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1 Introduction

Generalized symmetries have been recently studied in many different QFT, string theory,
and condensed matter systems (see for example the nice review talk in the Strings 2021 [1]).
The purpose of this article is to derive and analyze the generalized symmetries of the
graviton field in (3 4+ 1) dimensions. The graviton field is treated here as a QFT of a free
massless helicity two field.

Before describing our motivations to do so, we start with a brief account of the concept
of generalized symmetries from a broad perspective. Generalized symmetries should not
be confused with gauge symmetries. The theory of the photon field has an Abelian gauge
symmetry, but this symmetry acts trivially in all states and observables of the theory. Still,
this gauge symmetry leaves a physical remnant, two generalized symmetries generated
by Wilson and ’t Hooft lines, under which the ’t Hooft and Wilson lines are charged
respectively. This notion was first evision in ’t Hooft’s seminal article [2], and it was
recently put on a broader and firmer concept in [3], where they were called generalized
global symmetries.



More recently, in [4], the concept of generalized symmetries has been extended and
related to basic properties of local QFT. Given a region R with algebra A(R), generated
by local degrees of freedom, the usual commutativity of spatially separated observables
(causality) is expressed as

A(R) C AR, (1.1)

where R’ is the causal complement of the region R, i.e., the points that are spatially
separated from R, while A’ is the commutant of A, i.e., the set of operators that commute
with A. The proposal of [4] is that the non-saturation of (1.1) implies the existence of a
certain generalized symmetry. See [5] for a brief review and [6] for an extensive treatment
of the case of global symmetries. The reason is that for such inclusion to be non-saturated
it has to be the case that

Amax(R) = A(R') = A(R) V {a}, (1.2)

for some set {a} of operators which are not generated by the local degrees of freedom in
R. The symbol V denotes the generated algebra by two algebras. Moreover, as described
in [4], the non-saturation of (1.1) implies a non-saturation of the dual inclusion, namely

A(R) ¢ A(R), (1.3)

implying that
Anax(R) = A(R) = A(R') v {b}, (1.4)

for some set {b} of dual “non-locally generated” operators in the complementary region
R'. These sets {a} and {b} are the topological operators! effecting a pair of generalized
symmetries under which the sets {b} and {a} are charged, respectively.? Given a theory,
the objective is then to find the full set of non-locally generated operators, and compute
their algebra and fusion rules. Generalized global symmetries are included in this approach,
but more general fusion rules and algebras than those coming from symmetry groups can
appear as well. Also, one could envision generalized symmetries charged under space-time
symmetries, and we expect this approach to be sensitive to those as well. We will confirm
this below.

Given this brief introduction, the objective of this article is to derive and analyze the
non-local operators, their fusion, and their algebra for linearized gravity.

There are several motivations to do so. Let’s start with the ones coming purely from
QFT. As it is well known, several obstructions and peculiarities appear when trying to
construct QFT’s with massless particles of spin two. On one hand, we have the Weinberg-
Witten theorem [7], which precludes the existence of a stress tensor for these theories. On

I Topological here means that these operators are not dependent on how they were constructed outside
their defining regions. For example, integrating the flux of the electric field over an open surface gives an
operator that depends only on the boundary ring, due to Gauss law. We can deform the surface, without
changing its boundary, and this will not affect the operator. In particular, commutators between non-local
operators do not depend on these deformations, nor do they get modified by renormalizing the operator
with local operators at the boundary. These commutators depend only on the linking number between the
topological operators.

2This simple consequence of the approach developed in [4] has been argued to be at the root of the
absence of generalized symmetries in the bulk of holographic theories [5].



the other hand, we have the Coleman-Mandula theorem, which precludes the existence
of non-trivial mixing of space-time symmetries with internal symmetries. It would be in-
teresting to deepen on these issues from the point of view of generalized symmetries. In
particular, since the gauge constraints of the graviton are related to space-time symmetries,
one might envision that the generalized symmetries might be charged under the Poincaré
group. We will indeed find the graviton has non-trivial sectors for non-contractible loops,
and these sectors are charged under Lorentz symmetries. This, in principle, may set a coun-
terexample to a putative generalized Coleman-Mandula for these types of symmetries. This
example could be accounted for because the theory is free. But it would be giving a further
strong argument against potential interacting Lorentz invariant theories of the graviton.

From the perspective of QFT alone, we are also motivated to study this problem to
better understand the scope of the previous approach to generalized symmetries [4]. This
approach was analyzed for non-abelian gauge theories in [8]. But we expect the graviton to
show various peculiar behaviors that might escape the standard lore of generalized global
symmetries [3].

Let’s now describe some motivations coming from quantum gravity. Since the appear-
ance of [9] and [10], there has been an increasing growth of interest in trying to understand
completeness in quantum gravity. Starting from [10], and more recently in [4, 5, 11, 12],
the issue of completeness has been rightly connected to the absence of generalized sym-
metries. The previous approach makes this transparent, as reviewed above. Given a QFT
with a dual structure of generalized symmetries, to make the theory complete, we need
to introduce a sufficient number of charged operators such that the previous inclusions
become saturated, or equivalently, such that the non-locally generated operators become
locally generated. Several examples of this completion process are described in [4, 5], where
the role of the Dirac quantization conditions is accounted for. In this vein, by studying
the generalized symmetries of the graviton, we are also paving the path for a potential
understanding of how to complete such a theory and/or what problems or subtleties arise
in the process. In this context, we will see that to destroy the non-local operators while
keeping within QFT, in principle, we will need to break Poincaré invariance dramatically.

Finally, and maybe unexpectedly, there are also motivations coming from condensed
matter physics. Recently, some new type of excitations dubbed fractons have been ex-
plored, see [13-17] or the review [18]. Recent QFT realizations are described in [19-21],
and refs. [22, 23] describe potential experimental senarios. These are theories without rela-
tivistic symmetry. The mobility properties of these fractons are completely determined by
the nature of the generalized symmetries associated with the gauge fields to which fractons
couple. These generalized symmetries, and their associated topological operators, are typ-
ically charged under spacial symmetries, and this is at the root of the restricted mobility
properties of fractons. A heuristic connection between the physics of fractons and gravita-
tional physics was laid down in [24], based on the Hamiltonian and momentum constraints.
In this article, by analyzing in detail the generalized symmetries of the graviton, we will be
able to make more precise the connections and differences between the physics of gravitons
and the physics of the tensor gauge fields that have been associated with fractons.



The article is structured as follows. In section 2, we will introduce the theory of the
graviton (linearized gravity) and review the derivation of Hamiltonian and momentum con-
straints, together with their respective charges. These can be written in terms of surface
integrals of non-gauge invariant operators. However, they are not responsible for the gen-
eralized symmetries. To find generalized symmetries it is necessary to write everything in
terms of gauge invariant operators and study the non-saturation of (1.1) for such algebra.
To do so, we reformulate the graviton theory in terms of certain electric and magnetic
fields, finally re-deriving the formulation of Longo et al. [25]. We use this electromagnetic
formulation of the graviton in section 3 to find the dual sets of generalized charges. These
turn out to be one form symmetries charged under the Poincaré group (they carry space
indices). Using the canonical commutation relations of the graviton we derive the com-
mutation relations of the electric and magnetic graviton fields. With these commutations
relations, we find the algebra of topological operators. This is done in a novel way that uses
the smearing of the topological operators. In the last section 4, we discuss the connection
between the physics of the graviton and the physics of fractonic systems. We briefly ex-
plore the nature of charged operators we need to include to explicitly break the generalized
symmetries and complete the graviton theory within the QFT framework. We end with
some discussion related to the Coleman-Mandula and the Weinberg-Witten theorems in
section 5.

2 Linearized gravity

We will be interested in analyzing the theory of the linearized graviton in flat spacetime.
This arises by considering small metric perturbations over a fixed Minkowski background.
The metric is then

uv = Nuv + h;wa ||h;w|| <1. (2'1)

Using this expression one can expand to any desired order any curvature related variable
in general relativity. In particular, starting from Einstein’s equations in (34 1) dimensions
without external sources, the linearized equation of motions are

*Ouhay + 0 0yhay — 02Oy, — 0,0, hG — 0 (01 0shae — 070,h5) = 0. (2.2)
Expanding the curvature to first and second order, we get
RW = 8,0,h*" — 9P9,h7, (2.3)
R® =1 18,0°hys — 030 hyo — 050°hpy + ONOHP,| + zagh,ﬂaahﬂA
— 07hor0ph? + 07 hgr O hP, — %&hmaph” - iaAh"o(%\hpp. (2.4)

Therefore, the previous equations of motion (2.2) can be recovered from the quadratic
Einstein-Hilbert? action

Spr = /d4x VIR~ /d4x {(1 + ;h> RW 4 R<2>} : (2.5)

3For convenience we will consider (87G) = 1 unless otherwise expressed.




