to the ionization due

to the absorption of the first photon). This fact presents a difficulty from the standpoint of

the numerical implementation [19], and is the cornerstone of this contribution.

Two cases of interest are considered. First, we study the interaction with a XUV pulse

in order to validate and check the pertinence of the proposed GSF scheme. This benchmark
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case enables us to see the most important aspects of how the methodology works, as well as

highlighting the behavior of the driven term (not so obvious at first glance). It also serves as

a bridge to address the second case, involving an interaction with a monochrome laser, which

presents a spatially unlimited driven term in the non–homogeneous Schrödinger equation.

In this work we show that the intrinsic mathematical properties of GSFs are ideal to tackle

multi–photon differential equations, in which the source does not vanish at large distances.

More precisely, we use two characteristics of the generalized Sturmian basis functions. The

first one is that they can be constructed with the desired asymptotic behavior, congruent

with the physical problem. The second feature is that all basis functions possess the same

asymptotic behavior. These properties allow one to evaluate the scattering amplitude di-

rectly from the wave function in the asymptotic region, not as a matrix element and without

the need for any ad hoc assumptions as in other approaches found in the literature. We also

show that, if one has previously obtained the wave function by any numerical method, those

same GSF properties can be used to extract the ionization amplitude.

The rest of this paper is organized as follows. In Sec. II, we present the perturbation

approach to the time–independent Schrödinger equation (TISE), the GSF resolution method,

and the way the ionization amplitude is extracted. Section III provides the results for

hydrogen obtained for the two cases considered (pulse and monochrome laser). A summary

of the investigation is provided in Sec. IV.

Atomic units (h̄ = e = me = 1) are used throughout.

II. THEORY AND RESOLUTION METHOD

Our theoretical approach begins with the time–dependent Schrödinger equation, and

with the procedure we propose for calculating the cross section. For a general atom, we

first characterize the time evolution of the system by using the Fourier representation for

both wave function and the electromagnetic field (see, e.g., [23, 24]). Second, we use a

perturbation approach that allows us to include the absorption of photons one by one.

Then, specifying the study to a one active electron case, we make a partial waves expansion

to separate the angular from the radial part, and solve the coupled radial equations using

the GSF method. Finally, we extract the transition amplitude directly from the asymptotic

behavior of the calculated scattering wave function.
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The GSF recipe is applied here to the hydrogen atom, obviously the best choice for testing

different approaches, approximations and explore some of numerical aspects of the proposed

general method which we plan, at a later stage, to apply for more complicated processes or

atoms.

A. Perturbation approach to the time–independent Schrödinger equation

In order to describe the photoionization process, we use the perturbation theory, the

atom interacting with a classical external electric field. For such processes, the Hamiltonian

can be written as

H(t) = H0 + λW (t), (1)

where H0 is the field–free Hamiltonian of the system, and λW (t) is a time–dependent per-

turbation which describes the field–system coupling (λ is a small parameter). In the dipolar

approximation, the interaction potential in the velocity gauge is given by

W (t) = A(t) ·P = −iA(t)ẑ · ∇, (2)

where P is the total momentum of the active particles (∇ stands hereafter for the sum
∑

j ∇j over all electrons) and A(t) is the vector potential hereafter take as polarized in the

ẑ direction; A(t) = −
∫

E(t) dt, where E(t) is the electric field. Let R represent collectively

all electron positions {rj}. The general solution of the TDSE is proposed to be

Ψ (t,R) = e−iωit [Φi(R) + Φscatt (t,R)] , (3)

where Φi(R) is the wave function of the initial state of the atom with energy ωi, Φscatt(t,R)

is the wave function of the photoelectron. Replacing the proposal (3) into the TDSE, we

obtain the driven time–dependent equation

[

i
∂

∂t
− ωi −H0 − λF (t) ẑ · ∇

]

Φscatt (t,R) = F (t) ẑ · ∇Φi(R), (4)

where F (t) = −iA (t). Now, applying a Fourier transform we obtain the driven time–

independent equation

[ωsc −H0] Φscatt (ω,R)− λ√
2π

∫

∞

−∞

dω′ F (ω′) ẑ ·∇Φscatt (ω − ω′,R) = F (ω) ẑ ·∇Φi(R), (5)
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where ω is the energy delivered by the field, F (ω) is the Fourier transform of F (t), and

