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a b s t r a c t

Analytical solutions based on the pseudo-steady state approximation (PSSA) were derived for the case of
controlled dispersed-drug release from erodible and non-erodible planar matrices, through a membrane,
and taking into account the existence of a diffusion boundary layer and a finite release medium. The
solutions can be applied to a broad range of situations from drug release into finite or infinite medium,
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eywords:
athematical modeling
ispersed drug

from erodible or non-erodible matrices, in the presence or absence of a membrane, and in the presence or
absence of a stagnant liquid layer. The prediction is accurate for the cases in which the initial drug load is
higher than the drug solubility in the polymer (e.g. A/Cs ≥ 3) till the entire dispersed drug is dissolved. The
dependence on the release kinetics with different parameters was simulated and provides a theoretical

f disp
oving front
inite external medium
rodible device

platform for the design o

. Introduction

In the last few decades, transdermal therapeutic systems (TTS)
ave been designed and employed to provide a controlled release
f drugs through the skin to the systemic bloodstream. The first
ransdermal patch released scopolamine and was manufactured in
981 [1]. The TTS may consist of matrix or reservoir systems. In
atrix systems, the initial drug loading (A) is generally uniform and

an be lower [2–7] or higher [6–11] than the maximum solubility
n the polymer (Cs).

In the cases in which A > Cs, the drug is homogeneously dis-
ersed as discrete crystals or solid particles in a matrix environment
ormed by the cross-linking of linear polymer chains. The dispersed
rug crystals (particles) cannot delocalize their positions in the
olymeric matrix. It is assumed that the drug molecules can elute
utside the matrix only by dissolution in and then by diffusion
hrough the polymeric structure. Microscopically, the solid drug
articles in the layer closer to the device surface are the first to elute.
hen this layer becomes “exhausted”, the solid drugs in the next

ayer begin to be depleted. There exists a drug depletion zone with
thickness S. This thickness increases with time and as more solid

rugs elute out of the device, thus leading to the inward advance-
ent of the interface of the dispersed drug zone/depleted drug

one, phenomenon commonly referred to as “dissolution–diffusion
oving front” [9].

∗ Corresponding author. Tel.: +54 342 4511597; fax: +54 342 4511597.
E-mail address: ihelbling@santafe-conicet.gov.ar (I.M. Helbling).

376-7388/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
oi:10.1016/j.memsci.2009.12.007
ersed-drug release devices.
© 2009 Elsevier B.V. All rights reserved.

In the last five decades, there have been numerous attempts
to model the kinetics of the dispersed-drug release from planar
matrices. Higuchi was the first to propose a pseudo-steady state
approximation (PSSA) to derive an analytical solution for the slab
under “sink condition” [12]. Later, Paul and McSpadden achieved an
exact solution for slabs under “sink condition” [13]. Lee developed
an approximate explicit analytical solution [14], which is simpler
than McSpadden’s but more accurate than Higuchi’s for small A/Cs
ratio. The modeling for a device with a membrane was developed
by Paul [15]. The effect of the presence of a diffusion boundary layer
on the release kinetics was taken into account in the models devel-
oped by Roseman and Higuchi [16] and Tojo [17] for dispersed-drug
release in slabs under “sink condition” assuming PSSA. The same
analysis but incorporating a finite external medium was carried
out by Zhou and Wu, who derived an explicit analytical solution
assuming PSSA [18].

Another area of interest is the development of degradable
controlled-release devices. Lee analyzed the diffusive drug release
from a device strictly assuming surface erosion by formulating two
moving fronts, one dissolution–diffusion front and an erosion front
[14]. Baker and Lonsdale incorporated bulk erosion in the analy-
sis [19]. Thombre and Himmelstein analyzed the case of a matrix
with surface erosion, laminated with a membrane [20]. A similar
analysis was performed by Fischel-Ghodsian and Newton [21].
Because of the difficulties in the mathematical modeling when
certain phenomena are incorporated such as the presence of dif-
fusion boundary layer, finite external medium and the presence
of membrane, to date there is no exact solution for dispersed-drug
release from planar matrices taking into account these phenomena.

http://www.sciencedirect.com/science/journal/03767388
http://www.elsevier.com/locate/memsci
mailto:ihelbling@santafe-conicet.gov.ar
dx.doi.org/10.1016/j.memsci.2009.12.007
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ven though these complex systems can be solved by numeri-
al methods, such as the finite element method [22–24], their
pplication is limited because it is a sophisticated method that
equires special knowledge and training. Therefore, from a practi-
al viewpoint, useful mathematical solutions can be obtained with
easonable precision assuming certain approximations.