This is the usual Fierz-Pauli action for the graviton [26], plus some boundary terms that
arise from integrating by parts the curvature, namely

1 1 1 1
Spp = / diz [—2auhgath SO D,y + OIS = P Db | L (26)

2.1 Gauge symmetry

The graviton theory has a gauge symmetry. This is not the full diffeomorphism group, as
happens for the full non-linear Einstein theory. The reason is that there are diffeomor-
phisms that destroy the assumed weak perturbation limit defined by (2.1). We need to
restrict to the diffeomorphisms that respect that assumption. To linear order, we can write
the corresponding diffeomorphisms as

ot — 2'F =t (), (2.7)

where {#(x) is of the same order as hy,. Under this restricted set of diffeomorphims, the
perturbation h,, transforms as

h/uu(l‘/) = hw/(fﬂ) + au@/(x) + 81,5“(33) ) (2.8)

which implies that the linearized Christoffel symbols

1 1
Fgé ) 577“ (hna,ﬁ + hnga + haﬁ,n) , (2.9)
transform as
1 1

D =18 4 0,05¢" (2.10)

On the other hand, the Riemann tensor to first order

1

Rgf);w =3 (05 Ophpv + 0pO0vhay — p0uhor — OsOuhpy) (2.11)

is clearly gauge invariant

R/P (1) _ F/P (1) _ F/P (1) — (Fp 1) 14 (1)) + (61/808“5;) _ auagguép) — RP (1)

ouv Vo, Ho,v Vo, no,v ouv *

(2.12)

We will be interested in the theory of linearized gravitons in flat space, which is a
theory of spin two massless particles. The curvature tensor (2.11), as an operator in the
quantum theory, generates the local gauge invariant algebra of the graviton theory.

2.2 Hamiltonian and momentum constraints and conserved charges

To derive the non-local operators effecting the generalized symmetries, one could naively
follow a similar procedure as in the Maxwell theory. In Maxwell theory, one can integrate
the gauge constraint V - E = 0 over a volume in space. This gives rise to Gauss law in the
absence of charges. Gauss law implies that if we now define a flux operator over an open
surface, this operator does not depend on the chosen surface, just on its boundary. This
implies that such an operator can be associated with any ring containing the boundary
since it commutes with all local gauge invariant operators outside such ring. These surface



operators are the 't Hooft loops. For a more detailed description of the relation between
these operators and the inclusion (1.1), see [4].

Let’s quickly go over this method in the graviton theory. In this case, the equations of
motion of the Lagrange multipliers hgg and hg; respectively produce the linearized Hamil-
tonian and momentum constraints

H=—2GY =80, — Fhy; =0, Hi=-2Gy =207 =0, (2.13)

where 7;; denotes the canonical momenta associated with the remaining dynamical vari-
ables h;;. More explicitly we have

1/. .
T35 = 5 (hij — @'hoj — 8jh0i — (5,‘jhkk + 25ij8kh0k) . (2.14)

For completeness, in appendix A we include a derivation of the constraints from the lin-
earized ADM theory, though this will not be required in what follows.

At the quantum level, the canonical dual variables h;; and m;; satisfy the equal time
commutation relations

[y ), 77 ()] = % (ske7 + 676 8 — ). (2.15)

From these commutation relations, it is straightforward to find that the smeared constraints
produce the action of linearized diffemorphisms (2.8) over the canonical variables

o), [ EyHE ) G0) | =100 + 06(2) (2.16)
{TFU({L‘), / d3y H(y) §o(y)] =1 (818] — 5¢j32> 50(:70) . (2.17)

As with the Maxwell field, one might be interested in finding the charges associated with
these constraints, i.e with diffeomorphism invariance. Considering Noether’s second the-
orem for linearized diffeomorphisms? it is possible to derive the associated charges more
rigorously [27, 28]. These charges can be written as integrals of the constraints over a re-
gion V defined in a Cauchy slice, or as fluxes over the closed boundary 9V of such region.
More explicitly:

1 1 . .
o_ - 3 _ = nJ _ anipld
PO 2/‘/dx?{—2/avd5n<8jh omh) | (2.18)
Pi:_l/ d%w’:l/ 48, [0 — " — 57 (9shd — )]
2 Y% n 0 270 ] )
1= =3 [t - )
1 7 n ni niypJ ny i i ni ni 9j niiJ
:5/ dSy [ (@D — 8"H}) — W 4 67, — 200" R — B — 6", + 5]
Ji = / Bz (TH — )
1

=- / dSy [27(8"hg — B — 50", + 8H,) = 67h — (i 5 )] -
2 Jov

4This requires the addition of a Gibbons-Hawking-York boundary term to secure a well-defined varia-
tional problem with Dirichlet boundary conditions.



These are the well-known “Poincaré charges”. These are precisely the ones originally pro-
posed in [29] via the construction of the effective graviton energy-momentum tensor (when
one considers the full general relativity equations to be valid). These Poincaré charges
can be seen to satisfy the Poincaré algebra [30], which can be thought of as a consequence
of linearization of the well-known Dirac-Schwinger algebra of the naked non-linear ADM
constraints [31].

But here, we see the first deviation from the Maxwell theory. While in Maxwell
theory the charges are written as fluxes of gauge invariant local operators (electric and
magnetic fields), in gravity these Poincaré conserved charges that arise by integrating the
Hamiltonian and Momentum constraints are fluxes of gauge non-invariant local operators.
While the constraints and associated charges themselves are gauge invariant, this feature
prevents us from extracting from them Wilson and ’t Hooft loops in the way one does for the
Maxwell field. More concretely, if we integrate the previous fluxes over open surfaces we get
line operators which are not gauge invariant, and therefore they do not generate symmetries
of the physical gauge invariant Hilbert space in which the constraints are fixed to zero.

Equivalently, the difference between the Maxwell and the present gravity case shows
up in that the effective graviton energy-momentum tensor does not present diffeomor-
phism invariance (except on the boundary of the manifold where gauge transformations
vanish). Due to the Weinberg-Witten theorem [7], there is no gauge invariant, conserved
and Lorentz covariant energy-momentum tensor that produces these charges in the spin 2
theory. However, note that linearized gravity theory exhibits conformal symmetry at least
on-shell over a Minkowski background as proven in [25]. Some discussions about this fact
can be found in [32, 33] or in the context of entanglement entropy calculations in [34, 35].

2.3 Gauge invariant phase space variables of linearized gravity

The formulation of the linearized graviton field in terms of phase space gauge invariant
variables makes the problem of finding the generalized symmetries easier to understand.
One seeks to find gravitational electric and magnetic fields, playing analog roles like the
ones of the Maxwell field. In the case of the Maxwell field, the full algebra of the theory
is generated by such fields. So let’s start by looking for a set of gauge invariant operators
generating the graviton algebra.

In contrast to what is expected in full quantum gravity, the theory of the graviton field
in Minkowski space contains gauge invariant local operators. As mentioned above, these
can be constructed from the linearized Riemann tensor,” defined in (2.11). This tensor
generates the full local algebra. Also, it exhibits the same symmetries of the non-linear
Riemann tensor. One path to writing the theory in terms of electric and magnetic fields
uses the fact that the Riemann tensor can be understood as the curvature of a local Lorentz
gauge connection, the spin connection.® This suggests defining the following electric and
magnetic fields

. - 1
Eiaﬁ = _ROi 0467 Biaﬁ = isiijjk o . (219)

5From now on we will suppress the order index and write Rf}u)pg as Ruvpo-
SFor a complete account of this approach and its history see [26].