ωsc = ω+ωi = k2
sc/2 where ksc is the wave vector of the photoelectron. Equation (5) contains

the interaction with the field to all orders and, thus, all possible processes are included in

Φscatt (ω,R). Introducing a perturbative expansion on the scattering wave function [25],

successive orders satisfy the following system of differential equations

(ωsc −H0) Φ
(1)

(ω,R) = F (ω) ẑ · ∇Φ
(0)
(R), (6a)

(ωsc −H0) Φ
(2)

(ω,R) =
1√
2π

∫

∞

−∞

dω′F (ω′) ẑ · ∇Φ
(1)

(ω − ω′,R) , (6b)

...

(ωsc −H0) Φ
(N)

(ω,R) =
1√
2π

∫

∞

−∞

dω′F (ω′) ẑ · ∇Φ
(N−1)

(ω − ω′,R) , (6c)

where Φ
(n)

(ω,R) is the (transformed) scattering wave function at nth–order, and Φ
(0)
(R) =

Φi(R) is the wave function of the initial state. This is the system of driven equations that

we employ to investigate multiphoton ionization processes in the ATI region. Eq. (6a)

corresponds to absorption of one photon: since the driven term involves a derivative of the

initial ground state, it is spatially bound and the non–homogeneous differential equation

can be solved by different methods; its solution should describe an outgoing photoelectron.

The second order driven equation, corresponding to absorption of a second photon, includes

in its driven term the solution Φ
(1)

(ω,R) (which is not spatially bound) [26, 27] through a

convolution with the electric field. As the behavior of the driven term is not at all obvious,

the second order equation should be given special attention; numerical schemes that can

solve the first order equation are generally not directly applicable to the second order one

(at least, not without including some ad hoc adjustment (see, e.g., Ref. [19]).

We consider hereafter the hydrogen atom (electron of coordinates r), so that the potential

in H0 is simply −Z/r with Z = 1. With a central potential we expand the scattering wave

function in partial waves

Φ
(n)

(ω, r) =
1

r

∑

lm

Y m
l (θ, ϕ) ϕ

(n)
l (ω, r) (7)

and through a standard angular projection, we obtain the system of radial driven equations
[

ωsc +
1

2

∂2

∂r2
− l(l + 1)

2r2
+

Z

r

]

ϕ
(n)
l (ω, r) = f

(n−1)
RHS (ω, r) , (8)

where f
(n−1)
RHS (ω, r) stands for the radial driven term corresponding to nth–order equation.
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B. Generalized Sturmian Functions method

As the GSF method has been described in details elsewhere [20, 21], here we recall only

the essential. For a given angular momentum l, the GSF are the solutions to the two body

Schrödinger equation

[

−1

2

∂2

∂r2
+

l(l + 1)

2r2
+ U (r)− Es

]

Sj,l (Es, r) = −βj,lV (r)Sj,l (Es, r) , (9)

where βj,l are the eigenvalue, Es is a parameter of the equation, U (r) is the auxiliary potential

and V (r) is the generating potential. In general, the generating potential is chosen as a short

range potential and determines the range and the dynamics of an inner region, while the

auxiliary potential is chosen as a long–range potential which fixes the asymptotic behavior

of all the solutions Sj,l (Es, r); for scattering studies one may choose, for example, outgoing

behavior (examples of GSF, with two different energies, are shown in the top and middle

panels of Fig. 9 below.). Additionally, GSFs conform a complete basis set, orthogonal with

respect to the generating potential.

To solve Eq. (8), we use a Sturmian representation of the solution

ϕ
(n)
l (ω, r) =

∑

j

a
(n)
j,l (ω)S

(n)
j,l (Es, r). (10)

Using Eq. (9) with U (r) = −Z/r and projecting with S
(n)
i,l (Es, r) (note that for GSF complex

conjugation does not apply [20]), we obtain

∑

j

[(ωsc − Es)Oi,j + βjδi,j ] a
(n)
j,l (ω) = b

(n)
i (11)

where b
(n)
i are given by

b
(n)
i =

∫

∞

0

dr S
(n)
i,l (Es, r) f

(n−1)
RHS (r) (12)

and Oi,j are the elements of the overlap matrix

Oi,j =

∫

∞

0

dr S
(n)
i,l (Es, r) S

(n)
j,l (Es, r). (13)

Solving the matrix problem with standard numerical methods provides the coefficients

a
(n)
j,l (ω).
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C. Extraction of the ionization amplitude

When the driven terms f
(n−1)
RHS (ω, r) vanish at large distances, Eq. (8) can be formally

solved. Denoting H
(n)+
l,∞ (r) the function representing the asymptotic behavior, at large

distances we have ϕ
(n)
l (ω, r) → A(n)

l (ω) H
(n)+
l,∞ (r) where A(n)

l (ω) is the transition amplitude.