The pseudo-steady state approximation yields satisfactory
esults for the cases in which A/Cs ≥ 3, and approximates the
xact solution for A � Cs [8,13,23,25]. The purpose of the present
ork was to derive an explicit analytical solution for the case of
ispersed-drug controlled release from erodible and non-erodible
lanar matrices, through a membrane, and taking into account the
xistence of a diffusion boundary layer and finite release medium.

. Model development

.1. Non-erodible matrix

The mathematical model is developed for a rectangular matrix
ontaining solid drug particles. The device is schematically illus-
rated in Fig. 1.

The assumptions of the model to be mathematically formu-
ated are the following: (i) the mass transport of drug is assumed
o be effectively one-dimensional; (ii) the drug diffusion process
s described according to Fick’s laws; (iii) the dissolution of the
olid drug particles in the matrix occurs at a high rate and does
ot constitute a controlling step of the general release process;
iv) the initial drug loading in the matrix is homogeneous; (v)
he initial drug loading in the matrix is higher than the maxi-

um drug solubility in the polymer; (vi) all the drug particles
ave the same size; (vii) at r = 0 there is an impermeable coating;
here is no drug release through that surface; (viii) the matrix is
nert, unswellable and non-erodible; (ix) the initial drug loading
n the membrane is zero; (x) the drug diffusion coefficient in the

embrane is assumed to be smaller than in the matrix; (xi) the
embrane is inert, unswellable and non-erodible; (xii) resistance

o external mass transfer is not negligible; (xiii) the volume of the
elease medium is finite; (xiv) the drug diffusion coefficients are
onstant; (xv) The pseudo-steady state approximation (PSSA) is
ssumed during the whole modeling process; the dissolved drug

rofiles in the matrix, membrane and stagnant liquid layer are con-
idered linear; (xvi) modeling time goes from tm to tf, tf being the
ime in which the dissolution–diffusion moving front reaches r = 0;
xvii) when there is no lag time, tm = 0.

ig. 1. Schematic illustration of drug concentration profiles in a non-erodible poly-
eric device. I. Dispersed drug zone; II. dissolved drug zone; III. membrane; IV.

iffusion boundary layer; V. finite release medium.
ane Science 350 (2010) 10–18 11

According to Fick’s laws and with the PSSA simplification, the
mass balances in the matrix, membrane and diffusion boundary
layer are given by

∂Q

∂t
= −Di

(
∂C

∂r

)
i

(1)

where Q is the cumulative amount of drug released per unit area, t is
the time, D is the drug diffusion coefficient, C is the dissolved-drug
concentration and r is the coordinate along the matrix thickness.
The subscript i indicates the different diffusion zones: i = p, m, a
for matrix, membrane and diffusion boundary layer, respectively.
In the following analysis, all the variables (except time) were
transformed to dimensionless variables in order to generalize the
analysis. Even though other authors have considered dimensionless
time, the present work has excluded the dimensionless time vari-
able since it is considered that otherwise the notion of real-scale
applicability of the devices would be lost. With reduced dimension-
less variables defined as:

x = r

R
ı(t) = S(t)

R
� = C

Cs

a more general set of equations is obtained:

∂Q

∂t
= Dp

Cs

R

(1 − �∗
s )

(1 − ı)
(2)

∂Q

∂t
= Dm

Cs

R

(K1�∗
s − (�∗

a/K2))
L

(3)

