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Abstract

Water flow in porous media is strongly controlled by the microscale structure of the pore
space. Therefore, understanding the dynamics at pore scale is fundamental to better esti-
mate and describe the hydraulic properties and phenomena associated to water flow which
are observed in a macroscale such as field or laboratory experiments. Pore geometry plays
a key role since its variations cause modifications in hydraulic behaviour at the macro-
scale. In this study, we develop a new analytical model which represents the pore space of
a medium as a bundle of tortuous sinusoidal capillary tubes with periodic pore throats and
a fractal pore-size distribution. This model is compared with a previous model of straight
constrictive capillary tubes in order to analyze the effect of pore geometry on hydraulic
properties under partially saturated conditions. The comparison of the constitutive mod-
els shows that macroscopic hydraulic properties, porosity and permeability, present the
strongest differences due to changes in the pore geometry. Nonetheless, no variations are
observed in the relative hydraulic properties, effective saturation and relative permeabil-
ity. The new model has been tested with experimental data consisting on sets of poros-
ity-permeability, water content-pressure head, conductivity-pressure head, and hysteretic
water content-pressure values. In all cases, the model is able to satisfactorily reproduce the
data. This new analytical model presents an improvement over the previous model since
the smoother variation of the pore radii allows a more realistic representation of the porous
medium.

Article highlights

New constitutive model to describe hydraulic properties of porous media.

Variations in pore geometry significantly influence porosity and permeability estimates.
The physically-based model has analytical closed-form expressions whose predictions
are consistent with laboratory data.
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List of symbols

REV  Representative elementary volume

R Radius of a circular tube (m)

a Radial factor of the constrictivity

c Length factor of the constrictivity

A Wavelength (m)

I Pore length (m)

r(x) Pore radius variation along the longitudinal variable x (m)
M Integer number

v, Pore volume (m?)

£ Reduction factor in a pore volume and in the porosity

q, Pore volumetric water flow (m> s~1)

Ah Pressure head drop (m)

T Reduction factor in a pore volumetric water flow and in the permeability
Rggy  REV radius (m)

L REV length (m)

T Tortuosity

N(R) Number of pores of radius equal or larger than R
Fractal dimension

Minimum pore radius (m)

Maximum pore radius (m)

Porosity

Volumetric water flow through the REV (m? s™!)
Permeability (m?)

Relative permeability

Pressure head (m)

Surface tension (N m~")

Contact angle (degrees)

Effective saturation

§9,8%  Main drying and wetting effective saturation, respectively
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=

h;me Minimum pressure head (m)

/- Maximum pressure head (m)

kfel,k:vel Main drying and wetting relative permeability, respectively
p Water density (kg m~3)

g Gravity (m s72)

u Water dynamic viscosity (Pa s)

1 Introduction

Flow and transport properties observed and measured in field or laboratory experiments
are significantly influenced by the structure of porous media at the microscale. The pore
space structure in which water flow occurs can be extremely irregular and complex for a
real porous medium and plays a key role in the description of those hydraulic properties.
In fact, the irregularities within the pore structure (i.e. constrictivities of the pore space)
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produce the hysteresis phenomenon in the hydraulic properties under unsaturated condi-
tions of the medium [e.g. 1, 42]. Nonetheless, other effects can also contribute to explain
the presence of this phenomenon in porous media such as contact angle effects, entrapped
air and pore network connectivity [e.g. 18, 30]. Therefore, understanding of the pore geom-
etry and the hydraulic properties at this scale is a key feature to describe and study the
hydraulic properties at the macroscale.

Several analytical and numerical models have been proposed in the literature to study
water flow at pore scale, the most widely used are the capillary tube models [e.g. 8, 24],
statistical distribution of pores [e.g. 28, 44] and pore-network models [e.g. 2, 6, 16, 17].
In pore-network models, the pore space is represented by a grid of pores (i.e. larger void
spaces) and throats (i.e. narrow openings that connect the pores) with parametrized geom-
etries and topology which allow to numerically simulate the flow. The irregularity of the
pore geometry is represented by different cross-sectional shapes as, for example, a star,
a square or a triangle [e.g. 2, 21, 16]. Based on a gamma statistical distribution of pores,
Tuller et al. [39] and Or and Tuller [28] developed a physically based model to calculate
the hydraulic conductivity as a function of matric potential. At the pore scale, they assumed
an angular pore space model composed of slit-shaped spaces connected to a wider unit cell.
This cell represents angular pores with different cross-sectional shapes such as a triangle,
a square or a circle. Nevertheless, on the basis of capillary tube models, a wide range of
models have been developed since their simplicity to describe pore properties and to derive
macroscale properties. In fact, the most widely used empirical and analytical models for
predicting saturation and permeability curves assuming different pore size distributions
have been derived assuming a capillary tube model [5, 25, 41]. In a recent study, Cai et al.
[9] reviewed the fundamentals and concepts of different imbibition models developed in
the framework of capillary tube models over the past 100 years. Moreover, natural porous
media show statistical behaviour similar to fractal scaling laws over multiple scales, thus
fractal theory has been proven as an effective tool to describe the capillary size distribu-
tion of porous media. As a result, capillary models and fractal scaling laws can provide a
valuable insight on the flow of porous media and, based on them, many researchers have
derived expressions of the medium properties.