For example, for the first order one–photon ionization Eq. (6a), the function H
(n)+
l,∞ (r) is the

Coulomb function H+
l (r) with outgoing behavior [25] function

H
(1)+
l,∞ (r) = H+

l (r) ∝ ei[kscr+(Z/ksc) ln(2kscr)]. (14)

All the GSF we use for these particular scattering processes are constructed possessing

exactly the asymptotic behavior (14), so that expansion (10) reads

ϕ
(n)
l (ω, r) →

(

∑

j

a
(n)
j,l (ω)

)

H+
l (r) . (15)

The ionization amplitude, for a given partial wave l, is extracted directly from the scattering

wave function as a simple sum of coefficients

A(n)
l (ω) =

∑

j

a
(n)
j,l (ω). (16)

In relation to these amplitudes, two quantities describe the process: the differential ion-

ization probability (DIP) that includes the pulse effects and the photoionization cross section

(CS). They are given respectively by [28–31]

dPn(ω)

dΩ
=

4

3
(2π)ksc

∣

∣C(n) (k)
∣

∣

2
(17)

and
dσn(ω)

dΩ
=

2 π ω (2 π α I)n ksc

I (nω)2n
|Tn|2 , (18)

where α is the fine–structure constant, I is the intensity of the electric field; the multipho-

ton ionization amplitude C(n) (k) includes the pulse effect, and is proportional to Tn, the

compound matrix elements [31],

Tn =
〈

Φ
(n) |(ẑ · ∇) Gn−1 (ẑ · ∇) Gn−2 (ẑ · ∇) · · ·G1 (ẑ · ∇)|Φ(0)

〉

(19)

where Gn = [ωi + nω −H0]
−1 is the Green function.

Within our GSF framework, the explicit way of calculating the DIP and the CS is given

below, separately for the one–photon (n = 1) and two–photon (n = 2) cases.
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When the driven term f
(n−1)
RHS (ω, r) of Eq. (8) does not vanish at large distances, a special

treatment is required. The process of two–photon absorption with a persistent monochro-

matic radiation is a physical example of this mathematical situation. Indeed, while for the

first order equation (n = 1) the initial bound state of the atom makes f
(0)
RHS (ω, r) vanish,

for the second order equation (n = 2) the driven term depends on ϕ
(1)
l (ω, r) which does

not decay. This means that the source term is forcing the electron to follow the field in the

whole space. Beyond a given value of the coordinate r, the first order solution ϕ
(1)
l (ω, r)

reaches its asymptotic behavior. The action of the field gives an asymptotic behavior of the

driven term which must be produced by the action of [wsc − H0] on ϕ
(2)
l (ω, r). This leads

to a similar analysis as for the first order: the spatial region to be solved is that where the

driven term changes, i.e., before reaching its asymptotic behavior. This means that the basis

functions to be used must be well defined in the inner region where the source term really

changes. As illustrated in the next section, basis functions with an appropriately chosen

asymptotic behavior are ideal to describe the solution.

III. RESULTS

Let us consider the photoionization of the H atom initially in its ground state (li = mi =

0); the exact wave function is Φ
(0)

(r) = Z
√

Z/πe−Zr and the ionization potential EI = 0.5

a.u.. In the case of a one photon absorption, the dipolar selection rule [25] imposes only

one final angular momentum, l = 1, for the photoelectron. If the latter absorbs a second

photon, the only possible values for the final angular momentum are either l = 0 or l = 2.