∂Q

∂t
= Da

Cs

R

(�∗
a − �B)

f
(4)

where x is the dimensionless coordinate along the matrix thickness,
R is the matrix thickness, S(t) and ı(t) are the positions of the dimen-
sional and dimensionless dissolution–diffusion moving fronts,
respectively, � is the dimensionless drug concentration in the
matrix, �∗

s is the dimensionless drug concentration in the matrix, at
the matrix–membrane interface, �∗

a is the dimensionless drug con-
centration in the boundary layer, at the membrane–boundary layer
interface, L is the dimensionless thickness of the membrane, �B is
the dimensionless drug concentration in the release medium and f
is the dimensionless thickness of the diffusion boundary layer. K1
and K2 are the drug partition coefficients at the membrane–matrix
and boundary layer–membrane interfaces, respectively, which are
defined by

K1 = �∗
m1

�∗
s

K2 = �∗
a

�∗
m2

(5)

where �∗
m1 and �∗

m2 are the dimensionless drug concen-
trations in the membrane, at the matrix–membrane and
membrane–boundary layer interfaces, respectively. The drug con-
centration in the release medium can be expressed as follows:

�B =
[
(A/Cs) − (1/2)(1 + �s

∗)
]

R area(1 − ı)

V
(6)

where V is the volume of the release medium and area is the release
area of the matrix.

2.1.1. General solutions
Taking into account the amount of dissolved drug present in the

matrix (C ≤ Cs), the cumulative amount of drug released per unit
area of the device is [18]:
Q =
[

A − Cs

2
(1 + �∗

s )
]

R(1 − ı) (7)

Note that the difference with Zhou and Wu [18] is due to the edge
definition and the dimensionless passage. Differentiating Eq. (7)



1 embrane Science 350 (2010) 10–18

w

Z
a
m
t

T
m
S
e
E

�

I
e
t

t

w

F

F

F
p
f
d

F

2

g
d

t
o
e
(
p

T

e

w
c
d
e

E

2 I.M. Helbling et al. / Journal of M

ith respect to time, the drug release rate can be obtained:

∂Q

∂t
= −

[
A − Cs

2
(1 + �∗

s )
]

R
∂ı

∂t
− R Cs(1 − ı)

2
∂�∗

s

∂ı

∂ı

∂t
(8)

hou and Wu [18] reported that the second term of Eq. (8) poses
slight contribution to the release rate in a broad range of experi-
ental situations, and can be omitted. Thus, equating Eq. (2) with

he first term of Eq. (8), it yields:

DpCs

R

(1 − �∗
s )

(1 − ı)
= −

[
A − Cs

2
(1 + �∗

s )
]

R
∂ı

∂t
(9)

he dimensionless drug concentration in the matrix at the
atrix–membrane interface, �∗

s can be obtained from Eqs. (2)–(6).
ubstituting Eq. (6) into Eq. (4) and equating Eqs. (3) and (4), the
xpression for �∗

a can be obtained. Introducing expression �∗
a into

q. (3) and equating Eqs. (2) and (3), one can solve for �∗
s :

∗
s = ((A/Cs) − (1/2))R area(1 − ı)2 + ((f/Da) + (K2L/Dm))DpV

K1K2V(1 − ı) + R
2 area(1 − ı)2 + ((f/Da) + (K2L/Dm))DpV

(10)

ntroducing the expression for �∗
s into Eq. (9), rearranging the said

xpression, and integrating within the time lapse corresponding to
he moving front between [1, ı], it yields:

− tm = F1(1 − ı) − F2 ln
[

1 − (A − Cs) area R

CsK1K2V
(1 − ı)

]
(11)

here

1 = − K1K2V(2A − Cs)R
2Dp area (A − Cs)

(12)

2 = VfR

Da area
+ K2VLR

Dm area
+ CsV2K2

1 K2
2 (2A − Cs)

2Dp area2 (A − Cs)2
(13)

rom Eq. (7) we can obtain the cumulative amount of drug released
er unit area, in a time t, as a function of ı, which can be obtained
rom Eq. (11). This analysis is valid till all drug dispersed in the
evice is dissolved (ı = 0).