Petersen [29] proposed a model to estimate the effective diffusivity under steady state
conditions and studied the quantitative effect of periodic pore constrictions on that prop-
erty. To this aim, the author assumed the pore space represented by a bundle of capil-
laries where each pore is modelled by a hyperbola of revolution giving a pore constric-
tion at the vertex of the hyperbola. Guarracino et al. [15] developed a physically-based
model that describes saturated and relative permeability, porosity and retention curve of
a porous medium by representing the pore space as cylindrical tortuous capillary tubes
with periodic fluctuations in the radius of the pores and a fractal pore size distribution.
The fluctuations considered by Guarracino et al. [15] allowed them to include the hys-
teresis phenomenon in the hydraulic properties. This model has recently been used by
Rembert et al. [32] to develop an analytical model to describe electrical conductivity in
porous media. Wang et al. [43] proposed an analytical model that estimates the perme-
ability and average flow velocity in a porous medium as function of geometrical shape
factors of capillaries, fractal dimensions and micro-structural parameters. In this model,
the pore space is represented by a bundle of tubes with different geometrical shapes
of their cross-sectional area. Soldi et al. [33] developed a physically based analytical
model to describe the hydraulic properties of a porous medium including the hysteresis
phenomenon. To that end, the authors assumed a pore size distribution by following a
fractal law and irregularities in the pore geometry. They introduced these irregularities
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in the model by considering each capillary as a cylindrical tube with periodic reductions
of the capillary radius (i.e. consecutive segments of different constant radii). Recently,
Stani€ et al. [36] developed a physically based model of the water retention and hydrau-
lic conductivity of unsaturated soils which includes capillary and adsorption effects. The
authors considered capillary-based water retention and hydraulic conductivity functions
based on a multifractal grain size distribution, the Young-Laplace law and Mualem’s
model. Later and based on fractal geometry, Xu et al. [45] derived a pore-scale model
for fluid flow through porous media and studied the hydraulic tortuosity of the media.

In the framework of capillary tube models, we derive a new analytical constitutive
model that considers a more realistic pore geometry for estimating hydraulic properties
under partially saturated conditions. The pore space is represented by a bundle of cylin-
drical capillaries whose radii follow a sinusoidal function with varying aperture along
the pore length. In previous studies, the effect of changes in the geometry of the capillar-
ies cross-sectional area has been examined for flow and medium properties [e.g. 28, 43].
It is important to highlight that these studies analyzed different shapes of the capillaries
but the aperture along each capillary tube is constant. In this study, we analyze the effects
of pore geometry in hydraulic properties due to changes along the length of the capillar-
ies (i.e. varying aperture). To this end, we compare the new model with the one proposed
by Soldi et al. [33] which assumes a bundle of cylindrical capillary tubes with straight
periodic reductions in the pore radius. The geometry of the new model gives an advan-
tage over that proposed by Soldi et al. [33] due to the smooth variations of the pores
radii which is a more realistic representation of a natural porous medium. Experimental
descriptions of the pore geometry and fluid dynamics can be obtained due to the current
developments in imaging technology which allow the direct microscopic measures by
using X-ray tomography [e.g. 13, 20] and high-speed cameras [e.g. 23]. It is important to
remark that the main difference between the geometries of the two studied models is in
the longitudinal section and that the cross-section for both is circular. For the new model,
we obtain analytical closed form expressions for the saturated and relative hydraulic
properties which depend on the geometrical parameters that define the pore structure,
the tortuosity, the pore-size distribution and the radii of the pores. These expressions are
then compared to the expressions of Soldi et al. [33] model in order to analyze the effect
of the different pore geometries in the hydraulic properties. To that aim, we perform a
sensitivity analysis of these properties to changes in the geometrical parameters, and we
test the estimates of the model against different sets of experimental data.

2 Constitutive models

In this section, we derive new closed-form analytical expressions for porosity, perme-
ability, effective saturation and relative permeability in the framework of capillary tube
models. First, we present the pore geometry of the model and develop some hydraulic
properties which are valid for a single pore. Then, by upscaling the pore properties to a
cylindrical representative elementary volume (REV) of a porous medium with a fractal
pore size distribution, we obtain expressions for the hydraulic properties at the macro-
scale. This new model is compared with the model developed by Soldi et al. [33]. We
also present in this section the pore geometry and the hydraulic properties obtained at
the pore and the macroscopic scale from Soldi et al. [33].
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2.1 Pore geometry description

The constitutive model proposed by Soldi et al. [33], from now on referred to as straight
piecewise model, considers that, at the microscale, the pore structure of the medium is rep-
resented by capillary tubes with varying aperture. Each pore is conceptualized as a circular
tube of radius R (m) and length / (m) with periodically straight pore throats of radius aR
and length cA (as shown in Fig. 1). The factor a is defined as the radial factor which repre-
sents the ratio in which the radius of the pore is reduced. Assuming that the pore geometry
has a wavelength 4, the factor c represents the fraction of A with the pore throat. Then, the
pore radius can be expressed for one wavelength as [33]:

(R if xe[0,4(1 -¢)),
r(x) = { aR if x€[Al =0¢),A), (1)

where the factors a and ¢ vary between 0 and 1. Note that the model also considers that
this geometry is replicated along a capillary tube and that the length of the tube contains an
integer number M of wavelengths.

Under similar hypotheses and the previously defined a and ¢ factors, a new pore geom-
etry is considered for each capillary tube. While the cross-section of the pore is circular as
in the previous geometry, the radius of each tube is variable in the constrictive and also in
the non-constrictive lengths of the pore (see Fig. 1). In this case, the pore radius along one
wavelength A of the tube can be expressed as:

E(1+a)+ 21 - psin( 2x) if xe[0,A(1-0),

= §(1 +a)+ §(1 - a)sin(ﬁ[x— A1 - 2C)]> if x€il-o)d.

(@)

Note that, for ¢ = 0.5, Eq. (2) is equivalent to the model of Guarracino et al. [15] which
considers the same length for the constrictive and non-constrictive fractions of the
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Fig. 1 Pore geometry schemes for one wavelength of the constitutive models for a single capillary tube with
periodic straight pore throats (blue) and periodic sinusoidal pore throats (red)
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sinusoidal pore geometry. Hereafter, we will refer to this proposed model as the sinusoidal
piecewise model.