We solved the TISE (8) for the one–photon and two–photon ionization cases, and for

photoelectron energies in the (0.50, 8.00) a.u. range. We consider the interaction with an

electric field whose characteristics are a linear polarization along the ẑ direction, a laser fre-

quency ωL = 3.37 a.u. (photon energy EL = 91.70 eV) and an electric amplitude EL = 0.075

a.u. (intensity IL = 2× 1014 W/cm2). The chosen parameters correspond to a ponderomo-

tive energy Up = (EL/2ωL)
2 = 1.24× 10−5 a.u. much smaller than ωL, so that perturbation

theory applies well. Furthermore, since the Keldysh parameter γ =
√

EI/2Up = 44.93 is

much larger than 1, the system is considered to be in the multiphoton regime.

We investigate first the case of a pulse and then of a monochrome laser.
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A. Pulse

We consider a cosine–like electric field

E(t) =







EL sin2
(

π t
τ

)

cos (ωL t) ẑ , if 0 ≤ t ≤ τ

0 , elsewhere
(20)

with a sine–square envelope of time duration τ = 18.61 a.u.(≈ 450 as), which corresponds

to a pulse of nc = 10 optical cycles.

1. One–photon ionization

We use first the one photon absorption case to validate our methodology. Only l = 1

is possible, and we need to solve the driven equation (8) with n = 1. The driven term

f
(0)
RHS (ω, r), which corresponds to the RHS of Eq. (6a), reads

f
(0)
RHS (ω, r) = −F (ω)

√

4Z5

3
r e−Zr δl,1 δm,0, (21)

and is negligible beyond r = 10 a.u. To solve this radial TISE, we used a basis of 30 GSF

obtained by setting in Eq. (9) l = 1, taking as generating potential a Yukawa potential

V(r) = e−a r/r with parameter a = 0.01, fixing the parameter Es to be the photoelectron

energy and imposing outgoing flux conditions (14) at r = 30 a.u.

At first order, from Eq. (17) and using Eq. (16), we have the one–photon DIP

dP1(ω)

dΩ
=

4

3
(2π)ksc

∣

∣C(1) (k)
∣

∣

2
=

4

3
(2π)ksc

∣

∣

∣

∣

∣

∑

j

a
(1)
j,1(ω)

∣

∣

∣

∣

∣

2

(22)

The ionization amplitude is related to the transition matrix elements by

C(1) (k) = i (2π)−1/2 F (ω) T1

= i (2π)−1/2 F (ω)
〈

Φ
(1) |(ẑ · ∇) |Φ(0)

〉

,
(23)

so that, from Eq. (18), the one–photon CS reads

dσ1(ω)

dΩ
=

(2 π)3 α ksc
ω

∣

∣

∣

∑

j a
(1)
j,1(ω)

∣

∣

∣

2

|F (ω)|2
. (24)

The evaluation of these quantities is straightforward once the expansion coefficients a
(1)
j,1(ω)

are obtained. The DIP results and the photoionization CS are presented in Fig. 1, and show
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FIG. 1: (Color online) One–photon ionization of H(1s) atom by the pulse (20). Left panel: differ-

ential ionization probability as a function of the photoelectron energy: present GSF result (black

solid line) and analytical [32] (red dashed line). Right panel: cross section as a function of the

photoelectron energy: present GSF result (black solid line) and analytical [33] (red dots).

perfect agreement with analytical results. The width of the ATI dominant peak corresponds

to the Fourier transform pulse width. The satellite peaks on both sides result from the

fact that the density of probability is proportional to the square of the Fourier transform

of the sine–square envelope (see discussion of Fig. 4 below). Gasaneo and Ancarani [32]

gave the analytical expression of the solution ϕ
(1)
l (ω, r) with which one can deduce the

ionization amplitude, and thus the DIP (left panel of Fig. 1) and the CS. In the right panel

of Fig. 1 the CS comparison is made with the exact (more compact) analytical formula given

by Harriman [33, 34]. We mention that an excellent agreement is also found with results

obtained by solving the TDSE [35, 36] (results not shown in Fig. 1).

This first simple case demonstrates the capacity of the GSF method to accurately solve

the driven equation.

2. Two–photon ionization

For the two–photon ionization, after the system has absorbed the first photon, the photo-

electron represented by the outgoing radial function ϕ
(1)
1 (ω, r) absorbs now a second photon.