The fraction of drug released (FR) is defined as:

R = Q

AR
(14)

.2. Erodible matrix

The mathematical model is developed for the case of a rectan-
ular, erodible, polymeric matrix containing dispersed drug. The
evice is schematically illustrated in Fig. 2.

The assumptions of the model to be developed are the same as
hose of the first case, except for item (viii) and adding the following
nes: (xviii) the matrix is inert, unswellable but erodible; (xix) the
rosion is superficial, characterized by an erosion constant rate;
xx) the membrane remains stuck to the matrix during the entire
rocess; (xxi) at time t = 0, e(t) = R.

The erosion process is characterized by an erosion constant rate.
he erosion moving front is expressed as:

(t) = R − Bt (15)

here e(t) is the position of the erosion front and B is the erosion
onstant rate. In the analysis, the variables are transformed into

imensionless variables in the same way as in the case of the non-
rodible matrix, incorporating:

(t) = e(t)
R

Fig. 2. Schematic illustration of drug concentration profiles in an erodible polymeric
device. I. Dispersed drug zone; II. dissolved drug zone; III. membrane; IV. diffusion
boundary layer; V. finite release medium.

where E(t) is the dimensionless position of the erosion front.
According to Fick’s laws and with the PSSA simplification, the mass
balance in dimensionless form in the matrix is given by

∂Q

∂t
= Dp

Cs

R

(1 − �∗
s )

(E − ı)
(16)

The mass balances in the membrane and in the diffusion bound-
ary layer are given again by Eqs. (3) and (4) respectively. The drug
concentration in the release medium is given by Eq. (6).

2.2.1. General solutions
The cumulative amount of drug released per unit area is given

by Eq. (7). Similarly to the case of the non-erodible matrix, from Eq.
(7) one can obtain the drug release rate given by Eq. (8). Dropping
the second term as previously done and equating Eq. (16) with the
first term of Eq. (8) it yields:

DpCs

R

(1 − �∗
s )

(E − ı)
= −

[
A − Cs

2
(1 + �∗

s )
]

R
∂ı

∂t
(17)

The dimensionless drug concentration in the matrix at the
matrix–membrane interface, �∗

s can be obtained as previously done:

�∗
s = ((A/Cs) − (1/2))R area (1 − ı)(E − ı) + ((f/Da) + (K2 L/Dm))DpV

K1K2V(E − ı) + (R/2) area (1 − ı)(E − ı) + ((f/Da) + (K2L/Dm))DpV
(18)

Introducing the expression for �∗
s into Eq. (17), substituting E(t) by

its expression and multiplying by an integrating factor, an expres-
sion is obtained that can be solved as an exact differential equation.
By solving this equation, and finding the potential function, one
obtains the expression of the dissolution–diffusion moving front
as a function of time:

t − tm=G1

[
(aı + b)(c+2)−(a + b)(c+2)

(aı + b)(c+1)

]
+G2

[
1−

(
a + b

aı + b

)(c+1)
]

(19)

where

a = DpDmDa area
R

(
A

Cs
− 1

)
(20)

b = DpDmDa
[

K K V − R area
(

A − 1
)]

(21)

R2 1 2 Cs

c = −K1K2VB((A/Cs) − (1/2))
Dp area ((A/Cs) − 1)

− 1 (22)
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F nd the fraction of drug released (b) calculated according to Eqs. (11) and (14) (—) with
t = 0.25 cm; area = 1 cm2; hm = 0 cm; ha = 0.01 cm; Dp = 1 × 10−6 cm2/s; Da = 5 × 10−6 cm2/s;
K
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Fig. 4. Comparison of release profile calculated according to Eq. (7) (—) and the
experimental data reported by Kurnik and Potts (�) [26], for estradiol release from a
polymeric matrix into water. The parameters used are: R = 0.0195 cm; area = 30 cm2;
V/Vs = 5000; hm = 0 cm; Dp = 1.6 × 10−10 cm2/s.
ig. 3. Comparison of the position of the dissolution–diffusion moving front (a) a
he model prediction reported by Zhou and Wu (�) [18]. The parameters used are: R
1 = 0.8333; K2 = 0.6; V/Vs = 100, where Vs is the matrix volume.