Based on the above assumptions, expressions for the pore volume and volumetric
water flow in a single pore can be obtained. By integrating the cross-sectional area
over the length / of a capillary tube, the volume of a pore V, (m?) can be calculated as
follows:

1
vV, = / ar*(x)dx = zR*If,(a, ¢), 3)
0

where the dimensionless factor f, varies between 0 and 1, and quantifies the reduction in
the pore volume resulting from the presence of the pore throats. For the straight piecewise
model, the expression of this factor yields [33]

a0 =dc+1~c, )
while for the sinusoidal piecewise model, f, is expressed as

(1-a? 1 2
Tt (l-a)-20), 5)

2
F(a0) = (1+a)

Note that for a = 1, f, = 1 for both models and the expression obtained for Eq. (3) repre-
sents the volume of a capillary tube of constant radius R. Figure 2 shows the variation of
f, as a function of the radial factor a for different values of the length factor c. It can be
observed that for a fixed value of a, f, of the straight piecewise model varies in a wider
range of values than the f, factor of the sinusoidal piecewise model. Nevertheless, for both
models it can be noticed that the presence of the pore throats affects significantly the vol-
ume of a pore.

Under the hypothesis of laminar flow and neglecting the convergence and divergence
of the flow, the volumetric water flow g, (m? s~!) in the capillary tube represented by
the geometry of the straight piecewise model can be approximated with [3, 4]:

a) Stra‘ight pie‘cewise‘ model b) Sinusoidal ‘piecewi‘se mod‘eI/’/"
0.8 0.8t /’,’ 5
0.6/ 0.6 .--"""
> ///
0.4t 0.4f
—c=02 P --c=02
0.2 c=0.5] 0.2~ c=0.5
—c=0.8 --c=0.8
0 ; 0 ‘

0 0.2 0.4 0.6 0.8

a

0 0.2 04 06 0.8

a

Fig.2 Dimensionless factor f, as a function of the radial factor a for different constant values of parameter
c: a f, factor of the straight piecewise model (Eq. (4)) and b f, factor of the sinusoidal piecewise model (Eq.
(&)
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rg |1 _ P8
9 = ﬂ[‘/ﬂﬂw SR, (©)

where p (kg m™) is the water density, g (m s~2) gravity, u (Pa s) water dynamic viscosity,
Ah (m) the head drop across the tube and f; a dimensionless factor given by [33]

at

Mo = i —o

(N
This factor varies between 0 and 1, and quantifies the reduction in the volumetric flow rate
due to the pore throats.

Assuming the same flow conditions and following the work of Guarracino et al. [15],
we calculate the volumetric flow for a capillary with sinusoidal piecewise geometry by
considering an average radius (R(1 + a)/2) and an equivalent permeability [31]:

R%(@ ®)

4 =

@1/’ 8 dx_lR2(1+a)2Ah 8 x
u |l xri(x) 4 [

from this equation, the factor f, for the sinusoidal piecewise model is found and computed

as follows
T T A +ap
ﬂ@”_hﬁ?mj VI ©)

Substituting Eq. (2) in Eq. (9) and integrating, it yields

/ _
ﬁMJﬁ=fzg+1g{ﬂ—4@l1—z%4<l_a>— 10 MYT] ZC}
T 2\/5 7z (1+a)
(10)

The exact expression of f, given by Eq. (10) can be reduced to the following approximate
expression

a?x(1 + a)?
27(1 + a)® —4(1 — a)(1 = 2)(1 + \/a)

fila,0) = (11)

It is interesting to observe that the final expressions of Egs. (6) and (8) are similar except
for the factor f, which differs with the geometry of each model. The variation of f, as a
function of the radial factor a is shown in Fig. 3 for both models, for different values of
the length factor c. Note that the factor f; controls the volumetric water flow in a pore
and varies significantly with the geometry. While for the straight piecewise model f, (Eq.
(7)) drastically reduce the volumetric flow of the pore for decreasing values of parameter a
(see Fig. 3a), for the sinusoidal piecewise model, f, (Eq.(10)) produces gradual changes of
the volumetric flow (Fig. 3b). Moreover, the f, values for the sinusoidal piecewise model
obtained by the exact and the approximate expressions (Eqs. (10) and (11)) are similar for
all the range of parameter a values and for the different values of parameter c. Note also
that if @ = 1 then f, = 1, and the expressions obtained for Eqs. (6) and (8) represent the
volumetric flow of a capillary tube of constant radius R.
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Fig.3 Dimensionless factor f; as a function of the radial factor a for different constant values of parameter
c: a) f, factor of the straight piecewise model (Eq. (7)) and b) f; factor of the sinusoidal piecewise model
where the solid and dashed lines correspond to the exact and approximate expressions (Egs. (10) and (11)),
respectively

2.2 Hydraulic properties at REV scale

To derive the expressions of the hydraulic properties under total and partial saturation con-
ditions, we consider a REV conceptualized as a circular cylinder of radius Rz and length
L. The pore structure of the REV is represented by a bundle of tortuous constrictive tubes
with a fractal pore size distribution. We consider that the radius of the pores R varies from
a minimum value R, to a maximum value R,,,, and that the tortuosity 7 (dimensionless)
defined as 7 = [/L is constant for all the bundle. Thus, = can be understood as an effective
macroscopic value for all the pores of the REV.

Based on the fractal theory, the cumulative size distribution of pores is assumed to obey
the following law [15, 32, 33, 40]:

D
N(R) = (R’;fv> (12)

where the radius of the pores remains in the range 0 < R,;,, <R <R, . <Ry, and D
(dimensionless) is the fractal dimension of the pores. By using the Sierpinski carpet which
is a classical fractal object, Tyler and Wheatcraft [40] show that the fractal dimension D
of Eq. (12) varies between 1 and 2 for different porous media. The number of pores whose
radii are within the infinitesimal range R and R + dR is obtained from Eq. (12) as follows:

—dN(R) = DR?