However, as it is well known, the gauge theory formulation of General Relativity differs in
many respects from Maxwell. For the present concerns, and in contrast to Maxwell, using
the Heisenberg equation for the canonical momenta 7;; (or the equations of motion in the
classical picture), one observes that these fields are not at all independent. Indeed

B = pmBRe B = gy 5Bk (2.20)

In consequence, the on-shell degrees of freedom of the linearized Riemann tensor can be bet-
ter described by the choice of electric and magnetic operators presented in [25]. These are

1
Eij = —Roioj, Bij = ismbR“%j. (2.21)

They provide an independent set of local gauge invariant fields generating the graviton alge-
bra. Importantly, they inherit from the Riemann tensor the following symmetry properties

Eij = Eji ) Bij = Bji s Eiz’ =0, Bii =0, (2.22)
and obey a generalized version of Maxwell equations

PE; =0, & B =0, (2.23)

EinkanEkj = _Bij s 5ink8anj = EU . (2.24)

Using expression (2.11), these electric and magnetic fields can be described in terms of the
canonical variables as

1
Ej=3 (akakhij + 0;0;h*), — 9;0%hy; — ajakh,m.) . Bij = e OF <w"j - 5;?2) , (2.25)

with 7 = 775. These expressions allow us to interpret the divergence-free and traceless

properties of the electric fields as a consequence of the Hamiltonian constraint

. 1 . 1 .
8]Eij = Z&’H, Eli = ZH7 €Z‘jkEl] = 0, (2.26)

while the divergence-free and symmetry properties of the magnetic field come from the
momentum constraint

, 1 . 1
83Bij = —§€mkak%n y B = 0, EijkB” = 57‘[]@ =0. (2.27)

7

Although the graviton theory and Maxwell theory look quite similar in this formulation,
there is a key difference when quantizing the theory. The commutation relations between
electric and magnetic fields turn out to be very different. In the present case, using the
canonical commutation relations (2.15), and the convenient expressions (2.25), we obtain’

[Eij(x), Bu(y)] = igkab [%(ajaz —510%) (2.28)
+ 8jq (0:01 — 640°) — 614(0;0; — 51'3'32)} O é(z—y).

"The commutation relations must be gauge invariant. A simpler exercise is to compute these commuta-
tions relations using Gupta’s quantization scheme [36, 37] in harmonic gauge. The result is the same.



These expressions obey all the constraints (2.22) and (2.23). Indeed they can be rewritten
in a more symmetric manner

i
[Eij (1‘), Bkl(g)] :g [Ekib(ajal — (5j182) -+ 5kjb(8i81 - (51'182) (2.29)
+ e1ib(050k — 6,10%) + £1j5(0; 0k — 5ik32)] O d(x —y).

In this Maxwellian formulation, the local algebras are generated by electric and magnetic
fields Ej;, B;j, obeying the equations of motion (2.23) and (2.24), constraints (2.22), and
commutators (2.29). The analysis of generalized symmetries is transparent in this formu-
lation as we show in section 3.
2.4 Duality for the linearized gravitational field

Further study of the generalized symmetries of linearized gravity will require us to un-
derstand duality transformation involving a symmetric second rank tensor h,,. The cor-
responding duality, analogous to the electromagnetic one, was described in detail in [38].
Here we present a review of the useful aspects. We start by writing the action in terms of
a “parent” Lagrangian

1 a 1 a 1 apy
S = /d4x l:mT(aﬁ)MT( 5)N+ gT(aﬁ),uT( ,u)B+ ZT(QQ)“{;‘ A p&,h“p , (2.30)

where the field T{,g), is an anti-symetric tensor in the indices o <> 8 and also has zero
trace T( aﬁ? = 0. We can solve the equation of motion of T(,g), in terms of hy,, so as to
obtain

Tapyu = apur(0sh™ — h%,) — €057 Ol - (2.31)

Note that by replacing (2.31) in (2.30) we can recover the expected Fierz-Pauli action (2.6)
for the original field. Additionally, in (2.30) the field h,, appears as a Lagrange multiplier
yielding, in the absence of sources, the constraint

Do (297 T " + £V, ) = 0. (2.32)
The corresponding solution is given by a pair of dual fields ilm, and w,,, as
T(a/g)u = (80[(,@1“5 — aﬂw“a) + (&jzuﬁ — 3gibua) y Way = —Wyy, ﬁuy = i:Ll,M . (2.33)
The action (2.30) writes in terms of the symmetric and anti-symmetric fields as
_ 4 180/' 9 T v 18u~uyaa~ 1 8u~u o I
S = d:z:z Py Oah -3 h ha,,—ﬁ h*,0,h%
1, - ~ 1.+ 1
+ Eﬁuho‘a&,h“” — géwh“”ao‘wm + gaﬂwwaawm . (2.34)
This has a dual gauge symmetry that can be written as

WM () = Wt (z) — OMEY () + OV EH (), (2.35)
RH(2') = h*Y (x) + OPEY (x) + OVEH () . (2.36)



Useful identities can be obtained from the duality relation among the potential fields which
comes from (2.31) and (2.33). For instance, we may write

Eapur(0sh™ — Oh7,) — €057 Oohuy = (Oatwyp — Ogwua) + (Oahus — Oghua) . (2.37)

This can be shown to give a duality transformation over the Riemann tensor

~ 1
Rype = iguvaﬁRagg7 (2.38)
which interchanges the electric and magnetic fields as
1 . .
Eij = ifiab Ra8j> Bi; = —Roioj - (2.39)

In addition, a particularly interesting consequence of (2.37) is that we can write the mag-
netic field as a double rotor 1
Bl'j = §smbsjcd8b@dﬁac, (2.40)

where we have used the canonical definition (2.25) and the expression (2.37) contracted
with a spatial Levi-civita tensor as

%5“bjT(ab)i = hy — & hoi — &7 (haa - ajhaa) =c®ig, (h + w) . (2.41)

Also, as one would expect from duality, we can use (2.25) to obtain
1
Ez‘j = —iéiabé‘jcdabadhac, (2‘42)

when the Hamiltonian constraint® and the equations of motion are satisfied.

3 Topological operators for the graviton

Having found a formulation of linear gravity in terms of a set of local gauge invariant
electric and magnetic fields, we can now proceed to find operators that violate duality in
a certain region. From the generalized Maxwell equations (2.23) and (2.24), we expect
these operators to violate duality on a ring, as in conventional gauge theories [4]. Below
we confirm this is the case. But we might also naively expect that these operators will
only be given by the fluxes of the electric and magnetic fields, as in the Maxwell case. In
other words, we might expect that the fluxes come by looking at the divergence-less field
equations as constraints, leading to the usual conserved charges. Although this is partially
correct, it misses several charges. The difference is that for the graviton theory we need to
add also the constraints that descend from the metric formulation, which are

E;=E;, Bj=DBj, E;=0, B,=0. (3.1)

(2

We are going to see that by taking into account these constraints, we will find an enlarged
set of conserved charges. Also, in the last section, we will see that adding these constraints
suggests that, in a more precise sense, the correct analogy is not between the graviton and
the Maxwell field but between the graviton theory and fractonic systems.

8 A factor of d;5H = 0 should be added to arrive at this expression.

~10 -



3.1 A new set of conserved charges

The traceless and symmetry properties of electric and magnetic fields, together with the
divergence-less field equations, suggest to better think of these fields as “stress tensors”
T of euclidean conformal field theories in three dimensions. Such a stress tensor satisfies
exactly

Tij=T;, T,=0, 0T;=0. (3.2)

And we know that given such stress tensor, the conserved charges are in one-to-one cor-
respondence with the generators of the conformal group. We just need to contract the
stress tensor with the vector fields generating the associated conformal isometries. Using
this intuition one can indeed verify that we have an enlarged set of divergence free gauge
invariant® vector field operators. These are

B = Bjid’, Bf =-B;js’"z,, BP =kBjjz’, BE =B;#2*—22b-2), (3.3)

% 7 T 7

EF =Eua', B! =-FE;#"x,, EP =kE i, EX=E;V2*-217b-2). (34)

7 K3 3

We have that s, a;, b; and s;; are arbitrary scalar, vectors and anti-symmetric tensor
respectively. The same applies to &, a;, b; and 5;j. The labels P, J, D, K stand in analogy
to translations, rotations, dilatations and special conformal transformations respectively.
Indeed, using the generalized Maxwell equations, together with the constraints we have that

OE! = E;57 — (0 Eyj)da, =0,
IEP = k(0'Fij)a? + RE'; =0,

OEN = (0'Ey;) (1 2? — 2270 - 2) + 2E;;(P 2’ — b'a?) —2(b- x)E*; = 0.