1 = K1K2VR((A/Cs) − (1/2))
Dp area ((A/Cs) − 1)a(c + 2)

(23)

2 = K1K2V

B area ((A/Cs) − 1)
+ DpR((A/Cs) − 1)(Dmf + DaK2L)

DmDaK1K2B((A/Cs) − (1/2))
(24)

rom Eq. (7), it can be obtained the cumulative amount of drug
eleased per unit area in a time t, as a function of ı, which is deter-
ined by Eq. (19). Again, this analysis is valid only till the entire

rug dispersed in the matrix is dissolved (ı = 0). The fraction of drug
eleased is defined as above in Eq. (14).

. Results and discussion

.1. Non-erodible matrix

In the case of a non-erodible matrix, the results obtained
hrough Eqs. (11) and (14) with the use of a computational soft-
are (MATLAB®) were first compared with the analytical solutions

vailable in the literature, i.e. the solutions reported by Zhou and
u [18]. In Eq. (11) let L = 0, the position of the dissolution–diffusion
oving front, and then the fraction of drug released were calculated

n the device without a membrane, as a function of time. These
esults were plotted in Fig. 3 as a function of time t for different
nitial drug loadings. It shows that the prediction of the model fits
erfectly well with the solution reported by Zhou and Wu. This
esult was expected due to the fact that in the derivation of both
odels, one starts from the same assumptions.
In order to illustrate the usefulness of the model in the analysis

f controlled drug release from polymeric matrix systems, several
xamples of profiles are presented and compared with experimen-
al data reported in the literature for finite and infinite release

edium. Zhou and Wu reported that V/Vs = 5000 approximate
→ ∞ [18]. With the purpose of ascertain that the equations can
e used not only for finite medium, in Fig. 4 is presented the release
f estradiol from a polymeric patch with initial drug loading higher
han solubility into infinite medium. The experimental data were
eported by Kurnik and Potts [26]. Except for the diffusion coef-
cient in matrix, all the other parameters employed in the model
ere taken from this work. The diffusion coefficient calculated from
he model is slightly smaller than the one reported by Kurnik and
otts. These authors reported a Dp = 5.4 × 10−10 cm2/s, which was
etermined by independent studies with dissolved estradiol (with-
ut dispersed drug). It shows that the model fitting is in agreement
ith the experimental data within the experimental error range.

Fig. 5. Comparison of release profile calculated according to Eq. (7) (—) and the
experimental data reported by Park et al. (�) [27], for estradiol release from a matrix
of EVA 18% into PBS pH 7.4. The parameters used are: R = 0.0130 cm; area = 1.77 cm2;
V/Vs = 1303.78; hm = 0 cm; Dp = 1.1 × 10−9 cm2/s.
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Fig. 6. Comparison of release profile calculated according to Eq. (7) (—) and the
experimental data reported by Park et al. (�) [27], for estradiol release from a
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Fig. 7. Comparison of release profile calculated according to Eq. (7) (—) and
the experimental data reported by Sato et al. (�) [30], for 5-ISMN release from

F
a

atrix of EVA 18% through mouse epidermis into 20% PEG400 saline buffer. The
arameters used are: R = 0.0130 cm; area = 5 cm2; V/Vs = 1303.78; hm = 0.001 cm;
p = 1.1 × 10−9 cm2/s; Dm = 4 × 10−11 cm2/s.

Fig. 5 shows experimental data reported by Park et al. [27] and
he release profile calculated for estradiol release from a polymeric

atrix of EVA 18% with initial loading higher than solubility into
nite medium. The parameters employed were taken from Park et
l. [27], except for the diffusion coefficient in matrix which was
ound to be Dp = 1.1 × 10−9 cm2/s from the fitting. The estradiol dif-
usion coefficient in EVA copolymer was reported to be in the order
f 10−9 cm2/s [28]. The agreement between experimental data and
heory is good.