REVR_D_ldR (13)

where the minus sign implies that the number of pores decreases when the radius of the
pore increases [37, 50].

2.2.1 Porosity

The porosity of the REV ¢ (dimensionless) can be obtained straightforward from its defini-
tion as the quotient between the volume of pores and the volume of the REV as follows:
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/R[f,ff,“ V,(R\N(R)
=T (14)
R REVL

Then, replacing Eq. (3) in Eq. (14), it yields:

Dz 2-D _ p2-D
d=1 ———[RZP - RZ 15
R§E€(2 -D) min (15)

being f, the expression given by Eqs. (4) or (5) according to the geometry of the straight
and sinusoidal piecewise models, respectively. Note that for a = 1, f, = 1 for both models
and the expression obtained for Eq. (15) represents the porosity of the REV considering
non-constrictive tortuous tubes. It can also be noticed that, if ¢ = 0.5, Egs. (5) and (15) are
consistent with the expressions of the model of Guarracino et al. [15] when considering the
case of non-tortuous capillaries (i.e. 7 = 1).

2.2.2 Permeability

We first calculate the volumetric flow rate ¢ (m® s!) at REV scale in order to obtain the
permeability of the REV. On the one hand, similar to the approach used by Yu et al. [49,
50], Soldi et al. [33] and Chen et al. [11], the flow g can be calculated by integrating all the
pores volumetric flow rates given by Eq. (6) or (8) over the entire range of pore sizes:

Rux
e P8 7r REV R4D 4—D
= R)AN(R — R\
q / qp( ) ( ) 8 (4 D)fk i [ max min ] (16)

min

On the other hand, the volumetric flow through the REV can be expressed by Darcy’s law
for saturated porous media [12] as:

Ah
k Reev T (17)

where k (m?) is the permeability of the REV. Then, combining Eqs. (16) and (17) yields:

DRD 2
k= REV_[R*-D _ g*-D 18
ﬁ(a C) 8 (4 D) [ max nin ] ( )

where f; is the expression given by Eq. (7) or (10) for the straight and sinusoidal piecewise
models, respectively. Note that in the case of non-constrictive tubes (i.e., a=1), f, =1
for both models and Eq. (18) describes the permeability of the REV with straight tortuous
tubes. Also, note that if we consider non-tortuous capillaries, 7 = 1, and ¢ = 0.5, Egs. (10)
and (18) are consistent with the expressions of the sinusoidal model of Guarracino et al.
[15].

2.2.3 Retention and relative permeability curves

It is well-known that retention and relative permeability curves obtained from drainage and
imbibition tests are different due to the hysteresis phenomenon. The effect of this phenom-
enon on those curves can be easily modeled with the pore geometries illustrated in Fig. 1 and
described by Eqgs. (1) and (2). We derive those curves expressions for the sinusoidal piecewise
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model similar to the approach used by Soldi et al. [33] for the straight piecewise model and
also by Guarracino et al. [15] and by Chen et al. [11].

The main drying effective saturation curve is obtained by considering that the REV is ini-
tially fully saturated and is drained by a pressure head & (m). This pressure can be related to a
pore radius R, by the following equation [1]:

. 2T, cos(f)

19
P8R, (19

where T, (N m™!) is the surface tension of the water and § the contact angle. Note that Eq.
(19) is the Young-Laplace equation which is valid for straight tubes. However, this equa-
tion can be used for the geometry described by Eq. (2) when considering that the pressure
head value changes with the position of the wetting perimeter [15]. The pore radius that
corresponds to this position is the radius of the pore throat for both geometries, R;, = aR.
Therefore, we assume that a tube becomes fully desaturated if its pore throat radius is
greater than the radius R, given by Eq. (19). It is then reasonable to also assume that pores
within the range R,,;, < R < R;,/a will remain fully saturated, and the main drying effec-
tive saturation curve S‘: (dimensionless) can be expressed by:

SV (RYANR) (R, Ja)*P — R2P

min min
= = : (20)
R 2-D _
C e VyRANR)  Ria” = RED

The Sj curve can also be expressed as a function of the pressure head by substituting Eq.
(19) in (20):

1 if h <t
S4(h) = - —<’h;2_;h i e gy @1)
0 if >
where
ho= 2T, cos(p) and o= 2T, cos(ﬂ)’ )
P8R, PER pin

h,,;, and h, . are the minimum and maximum pressure heads defined by R,,,, and R
respectively.

Similarly, for an imbibition experiment, the main wetting effective saturation curve S
(dimensionless) can be obtained assuming that the REV is initially dry and it is flooded with a
pressure 4. Only the tubes whose radius R is smaller than R, will be fully saturated in this case
and the S? curve can be computed as:

min>
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1 if h<h,,
w hD?z_h/ﬁLz :
Se (h) = hD._z—h”;;f if hmin < h < hmax (23)
0 it h>h,,.