The previous enlarged divergence-free equations and their magnetic counterparts tell

us that the theory has the following set of conserved fluxes!”

@B:/ BFds;, @B:/ B/ds;, o8 :/ BPads;, of :/ BEdS;, (3.6)

P ¥ P P

@E:/ EFdS; @E:/E;]dsi, s :/ EPdS;, @ :/ EKdS;,  (3.7)
% P % %

where the surface of integration is any two-dimensional open surface bounded by a certain
ring-like closed boundary. These flux operators commute with all local operators outside
the ring. The reason is the same as in Maxwell theory, we can just move the surface X
of the definition of the topological operator to another one ¥’ with the same boundary
0% = 0%’ =T and the operator is unchanged, see figure 1. Therefore, local operators lying
on Y commute with the fluxes by causality, because we can move the flux away from the
support of the operator.

9For a linearized diffeomorphism we have that z* — x* + £*. But since the electric and magnetic fields
are already first order in the perturbation, the non-invariance of these charges comes at second order, and
it can be neglected in the linearized theory.

10WWhen we consider the dimensionless hu. the Poincare Charges (2.18) are actually suppressed by a
factor (87G) ™. This is not the case for the electric and magnetic fluxes (3.6) and (3.7).
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Figure 1. Possible choices ¥ and ¥’ for fixed T.

Crucially, as explained in [4], even if they can be associated with ring-like regions
by this argument, they are not locally generated in the ring. In particular, they fail to
commute with some of the operators that are non-local in the complementary ring. We
now discuss these issues in detail.

We want the fluxes of the conserved vectors (3.3) and (3.4) to be dimensionless charges.
Taking into account that B;;, E;; have dimension three in energy we have a’,a’ have di-
mensions of length, s;;, 8;;, K, K are dimensionless, and b;, b; have dimensions of energy.

3.2 Algebras of topological operators for the Maxwell field

Given the set of conserved fluxes and their associated topological operators, the aim now
is to compute their algebra. To warm up, and because we are going to introduce new
techniques (to our knowledge) adapted to smeared non-local operators to compute com-
mutations relations between non-local operators, we will start by recovering the well-known
results presented in [2, 39, 40] for the Maxwell field.

The topological operators in the Maxwell theory are known to be Wilson and ’t Hooft
loops, W and T. These are gauge invariant operators that can be obtained by exponen-
tiating the magnetic and electric flux respectively. They are typically defined as singular
infinitely thin loops. In this abelian theory, we can define a smeared version of them in the
following way.'! We start with

W = ¢i®? — eifdzxxA#Ju 90" =0, (3.8)

where J is a conserved current of compact support. These two imposed conditions on the
current (smearing function) ensure gauge invariance of the previous operator

Ay = Ay +0,A = W Wl 1@ —yye—i [dwAO - (3.)

Now we further assume the support of J is restricted to a region of space-time R which is
the domain of dependence of a spatial region containing a non-contractible circle. To be

"Defining smeared versions of loop operators in non-abelian gauge theories turns out to be a particularly
difficult problem, see [8] for a recent account from the present perspective.
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Figure 2. The ring-like regions R and R are the support of the currents J(x) and J(z).

concrete, we assume the topology of R is S' x R3. Because of the current conservation,
the flux over a 3-dimensional surface ¥ that cuts the ring R once is independent of the
particular 3. This flux defines a charge

qz/EdS#J":/EdanuJ“. (3.10)

The vector n# is the normal to 3. The claim is that W is a smeared Wilson loop with
dimensionless charge ¢q. We will confirm this by direct computation in a moment.
An equivalent rewriting of this operator is in terms of the magnetic field. In fact

1
o8 = /d4$AuJ“ = §/d4wwa’w, (3.11)
where w,,,, is any 2-form that obeys
Jy=0"wu . (3.12)

Analogously, the smeared t’"Hooft loop T for the Maxwell field can be defined from the
flux of the electric field '
T = = ¢5 [ do@uGF™) (3.13)

It can also be written in a dual way to the Wilson loop, using the dual gauge field, namely

1 ) , -
@ = / 4 Gy (K FP) = / e A, J0 (3.14)

where we have that «F = dA and j“ = 0@, If the current J has support on a ring, the
monopole charge of the smeared t’Hooft loop can be measured by integrating the flux of
this dual current over a 3-dimensional surface ¥ with normal vector ny, as

g:/idSuj“:/zdaﬁuj“. (3.15)

We are now ready to compute the commutator [® g, ®g|. The interesting case is when
the dual currents J and J have support on linked rings as shown in figure 2. First, we
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choose the smearing functions to have spatial compact support over the rings of interest
and also to obey

Ji(t, ZE) X 5(t - to) 5 Ji(t,l‘) X 5(t - t()) s Jo(t,$) = 0, j()(t, ZL‘) =0. (3.16)

This implies that the 2-form w,, has zero divergence and spatial components proportional
to the delta function

w,'j(t, x) 0.8 (5(t - to) y (:Jij(t, .CI}) 0.8 5(t — to) s aywa(t, x) =0 y 8”(1)0,/(75, l’) =0. (3.17)
However, we can use the remaining freedom available to pick the stronger condition
wou(t,z) =0, @ou(t,z) =0. (3.18)

We now allow ourselves a slight abuse in the notation and write w;; — w;; 0(t — tp) and
(to, ) — . We also note that Fj; = e,»jk.Bk and *xFj; = eijkEk. The fluxes then yield

1 iy 1 .
oP = §/d3x w Fij = §/d3x Eijk w" BF = /d3x Q. B*, (3.19)
1 y 1 iy -
oF = / dw & (xFyg) = 5 / P ey B = / &y B (3.20)
where we have defined the more convenient smearing functions
1 ik 3 L~
Qi = 5 ez-jkw s Qz == 5 € wjk . (321)

This implies that the curl of Q is given by the current J as (V x Q); = d/w;; = J;. Then,
for a closed curve I' = 9%, we have that

]{ Qidazi:/(VxQ)idSi:/ J,dS' . (3.22)
I'=0% b b

There is here an ambiguity in the choice of ¥. In particular, we are allowed to pick other
surfaces like ¥/ (See figure 1). However, because of current conservation V -.J = 0 and J
having compact support on a ring, the flux is the same for every ¥ that cuts the ring only
once. More precisely, this flux is given by the charge ¢ as

q :/ J;dS' = f Q; dz’ . (3.23)
% I

Note that we are using (3.16) and (3.10) to arrive at this conclusion.
The situation is the same in the dual case with the t’Hooft loop. From (3.15), we can
see that the monopole charge obeys

g= / J;dS' = 7{ Q; dx’ . (3.24)
> iy

Going back to the fluxes and using the canonical commutator between the electric and
magnetic fields'?

12This just follows from the canonical commutation relations between the electric field and the gauge
potential.

— 14 —



the commutator we are seeking to compute reads
o7 0] = [ [ dy Q@) V) 1B(), i) = (3.26)
:i/d3x /d3y Qi (z) ( elk](?kQ]( ) 0(x —y —z/de Qi () Ji(x) .
Inside the ring R, where J(z) has compact support, the other current J (x) is zero
re€R = J(z)=0. (3.27)

Cutting out a section ¥ of R we can convert it in a simply connected region, in which we
can write the vector 2 locally as a gradient

T€ER-Y = VxQuz)=Jx)=0 = Q)=Ve). (3.28)

The circulation of Q over a non contractible curve ~ inside R (linked once with R) and
that includes a point y € ¥ is given by the jump of ¢ on y across 3. This jump is constant
on ¥ because it is equivalent to the flux of the curl of Q, or the flux of J:

g= f 0up di = AG(y) . (3.29)

Using this observation inside the commutator (3.26) and integrating by parts we obtain
(27,27 —z/d3xJ ) O's —z/d3 (& [p(2) Ji(@) — @(a) [0 (@) ) . (3.30)

The last term vanishes from current conservation 9'J; = 0. The remaining term is a
divergence that can be written as

[<I>B,<I>E] :i/EdSi AG(y)Ji =iqyg. (3.31)

Physically, the charges q and ¢ take into account “how many times” the current goes around
the respective ring. Then, for thin linear regions, this result gives the usual linking number
between the linked loops. Another commentary is that due to the topological nature of
these commutation relations, we can deform the regions to look like infinitely thin rings, or
take the currents to be smeared over spacetime rather than simply over the ¢t = 0 surface,
and the commutation relations do not change as far as the charges do not change and
the regions remain space-like separated. Indeed, the charge preserving deformations are
produced by local operators that commute with the dual non-local operator.