Fig. 6 presents experimental data reported by Park et al. [27]
nd the release profile calculated for estradiol release from a poly-
eric matrix of EVA 18% with initial loading higher than solubility

hrough abdominal mouse skin into finite medium. The thickness of
he abdominal mouse skin was 10 �m [26,29]. Dp = 1.1 × 10−9 cm2/s
as determinated previously. Setting this, Dm = 4 × 10−11 cm2/s
as calculated from the model adjustment. A close match between

he model and the experimental data was observed.

Fig. 7 presents experimental data reported by Sato et al.

30] and the release profile calculated for the release of 5-ISMN
rom an acrylic matrix with initial loading higher than solubility
hrough abdominal rat skin into finite medium. All the parameters

ig. 8. Comparison of release profile calculated according to Eq. (7) (—) and the expe
minoazobenzene release from a matrix of cellulose acetate into water: (a) A/Cs = 3.7, (�)
an acrylic matrix through rat epidermis into water. The parameters used are:
R = 0.004 cm; area = 0.95 cm2; V/Vs = 658; hm = 0.00154 cm; Dp = 2.69 × 10−7 cm2/s;
Dm = 2.52 × 10−10 cm2/s.

employed were taken from Sato et al. [30,31]. The thickness of the
abdominal rat skin was 15.4 �m [31]. The model predicts the exper-
imental profile perfectly well. It can be observed that the straight
line covers approximately the first 7 h of release. From that moment
on, only dissolved drug remains in the device; therefore, the model
is not applicable. The release percentage that can be modelled
depends primarily on the A/Cs ratio. This modeling percentage is
defined as the quotient between the amount of drug released from
the device at the moment in which the dissolution–diffusion mov-
ing front reached the other extreme of the slab (ı = 0), and the initial
drug loading.

For the case of a matrix without membrane exemplified in
Figs. 4 and 5, A/Cs ≥ 3 and the modelled percentage is above
83%. Besides, the presence of the membrane decreases the mod-
elled percentage because part of the drug previously released is
now retained in the membrane. Thus, in Fig. 6, the ratio is still
A/Cs ≥ 3; however, the modelled percentage drops to 76.63%. In

the final example of Fig. 7, where the membrane is still present
and A/Cs = 1.33, it can be seen that only 25.08% of the release can
be modelled. It shows that the model becomes truly useful when
A/Cs ≥ 3.

rimental data reported by Papadokostaki and Petropoulos (symbols) [32], for 4-
300 rpm (�) 45 rpm. (b) A/Cs = 8.3, (�) 300 rpm (�) 45 rpm.
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Fig. 8 shows experimental data reported by Papadokostaki and
etropoulos [32] and the theoretical profiles calculated for the
elease of 4-aminoazobenzene from an acetate cellulose matrix
ith initial loading higher than solubility into finite medium con-

idering the existence of diffusion boundary layer. The model
arameters were taken from Papadokostaki’s work [32]. For 45
nd 300 rpm stirring rate, the thickness of the boundary layer
as ha = 0.0022 and ha = 0.0003 cm, respectively. These values were

btained from the model adjustment. It can be observed that as the
tirring rate increases, the thickness of stagnant layer decreases.
his is consistent with that reported by Chien about the depen-
ency of stagnant layer with the viscosity, drug diffusion coefficient
nd agitation speed of the release medium [9].

A simulation was carried out in order to illustrate the effect
f the external medium volume on release. To do so, a matrix
ugmented with a second membrane was used as device. The sim-
lation was performed with real data of progesterone considering

silicon matrix and human skin as second membrane. The max-

mum solubility of progesterone in silicone was reported to be
.5947 mg/cm3 [9]. The diffusion coefficients of this drug in silicone
nd human skin were previously reported [9,33]. For the simula-
ion, the initial drug loading was set according to the maximum

Fig. 9. Fraction of progesterone released calculated according to Eq. (14)
from a silicone matrix through human skin into different release medium
volume. The parameters used are: R = 0.010 cm; area = 30 cm2; hm = 0.001 cm;
Dp = 2.15 × 10−8 cm2/s; Dm = 2 × 10−11 cm2/s.