The radial equation describing this process is the driven equation (8) with n = 2 (cor-

responding to Eq. (6b)). The driven term f
(1)
RHS (ω, r) is slightly more complicated, but
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manageable; it reads

f
(1)
RHS (ω, r) = ∆−

l,m

[

Il−1,m(ω, r)−
l (2l + 3)

2l + 1
Jl−1,m(ω, r)

]

+∆+
l,m [Il+1,m(ω, r)− (1− l)Jl+1,m(ω, r)]

−
√

4Z5

3
F(ω) r e−Zrδl,1δm,0, (25)

where the functions

Il,m(ω, r) =
1√
2π

∫

∞

−∞

dω′F(ω′)
d

dr
ϕ
(1)
l,m(ω − ω′, r) (26a)

Jl,m(ω, r) =
1√
2π

∫

∞

−∞

dω′F(ω′)
1

r
ϕ
(1)
l,m(ω − ω′, r), (26b)

involve the convolution of the electric field with the scattering wave function ϕ
(1)
l,m and its

first derivative. The quantities

∆−

l,m =

√

(2l + 1)− (l2 −m2)

(2l − 1)
(27a)

∆+
l,m =

√

(l + 1)2 −m2

(2l + 1)(2l + 3)
(27b)

are constants for given quantum numbers l and m. We recall that by the dipolar selection

rule the only possible values for the final angular momentum are l = 0 or l = 2.

Considering that the magnetic quantum number m = 0 is conserved, the driven term

takes the form

f
(1)
RHS (ω, r) =

∫

∞

−∞

F(ω′)

[

pl
d

dr
ϕ
(1)
1 (ω − ω′, r)− ql

1

r
ϕ
(1)
1 (ω − ω′, r)

]

dω′ (28)

where p0 = q0 = 1/
√
6π, p2 =

√

10/27π and q2 = (14/5)p2. The convolution of the non–

decaying wave function ϕ
(1)
l (ω, r) with the pulse profile, leads to a two–photon driven term

f
(1)
RHS (ω, r) that decays to zero asymptotically (r >∼ 50 a.u.), as illustrated in Fig. 2. As

a consequence, the solution to the n = 2 driven equation (8) will also have a Coulomb

asymptotic behavior, and so will the scattering function up to second order

Φscatt (ω, r) = Φ
(1)

(ω, r) + λΦ
(2)

(ω, r)

→
r→∞

[

A(1)
1 (ω)Y0

1(θ) + λ
(

A(2)
0 (ω)Y0

0(θ) +A(2)
2 (ω)Y0

2(θ)
)] ei[kscr+(Z/ksc) log(2kscr)]

r
,(29)

where λ is finally set to 1. We solved the driven equation for l = 0 and l = 2, respectively,

using a basis composed of 128 GSF with outgoing flux conditions (14) imposed at r = 75
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FIG. 2: (Color online) Driven term f
(1)
RHS (ω, r), Eq. (28), for l = 0, and for 4 selected energies

spanning the [0.5, 8.0]] a.u. range: real part (black line) and modulus (dashed red line).

a.u., and a Yukawa generating potential with a = 0.002. The sum of the obtained coefficients

a
(2)
j,0(ω) and a

(2)
j,2(ω) (see Eq. (16)), together with the corresponding angular weights, yields

directly the two–photon ionization amplitude

C(2) (k) =
∑

j

a
(2)
0,j(ω) Y

0
0(θ) +

∑

j

a
(2)
2,j(ω) Y

0
2(θ). (30)

Replacing the result into Eq. (17) and integrating angularly we obtain the two–photon DIP

P2(ω) =
4

3
(2π)ksc





∣

∣

∣

∣

∣

∑

j

a
(2)
0,j(ω)

∣

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∣

∑

j

a
(2)
2,j(ω)

∣

∣

∣

∣

∣

2


 . (31)

In Fig. 3 we show our two–photon DIP and compare it with a TDSE calculation by

Arbó [36]. A very good agreement between the two methods is observed. As expected, the

spectrum exhibits the first two ATI peaks separated by the photon energy; the positions

are given by En = nωL − UP − EI ≈ nωL − EI (here, E1 = 2.87 a.u. and E2 = 6.24 a.u.

for the first and second absorption, respectively). The first ATI peak, due to absorption of

the first photon, is by far the dominant one. The differences in the second ATI peak region

are due to the contributions of the channels not considered in the time–independent model.