To obtain the relative permeability curves, we consider the same hypotheses and neglect
film flow on surfaces of the tubes. During a drainage experiment, the pores that contribute
to the total volumetric flow through the REV ¢ (m’s~!) are those that remain saturated
(R,;n £ R <R, /a). Then, g can be obtained by integrating the individual volumetric flow
rates g, given by Eq. (6) or (8) as follows (similar to Yu et al. [49] and Yu [47]):

Ry/a
q= / q,(R)dN(R). (24)
R,

min

Based on Buckingham-Darcy law for unsaturated water flow [7], the volumetric flow
through the REV can be expressed by:

_ P8 2 4h
9= Ikkrf?l”RREVT (25)

where k,,; (dimensionless) is the relative permeability. Combining Eqgs. (24) and (25), an
expression for the main drying relative permeability curve kfel can be obtained:

R,/ — RD

K (R) = —f—min .y
rel\"‘h Rmax4_D _ Ri;nD ( )
Using Eq. (19) we can express Eq. (26) as a function of the pressure head:
1 if h < Myin
a
i o N
Kl = S if 22 <h< 2 @7)
: h,
0 if k> tme
a

Otherwise, for an imbibition experiment, the main wetting relative permeability curve
k", can be derived similarly by integrating Eq. (24) over the range of saturated pores

(Rmin <R< Rh)
1 if h<h,
w P-4 _pD-4 .
ko =4 s i iy <h <, (28)
0 if h>h

max*

Note that Egs. (21), (23), (27) and (28) can be used to calculate the main drying and wetting
curves of the hysteretic cycle observed in the effective saturation and relative permeability.
These expressions have analytical closed forms with only four independent parameters with
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geometrical or physical meaning (a, D, h,,;, and h,,,.). It can also be noted that these rela-
tive properties of the medium (S, and k,,;) have the same expressions for both the sinusoidal
and straight piecewise models and are independent of the length factor ¢ of the geometries.
Therefore, variations of the pore geometry affect only the expressions of the porosity ¢ and
permeability & of the medium while no effects are present in the relative hydraulic properties.

2.2.4 Relationships between the hydraulic properties

In this section, we derive relationships between the macroscopic hydraulic properties of the
porous medium, porosity and permeability, and effective saturation and relative permeabil-
ity following the approach used by Soldi et al. [33].

In order to obtain a relationship between permeability k and porosity ¢, we assume
that R,,;,, < R,,,, and then the terms R2-" and R} can be considered negligible in Egs.
(15) and (18). Indeed, for most porous media, the ratio between the R,,;,, and R,,,, values
is smaller than 1072 [e.g. 48]. Under this assumption and combining the resulting expres-
sions, we obtain the following equation:

IS

-D

2

B DRREV 2-D 7D 4p
k(¢) = mﬁ(d, C)<W> ¢2—D, (29)

This equation allows to estimate the permeability as function of porosity while also
depending on the pore geometry factors (a and c¢) through the factors f, and f;, the fractal
dimension, the tortuosity and the radius of the REV. Given the similarity of the k and ¢
expressions of the sinusoidal and straight piecewise models, the k(¢) relationship can be
used for both models by taking into account the respective f, and f; factors of each model.
Note that, in the limit case of D =1, Eq. (29) becomes similar to the Kozeny-Carman
equation [10, 19].

The relative permeability k,,; and effective saturation S, are estimated as function of a
pore radius R, by Egs. (20) and (26). Nevertheless, these equations can be combined to
obtain a relationship between k,,, and S, for both the drying and imbibition experiments
and yields:

-D
[S.(aP2=1) +1] -1
ab=4 -1

~

krel(Se) = (30)

where « = R,;,/R,,..- Note that Eq. (30) has the same expression for both the straight and
sinusoidal piecewise models. It is also interesting to remark that, when k,,, is expressed
in terms of S,, the function obtained is non-hysteretic. This means that the relationship
between these two relative hydraulic properties is unique for the drying and imbibition
which is in agreement with a number of experimental data [e.g. 38, 41, 26].

The model presented in this section is derived in the framework of capillary tube mod-
els. There are two characteristic limitations that affect the models based on this framework
(e.g. Chen et al. [11]). The first limitation is that the lateral connectivity in between the
pores is not considered in the capillary system. There are no points of intersection between
capillaries and all of them run parallel with the same orientation. The second limitation
is that the hysteresis phenomenon on hydraulic properties cannot be described by classi-
cal capillary tube models since the assumption of capillaries with constant aperture is a
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very strong idealization for a real pore channel. Nevertheless, the proposed model assumes
irregularities in the pores which allows us to include this phenomenon in effective satura-
tion and relative permeability.

3 Sensitivity analysis of the geometrical parameters

In this section, a sensitivity analysis of the geometrical parameters of the models is
addressed to study the effect of the pore structure on the hydraulic properties. Hence, we
perform a parametric analysis of Eqs. (15) and (18) to estimate the porosity and perme-
ability of the REV using Eqgs. (4) and (7), and (5) and (10) to calculate the f, and f; factors
for the straight and sinusoidal piecewise models, respectively. We test the influence of the
radial factor a that controls the pore throats amplitude and the length factor ¢ which con-
trols the pore throats length. The estimates of ¢ and k also depend on other characteristics
of the porous medium, for both models, the following values are then considered: Rzzy, = 5
em,D=157r=14,R,;,, =15%x10*mmand R,,,, = 1.5 mm.

Figure 4 summarizes this analysis and shows how the pore geometry modifies the mac-
roscopic values of the properties. For low values of parameter ¢, the porosity estimated
by the straight piecewise model is higher than the corresponding to the sinusoidal piece-
wise model (see Fig. 4a and b). This difference in the porosity is schematically represented
by the grey area in Figure 4c—e where the pore geometry is shown for different values of
parameters a and c. It can be seen that the area of the constrictive fraction of the pore is
greater for the sinusoidal piecewise model than for the straight piecewise model. However,
this excess area is smaller than the excess area of the straight piecewise model in the non-
constrictive fraction of the pore. In these cases, the effect of geometry on porosity causes
changes in this property of 5-10% approximately between the models. Figure 4f-g show
the estimates of permeability which present different patterns of variation for the models.
Note that for high values of parameter c, the permeability estimates of the straight piece-
wise model decrease faster than the estimates of the sinusoidal piecewise model when
decreasing parameter a. However, the greatest differences between the permeability esti-
mates are associated to low values of parameter ¢ (short pore throats) over the entire range
of parameter a. It can also be noticed that both models can estimate media with high per-
meability and high porosity, and also with low permeability and high porosity. Therefore,
these models are able to represent a wide range of porous media. Although the straight
piecewise model might consider a more simple pore shape structure, the sinusoidal piece-
wise model’s geometry has the advantage of being more similar to a real porous media
since it presents no abrupt changes between the constrictive and non-constrictive fractions
of the pore.