If we now take the Wilson loop W and the 't Hooft loop T as in equations (3.8)
and (3.13), again with support in spatially separated rings which are however simply laced
to each other, we finally arrive at the famous commutation relations [2]

WaT9I — 6@56@5 _ ez‘<1>B+i<1>E+%[<I>B,q>E] — M99 TITNY (3.32)

The subsequent terms in the Baker-Campbell-Hausdorff formula does not appear for these
free fields.
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3.3 Algebras of topological operators for the graviton

In the theory of linearized gravity, we can define analogous smeared Wilson and 't Hooft
loop operators by using the conserved fluxes (3.6) and (3.7) related to the conserved cur-
rents (3.3) and (3.4). More concretely, we define

We=¢%, Tp=¢%, F,G=P J D K, (3.33)

where the smeared fluxes are given by
oL — /d% i (z) BY () /d% O (x) gl (x) Bij () (3.34)
of = [ Q@) Bl @) = [d2 @) @) By(), (3.35)
and where gé(:c) for the different G is given by
aj, —sjpx’", KTj, (bjav2 —2xb- ), (3.36)
while the f}(:p) for the different F' are
aj, —8pa™, kxj, (bjx* —2x;b ). (3.37)

The smearing functions Q(z) and Q°(x) are such that VxQ = J, VxQ = .J. The supports
of J and J are restricted to linked the ring-like regions R and R respectively. Without any
loss on generality we will set the corresponding charges to one

/Jidsi:[jidsi:L (3.38)
b)) b))

To show these are non-local operators in their respective rings, we need to prove they do
not commute with certain non-local operators in the complementary region. This problem
is, of course, completely solved once we compute the algebra of the fluxes involved. We
start from the expression of the commutator in terms of the smearing fields and consider
the commutator between electric and magnetic variables

[08.9F] = [[ oty @@ 2 0) @) 6 1Bul). By@)] . (339)

We now replace the expression for the commutator (2.28), integrate by parts the derivatives
of each term acting over y, and integrate out the delta function by integrating over y. As
a result, we get that the commutator reads

[@qu)E :——/d:”xQZfF [(a 01— 6;10%) Ji+(0,0,— 640%) J; — (0,0, — 6,30 )Jl]

—Z/deQZf% [eibk(aj&—&ﬂa )+5jbk(8i8l—5ila )—Elbk(aiaj—(sz‘jaZ)} Qkabglg,
(3.40)

where we have used J; = g, IOk,
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The second term on the right-hand side of (3.40) is not expressed in terms of the cur-
rent. This momentarily obstructs the localization of the integral in the region R (which is
the support of J). This localization was fundamental in the derivation of the commutation
relations for the Maxwell field. However, this localization occurs when we write in detail
the form of the function glg. We have to analyze case by case. We provide here the example
for “magnetic dilatations” g, (z) = k2!, We get

[Eibk(aj& — jla2) + Ejbk(aial — 52‘182) — €lbk(8i8j — (5@'82)} (Q’“@bgl) = (3.41)

=K {sﬂkﬁj@lﬁk — €ijk829k + 5]-1;96@-819’“ — €ji/§329k] =K [8JJ1 + OZJJ] .

Then, it can finally be expressed in terms of the current as happens for the first term
in (3.40). Substituting into the expression for the commutator, we find

[@B, @5} = —% / P fl [(ajal — 6,0%)(Jix!) + (80, — 6,20%)(J;2)
—(&‘aj — 5¢j82)(Jla:l) + 8]‘JZ‘ + &u]j} . (3.42)

Since every term is proportional to the current, the integration restricts to the region R.
In (3.42) we are considering the particular case of ¢ = gp, but this step happens for the
other g as well. In the other cases, the analog of (3.42) is given for“magnetic translations,
rotations, and special conformal transformations” by

o5, 0f] = -7 / a0 . (0500 — 60%) (Jiat) + (0,0, — 620%)(Jj2!)

(@i — 050" ()] (3.43)
- nl .
07, o] = _% / dx Q' fl (0,00 - 5307 (Jia") + (90 — 6ud®)(J;2")
1
—(61'8]' — (5Z'j82)(Jl.%'n) + 5 (Emﬁjab + 5jn15iab) 8an:| s (3.44)

[@,fg, qﬂ = _31 / 4Pz Qi f, [(ajal — 6;0%)(Jizh) + (9:0, — 640%)(J;ah)

*(31'8]' — 5ij82)(Jl$l) + 2(b . l‘) (8]JZ + 8ZJ]) -8 51']‘ (b . J) (3.45)

+6 b; Jj +6 bj Ji + (bl " —b" :El) (5in15jab + 5jnl5iab) a“Jb} .
The next step is to write in R the field Q; = 9;% where ¢ has a unit jump across
Y. After integration by parts we find that the divergence in the index ¢ of the integrand
vanishes. This holds for all fr(z), FF = P,D, J, K, and gg(z), G = P, D, J, K considering

current conservation. For example, for the case of magnetic dilatations, eq. (3.42),

0; {ffm [(@‘31 — 8;0%) (Jiz') + (80 — 6u0*)(Jj2')

—(81'3]' — 6ija2)(<]l$l) + @-Ji + 8ZJ]}} =0. (346)

17 -



X3

Figure 3. Example of the integration surface ¥.. Here we use coordinates (x1,xo,z3) with the
surface X being orthogonal to x3.

As a result of (3.46), the integral in (3.42) is given by the surface boundary term, which is
independent of the particular surface ¥ that cuts R:

[cpf,,«pg] - _% /E ds; fF [(ajal — 0;0%) (Jimy) + (8i0) — 640%)(J;1)
—(&Oj — 5ij82)(Jlxl) + @-Ji + 8Z~JJ} . (3.47)

To evaluate the surface integral, considering that the result is independent of the chosen
cross-section of R, we choose a planar surface . We take Cartesian coordinates x1,xo on
this surface, and x3 is the orthogonal one. See figure 3. With this picture in mind, let’s
study the surface integrals that appear. These are of the form

@5, @F] = - /2 day dws f [(9;00 = 630%)(Js 2') + (D50, — 610%) (J;2")
—(838j — 53j82)(Jl$l) + 8jJ3 + (93Jj} . (3.48)

The integration of derivatives parallel to the surface vanishes because the current and
its derivatives have compact support in R and vanish on the boundaries of 3. We can
also use current conservation to write JsJs = —01J1 — 0o, and integrate by parts the
parallel derivatives. After some algebra, we find that for any specific f%‘ the integral, due
to quite remarkable and convenient cancellations, either vanishes or gets proportional to
Js, dz1 dxg J3 = 1. In this way we get

1K R

[@B,@E]zo, [@B,@ﬂzo, [@B,cbg]z 5 [@B,@ﬁ]zo. (3.49)

As mentioned, the same procedure can be followed to obtain the other commutators
for g¢ with G # D. We are not reproducing these calculations here because they are
quite long and not particularly enlightening. We have also checked the result performing
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the calculations with a program for mathematical manipulations. The complete algebra
of topological operators that we obtain considering (3.42), (3.43), (3.44) and (3.45) is the
following

{‘I’]B;, ‘I)ﬁ] = iai BZ y {@?, (I)]JE} = % Sij §ji N
@5, 05] = %m, [0F ®f] =iv'a. (3.50)
Note that all the other commutators have to be zero for dimensional reasons. The commu-
tators are dimensionless as well as the charges. To get a dimensionless result that depends
entirely on the scalar, vector, and tensor charges the only commutators that can exhibit
non-zero results are the above ones. Other possibilities involve functions of the coordinates
depending on the geometry of the rings, but this is not possible due to the topological
nature of these charges. If we smoothly change the geometry of R and the value of J to
Ry and J;, while keeping the charge fixed and avoiding intersecting R, the commutators
must not change. The reason is that the difference between the flux operator defined at
R and the one defined at R; is an additive operator in the complement of R, commuting
with operators based at R.
The result (3.50) can be further checked using singular (infinitely thin) linear loops.
In the appendix B, we show how to compute them using square loops.
In consideration of these results, the corresponding non-zero commutation relations
for the graviton Wilson and 't Hooft loops (3.33) are given by

WpT =" Te W, WjTj=e i T3Wj,

WETH = e " TEWS, WETh =" TRWY . (3.51)

The commutation relations show that the previously defined operators are non-local oper-
ators in the ring, since they do not commute with at least one non-local operator in the
complementary ring. The group of generalized symmetries is the Abelian group R x (R10)*
of electric and magnetic fluxes. There are 10 independent electric and 10 independent mag-
netic fluxes, both of which can be based on the same ring-like region R in d = 4.