For further comparisons, both ATI peak energy regions are shaded. In Fig. 4 we show the

modulus of the Fourier transform of the pulse F (ω) (magenta solid line). Clearly, the pulse

F (ω) displays a broad peak having exactly the same width as the first shaded region.

Following the proposal made in Ref. [28], we can perform a factorization of the two–

photon ionization amplitude analogous to the first–order expression (Eq. (23)). For the
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FIG. 3: (Color online) Two–photon ionization of H(1s) atom by the pulse (20). Differential

ionization probability as a function of the photoelectron energy: present GSF results (black solid

line) and time–dependent calculation by Arbó [36] (red dashed line). The vertical dotted lines

indicate the first two ATI peaks.

second order, according to Eq. (19), the amplitude is expressed as

C(2) (k) = −(2π)−3/2 Υ(ω)T2

= −(2π)−3/2 Υ(ω)
〈

Φ(2)
∣

∣(ẑ · ∇) [ωi + ω −H0]
−1 (ẑ · ∇)

∣

∣Φ(0)
〉

(32)

where, in place of the pulse F (ω), the transition matrix is multiplied by the convolution

function Υ(ω), defined by

Υ(ω) =

∫

dω′F (ω′)F (ω − ω′) . (33)

In Fig. 4 we also show the modulus of the convolution function Υ(ω) (blue dashed line),

which presents a broad peak located at the same place and having exactly the same width as

the shaded region conforming the second ATI peak. This correspondence suggests defining

the two–photon ionization cross section within the bandwidth of the pulse as

σ2(ω)

I
=

(2 π)6 α2 ksc
16ω3

(

∣

∣

∣

∑

j a
(2)
0,j(ω)

∣

∣

∣

2

+
∣

∣

∣

∑

q a
(2)
2,q(ω)

∣

∣

∣

2
)

∣

∣Υ(ω)
∣

∣

2 (34)

which is valid only in the shaded region between 5.5 and 7.1 eV. We have calculated the cross

sections resulting from both the TDSE and the GSF probabilities, displaying the results in

Fig. 5. Both cross sections show the same shape, and since the time–dependent calculation

includes more ionization channels, the magnitudes are slightly different.
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FIG. 4: (Color online) Modulus of the Fourier transform of the pulse F (ω) (magenta solid line)

and of the function Υ(ω) defined by Eq. (33) (blue dashed line) as a function of the photoelectron

energy.
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FIG. 5: (Color online) Two–photon ionization of H(1s) atom by the pulse (20). Cross section

defined by (34) as a function of the photoelectron energy in the second ATI peak width: present

GSF results (black solid line) and time–dependent calculation by Arbó [36] (red dashed line).

Finally, in Fig. 6 we have plotted the cross section, differential in energy and in θ. It

can be seen that the minimum of the angular distribution occurs at θ = 47.65◦, as it is well

known [37].

Our two–photon study and results confirm that, with our GSF methodology, we can suc-

cessfully extract the ionization amplitude directly from the asymptotic limit of the scattering

wave function, as already shown for the single–photon scenario.
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FIG. 6: (Color online) Differential cross section, as a function of the photoelectron energy and

angle θ, for the two–photon ionization of H(1s) atom by the pulse (20).

B. Laser

We now consider the two–photon ionization of the H atom by a monochrome laser of

frequency ωL. We choose linearly polarized light, with vector potential

A(t) = AL sin (ωL t) ẑ, (35)

i.e., with an envelope function equal to one. The Fourier transform F (ω) is now proportional

to a delta function δ(ω − ωL) so that the driven term (28) for the two–photon ionization

case, is simply

f
(1)
RHS (ω, r) = AL

√

π

2

(

pl
d

dr
ϕ
(1)
l (ω − ωL, r)− ql

1

r
ϕ
(1)
l (ω − ωL, r)

)

. (36)

The one–photon scattering wave function ϕ
(1)
l (ω, r) has an outgoing Coulomb behavior at

large distances; while the second term of f
(1)
RHS (ω, r) goes to zero asymptotically, the first

one does not. This can be seen in Fig . 7 where the real part of the driven term f
(1)
RHS (ω, r)

for l = 2 is plotted as a function of r. We thus have a situation which is very different

from that observed in Fig. 2 for the pulse case. The non–vanishing behavior enforces on the

second order wave function ϕ
(2)
l (ω, r) a “beat” type asymptotic behavior. This is illustrated

in Fig. 8 where we show its real part for l = 2 : the asymptotic behavior is modulated by

that of the source shown in Fig. 7. The “beat” structure that appears beyond r >∼ 15 a.u.