The hysteresis phenomenon caused by the irregularities in the pore structure is
explicitly observed in the effective saturation (S,) and relative permeability (k,,;) when
expressed as functions of the pressure head (Egs. (21), (23), (27) and (28)). It is impor-
tant to remark that the main drying and wetting curves of S, and k,,, obtained for the
straight and sinusoidal piecewise models have the same analytical expressions. There-
fore, under the hypotheses of these models, considering the pore shape as straight or
sinusoidal piecewise has no influence on S, and k,,. However, the expressions of S,
and k,,, depend on the geometrical parameter a while they are independent of param-
eter c. For this reason, we only test the effect of a that controls the amplitude of the
pore throats geometry. We consider the same reference values used for the previous
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Fig.4 Parametric analysis of the porosity and permeability as functions of the radial and length factors,
a and c, respectively: a and f for the straight piecewise model [33], b and g for the sinusoidal piecewise
model. Note that fixed values of the remaining parameters were considered in each case. Figs. ¢, d and
e show schematic representations of the pore structure for a = 0.2 and ¢ = 0.3, a = 0.4 and ¢ = 0.2, and
a = 0.6 and ¢ = 0.2, respectively, for the straight and sinusoidal piecewise models. The grey area indicates
the difference in the pore volume between the models

sensitivity analysis for parameters D, R,;, and R,,,.. Figure 5 shows the effect of the
radial factor a in the curves of the hydraulic properties S, and k,,,. It can be observed
that the influence of this parameter is significant in the main drying curves of S, and k,,,
for the entire range of pressure head values. Nevertheless, no effect of this parameter
is observed on the main wetting curves of both properties since Eqs. (23) and (28) are
independent of a. Note that the hysteresis cycle for S, and k,,,; increases for low values
of a since the limit pressure head values (4,,,/a and h,,,,/a) of the main drying curves
(Egs. (21) and (27)) shift to higher values, which increases the distance between the

main drying and wetting curves. Nonetheless, the two main curves of S, and k,,, tend to
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Fig.5 Parametric analysis of the relative properties: a effective saturation and b relative permeability, for
drainage (solid lines) and imbibition (dashed lines), sensitivity to the radial factor a. In each case, fixed val-
ues of the remaining parameters are considered

reduce their distance when a tends toward 1, as it can be expected since this limit case
represents a tube of constant radius and thus no hysteretic phenomenon is observed in
straight capillaries.

From this parametric analysis, we can conclude that the presence of constrictivities
defined by parameters @ and c¢ leads to differences in the estimates of ¢ and k, while only
parameter a affects the estimates of S, and k,,;. The most significant variations on the ¢ and
k estimates are reached for low values of parameter c. Furthermore, an interesting result is
that both models allows to represent porous media with high porosity and low permeability
such as clays which cannot be properly represented with straight capillary models. The
analysis of the relative hydraulic properties shows that the estimates of the main drying S,
and k,,; curves are highly sensitive to parameter a and that the greatest differences between
the the main drying and wetting S, and k,,, curves are observed for decreasing values of a.

4 Comparison with experimental data

In the present section, we test the ability of the proposed model to reproduce available
measured data from the research literature. These data sets consist of measured permeabil-
ity—porosity, hydraulic conductivity-pressure head, water content-pressure head and hyster-
etic water content—pressure values for different soil textures.

4.1 Water content and hydraulic conductivity laboratory data

In order to test the estimates of the proposed model, we selected three experimental data
sets from different soil textures: a coarse granular material named GW substrate from
Stanic et al. [35], a well graded sand and a silty clay sand named Okcheon 2 and Seochang,
respectively, from Oh et al. [27]. These data series consist of water content and hydraulic
conductivity values as a function of pressure head which were measured during drainage
experiments. As it is well known, hydraulic conductivity K (mD) and permeability k are
related through K = kpg/u, while water content 6 (dimensionless) is related to saturation
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S through the porosity ¢ of the medium. The test of the sinusoidal piecewise model relies
on fitting Egs. (15) and (21), and Eqgs. (18) and (27) for the water content and the hydraulic
conductivity data sets, respectively.

Figure 6 illustrates the fit between the sinusoidal piecewise model and the experimental
data sets. Table 1 lists the fitted parameters (D, 7, a and c). These parameters have been
estimated by an exhaustive search method by minimizing the weighted normalized error
between calculated and experimental data values for both the water content and hydraulic
conductivity curves simultaneously. This model also requires specifying the minimum and
maximum pressure heads which are determined by trial-and-error method, as well as the
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Fig.6 Comparison of the water content and hydraulic conductivity curves from the sinusoidal piecewise
model with experimental data sets for a drainage experiment: a—b Okcheon 2, c—d Seochang (data from Oh
et al. [27]) and e-f GW substrate (data from Stani¢ et al. [35])
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Table 1 Values of the fitted

parameters (D, 7, a and c) for
the water content and hydraulic D T a ¢ h
conductivity curves using the
sinusoidal piecewise model, and  Qkcheon 2 1729 1257 035 0.78 0.297 5x10*

;}r‘f(jch"rr“pondmg values of in g chang 1711 1296 041 085 0367 10103
GW substrate  1.601  1.198  0.58 070 0.154  50x10*

Soil type Sinusoidal piecewise model parameters

‘min (m) hma.’c (m)

max

REYV radius that is taken from Stani¢ et al. [35] and Oh et al. [27] in order to reduce the
number of the fitting parameters. Note that the sinusoidal piecewise model fits fairly well
the data and can estimate the order of magnitude of the hydraulic properties for the differ-
ent soils. It is interesting to remark that the model is able to reproduce the behaviour of the
data with only one set of parameters for both hydraulic properties simultaneously.