ig. 10. Comparison of the position of the dissolution–diffusion moving front (a) and the fraction of drug released (b) calculated according to Eqs. (19) and (14) (—), according to
qs. (11) and (14) (�) and according to the model reported by Zhou and Wu (�) [18]. The parameters used are: R = 0.25 cm; area = 1 cm2; V/Vs = 100; ha = 0.01 cm; A = 0.5 g/cm3;
s = 0.1 g/cm3; Dp = 1 × 10−6 cm2/s; Dm = 5 × 10−7 cm2/s; Da = 5 × 10−6 cm2/s; K1 = 0.8333; K2 = 0.6.

ig. 11. Comparison of the position of the dissolution–diffusion moving front (a) and the fraction of drug released (b) calculated according to Eqs. (19) and (14) (—) with the
nalytical solution reported by Lee (—) [14]. The parameters used are: R = 0.25 cm; area = 1 cm2; V/Vs = 100; ha = 0 cm; hm = 0 cm; A = 1 g/cm3; Cs = 0.1 g/cm3; Dp = 1 × 10−6 cm2/s;
= 4 × 10−7 cm2/s.
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F nd the erosion moving front (—) calculated according to Eqs. (19) and (15) respectively for
d × 10−2 cm/h; (d) B = 1.5 × 10−2 cm/h. The parameters used are: R = 0.25 cm; area = 1 cm2;
V 2/s; Dm = 5 × 10−7 cm2/s; Da = 5 × 10−6 cm2/s; K1 = 0.8333; K2 = 0.6.
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ig. 12. Comparison of the positions of the dissolution–diffusion moving front (—) a
ifferent erosion constant rates: (a) B = 1 × 10−6 cm/h; (b) B = 1 × 10−3 cm/h; (c) B = 1
/Vs = 100; ha = 0.01 cm; hm = 0.01 cm; A = 0.5 g/cm3; Cs = 0.1 g/cm3; Dp = 1 × 10−6 cm

olubility of this hormone in silicone. The A/Cs ratio was adjusted
o 3 in order to minimize the error derived from the PSSA assump-
ion. The predictions obtained are depicted in Fig. 9. It shows that a
ecrease in the V/Vs ratio leads to a lower amount of drug released.

t can be explained by a fast increment of the drug concentration
n a smaller receptor volume, which decreases the concentration
radient between the release medium and the device.

.2. Erodible matrix

In the case of an erodible matrix, the results obtained through
qs. (14) and (19) were first compared to those obtained through
qs. (11) and (14) and with the analytical solution reported by
hou and Wu [18]. In Eq. (19), let B = 0, the position of the
issolution–diffusion moving front and then the fraction of drug
eleased as a function of time were calculated. For comparison with
qs. (11) and (14), a membrane thickness of 0.01 cm was consid-
red while for the comparison with Zhou and Wu hm = 0 was set.

he position of the ı(t) front and the fraction of drug released are
llustrated in Fig. 10 as a function of time t. It can be observed
hat the prediction of the model fits well in both cases. This is an
xpected result because the same assumptions are used to derive
oth models.

Fig. 13. Comparison of the fraction of drug released calculated according to Eq.
(14) for different erosion constant rates. The parameters used are: R = 0.25 cm;
area = 1 cm2; V/Vs = 100; ha = 0.01 cm; hm = 0.01 cm; A = 0.5 g/cm3; Cs = 0.1 g/cm3;
Dp = 1 × 10−6 cm2/s; Dm = 5 × 10−7 cm2/s; Da = 5 × 10−6 cm2/s; K1 = 0.8333; K2 = 0.6.
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A

d
v
s

Cs maximum drug solubility in matrix (g/cm3)
Cs′ drug concentration in matrix at the

matrix–membrane interface (g/cm3)
Da drug diffusion coefficient in diffusion boundary

layer (cm2/s)
Dm drug diffusion coefficient in membrane (cm2/s)
Dp drug diffusion coefficient in matrix (cm2/s)
e(t) position of erosion moving front (cm)
E(t) e(t)/R, position of erosion moving front (dimension-

less)
f ha/R, diffusion boundary layer thickness (dimen-

sionless)
FR Q/AR, fraction of drug released (dimensionless)
ha diffusion boundary layer thickness (cm)
hm membrane thickness (cm)
K1 drug partition coefficient at the membrane–matrix

interface (dimensionless)
K2 drug partition coefficient at the boundary

layer–membrane interface (dimensionless)
L hm/R, membrane thickness (dimensionless)
Mt cumulative amount of drug released (g)
Q cumulative amount of drug released per unit area