results from a linear combination of two Coulomb asymptotic behaviors

H
(2)+
l,∞ (r) = DL H+

kL,l
(r) +DR H+

kR,l (r) (37a)

∝ DL ei[kLr+(Z/kL) ln(2 kLr)] +DR ei[kRr+(Z/kR) ln(2 kRr)] (37b)
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FIG. 7: (Color online) Real part of the driven term f
(1)
RHS (ω, r), Eq. (36), for l = 2, corresponding

to case of the second photon absorption with a monochrome laser with a frequency ω = ER = 3.14
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FIG. 8: (Color online) Real part of the two–photon scattering wave function, ϕ
(2)
2 (ω, r), for l = 2.

one with kL =
√
2ωsc and the other with kR =

√

2(ωsc − ωL) corresponding to the energy of

the LHS and RHS of Eq. (8), respectively. Similar forms (not shown) are obtained for the

imaginary part and for the l = 0 contribution.

Clearly, special care is needed when dealing with a non–vanishing driven term in the

Schrödinger equation for the second photon absorption, and the “beat” asymptotic behavior

of the scattering wave function needs a particular treatment [38]. Within our GSF approach

we propose to tackle the problem through the following expansion

ϕ
(2)
l (ω, r) =

∑

j

c
(2)
j,l Sj,l(EL, r) +

∑

j

d
(2)
j,l Sj,l(ER, r), (38)

i.e., in two sets of GSFs constructed with Coulomb asymptotic behaviors with appropriately
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FIG. 9: (Color online) For the case l = 2, real part of 10 basis functions: (a) Sturmian functions

Sj,l(EL, r) with Es = EL = ωsc = 6.01 a.u. and an outgoing Coulomb asymptotic behavior imposed

at r = 48 a.u.; (b) Sturmian functions Sj,l(ER, r) with Es = ER = ωsc − ωL = 3.14 a.u. and an

outgoing Coulomb asymptotic behavior imposed at r = 48 a.u.; (c) the linear combination of the

previous two sets, shown for r > 48 a.u.

chosen energy parameters Es = EL = ωsc and Es = ER = ωsc − ωL. For r → ∞, we have

ϕ
(2)
l (ω, r) →

(

∑

j

c
(2)
j,l

)

ei[kLr−(Z/kL) ln(2 kLr)] +

(

∑

j

d
(2)
j,l

)

ei[kRr−(Z/kR) ln(2 kRr)] (39)

providing the ionization amplitude A(2)
l (ω) =

∑

j c
(2)
j,l of the emitted photoelectron with

scattering energy ωi + 2ωL. As an example, in Fig. 9, we show the two sets of GSFs and

their linear combination. The Sturmian basis are constructed with a Yukawa generating

potential with a = 10−4, imposing a Coulomb asymptotic behavior at r = 48 a.u. with

their respective energy, Es = EL = ωsc = 6.01 a.u. and Es = ER = ωsc − ωL = 3.14 a.u.

This linear combination results naturally in the “beat” asymptotic behavior (panel c) which

matches, at large distances, the solution of the problem, presented in Fig. 8.

In order to calculate the cross sections for the two–photon ionization of the H atom by a

laser, we constructed the Sturmian basis with a Yukawa generating potential with a = 10−4,

imposing a Coulomb asymptotic behavior at r = 75 a.u. with their respective energy. We

used a set of 70 GSFs with Es = EL and the other with 10 GSFs with Es = ER. The CS is

simply calculated as the sum of the coefficients belonging to the energy equal to the ejected

electron. As observed in Fig. 10, our results (red dashed line) are in good agreement with
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FIG. 10: (Color online) Ionization rate for the two photon ATI of the H(1s) atom interacting with

a linearly polarized laser: blue dots, calculations by Karule and Moine [37]; our results obtained

with the GSF method (red dashed line) and with the re–expansion in GSF of the scattering wave

function calculated with a Green methodology (black solid line).

the ionization rate obtained by Karule and Moine [37] with the Coulomb Green Function

method.