4.2 Permeability-porosity relationship

In Sect. 2.2.4 we derived a relationship between permeability and porosity (Eq. (29)) that
depends on the geometry of the model through the factors f,(a, ¢) and f(a, ¢). We selected
experimental data series from two different types of clays (an illite and a kaolinite) from
Mesri and Olson [22] to test the estimates of this equation. These estimates are calculated
for both the sinusoidal and straight piecewise models using their respective relationship
with the factors f, and f; of each model (Egs. (5) and (10), and (4) and (7), respectively).
In addition, we compare these relationships with the most classical equation to represent
permeability-porosity data, the Kozeny-Carman equation [10, 19], that can be expressed as
follows:

3
k= a0 31)
being ay- a parameter that depends on the specific internal surface area, the tortuosity and
an empirical geometrical parameter.

The model parameters have been estimated using an exhaustive search method, which
is a simple and very robust technique. To apply this method, we use the admissible ranges
for each parameter: 0 < a,c < land 1 < D < 2, and we consider 1 < 7 < 2 as representa-
tive values of tortuosity in a sedimentary porous medium. The exhaustive search method
computes the error between data and predicted values for all possible combinations of the
model parameters values and selects the ones that minimize the root-mean-square devia-
tion (RMSD) between the calculated and experimentally measured values. Figure 7 shows
the fits of the proposed relationships for both piecewise models (Eq. (29)) and the Kozeny-
Carman equation (Eq. (31)). Table 2 lists the fitted parameters for the equations as well
as their respective RMSD. Note that for Eq. (29), we fit parameters D, 7z, a and ¢ for the
sinusoidal and straight piecewise models. Eq. (29) also requires a Ry value for which we
consider the value from Mesri and Olson [22], Rz, = 5 cm. It is important to remark that
the values of parameters D and 7 are the same for both models since they describe the same
soil. Hence, we are able to highlight the effects of geometry through the fitting of the radial
a and length ¢ factors of each model. It can be observed that the proposed relationships
fit fairly well both data sets for the entire range of porosities (Fig. 7). The geometry of the
pores given by the fitted parameters presents smooth variations between the constrictive
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Fig.7 Comparison among the estimates of Eq. (29) for the sinusoidal and straight piecewise models, the
Kozeny-Carman equation and experimental data sets of permeability—porosity for: a illite and b kaolinite
(data from Mesri and Olson [22])

Table 2 Values of the fitted

parameters (D, 7, a and ¢) and Model parameters Soil type

the RMSD for Eq. (29) when llite Kaolinite

considering the sinusoidal and

straight piecewise models, anq Sinusoidal piecewise model

{(;:1; th(z }();)zeny—Carman equation D 1.795 1.758
T 1.46 1.60
a 0.92 0.90
¢ 0.91 0.79
RMSD 0.1421 0.0301
Straight piecewise model [33]
D 1.795 1.758
T 1.46 1.60
a 0.90 0.89
c 0.60 0.70
RMSD 0.1422 0.0303
Kozeny—Carman (Eq. 31)
Qe 0.002 0.217
RMSD 0.3032 0.2447

and non-constrictive fractions since the high values of ¢ and a represent that the length of
the pore throat is large and that the pore throat radius varies slightly from the pore radius.
The comparison with the Kozeny-Carman equation shows that the proposed relationships
provide much more better estimates. Indeed, it can be noted that the difference between the
RMSD of the sinusoidal and straight piecewise models is not significant, and that they are
smaller than the ones obtained from the fit of the Kozeny-Carman equation for both data
sets.
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4.3 Hysteresis in the water content

The performance of the model to describe the hysteresis phenomenon on the relative
hydraulic property is tested by using available data from the literature. These experimen-
tal data consist of two sets of measured water content and pressure values for two differ-
ent sands from Yang et al. [46]. Eqs. (21) and (23) are used to estimate the main drying
and wetting effective saturation curves which are then converted to water content values in
order to compare with the data.

Figure 8 shows the main drying and wetting water content curves fitted with the pro-
posed model for the two sands. The best-fitted parameters (D, a, h,,;, and h,,,,) are listed
in Table 3 as well as the RMSD values for each sand. Note that the hysteretic behavior of
the water content can be satisfactorily reproduced by the model (see Fig. 8). It can also
be observed that for the gravelly sand the distance between the main drying and wetting
curves is smaller than for the main curves of the medium sand. This result can be related
to the size distribution and geometry of the pores which are represented in the model by
the fractal dimension D and the radial factor a. Comparing the values of D and a shown
in Table 3, note that the lowest value of D is obtained for the gravelly sand which can be
expected since low fractal dimensions values are associated to coarse textured soils and the
high values of the radial factor a represent less constrictive pores. In fact, higher values of
a represent pores with greater volume and thus a soil with higher porosity. From the meas-
ured porosity values by Yang et al. [46], it can be noted that these geometrical results from
the estimates of the model are consistent with the experimental measures that evidence the
higher porosity of the gravelly sand (38.2%) over the medium sand (35%).