The most salient feature of this generalized symmetry, which is not present for the
ordinary gauge theories, is the presence of Lorentz indices for the generalized symmetry
charges. We will make further remarks on this issue in the discussion section. The sectors
with vector indices may be an oddity in relativistic theories, but this is not so for condensed
matter systems with fracton excitations, as we now describe.

4 Fractons and graviton completeness

Having derived the algebra of generalized symmetries of the free graviton theory, we now
discuss some interesting avenues and applications. In particular, as described in the intro-
duction, we want to approach the issue of charging or breaking these generalized symmetries
from a purely QFT perspective.
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Let us be more precise. In [9] it was argued that gauge effective field theories in
quantum gravity should be “complete”, meaning the spectrum of possible charges should
be maximal consistent with the Dirac quantization condition. This principle was extended
later in [10] to include other generalized symmetries. More recently in [4, 11, 12], the
relation between completeness and the absence of generalized symmetries has been further
developed and deepened. In particular, ref. [4] defines a QFT (without gravity) to be
complete whenever relation (1.1) is saturated for the observable algebra and any region
with any given topology. Allowing for non-saturation of this condition inevitably leads to
the existence of two dual generalized symmetries, as the two dual sets we derived for the
graviton.'® From the existence of such generalized symmetries, or equivalently from the
non-saturation of (1.1) in ring-like regions, we know the free graviton theory is not complete.

It is thus interesting to see whether we can “complete” the graviton theory by introduc-
ing a sufficient number of charged operators to destroy the set of generalized symmetries
described above. One might anticipate that problems should appear when attempting
to carry out this process. For example, since the generalized symmetries of the graviton
are charged under space-time symmetries, we expect some generalization of the Coleman-
Mandula theorem to generalized internal symmetries to make it difficult to find a simple
Lorentz invariant completion of this theory. Also, from the present knowledge on quantum
gravity, we do not expect to complete the theory in a nice relativistic QF T fashion.

It turns out that the fact that the generalized symmetries of the graviton are charged
under space-time symmetries, coming from the fact that the conserved fluxes are themselves
charged under these symmetries, means that the charged particles making the topological
operators additive, will be highly constrained since their movement in spacetime has to
respect all those conservation laws. Quite interestingly, this type of behavior has been
observed very recently in the context of condensed matter systems, where it comes under
the name of “fractons”.

4.1 Fractons and tensor gauge theories

Fractons are defined to be particles with inability to move through space [13-17].14 The
reason has nothing to do with inertia, in the sense of having large masses. It has to do
with quite peculiar conservation laws that their motion has to respect. Although fractons,
in isolation, cannot move, bound states of fractons can move through space. For example,
in some models to be reviewed below, single fractons cannot move while dipoles can. In-
tuitively, there is a “symmetry” that prohibits the existence of localized dipole operators
in the theory, which otherwise could that transport fractons from one place to another,
but that symmetry does not prohibit the existence of localized quadrupole operators trans-
porting dipoles from place to place, see the recent review [18] and references therein, and
also [22, 23] for potential experimental senarios.

3Tn the context of AdS/CFT there are different arguments for the absence of different types of symmetries
in bulk effective field theories, see [5, 41-43].

141n this line one also finds “lineons” and “planons”, which are particles allowed only to move in appro-
priate submanifolds [18].
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These quite unusual and striking properties have been nicely described by Pretko [17,

44] in terms of recent advances in tensor gauge theories [45], which happen to display higher

moments conservation laws. A standard example one finds in the literature is the following.

We can start with a two index symmetric gauge potential A;; and a gauge transformation
law given by

Aij — Aij + 8¢8ja . (4'1)

A two index gauge invariant magnetic field can be defined as usual by
Bij = EiklakAé' y (42)

and the gauge invariant electric field can be defined implicitly by imposing canonical com-
mutation relation with the gauge potential

[Aij, Ekl] = z(ézkéﬂ — 5zl53k)5(37 — y) . (43)
The constrain equation of this theory is a modified version of the Maxwell case
D'V E;; =0, (4.4)

which one can verify generates the gauge transformation (4.1) given the canonical commu-
tation relations. Introducing a new potential Ag with gauge transformation

Ag — Ag + &, (4.5)

the electric field can be written E;; = Aij — 0;0jAg.

It is of interest to understand how to couple this model with sources. Calling p =
0'97 E;; to a charged density source of the previous constraint equation, the electric con-
served charges of this model can be measured by the flux at infinity

Q= / dadp = / dz?0,0;E;j = / dS;0,EY (4.6)

in the same way as one does with the usual electric charge. In addition, we also have a
vector charge, non invariant under the space-time symmetries. This “dipole” charge writes

pi— / daPpa — / 320, 0, B = / dS; (210, B — i) | (4.7)

The conservation of this dipole charge impedes local charged excitations, called fractons,
to move around space, while dipoles can move if they conserve the direction. This model
is called the “scalar charge tensor model”.

A second type, the “vector charge tensor model”, arises by considering the following
different gauge transformation for the potential

Aij — Az‘j + aiOéj + 8]'041' R (4.8)
generated by the following vector constraint

O'E;j =0. (4.9)
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The gauge invariant magnetic field can be written as
Bij = 3’5iab?":jcdabadfélaC ) (410)

which gives §'B;; = 0.
This is called a vector theory since the charged source of the constraint transforms like
a vector under rotations. This theory has the usual conserved charge

Q= /d% P = /d% 0B = /dsj B, (4.11)
but also an angular momentum type charge
M= /d?’:c ekpixy = /de (e B ) . (4.12)

Again, the conservation of both charges constraints the movement of excitations and
bound states. In general, these models are included inside “higher rank gauge theories”,
whose degrees of freedom are gauge potentials and electric and magnetic fields with several
indices. Constraints arise by different combinations of divergences and traces, see [45] for
a nice and short account.

Given these features of the tensor gauge theories that potentially couple to fractons or
related excitations, connections with general relativity were developed in [24, 46, 47]. In
particular, it was argued in [24] that several properties of the interactions between fractons
resemble gravity. The heuristic reasons described in those papers were rooted in the fact
that the graviton theory, in its metric formulation, can be seen as a short of tensor gauge
theory for the gauge potential h,,, the deviation from the background metric. The role of
the non-trivial conservation laws of the tensor gauge theories was argued to be played by
the Hamiltonian and momentum constraints (2.13).

Instead of trying to adapt the zoo of fractonic systems and tensor gauge theories to
gravity, using our previous results on generalized symmetries and the generalized electro-
magnetic formulation of linearized gravity we can go in the opposite direction. We can
describe the linearized graviton theory as a specific example of the zoo of gauge theories
describing fractonic systems.

Looking at the previous classification and our results above, we see that the constraints
on the physical variables E;;, B;; inform us that the graviton is an example of a “traceless
vector charge theory”, as described in [44]. Interestingly, the graviton theory is not precisely
the higher tensor gauge theory of this type described in [44], but it shares with it the same
set of conservation laws and generalized symmetries, the reason being that the model is also
self-dual, and the electric and magnetic fields satisfy the same algebraic and conservation
relations as stress tensors of euclidean field theories in one less dimension. The difference
lies in the dynamics and commutation relations. In particular, the model described in [44]
must have the same structure of non-local operators and generalized symmetries as the
ones described in the present paper. However, we expect the algebra of these topological
operators to be different from the algebra described above, coming from the graviton theory.