(g/cm2)
r coordinate along the matrix thickness (cm)
R matrix thickness (cm)
S(t) position of dissolution–diffusion moving front (cm)
t time (s)
tf final time of modeling (s)
tm lag time (s)
V release medium volume (cm3)
Vs matrix volume (cm3)
x r/R, coordinate along the matrix thickness (dimen-

sionless)

Greek letters
ı(t) S(t)/R, position of the dissolution–diffusion moving

front (dimensionless)
� C/Cs, drug concentration in matrix (dimensionless)
�∗

a C ′
a/Cs, drug concentration in diffusion boundary

layer at the membrane–boundary layer interface
(dimensionless)

�B CB/Cs, drug concentration in external medium
(dimensionless)

∗ ′
I.M. Helbling et al. / Journal of M

In addition, the results obtained through Eqs. (14) and (19) were
ompared with the approximate analytical solution derived by Lee
14]. The results are presented in Fig. 11. It shows that Eqs. (14)
nd (19) approach Lee’s solution within a certain error range. As
xpected, there is a little difference between both originated in
he fact that PSSA was applied for the model derivation, instead
f applying the refined integral method used by the author.

A few examples of simulations are presented below in order to
llustrate the usefulness of the model in the analysis of controlled
rug release from an erodible polymeric matrix. The effect of the
urface erosion rate of the polymeric matrix on the drug release
an be seen in Figs. 12 and 13. Fig. 12 presents the positions of
he dimensionless dissolution–diffusion and erosion moving fronts
aking into account different erosion constant rates. Fig. 13 shows
he fractions of drug released corresponding to those erosion rates.
t can be observed that as the erosion constant rates increase, the
ifetime of the devices decreases and the drug release becomes
aster.

. Conclusions

Analytical solutions were derived for the case of controlled
ispersed-drug release from erodible and non-erodible planar
atrices, through a membrane, considering the existence of a dif-

usion boundary layer and a finite release medium, based on PSSA.
hese solutions are of practical usefulness and relatively simple
o use with the help of an adequate computational software. They
an be applied to a broad range of situations, namely drug release
n a finite or infinite medium, erodible or non-erodible matrices,
n the presence or absence of a membrane, or in the presence or
bsence of a stagnant liquid layer. These solutions offer an accu-
ate prediction of the release kinetics in the cases of A/Cs ≥ 3, till
ll dispersed drug is dissolved. This was corroborated by compar-
son with experimental profiles reported in the literature. In the
ase of erodible matrices, good agreement was verified with the
pproximate analytical solution reported by Lee [14]. The depen-
ence of the release kinetics on parameters such as initial drug

oading, external medium volume, and surface erosion constant
ate was also analyzed. Similar analyses can be carried out for the
ther parameters included in the solutions presented. The greatest
tility of these models lies in their prediction capacity of in vitro
elease profiles from transdermal patches through the skin.
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Nomenclature

area release area of matrix (cm2)
A initial drug loading in matrix (g/cm3)
B erosion constant rate (cm/h)
C drug concentration in matrix (g/cm3)
C ′

a drug concentration in diffusion boundary layer at
the membrane–boundary layer interface (g/cm3)

CB drug concentration in external medium (g/cm3)
C ′

m1 drug concentration in membrane at the
matrix–membrane interface (g/cm3)

C ′
m2 drug concentration in membrane at the

membrane–boundary layer interface (g/cm3)

�m1 Cm1/Cs, drug concentration in membrane at the
matrix–membrane interface (dimensionless)

�∗
m2 C ′

m2/Cs, drug concentration in membrane at the
membrane–boundary layer interface (dimension-
less)

�∗ Cs′/Cs, drug concentration in matrix at the
s
matrix–membrane interface (dimensionless)
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