Another way to make use of the intrinsic properties of the GSF is as follows: the ionization

amplitude can be derived from the scattering wave function ϕ
(2)
l (ω, r) obtained by any

method up to a distance R. Here we calculated ϕ
(2)
l (ω, r) with an approach involving the

Green operator for Eq. (8); we then re–expand it – in the range r < R – into two set of

GSFs constructed with Coulomb asymptotic behavior, with energies parameters Es = EL

and Es = ER, respectively. (i.e., similarly to eq. (38), but with different coefficients). The

result shown in Fig. 10 as a black solid line is again in good agreement with the other two

data sets.

The difference between our two proposed schemes is at most of 1× 10−7 a.u., indicating

that both are valid. The advantage of the first scheme resides in the direct solution of

the second order driven Schrödinger equation with two Sturmian basis sets with adequate

intrinsic properties. The advantage of the second scheme, on the other hand, is that one

may use the solution obtained with any other method and extract the scattering amplitude

without requiring any projection, simply by using the GSFs properties.
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IV. SUMMARY

We have developed a GSF methodology for multiphoton ATI resolution. We work within

the framework of the time–independent Schrödinger equation and use a perturbative expan-

sion of the scattering wave function; the resulting system of coupled driven equations allows

one to analyze the process of absorption of one photon at a time above the ATI region.

Our Generalized Sturmian scheme provides a very practical way to extract the transition

amplitude directly from the asymptotic behavior of the scattering wave function. Using as

a benchmark an hydrogen atom interacting either with a pulsed or a laser electric field, we

have shown that the intrinsic properties of GSF one to evaluate the two–photon ionization

amplitude simply as the sum of the coefficients of expansion without the need for any ad

hoc approach. Comparisons with other very precise data (analytical or numerical) confirm

the validity of our methodology.

One major difficulty that may arise when dealing with two–photon ionization is that the

driven term of the corresponding non–homogeneous equation may not be spatially bound;

special care must then be taken when solving it. For the one–photon ionization case, the

target bound state always gives a bound driven term: the driven equation poses no particular

numerical difficulty and can be solved with various methods. The resulting scattering wave

function, with Coulomb outgoing wave condition, appears in the driven term of the next

order driven equation which corresponds to absorption of a second photon. According to

the nature of the electric field the target is subject to, the driven term of the two–photon

non–homogeneous equation may not be bound and this requires special attention.

For the case of an interaction with a pulsed electric field, the two–photon ionization driven

term remains bound, because of the convolution of the outgoing first order wave function

with the pulse. The GSF strategy presented in previous papers [20, 21] may therefore be

implemented as it is. Our one–photon differential ionization probability and ionization cross

section are in perfect agreement with analytical results. Our two–photon differential ioniza-

tion probability compares very well with that obtained with a time–dependent methodology

by Arbó [36].

It is in the two–photon ionization case of the atom interacting with a laser that our

methodology is of even greater value. The corresponding radial non–homogeneous equa-

tion involves a driven term of infinite spatial extension. We proved that this driven term
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forces a “beat” type asymptotic behavior in the scattering wave function associated with

the absorption of the second photon. This beat behavior can be easily reproduced by appro-

priately chosen GSFs. We proposed to expand the scattering wave function on two sets of

GSFs, built with different energy parameters: one set built with the energy of the emitted

photoelectron and the other with the energy of the driven term. The two–photon ionization

amplitude is extracted from the asymptotic limit of the wave function, directly as the sum

of the expansion coefficients of the first GSF set, i.e., the one corresponding to the photo-

electron energy. Furthermore, the intrinsic properties of the GSF allow one to extract the

scattering amplitude directly from the wave function, regardless of the method by which it

has been obtained and without calculating the transition matrix using some approximate

final state. Very good agreement with published cross section is observed.

The methodology for multiphoton ATI resolution proposed here for the two-body case can

be applied to both atoms and molecules (many-body case) interacting with an electric field.

Its efficiency was demonstrated here for the hydrogen atom; the application to two–electron

targets is currently under investigation. For the multiphoton double ionization of helium,

for example, the first order solution of Eq. (6a) presents an hyperspherical wave front (see,

e.g., [22]) and thus does not decrease at large distances. In the case of a monochrome laser,

a non vanishing driven term is expected and treating the second order equation (6b) would

require a special treatment, as the procedure presented in Sec. III B.
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