Also, the natural way to couple fractonic matter to gauge fields does not turn out to
be the same as the way we couple matter to the metric in general relativity. In particular,
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we can write the linearized equations of motion in the presence of a minimally coupled
matter stress tensor as

GE}V) = RE}V) - %R(l) = Tqu (4.13)

where T),, accounts for matter and graviton sources as in [29]. In the electromagnetic
formulation, this is

E} =T} — 2Ty, eijpBij =0,
Bi=0, eijiBij = Tho , (4.14)
9; Eij = Toi — 20;Too + ;T €iabOallpj = —Bij ,
6..
9;Bij = €ij10;Tko , €iab0aByj = Eij — Tij — gT + 0515 -

The equivalence principle, in its “minimal coupling” incarnation, forces the “electric and
magnetic currents” to have some definite peculiar form. This feature also deviates from
the specific model considered in [44].

4.2 Wilson lines for the graviton

If we were considering a conventional gauge theory, to destroy the generalized symmetry
we would first write the non-local operator as an additive operator by using the gauge
potential. In other words, by writing the non-local operator as a loop operator of a non-
gauge invariant field, instead of writing it as a surface flux. By doing so we can now break
the loop into open Wilson lines. These open Wilson lines are not gauge invariant, but their
transformation is only dependent on the endpoints. This tells us what kind of matter we
should include to obtain a truly gauge invariant Wilson line. For typical gauge theories,
this means to include matter transforming under a certain representation of the gauge
group. These gauge invariant Wilson lines then convert the topological operator into an
additive one.

We have only produced an expression of the non-local operators in terms of gauge
invariant fluxes. We now find expressions in terms of loop operators of non-gauge invariant
fields, playing the role of the gauge potential in the conventional gauge theory scenario.
These expressions suggest the matter content that can break the non-local operators is a
nonconventional completion of the linearized graviton theory.

To start with, we notice the electric and magnetic fields of the graviton can be written
in terms of the extrinsic curvature (A.3) and lapse function (A.2) as

Eij = Kl] - aiajNv B’ij = 5iababKaj . (415)

Although the electric and magnetic fields are invariant under the action of linearized diffeo-
morphisms, the extrinsic curvature and lapse function transform as a “scalar charge tensor
model” with the law (4.1) associated to the component &, as

Kij — Kij — 00§, N —N—-¢&. (4.16)
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X X5

Figure 4. Setup of a curve that defines a line operator.

This only depends on the function &) and reproduces the transformations (4.1) and (4.5)
presented in [17, 44]. Notice however that E;; and K;; are not canonically conjugated vari-
ables, as usually assumed in the discussions of scalar charge tensor models. At this point,
the similitude of the graviton theory with these types of models disappears. In particular,
the transformation of the canonical variables induced by the constraints is very different.

Using the expressions (4.15) and (4.16) we can write the traslation and dilatation
magnetic fields described in the equation (3.3) as

BiP = embab(Kajaj) ) BZ-D = emb8b(/<c K“jacj) . (4.17)

This allows us the write the corresponding non-local operator fluxes as circulations of K% a;
and kK% x; along the boundary of the surface. These same line integrals over an open
curve C' define

ur /dﬂ (K'Y a;) = /d€ ajhj—a](?]ho—aaho) (4.18)

uP /CM (k K9 x;) = /dﬁ (z;hY — 2;07hg —xaho) (4.19)

These, as expected, have gauge transformations that only depend on the endpoints of the
curve (see figure 4)

UP(C) = UP(C) - a4 /C dl; 90 = UP(C) — ;0560 | (4.20)

uPc) - UPC) -« /C dl; z;0:0;60 = UP(C) — k (2;0;0 — &o)|3* - (4.21)

We can interpret these Wilson lines as the limit of Wilson strips associated with a
fracton dipole, as it is done in [20, 21] in the context of scalar charges tensor models. The
corresponding setup is described in figure 5. The strip operator is now given by a double
line integral over the curve C' and the fiber F)\ at each point A of C:

. A2 0x¢ ( ) 81: B) ..
U(C,F) = / a [ ae K — / i [ a I i | 1.22
( ) c F)\ J )\1 Bl 6 8)\ 6/6 ( )
z .
For an infinitesimal fiber we write the tangent vector 2 5 éﬁ) = ekI(\) and we get

A2 92\ .

U F) = [ an 25 )kj(A) K (4.23)
M oA
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From here, gauge transformations (4.16) act as

920\ X2
SU(C.F) = e [N 1y (3) didygo = —e A Nk (N) 920,60 =
1 1
A2 Ok:(\
= —c (kMo +e [ an [P og) (4.21)

This has a term that is not dependent exclusively on the endpoints of the curve C(\).
However, we are still able to choose the dependence of the fiber direction as we want. To
reproduce the gauge transformations of the translations line operator UF(C) we choose
kj(A) = a;. In this way, we recover

Ao Oz (N)
U F)=e | ~dA=4y

having a gauge transformation consistent with the expected (4.20)

a; K = ¢ /C dt; (a; K7) = cUP(C) (4.25)

SU(C,F) = —¢ (aﬂ'ajgo)

e 4.26
“ (4.26)

Considering dilatations we propose the dependence k;(\) = /@mjc(/\) and get
A2
UC,F)=¢k / d\
A1

e ) )

With this choice of fiber, the second term in (4.24) gives a boundary term, and we recover
the expected gauge transformation from (4.21)

) Az N .
il +6/€A dX [8%()83&)1 = —kKe (xjajﬁo—ﬁo)

SU(C,F) = —ek (mjc(k)f?jéb) AN

Xa
X1

(4.28)
In this way, it is evident that one form to make these Wilson lines gauge invariant is to cou-
ple the exponentials of these strip operators with ordinary charge dipoles at the extremes,
where the charged field transforms, as usual, as 1) — €*9¢). We need a constant dipole for
the translational charge and a dipole of size proportional to ex; for the dilatation charge.
In this last case, we need also a non-zero charge according to (4.28). Some candidates for
the fractonic matter Lagrangians that obey these exotic transformation laws have been
recently studied in [48].

More complex arrangements are necessary for the other charges. We consider the case
of rotation charges. To our knowledge, there is no way to write the Wilson lines related to
the rotations operators coming from (3.3) as loop integrals of non-gauge invariant operators.
We can go further by looking at the dual theory presented in section 2.4. Here, we consider
the electromagnetic formulation from (2.40) and (2.42), that is,

1 1 -
E;; = —§smbe]—cd6b8dh“, B;j = EEinchdabadhac. (4.29)

Note that now the gauge symmetry has the aspect of a “vector charge tensor model” as
in (4.8) and (4.10) (compare with [45]). This is given by

ilij — ilij + 8if~j + 8]51 (4.30)
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Figure 5. Setup of the curves corresponding to a finite Wilson strip (left) and the associated
infinitesimal limit or line operator (right).
Then, we write the translations and rotations currents in (3.3) as

al jn

Bf = 5 cianejead 0°h" . B = % T iabEjead’ OB, sij = eijps” (4.31)
The corresponding Wilson lines are
1 -
UP(C) =~ / dt; [ejar 0B a7 (4.32)
2 Je
1 - o
U’ c) = 5 /Cd& [(snxk — spxy) O"AM — s, hkz} . (4.33)

Now, as wanted, the corresponding gauge transformations only depend on the endpoints
of the curve:

Xo

UP(C) = UP(C) — %gjabajabga o (4.34)
1
D Do L (o k  konm\a e |X2 kg |X2
U“(C)—=U"(C) 5 (s ¥ — stz )(%&c — &k % (4.35)

These transformation laws could be matched by a different type of charged particles whose
transformations depend on a gauge vector ; rather than a scalar function. See [20, 21] for
interpretations in term of “lineons”, particles restricted to move in lines.

We remark that all the known explicit models where these tensor theories are charged
break some Lorentz invariance and some spacial symmetries. Then these ways of completing
the graviton theory should, as expected, give up relativistic invariance.