0.4 " " " 0.4 .
* Drying data * Drying data
+ Imbibition data + Imbibition data
=03t —Model - Drying |1 Z50.3} \ —Model - Drying
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802 1 802 \ 1
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© © \
=01 =01
0 * e v 0 X X L
102 102 10° 102
Pressure (kPa) Pressure (kPa)

Fig.8 Comparison of the main drying and wetting water content curves with experimental data sets: a
gravelly sand and b medium sand (data from Yang et al. [46])

Table 3 Values of the fitted

Soil t Models parameters
parameters (D, a, b, and h, ) oil type odels parameters
for the water content main drying D a h,,, kPa)  h,, (kPa) RMSD
and wetting curves, and the -
corresponding RMSD Mediumsand  1.19 034  0.037 910 0.0264
Gravelly sand  1.03  0.58  0.004 70 0.0126
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5 Discussion and conclusions

The present study is focused on the analysis of pore geometry effects in the hydraulic prop-
erties of porous media. We compare two constitutive analytical models based on physi-
cal and geometrical concepts which include the hysteresis phenomenon in the hydraulic
properties by considering irregularities in the structure of the pores. The straight piecewise
model [33] assumes that the pore space is represented by a bundle of tortuous capillary
tubes with straight periodic reductions in the pore radius, while the sinusoidal piecewise
model developed in this study represents the pore space as a bundle of sinusoidal tortuous
capillaries with varying aperture. Based on a fractal distribution of pore sizes and upscal-
ing procedures at pore and REV scales, analytical closed-form expressions are obtained
for porosity, permeability, effective saturation and relative permeability. These expressions
depend on independent parameters: a, c, D, 7, R,,;,, R, and Rgpy, all of them with a spe-
cific physical or geometrical meaning.

Capillary tube models have been proposed for over 100 years and have provided a valu-
able insight into the characterization of flow and hydraulic properties of porous media [9].
Some of the most well-known models based on this approach of capillary tubes are the van
Genuchten and the Brooks and Corey models. However, since these models assume cylin-
drical tubes of constant radii, they cannot describe the hysteresis phenomenon present in
the hydraulic properties. The hysteresis has been easily included in the proposed model due
to its pore geometry with variable radius, enhancing the hypothesis of pore throat effects as
the possible cause of that phenomenon. Nevertheless, other effects (such as contact angle,
wettability or network effects) can also contribute or justify hysteresis in porous media [2,
18, 34]. Note that when considering non-constrictive tubes (a = 1) and R,,,, > R,,;,, it can
be shown that the effective saturation and relative permeability expressions are similar to
the ones of Brooks and Corey, and that the proposed permeability-porosity relationship
is similar to that of Kozeny-Carman. Moreover, the presence of pore throats in the geom-
etry allows the proposed model to describe media with high porosity and low permeability
which cannot be properly represented with straight capillary tube models. Finally, if the
constrictive and non-constrictive fractions of the pore have the same length (¢ = 0.5), the
proposed model is also consistent with the model derived by Guarracino et al. [15] when
considering the case of non-tortuous tubes (z = 1).

The pore geometry modifies the macroscopic properties, porosity and permeability,
through the factors f,(a,c) and f,(a,c) whose expressions differ for the sinusoidal and
straight piecewise models. The influence of the model parameters a and ¢ on the estimates
of porosity and permeability has been tested by a sensitivity analysis. The results show
that the most significant differences between the estimates of the models are obtained for
low values of the length factor ¢ over the entire range of the radial factor a values for both
properties.

The estimates of effective saturation S, and relative permeability k,, have also been
studied by a parametric analysis. It is important to remark that the main S, and k,,, dry-
ing and wetting curves have the same analytical expressions for both the sinusoidal and
straight piecewise models. The expressions of those hydraulic properties are independent
of ¢ while depending on «a that define the irregularities in the pore geometry. The results of
the analysis show that the radial factor a controls the shape of the hysteretic loop (the dis-
tance between the drainage and imbibition curves), and in the limit case of a = 1 (straight
tubes), the hysteresis disappears from the main curves as it will be expected.

min>
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The sinusoidal piecewise model is compared with experimental data from different soil
textures. The estimates of hydraulic conductivity and water content as a function of the
pressure head fit fairly well the data. In fact, the model is able to reproduce the behav-
iour of the data from the fitting of one set of parameters for both hydraulic properties
simultaneously.

The models studied in this work provide relationships that estimate permeability as a
function of porosity. The comparison with experimental data shows that these relationships
are satisfactorily able to reproduce the measured data over the entire range of porosities.
Moreover, the agreements obtained for the sinusoidal and straight piecewise models are
significantly better than the fit provided by the Kozeny-Carman equation.

The performance of the model to describe the hysteresis phenomenon present in the
relative hydraulic properties is tested with experimental data sets of volumetric water con-
tent and pressure for drainage and imbibition experiments. The hysteretic behavior can be
fairly reproduced by the model for two different sand textures. The comparison of the hys-
teretic loops for the two sands shows that the distance between the main drying and wetting
curves is smaller for the finest texture. This result is consistent with the fitted values of the
model parameters (a and D) which are related to the pore-size distribution and geometry,
and with the experimental measures of the soils properties from Yang et al. [46].

The comparison between the sinusoidal and straight piecewise models shows that
porosity and permeability are the most sensitive hydraulic properties to the pore geometry
changes. Nevertheless, the relative properties, effective saturation and relative permeabil-
ity, present no variations for the same geometrical parameters of the models. The sinusoi-
dal piecewise model represents an improvement over the straight piecewise model since
its geometry is more similar to a real porous media due to the smooth changes between the
constrictive and non-constrictive lengths of the pore. Moreover, the sinusoidal piecewise
model is a step forward in the geometry of capillary tube models whose key feature is to
know the ratio between the pore throat radius and the pore radius. This ratio is directly
related to the radial factor a, and for a better characterization of a porous medium, it can
be experimentally measured by applying the mercury injection method [14]. Nonetheless,
both studied models can be a valuable starting point to describe other physical phenomena
that require hydraulic description at pore scale or accounting for the hysteresis phenom-
enon in the hydraulic properties and, therefore, enhancing the possibility to a better under-
stand of the processes that occur in the vadose zone.
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