The present results and observations thus support the idea that completing the graviton
theory should follow a different route than QFT alone. A different route to complete the
graviton theory is String Theory or, more generally, holography. It would be interesting to
understand how these symmetries are broken there. A strong argument explaining how one
form symmetries are broken or, equivalently, how the spectrum of electric/magnetic charges
is complete, in holography was described recently in [5]. Importing such an argument to
the present scenario, we expect that the non-local operators necessarily existing in the
boundary CFT stress tensor algebra would have bulk duals breaking, or uplifting, the
gravitational Gauss laws that originated the one form symmetries in the first place.
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5 Discussion

We have found generalized symmetries for the graviton theory, associated with the failure of
Haag duality for regions with non-trivial homotopy group 7, containing non-contractible
loops. This is the same setup of generalized symmetries for ordinary gauge models. How-
ever, the charges of the non-local operators for the graviton are not invariant under Lorentz
transformations. This prompts the following discussion. A more detailed account will be
published in a forthcoming paper.

Global charges with Lorentz indices are forbidden by the Coleman-Mandula theorem,
based on S matrix properties. In the present framework for generalized symmetries, there
is a very simple reason why a theory cannot have a mixing of Lorentz indices with the
generalized symmetry labels, a sort of generalization of the Coleman-Mandula theorem.
This is the existence of a stress tensor. In the presence of a stress tensor, we can form a
local twist for Poincare symmetries that implements the symmetries on the region R and
not in the complement. On the other hand, a Poincare twist generated by the stress tensor
is an additive operator in R. Therefore, if a non-local operator is Poincare transformed
(infinitesimally) by the twist, both, the operator and its transformation, must belong to
the same non-local class. This forbids Lorentz indices in the class labels. It also shows the
limitations of models where this mixing of Lorentz and symmetry charges occur.

It remains to show that the twist in R implements the transformation on the non-local
operator. But this follows from the fact that the Poincare twist in a ball B that includes R
does implement the transformation on the non-local operator, which is an additive operator
in the ball. This twist is the product of a twist in R and one in the complement of R inside
B, and this later commutes with the non-local operator. Therefore, the twist in R must
transform the non-local operators.

This argument indicates a reason allowing for the difference between ordinary gauge
theories and the graviton field. In this latter theory, there is no stress tensor by the
Weinberg-Witten theorem. Or, put in another way, we can derive the Weinberg-Witten
theorem in this case by the existence of generalized symmetries mixed with Lorentz indices.
As we have seen, this is incompatible with the existence of a stress tensor. Variations of the
present ideas in non-relativistic models could be useful to show the necessity of breaking
of rotational symmetry for certain fracton models.
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A Linarized gravity in the ADM approach

Here we present the linearized gravity theory of section 2 using the usual ADM approach
first presented in [49]. We follow the notation and general ideas in [50]. The quadratic
ADM action that is equivalent to the Einstein-Hilbert action and the Fierz-Pauli action
up to boundary terms can be written as

L h ,
_ 3 00\ 3 (1) | 3p(2 ij 7-(1) 2

Sapm = /dtd x {(1 +5 - 2) RMW 4 3R( )+K({)Kij ~- K3y (A1)
where 3R is the three-dimensional curvature, and the foliation is then defined by the lapse
function N and shift vector A/

h

N = /(1 —he)+Oh)=1- % + 0%, Ni=-hr"+4+0hn?, (A.2)

that corresponds to the extrinsic curvature defined as
1 /.

The foliation determined by N and N* and the induced metric 9ij = 0ij + h;j recovers
9w = Nuv + hyy from the ADM metric

ds?® = (—N2 + qij /\/i/\/j)alt2 + qij Ndzidt + qij Nida? dt + Qij dzidy) =
= —(1 — hgo)dt* 4 2hopdt dzb + (8ap + hap)daz?dzb + O(h?) . (A.4)

The standard ADM momenta and constraints reproduce the correct momenta (2.14) and
the constraints (2.13) presented in section 2

1 /. .
Ty = Va(Ky — 4 K) = 5 (ij — Oihoj — Dyhoi — 0i3h% + 2650%hox ) + O(h?),  (A.5)
H =G ("R + KK = K?) = 0,0ahup, — DaBohas + O(h?), (A.6)
M =V mij = —207m;; + O(h?) (A7)

where V; is the projected covariant derivative over the Cauchy slice of Minkowski space-
time with foliation (A.2). This acts over O(h) variables as the usual derivative 9;.
In addition, the ADM hamiltonian can be recovered by Legendre transforming (A.1)

Haon = [ % [N(@)H(z) + M) ()|

= [ d'a [H@) - (1 - h§°> HD (2) — @) (@) - (A8)

In other words, the linearized gravity Hamiltonian without boundary terms is not a pure
linear combination of constraints. However, the constraints coming from the lapse function
and shift vector are equivalent to the ones derived in section 2 from the Lagrange multipliers
hoo and hg; respectively, as one would expect from the choice (A.2).

It will be useful to keep in mind that we might compute the Heisenberg equations for
the canonical variables using (A.8)

Zhw (l‘) = [h” ($), HADM] = T = (h” — 81‘]1()]‘ — 8J~h0i — 5Uhkk + 2(5ij8kh0k) N

S N

ifij(z) = [mij(z), Hapm] = G = (A.9)
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B Flux commutator for the case of two squares

For the Maxwell field in (3+1) dimensions, we have that the commutation relations between
the electric and magnetic fields are given by (3.25). The commutator of the fluxes ®” and
®F associated with the bi-dimensional surfaces S and S respectevely can be computed as

07, 0" /S/ ()] dS7 (y) A5 (x) =
_ / / ik [0 5(:6—3/)} 4S9 (y) dSi (z) (B.1)
Sg JSB

Lets suppose that the curve that defines the region S is given by I' = 95 = {b1, ba, b3, bs}
and that the curve that defines S is denoted by T = 95 = {e1, e, €3, e4}, where

L L L L 3L L 3L L
b0, 2, -2 b (0, 2, 2 by (0, 22, & b L B.2
1(0’ 2, 2)7 2<Oa 2) 2>7 3(0’ 2 ) 2)7 4( 27 2)7 ( )

L L L L
€1 (2) 07 O) ’ €2 <27 L) 0) ) €3 <_27 L7 0> ) €4 <_2) 07 O) . (B?))

This geometry is depicted in the figure 6. The vectors that are normal to the surfaces
S and S (associated with the circulation we have drawn) yield n; = d;1 and n; = —;3.
Therefore surface differentials are given by

L 3L L L
0S,(y) = n; dyndys — Spdyadys, € [2,2} ys € {—2,2} . (BA)
G - L L
dSi(z) = fi; dridey = —dizdridre, w1 € [—2, 2] z €[0,L] . (B.5)

Replacing equations (B.4) and (B.5) in (B.1), we have that the commutator yields

L L 3L L
[(I)E, (I)B] = i/QL /0 /L2 /2L (5(1‘1) 6(—y3) (92 (5(1‘2 — yg) da:l dwg dy2 dy3 =1. (Bﬁ)
2 2 -2

Furthermore, one can check that if the squares are rotated the result remains unchanged
(except for a global minus sign related to the orientation of the surfaces). However, if
one separates the squares and their areas no longer touch the result is always zero. This
is because the commutator [@B , @E] is proportional to the linking number between the
curves I and T.

The same process can be done for the graviton considering the commutator (2.28). We
want to compute the commutators of the fluxes defined by (3.6) and (3.7) in the set-up
presented in figure 6. Specifically, we may use the notation

o8 — / Bij(x dS gi(z) =aj, —sjnxn, kxj, (bjrpz, —2x;bpx,), (B.7)

oL = /S Eij(2)fi(2)d§, fi(@)=d;, —Fman, krj, (bjentn —22;bezs). (B.S)
For the inter-located square geometries defined above we may write

(28, 2F] = / / (Bra(y), Biy(@)] 6'(y) () dS* () dS' () (B.9)

_ / . / / g / 1 [Esi(2), Bi;(y)] f'(@)g’ (y) day ds dys dys .
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X3 €y - . (2

Figure 6. Regions S and S delimited by T' and T for e = 23 = 0 and b =y, = 0.

From here, computing case by case, we get the expected results

0F,0F| =ia'b;, [0F 0F] = %s’j 8ji »

[@B,cpg} — %m [@B,QE] —ibia;. (B.10)

We note that this is still true if we move the squares around changing the coordinates
x3 and yp in the range [—L/2, L/2] (without changing the linking number) but the result
vanishes if we separate the squares, which is a good symptom as we expect the general
result to be topological.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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